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Abstract

We study a correspondence between automorphic forms on an orthogonal group and automorphic forms
on a semi-simple Lie group associated to an equivariant holomorphic map of a symmetric domain into a
Siegel upper half space. We construct an automorphic form on the symmetric domain that corresponds
to an automorphic form on an orthogonal group using theta series, and prove that such a correspondence
is compatible with the appropriate Hecke operator actions on the corresponding automorphic forms. As
an example, we describe the case of spin groups.

2000 Mathematics subject classification: primary 11F55, 11F27.

1. Introduction

It is well known that a symplectic group and an orthogonal group form a dual reductive
pair in the sense of Howe [1], and therefore there is the associated theta correspondence
which provides a correspondence between automorphic forms on a symplectic group
and automorphic forms on an orthogonal group. The purpose of this paper is to
discuss a similar correspondence between automorphic forms on orthogonal groups
and automorphic forms on more general semi-simple groups.

In [10] Satake described various aspects of equivariant holomorphic maps of Her-
mitian symmetric domains. Among such maps we consider the ones associated to
symplectic representations of semi-simple Lie groups. Let G be a semi-simple al-
gebraic group defined over Q, and assume that the Riemannian symmetric space 2
associated to the semi-simple Lie group G = G(R) is a Hermitian symmetric domain.
Let p : G — Sp, be a homomorphism defined over @, andlett : 2 — J% be a
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holomorphic map of Z into the Siegel upper half space %, of degree n such that p
and t form an equivariant pair, that is, they satisfy the relation t(gz) = p(g)r(2)
for all z € J%, and g € G. Satake classified such equivariant pairs satisfying some
additional conditions. Given such a pair (p, 7) and an arithmetic subgroup I' of G(Q),
we can construct a family of polarized abelian varieties parameterized by the locally
symmetric space I'\ 2, known as the Kuga fiber variety (see for example [3, 4, 5, 10]).

In this paper we study a correspondence between automorphic forms on an or-
thogonal group and automorphic forms on the semi-simple group G associated to an
equivariant pair of the above type. More precisely, we construct an automorphic form
on the Hermitian symmetric domain 2 corresponding to an automorphic form on an
orthogonal group using theta series associated to Weil representations. We also prove
that such a correspondence is compatible with the appropriate Hecke operator actions
on the corresponding automorphic forms. As an example, we describe the case of
spin groups associated to Clifford algebras.

2. Theta series liftings

Let G be a semi-simple algebraic group defined over Q so that its group of real
points G = G(R) is a semi-simple Lie group. Let K be a maximal compact subgroup
of G, and let 2 = G/K be the associated Riemannian symmetric space. We assume
that 2 has a G-invariant complex structure so that it becomes a Hermitian symmetric
domain.

DEFINITION 2.1. Let W be a finite-dimensional complex vector space, and let
GL(W) be the group of invertible endomorphisms of W. If H is a subgroup of
G, an automorphy factor of H is amap _# : H x 9 — GL(W) satisfying the
following conditions:

(i) Forfixed g € H,themap z > _#(g,2), 2 — GL(W) is holomorphic.

() _#(gh,z)= _#(g, hz) f(h,z)forallg,he Handz € 2.

‘We now modify the usual definition of automorphic forms on the symmetric domain
2 by suppressing the growth condition as below.

DEFINITION 2.2. Let I" be a discrete subgroup of G, x : I' = C* a character of
I'and ¢ : T x 2 — GL(W) an automorphy factor of I'. An automorphic form
of type (I', _#) with character x is a holomorphic map f : 2 — W satisfying the
functional equation

fF)=x) 2. 0f )
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forallz € 2 and y € I'. We denote by & (I", _#, x) the space of all automorphic
forms of type (I, _#) with character .

Given a positive integer n, we consider the symplectic group Sp, whose rational
points are given by

0 I,
Sp.(Q) = {g € M2, 2,(Q) | gJ,,'g = Ju}, = (—I 0) '

where M,, ,,(Q) is the set of 2n x 2n matrices with entries in Q and I, isthe n x n
identity matrix. The Hermitian symmetric domain associated to the simple Lie group
Sp.(R) is identified as usual with the Siegel upper half space

H={ZeM, (O|'Z=Z, ImZ> 0}

of degree n, so that the action of Sp,(R) on J#, is given by
L A B
8Z=(AZ+B)CZ+ D), g= c p)E€ Sp.(R), Z e,

Let K. be the maximal compact subgroup of Sp,(R) consisting of the elements that
fix the point il, € J%,. We assume that there exist a homomorphism p : G — Sp,
defined over Q and a holomorphic map t : 2 — ¢, such that 7(gz) = p(g)t(z) for
allg € G = G(R) and z € 2. In particular, we have p(K) C K'.

REMARK 2.3. Various aspects of equivariant pairs (o, t) of the above type as well
as more general equivariant pairs were described extensively by Satake in [10]. In
particular, such an equivariant pair and a discrete subgroup I' of G determine a Kuga
fiber variety, which is a family of polarized abelian varieties parameterized by the
locally symmetric variety '\ 2 (see [3, 4, 5, 10]).

Let V be a vector space of even dimension m over Q equipped with a positive
definite quadratic form 2(x). Let L be a lattice in V of the form L = Zv, +- - -+ Zv,,
for some basis {v;} of V. Using this basis, we can identify each element x € V with
a vector in Q”, and under this identification we have

2(x) = Qlx] ="xQx

for some positive definite m x m matrix Q. Note that the quadratic form 2(x)
determines a bilinear form B(-, -) on V given by

B(x,y) = 2(x +y) - 2(x) — 2(y)
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for all x, y € V, which satisfies the relations
B(x,y) ="x(2Q)y, 2(x)=(1/2)B(x,x).

We assume that L is an integral lattice, that is, 2(x) € Z for all x € L. Then 2(x)
determines a quadratic formon V, = V ®q Q, for each prime p, and the matrix 2Q
has integral entries with even numbers on the diagonal. We denote by Oq = 0q(<2)
(Ox = Or(2)) the orthogonal group of the quadratic form 2(x) over Q (R). If we
set

L,={xeV,|Bx,y)eZ,forally € L,},
then for each prime p there is a nonnegative integer j, such that
Z,{2(x)|x €L,) =phZ,.

Then the integer g defined by
g=[1r"
p

is called the level of the integral lattice L.

Let (Vi, 1) and (V,, u) be irreducible uiiitary representations of O and K.,
respectively. Using the basis determined by the lattice L, we can identify the space
Vi = V" ®q R with the space M,, ,(R) of m x n real matrices. We assume that there
is a polynomial map

P:M,,(R) - Homc(V,, V,)
satisfying the conditions
P(A7'X) = P(X)A(A), P(XB)=u('B)P(X)

forall A € Op(2) and B € GL,(C); here we used the natural extension of w to a
representation of GL,(C) as described in [2, Section 3.2].

Let A be the ring of adeles of Q, and let O4 = O, (2) be the orthogonal group of
the quadratic form 2(x) over A. For each place v of Q, we define the subgroup U,
of O, = O0q,(2) by Uy, = Oy = Og and

U ={g€0,|gL, =L,}

forp < oc. Then U = nv U, C O, becomes the stabilizer of L for the action of the
group Oy on V,, and Oy has a decomposition of the form

OA = U OQ(Z,'U

i=1
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for some ¢, ... ,a, € Ox. We extend the representation (V,, A) of O to a repre-
sentation of U by setting A(u) = A(uo) for u = (u,) € U, and define automorphic
forms on orthogonal groups without the growth conditions as follows:

DEFINITION 2.4. An automorphic form on O, of type (U, 1) is a function f :
Oa — V, satisfying the relation

flaxu) = f ()A(u)

for all a € Og, x € O4 and u € U. We denote by 24, (Oq\ O4/ U) the space of all
automorphic forms on O, of type (U, A).

For each place v of Q, let V, = V®q Q,, and let # (V) be the space of Schwartz-
Bruhat functions on V). We denote by , the local Weil representation of Sp,.(Q,)
on S (V!) (see [11, Section 3]). Let #(V}) be the space of functions on V! of the
form ¢ =[], ¥, with ¥, € # (V) for each place v such that v, is the characteristic
function of L} for all but a finite number of finite primes p. Then the global Weil
representation = of Sp,(A) on #(V}) is determined by using the formula

r(y =[[mt)¥, k= (h) € Spa(A)

and extending it to the whole space #(V})) by continuity.
In order to consider the Weil representation of O, we first define the representation
n, of O, on S (V") by

(8, (x) = ¥, (g, 'x)

for g, € O, ¥, € L(V!) and x € V!. Then the global Weil representation 7w’ of O4
on & (V) is given by

LA OVES J EACHA

forg = (g,) € Oqand ¥ =[], ¥, € S(V]).
Given an element ¢ € #(V}), we set

V(g 8) = Y n(p(@)7 (&)W (X)

Xevn

for g € G(A) and g’ € O,, where p : G(A) — Sp,(A) is the map determined by
p: G — Sp, that is equivariant with the holomorphic map 7 : 2 — %, described
above. Since the function

V(h,g)=Y mhm' (@)W X)

Xevr
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for h € Sp,.(A) and g’ € O, is known to be left Sp,(Q)-invariant and right Ogq-
invariant (see [11, Section 4.3]), we have
V(8. v'8) = ¥,(8.8)

for all y € G(Q) and y' € Oq. We assume that there exists an element z5 € 2 such
that t(zp) = il,, and for ¢ € F(V]) and f € &, (0g\ O/ U) we set

O, )(2) = (det™? ®p) (J (0(go0), i1,)) (8. 8). f (8))de,
Oq\Oa

where 7 = 8020 € 2,8 = (8- 1, 1,...) € G(A),and J : Sp,(R) x 5, — Cis the
automorphy factor of Sp,(R) given by

J(g,Z2)=CZ+ D, g = (é g) € Sp.(R), Z e 7.

We also set

o ~_J (A B _
I'o(g) = {(C D) € Sp,(Z) | C=0 (mod q)] ,
where q is the level of the lattice L, and consider a discrete subgroup I" of G such that
p(T) C TZ(q). Then it can be easily seen that the function Ll TxF - GL(V,)
given by

Sy, ) = (det™ ®u) (J(p(y), T(2)))

is an automorphy factor of I.

REMARK 2.5. The automorphy factor £ above may be regarded as a special
case of automorphy factors for mixed automorphic forms studied in [7] (see also [6])
which are linked to the geometry of the family of abelian varieties parameterized by
a locally symmetric variety associated to the equivariant pair (p, t) described above.

Let d = (—1)™2det(2Q) be the discriminant of the quadratic form 2, and let
(-, ), denote the Hilbert symbol for Q, for each finite prime p. Given a place v
of Q we define the character x, of Q) by x,(x) = (x, D), if v is a finite prime p,
Xoo(x) = 1 ford > 0 and x(x) = sgnx for d < 0. Let x be the character of ['j(q)
given by

x(») =]]x,eta) for y= ('é g) € Ih(9).

plg

Since p(I") C T'j(q), we see that x o p is a character of . We now state the theorem
that provides a correspondence between automorphic forms on O, and automorphic
forms on 2 with character x o p.
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THEOREM 2.6. Let £} be the automorphy factor described above, and let f be
an automorphic form in &, (Oqg\ Ox/ U). If the discrete subgroup T of G and the
character x of I'3(q) are as above, then the function O(y,f) : 2 — V, is an
automorphic form in & (T, £}, x o p) of type (U, £} ) with character x o p.

PROOF. Let J(h, g8) = yev T’ (VW (X) for h € Sp,(A) and g’ € O4 be
as before, and set

W, £)@) = (det™? ®p) (J (hoo, il,)) (W, (h, g, f(g)) dg’

O\ Oa
for 2’ = hyozp € H;. Then, since 1(2) = 1(g0020) = P(g00) (i 1,), we have
OW, f)2) ='W, f) (@)

for all z € 2. However, using [11, Proposition 5.1], we obtain

O'(Y, f)(x(y2)) = O' WY, f)p(y)T(2)
= x () (det™? ®u) (J (o (¥), T(2))) O' ¥, £)(z(2)),

which implies that
O, f)(rz) = x(v) (det™? ®@u) (J (p(¥), T(2))) O, £ )(2),

and therefore the theorem follows. [}

3. Hecke operators

In this section we describe Hecke operators acting on the spaces &/ (T, £/, x o p)
and &, (Og\ O4/ U), and show that the Hecke operator action on @y, f) € & (T,
F L. x o p) is compatible with the Hecke operator action on f € & (0q\Oa/ U).
Given a prime p that does not divide the level g of L, we set

s ={(5 ) esm@pry|c=0 moaa).

where Z[p~') = {a/p® | a, b € Z, b > 0}. Let I" be a discrete subgroup of G with
p(I') C T§(g) as in Section 2, and let A be another subgroup of G containing I' such
that p(A) C Ag(g). Given an element y € A and a function 8 : 9 — V|, we set

0 1)@ = x(@)) ([det™ @u) J(p(y), T(2))'6(yz)
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for all z € 2. Let H(T, A) be the Hecke ring determined by the pair (I, A). If
T € H(T', A) has a decomposition of the form

T = Zc,-(l"ai), oy, ...,0 €A,
i=1

we set
01T=) ci6|a)
i=t
This determines an action of the Hecke ring H(T", A) on the space &/ (T, ¢ e XO0p)

of automorphic forms of type (I, _# ) with character x o p.

Now we want to consider Hecke operators on the space &4, (Oq\ Oa/ U) of auto-
morphic forms on O, of type (U, A). For a finite prime p let H(U,, O,) be the Hecke
ring of the pair (U,, O,), where U, is the stabilizerof L, in 0,. f T' € H(U,, 0,)
has a decomposition of the form

v

,
T'=) (L), o,....d €0,
i=1

we set

v&.

1T =) cf (g™

i=1

forf € & (0q\On/U)andg € Oa. IfA~D I" is a subgroup of G with p(A) C I'g(q)
as above and if § € A, then we denote by § the element of G(A) given by

5=1(1,8,5,...),
and set

¥ = Yool (0 [ | ¥

p'#p

for y € F(V])

LEMMA 3.1. Given an automorphic form f € &,(0qg\Oa/U) and an element
¥ € F(V]), we have

O, f)]8) =0’ f)
forall § € A.

PROOF. For each z € 2 we have

©W,f) 1 89@ = x((p(8)) (det™? @u) (J (0(8), T(2)™') O, f)(82)
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= x((p(®)) (det™*> @u) (J (p(¥), T(2))™")

x (det™? @u) (J (0(8800) i1n)) (¥,(52. 8. f (8)) dg/,
0q\ O

where z = go20 and §g = (88w, 1, 1,...) € G(A). Since
P(8o)ily = P(80)T(20) = T(g020) = T(2),
we see that

J(p(3g), i) = J(0(8), p(8o0)iln)J (0(80), i1,)
= J(p(8), 1(2))J (p(g), il,).

On the other hand, we also have

88 = (0goor 1, 1,...) =(8,8,...)g(1, 871, 671,...) = (8, 6, ...)gg".
Hence, using the fact that ’1/7,, is left G(Q)-invariant, we obtain

©OW, £) 1)@ = x((0(®)) (det™? ®u) (J (p(800)» i1,))

><[ <Z Jr(p(gg”‘))n’(g’)l/f(X),f(g’)>dg’~
Og\Oa \Xevn

Since the representations s and 7’ commute (see [11, Section 4.2]), we have

Y w(p8 N @HYWX) =Y w(p()m ()T (pGNYIX).

Xeyn Xevn

Now, using the relation

X0~ NY = x (PN Voolm, (0@ENY,] [ ] 7o (0 G N,

p'#p
= Yuclmp (0 W [ ] ¥ = ¥,
p'#p
we obtain
O, f) 1 8)(@) = (det™ @u) (J(p(ge), il)) | (Fi(s,8). f (&) dg
Oq\Oa
=0’ ),
and hence the proof of the lemma is complete. 0
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For a finite prime p we set

. A B
r,,(q)={(c D) € 5pa(Z,)

Then I'; (q) is a compact subgroup of Sp,(Q,) and is equal to Sp.(Z,) if p is prime
toq. If HT'[(q), A,(q)) is the Hecke ring for the pair (F; (9), A7(9)), then there is
an isomorphism

C=0 (mod q)].

& : HTY(g), ANg) — H((g), A"(g))

given by , ,
£ (Z (T (q)a?)) =) AT
i=l1 i=1

We also note that the anti-automorphism ¢ of H (F; (), A; (9)) given by

‘ (Z AT <q>a.-‘>) = (@)@
i=1 i=1

is actually the identity map, and define the action of the Hecke ring H(T';(q), A7(q))
on the function ¥, € # (V) by .

1 (T))¥, = ) _clm, (@)Y,
i=1

for

vl

T! =) cl@Thg) € HTMg), AL(@), «of,... ah € Al(g).

i=1
We further note that p : G — Sp, induces a ring homomorphism
p: H(T, A) > H(T5(q), As(q))

given by

p (Z c,-(rai)> =) aG@p@)).
i=1 i=1
PROPOSITION 3.2. Foreach T € H(I', A) we have

OW,f) I D@ =0°f)R)
forallz € 9,y € (V) and f € & (0q\ O/ U), where

0 __ 0 0 _ ¥y Jorv # p;
v n"’ i {n,,(eom))w,, forv=p.
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PROOF. Let T = )_,_, ci(Ta;) with ey, ... , @, € A. Then, using Lemma 3.1, we
obtain

O@W.NIDN@D =) c@OW.f)la) @) =0 (Zciw"f.f) @).
i=1 i=l

Since ¥ = Yool (0 (@ DV, 1 [T, g, Vs We have

icil/f""’ =Yoo [Z cinp(p(a,-‘l))x/fp] [1v-
i=l i=1

p'#p
On the other hand, we have
v v

op(T) =s (Z c.-(rg(q>p(a,-))) =Y a@@p@) = 3 clp@ ().
i=1

i=1 i=1

Using the formula for the action of H(T";(q), A;(g)) on ¥, we obtain

7y (e 0 BTNV, = Y il (pla] )Y,
i=l1

Hence we have

v

Y v =Yookt (e 0 BTNV, [ ¥

i=l1 p'#p
and therefore the proposition follows. O

LetT' =Y.", c(Up,a)) € H(U,, 0,) witha}, ... ,a, € O,. We assume that the

i=1 i ,
v /

elements «; are chosen in such a way that we also have T = Y ., ¢/(a;U,); this can

=i
be done for double cosets of the form U,a U,, and therefore can be done in general.
Define the action of H(U,, O,) on ¥, by

T (T, = Y ) (@),
i=1

PROPOSITION 3.3. Foreach T' € H(U,, O,) we have

OW.f |1 TH@=0W" /),

where

1 ! ! '/fv forv #p;
V= l—[djv’ v, = {n[’,(T’)\pr forv =p.
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PROOF. Let T' = Y°_, c/(Upa)) € H(U,, 0,) withtheelements o}, ... , &, € O,
chosen such that T' = Y ._, c/(e. U,) as above. Then for each i we have

i=1"i

/ <Zn(p(g))n'(g’)w(X),f(g’a',-“)>dg’
Oq\ Oa

Xevn

= f <§:n(p(g»n'(g')(n'(a;)x/f)(xxf(g’)>dg’
00\0x

Xevr

for all g € G(A), since the measure dg’ is right invariant. Thus we obtain

OW. f | TY() = (det™” @) (J (p(88c0), il.))

x f <Zn(p<g))n'<g’) (chn’«x;)w) (X),f(g’)>dg’
OQ\OA i=1

XeVn

=0, )@

v

with ¢’ = Y7 ¢n'(a})y. However, since o € O, for each i, we have

Y exav= [
i=1 v

with
¥ = Yy for v # p;
T Z:J=1 cn'(a)y, forv=p.
Hence the proof of the proposition is complete. 0

LEMMA 3.4. Let w be the dimension of a maximal isotropic subgroup of V,. If
p 124, then there are surjective homomorphisms

Mma : H(U,, 0p) > H(T;(q), AL(q))
forn < w and
Mm : HT(q), 8,(q)) = H(U,, Op)
for n > @ such that
T, (T = T Mun(TNYp, T (T = T, (Mam(T" )Y,

forall T" € H(T'(q), Ay (q))and T' € H(U,, Op).

https://doi.org/10.1017/51446788700001877 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001877

[13] Theta series liftings 139

PROOF. See [8, Remark 4.4]. O

THEOREM 3.5. Let p be a prime with p { 2q, and consider the Hecke operators
Te HI, A)and T' € H(U,, O,) given as follows: ‘

(i) Ifn > w, let T be an arbitrary element of H(T', A), and set T' = 1, (¢ o
p(T)).

() Ifn<w,letT € HT,A) and T' € H(U,, O,) be elements satisfying the
condition € o p(T) = Ny (T').

Then the Hecke operators T and T’ satisfy the relation
OW,NID@D=0W.f | T)Qz)
forze 2, ¢ e (V) and f € 2 (0g\Ox/U).

PROOF. Let T be an element of H(I', A). Then by Proposition 3.2, we have

OW,NHIT@=0F"%kE)
for all z € 2, where
0 _ 0 o _ 12 for v # p;
v nw v {np(z;of)'(T))wp for v = p.

We first assume that n > @, and let T* = 7, ,(¢ o p(T)). Then by Proposition 3.3
we have

oW, f | T =) =W, f)),
where
r_ ' o wu for v T,é D,
V= n¢ i {n;(nn,m(eoﬁ(r)))wp forv = p.

However, using Lemma 3.4, we get

7, (a.m(e 0 P(TINY, = 1, (e 0 p(D) Y.

Hence we obtain the relation O (yr, f) | T = Oy, f | T') for the case of (i). As
for the case of (ii), we assume that there is an element 7' € H(U,, O,) satisfying the
relation € o p(T) = 0,..(T'). By Lemma 3.4 we obtain

Np(e o 5(T))¢’p = ”p(nm,n(T,))wp = JT,',(T')W,J-

Using this and Proposition 3.3, we obtain the desired relation in this case, and therefore
the proof of the theorem is complete. O
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4, Spin groups

In this section we apply the results of the previous sections to the case of spin groups

associated to Clifford algebras. First, we review the construction of spin groups (see

for example {10, Appendix] for details). Let W be a real vector space of dimension

v defined over @, and let S be a nondegenerate symmetric bilinear form of signature

(p, q) for some positive integer p defined over Q. Let 7 (W) = .2, W®" be the
tensor algebra of W, and let %5 be the two-sided ideal of J (W) generated by the set

x®x—Skx,x)|x e WL
Then the Clifford algebra of (W, S) is given by

€ =%V, S) =T (W)/I.

Let {e), ..., e,} with v = p + g be an orthogonal basis of V such that
S(e;, ej) = 5.)'011'
for some oy, ... , a, € R, where §;; is the Kronecker delta. If W is identified with its

image in %, then it is known that dim € = 2" and that the set
{l}Ufe, ---e, |1 <ij<---<i, <v, 1 <r=<v}

is a basis of ¥. Thus ¥ is an associative algebra generated by e, . .. , e, satisfying
the conditions

e,.2=ot,-, €;e; +e,-e,' =0
forl <i,j <vwithi # j. We set

Ct=(e,---e, |1 <ip<---<i <v, reven)py,

C =(e e, |1 <i<---<i <v, roddpj.
Then € is a subalgebra of € of dimension 2"}, and we have

C=¢"0¢", ENV'=F)=¢", €€ =¢¥¢=%".

Let ¢ be the canonical involution of € defined by ¢! = ¢; for 1 < i < n. Then the spin
group is given by

Spin(W, S) = (g € €* | g'g = 1, gWg™" = W),

https://doi.org/10.1017/51446788700001877 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001877

[15] Theta series liftings 141
Given Spin(W, §), we set
¢(g)x = gxg™'
for all x € W. Then we have ¢ (g) € SO(W, §), and the map
¢ : Spin(W, §) > SO(W, S)

is a two-fold covering of SO(W, S).
Let a be an element €+ with ¢' = —a, and let b, and b, be elements of €+ and
€=, respectively, such that

b} + (=1)79*D2pl = —1,  biby + by =0,
and the bilinear map
(x,y) > tr(biax'y) + tr(bax'e_y)
for x, y € €+ is symmetric and positive definite. We set
4.1) A(x,y) =tr(ax'y), I(x)=xb, + e_xb,.
forallx,y € €%, wheree_ = e, - e,.

PROPOSITION 4.1. Let A and I be as in (4.1). Then A is anondegenerate alternating
bilinear formon €+, and I is a complex structure on €% such that (x, y) — A(x, Iy)
is symmetric and positive definite and

A(gx,gy) =Ax,y), I(gx)=gl(x)
forall g € Spin(W, S)andx,y € €.
PROOEF. See [9, Section 2]. O
By Proposition 4.1 we see that the left multiplication map
p(g) :x > gx
determines a homomorphism
0 :Spin(W, S) —> Sp(¥™, A).

Now we assume that p = 2, that is the signature of S is (2, g). Then it is known (see
[9]) that the symmetric space Z = G/K associated to a maximal compact subgroup
of the spin group G = Spin(W, S§) has a G-invariant complex structure. We choose
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a basis of €t in such a way that Sp(¥¢™*, A) can be identified with Sp(2*, R) with
v = 2 + g and denote by

p : Spin(W, §) — Sp(2', R)

the homomorphism induced by p. Let t : 2 — 5%, be a holomorphic map that
is equivariant with respect to p, and choose an arithmetic subgroup I'" of G as in
Section 2. Applying Theorem 2.6 and Theorem 3.5, we obtain the following result.

THEOREM 4.2. There exist theta series liftings from automorphic forms on orthog-
onal groups to automorphic forms on spin groups of type (2, q) and such liftings are
compatible with appropriate Hecke operator actions.
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