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THE FIXED POINT PROPERTY AND NORMAL STRUCTURE
FOR SOME B-CONVEX BANACH SPACES

JESUs GARCiA-FALSET, ENRIQUE LLORENS-FUSTER
AND EvA M. MAZCUNAN-NAVARRO

We give a sufficient condition for normal structure more general than the well known
£0(X) < 1. Moreover we obtain sufficient conditions for the fixed pomt property for
some B-convex Banach spaces.

1. INTRODUCTION

Let (X,|I-]l) be a real Banach space, and let C be a nonempty subset of X. A
mapping T : C — X is said to be nonexpansive if |[T(z) — T(y)]| < [lz — y|| for all
z,y € C. Wesay that (X, ||-||) has the weak fixed point property, if every nonexpansive

 selfmapping T on any weakly compact convex subset C of X has a fixed point.

It is well known that the weak fixed point property holds for Banach spaces with
certain geometrical properties. Among such properties, weak normal structure is maybe
the most widely studied (see [7]). Sufficient conditions for the weak fixed point property
or weak normal structure have been given in terms of the characteristic of convexity
eo(X)-

For example, it is well known that Banach spaces with £¢(X) < 1 enjoy both normal
structure and superreflexivity [7]. However, it remains unknown whether the weak fixed
point property holds for every uniformly nonsquare Banach space X (that is, £4(X) < 2).
Some partial affirmative answers to this question have been established in (3, 12].

In a recent paper (8] Jiménez-Melado introduced a geometrical coefficient £o(X)
which is a natural generalisation of the classical characteristic of convexity £5(X). He
improved the result of [3], proving that a Banach space X with £,(X) < 2 has the weak
fixed point property whenever X has the (WORTH) property defined by Sims in [11). If
€0(X) < 2 then X is uniformly nonoctahedral.

In this paper we generalise the classical sufficient condition for normal structure
£0(X) < 1, to &5(X) < 1 where £*(X) is an extension to higher finite dimensions of the
coefficient £5(X) = £2(X), which has a three dimensional character. Moreover we obtain
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sufficient conditions for the weak fixed point property for spaces X with &"(X ) < 2. Such
conditions are different to the (WORTH) property.

2. DEFINITIONS AND PRELIMINARIES

Let (X,]| - ||) be a Banach space. Let Bx and Sx denote the closed unit ball and
the unit sphere respectively.

The following definitions and results will be used throughout this paper. The func-
tion 6x : [0, 2] — [0,1] given by

s(@+3)

ox(€) :=inf{1—‘ :z,y € By, llz—yHZE},
is Clarkson’s modulus of converity of (X, ||-||) . The characteristic of convezity of X is
defined by £o(X) := sup{e € [0,2] : 6x(¢) =0}.

A convex set C C X is said to have normal structure if, for each nonempty closed
convex bounded subset K of C, which is not a singleton, there exists at least one non-
diametral point z € K, that is, with r(z,K) := sup{ll:r: —yll:y e K} < diam(K).
Similarly, the convex set C has weak normal structure provided that each weakly com-
pact convex nontrivial subset K of C contains a nondiametral point.

Following Sims, [10], we shall say that (X, ||-||) has the weak uniform Kadec-Klee
property whenever there exist € € (0,1) and § € (0,1), such that dist(0,C) < 1 -4
for every weakly compact convex subset C of Bx with v(C) > ¢, where 4(C) is the
separation measure of noncompactness defined by

~¥(C) = sup{’}gfm |Zm = za]l : (zn) a sequence inC}.

If moreover X is reflexive, then we say that X is weakly nearly uniformly convez.
Following {4], given a measure of noncompactness u, we define the modulus of con-
vezity of X with respect to p to be the function A, : [0, u(Bx)) — [0,1] given by

Ay(e) :=inf{1 — dist(0, ) : A C Bx, A is convex and p(4) > ¢},

and we define the coefficient of convezity of X with respect to p to be the number e () :=
sup{e > 0 : A,(e) = 0}. Moreover it is shown in (4] that the Banach space (X, ] - ||)
has weak normal structure if A,(1) # 0. (In particular this happen if &, () < 1.)

The Banach space (X, || - ||) has the WORTH property if

Jim | |lzn = zl| - l|lza + 2|l |= 0

for all z € X and for all weakly null sequences (z,) in X.
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A sequence (z,) in a Banach space X is called a Schauder basts of X if for every
(=]
z € X there exists a unique sequence of scalars (a,) such that z = }_ a,z,. A Schauder
n=1
basis is called an unconditional basts if and only if the constant

o0 o0
A= sup{ D Entnzn > anza

=1, &= :tl}
n=1 n=1
is finite. When (z,) is an unconditional basis, we define the following constant:

c=sup{||Prl|| : FCN}

o0
where PF(Z a,,z,,) = Y anz,. We say that (z,) is a suppression unconditional when
n=1

neF
c=1
We say that (z,) is a strongly bimonotone Schauder basis if ||Pr|| = ||I — Pr]| = 1
for every segment F = [a,b] :={n €N : a<n<b}.

A Banach space X has the weak Banach-Saks property if every weak null sequence
(zn) contains a subsequence (z,,) such that {(1 /n) Z :z:,,,} is norm-convergent.

In [2] the author proved the following result:

LEMMA 1. Suppose X has a strongly bimonotone basis (z,). Then X has the
weak fixed point property whenever X has the weak Banach-Saks property.

Following Giesy and James [6], for n > 2, a Banach space is called uniformly non-£}
if there exists £ > 0 such that there does not exist a subset {z;,...,z,} of the unit ball
Bx with

|lzy £zo£--- £z, >n(l —¢)

for all choices of signs. We say that X is B-convex if it is uniformly non-¢} for some
n = 2.

3. SUFFICIENT CONDITIONS FOR NORMAL STRUCTURE
Let (X, || ||) be a2 Banach space and let k € N.

Denote by s;(X) the supremum of the set of numbers £ € [0, 2] for which there exist
points zy,... ,Zx4 in Bx with min{l]:z:,- —zjl|: i # j} >e

Define the function &* : [0, sk(X)) — [0,1] by
3*(e) :=infd 1 — Iy +---+ el | . _ -
8*(e) := {1 “——————k+1 ” : z,GBx,z—l,...,k+1,1‘_1;1;1”z, :r,ﬂ;e}

and let £5(X) be the number &5(X) := sup{e € [0, (X)) : & () = }
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REMARK 1. Notice that &'(X) = £o(X), the usual characteristic of convexity, and
£02(X) = &(X) where £(X) is the characteristic of convexity introduced by Jiménez
Melado in [8].

The following proposition relates the characteristics of convexity defined above for differ-
ent dimensions.

PROPOSITION 1.  Foranmyk €N,
&MHX) < &HX).

Moreover,
€o(X) < €0(X) < 260(X).

ProoF: Fixk € N. Lete € [0, sk.,_l(X)). For any z,,... ,Zi42 in Bx with xgem [lz:—
]

zil| > €

<1-—3"(e) fori=1,... ,k+2

Ty +---+ T+ T 4+ Ty
k+1

and consequently,

Ty + -+ Teyo

k42
}i:zl+---+z,-1+zl+1+--~+a:k.,.2
k+2

k+2 k+1
1 k+2 1+ F D1+ Ty o+ Trgo
T k+2 k+1
=1
< 1-8%¢)

So we have that for any € € [0, sk41(X)), 8+1(c) > 6%(¢), and therefore & *!(X) <
& (X). .
On the other hand, given € > 0 consider z,y € By, with |z — y|| > €. Let z =
(z+y)/2. Wehave that flz—zl|=|ly— 2| =llz-yll/2 > 6/2
Consequently, 1 — ||(z + 9)/2]| = 1 = |[(z + y + 2)/3|| > 3 (/2). Therefore, 4(c) >
5 (¢/2) for all € > 0, and then £o(X) < 260(X).

REMARK 2. In [8] the author asks whether a Banach space X with £5(X) < 2 is reflex-
ive. From the above Proposition it is clear that if £,(X) < 1 then X is superreflexive.
In some cases, the inequality is strict. To see this we consider the following example.

ExaMmpLE 1. Let £2 be the Banach space R? endowed with the supremum norm. It is
not difficult to see that for each £ € N,
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The following result shows the relation between £o°(X) and the coefficient of con-
vexity of X with respect to the measure of noncompactness 7.

PROPOSITION 2. Let X aBanach space with &, (X) < 1 for some k € N. Then
also g,() < 1.

PROOF: Since £5¥(X) < 1 there exists £ € (0,1) such that §(1 — ) > 0. Suppose,
seeking a contradiction, that £,(y) > 1. Then A, (1 — ¢/2) = 0, and consequently there
exists C C By convex with 7(C) > 1 — £/2 and 1 — dist(0,C) < 8*(1 — £). Now, since
v(C) > 1 — ¢ there exists a sequence (z,) in C with the property inf [|Zn —zmll >1—¢.

In particular zi,... ,Zx+1 € Bx and (mg: flz: — z;{l > 1 ¢, from which weobta.m
1
i

the following contradiction which completes the proof:

gk(l —e)<1- 24 +k.:i Tr+1
< 1 -dist(0,C)
< &1 -¢). 0

It is clear from Proposition 2 and the above mentioned results of [4] that we have
the following.
THEOREM 1. If X is a Banach space such that &°(X) < 1 for some k € N, then
(a) X is weakly nearly uniformly convex.
(b) X is reflexive and has normal structure.
The well known result that £9(X) < 1 implies X has normal structure is a strictly
particular case of Theorem 1.
EXAMPLE 2. In the classical real sequence space (£, ||-||) we can consider the equivalent
norm | - |, given by |zl := max{|lzll2, Bllzllc}. Let Es := (&,] - |5)- Suppose that
€0(Es) > 1. Then 6(1—(1/n)) =0 for all n € N, and consequently there exist sequences
(zi)n in Bg,, (i =1,2,3), such that for all n € N, min{|z% ~zl|s: i # j} > 1—1/n and

1
3 —
(:t: + 22 + 23) n

B

Since the norm || - || is the Euclidean one and for all v € &, ||[v|| < |v|s < Bl|v]|, we have
that 1
ﬁlz}. +zﬁ+zﬁl§ < ||::1 +z2 +:z:‘"||2

= 32”%“ = Nz -

1<]

<3;|z:zlﬁ Z| Zn 1"’5

1<J
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for all n € N. So we have

(-8 o302

foralln € N, that is, 8 > /4/3. Thus, &(E;) < 1 for 8 < 1/4/3. Nevertheless, it is well
known (see [7, p.58]) that, for 8 < V2, £o(Es) = 24/F — L. So, if B € ((\/5/2), \/Wi)

we have that £(Es) < 1 < o(Ep).

REMARK 3. The Bynum space £, 1 <p < 00, (see [7]) fails to have normal struc-

ture, so by Theorem 1 we see that &°(X ) 2 1 for all k. But, by Proposition 1 we have’
0" (£p,0) < €0(€po) = 1 for all k. So £0"(fp0) = 1 for all k € N. This shows that the

assumption o (£pe) < 1 in Theorem 1 is sharp.

4. THE FIXED POINT PROPERTY FOR SOME UNIFORMLY NON-{ SPACES
THEOREM 2. If X is a Banach space with a strongly bimonotone basis and
£o%(X) < 2 for some k € N then X has the weak fixed point property.

PRrooF: By means of Lemma 1 it suffices to prove X has the weak Banach-Saks
property provided &*(X) < 2 for some k € N.

Suppose X is a Banach space with £ (X) < 2, but X fails to be uniformly non-
2,**!. Then for all ¢ > 0 there exist z;(€), ... ,Zx+1(€) in Bx such that for any choice of
the “+” and “—" signs

(1) |lz1(e) £--- Trqar(€)]| > (K +1)(1 —¢).
Now, for fixed ¢,j € {1,...,k + 1}, we have from (1) that for alle > 0

| T ae|-zmef- X el
1e(1,.

- k+1}={5} 1e{l,. k+1}—{ij}
>(k+1)(1-¢)—(k-1)

=2-(k+1)

lz:(e) — 230 || > |

Therefore, using (1) once more, for all € > 0

Ti(€) + - - + Ti4a(€)
k+1

(2) F(2—(k+1)e) <1~ Sl-(1-¢) ==

Since &"(X) < 2 we can choose 7 € (0,2 — &*(X)).
Consider p := min{8*(2 — n)/2, n/(k+ 1)} > 0. Since the function &(-) is non-
decreasing
F2-(k+1)p) 282-1)>p
which contradicts (2). Thus, if £&°(X) < 2, X is uniformly non-£,**. Now, from [9] (see
also [1]), X has the weak Banach-Saks property.
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REMARK 4. It is well known (see [5]) that a B-convex Banach space is reflexive provided
that either it has an unconditional basis or it is a Banach lattice. Thus, if &(X) < 2
and X has an unconditional basis then X is reflexive. This is a partial answer to the
question raised by Jiménez-Melado in [8]. Consequently, if X is a Banach space with a
suppression unconditional basis such that éB"(X ) < 2 for some k € N, then X has the
fixed point property.

REMARK 5. It is easy to see that the space o, (1 < p < oo0) has a suppression
unconditional basis but it fails to have the (WORTH) property. Therefore, it is an
example for which Theorem 2 applies, but it is out of the scope of the result of {8].
On the other hand, since any nonseparable Hilbert space has the (WORTH) property,
Theorem 2 and the result of [8] are different.
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