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Abstract. Considered here is the pullback attractor of the process associated with
the first initial boundary value problem for the non-autonomous semilinear degenerate
parabolic equation

uy — div(o (x)Vu) + f (1) = g(x, 1)

in a bounded domain Q in RY(N > 2). We prove the regularity in the space L¥?~2(Q) N
DX(, o), and estimate the fractal dimension of the pullback attractor in L*(2).
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1. Introduction. This paper is a continuation of the paper [2] in which we studied
the long-time behaviour of solutions to the following non-autonomous degenerate
parabolic equation:

u; — divie(x)Vu) + f(u) = g(x, 1), x € Q,t >,
ulae =0, (1.1)
U= = u; € LZ(Q)v

where Q is a bounded domain in RY(N > 2) with smooth boundary 3€2, the diffusion
coefficient o, the nonlinearity / and the external force g satisfying the following
conditions:

(H1) o is a non-negative measurable function such that o € L] () and for some
a € (0,2), liminf |x — z| %0 (x) > 0 for every z € Q;
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(H2) The function f € C(R, R) satisfies

Swu > Clulff — Cy, p>2, (1.2)

I’ ()| < CslulP~2, (1.3)

fw) = —¢, (1.4)

where ¢, C;, i = 1, 2, 3 are positive constants. Relations (1.2) and (1.3) implies
that

alul” — oy < F(u) < aslul’ + o4, (1.5)

where F(u) = fouf(s)ds, and «;, i = 1, 2, 3, 4, are positive constants;
(H3) g e WLA(R; L3(Q)) satisfies

0
f_ e (||g(s)||izm) + ||g’(s)||iz<m) ds < +oo, (1.6)

o]

where A, > 0 1is the first eigenvalue of the operator —div(o (x)V-) in 2 with the
homogeneous Dirichlet boundary condition (see Section 2).

Problem (1.1) can be derived as a simple model for neutron diffusion (feedback
control of nuclear reactor) (see [S]). In this case u and o stand for the neutron flux and
neutron diffusion respectively. As mentioned in [2], the degeneracy of problem (1.1) is
considered in the sense that the measurable, non-negative diffusion coefficient o (-) is
allowed to have at most a finite number of (essential) zeroes at some points. For the
physical motivation of assumption (H1), we refer the reader to [3, 6, 7].

Let us give some comments about assumptions (H2)—-(H3). The nonlinearity f is
assumed to satisfy a polynomial-type growth and a standard dissipative condition. It is
noted that we make assumption (1.3) for the sake of brevity in the proofs only. In fact,
one can assume that f satisfies |f"(u)] < Cs|ul’~% + C4, where C; and Cy are positive
constants. Typical examples of functions satisfying condition (H2) are polynomials
with odd degrees and positive leading coefficients. The conditions in (H3) hold if
ge Wlf)cz (R; L*(2)) and there exist y € (0, 1), T € R (without loss of generality, we
can assume 7 < 0) and M, > 0 such that ||g(t)||iz(9) + ||g/(t)||iz(m < M.e7"! for all
t < 1. In particular, condition (H3) holds if ||g(t)||iz(m + ||g’(t)||iz(m < MeY" for all
t € R. In the paper [2], under certain conditions which are similar to (H1)-(H3), the
authors proved the existence of a pullback attractor in the space D&(Q, o) N L () for
the process U(t, ) associated to problem (1.1). Here and what follows, for definitions
of the function spaces related to problem (1.1), we refer reader to Section 2.1.

In this paper, under some additional conditions of the external force g, namely,

(H4) fo e’“sllg’(s)llnfﬁ, ds < +00, where my = T
—00 L"k(R2) ’ 2ﬂk+2+1,2ﬁk+1 s

ﬁ:N_LM>1,k€N,0§k§]ogﬂ(p_])+1,

m), = 28K+, with

we will show that the pullback attractor obtained in [2] is in fact in D3(Q, o) N L¥72Q),
that is, it is more regular. To do this, we first establish the existence of a family
of pullback absorbing sets in L¥~(Q) N D3(Q, 0) and then prove the pullback
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asymptotic compactness of the process U(z, t) in L*~2(Q) N D}(£2, o). The proof of
the first one is quite standard, but the proof of the second one is more involved. Indeed,
as we know, if the external force g(¢) is only in L*(R2), then solutions u(f) of problem
(1.1) are at most in L*~2(Q) N D(2, o) and have no higher regularity. Therefore,
there is no compact embedding result held for this case. To overcome the difficulty
caused by the lack of compactness of embeddings, we exploit the asymptotic a priori
estimate method introduced in [14] for autonomous equations. The asymptotic a priori
estimates in L%?~2(Q) are deduced by using some estimates on u, that are based on
assumption (H4) of the external force g (see Lemma 3.3), and the pullback asymptotic
compactness in D(Z)(Q, o) is proved by verifying the (PDC) condition introduced in [9].
As a result, we obtain the existence of pullback attractors in the spaces L¥*~2(2) and
Dg(Q, o). These pullback attractors and the pullback attractor obtained in [2] are of
course the same object. The obtained result seems to be optimal, and, in particular,
we obtain the D3(2, o) N L*~2(Q)-boundedness of the pullback attractor. Using this
boundedness, we show that the pullback attractor has a finite fractal dimension in
L*(R). Itis worth noticing that when o = 1, we extend and improve the recent results on
pullback attractors for the non-autonomous reaction—diffusion equations in bounded
domains (see, e.g. [1, 9, 10, 12, 13]). Moreover, (H3) and (H4) are obviously satisfied
if g = g(x) € L*(Q) does not depend on time ¢, and then the pullback attractor turns
to be the usual global attractor; therefore, we also recover some results in [14] when
o=1.

The paper is organized as follows. In Section 2, for convenience of the reader, we
recall some concepts and results on function spaces and pullback attractors which we
will use. In Section 3, we prove the existence of pullback attractors in various spaces
by using the asymptotic a priori estimate method. In Section 4, we estimate the fractal
dimension of the pullback attractor in L>(R2). Some further remarks are given in the
last section.

2. Preliminaries.

2.1. Function spaces and operators. To study problem (1.1), we use the energy
space D} (2, o), defined as the closure of C3°(€2) with respect to the norm

1
3
”u”Dé(Q,a) = (/ a(x)|Vu|2dx> .
Q

This is a Hilbert space with the scalar product

(u,v) := /Qa(x)Vqudx.

The following lemma comes from [3, Propositions 3.3-3.5].

LEMMA 2.1. Assume that Q is a bounded domain in RN(N > 2), and o satisfies
(H1). Then the following embeddings hold:

(1) D(l)(Q, o) — L*(Q) continuously;

(i) DY, o) = LP(Q) compactly if p € [1,2%),

2N

*
where 25 = 5.
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We also use the space D3(S2, o) defined as the closure of C{°(£2) with the norm

172
||”||D§(Q,a) = (/ |diV(U(x)Vu)|2dx) .
Q

The following result follows from the definitions of D}(2, o) and D(L, o).
LEMMA 2.2. If o satisfies (H1), then Dé(Q, o) C D(IJ(Q, o) continuously.

Proof. For any function u € C§°(£2), we have

”u”%é(ﬂ) = / o|Vul*dx = —/ div(o Vu)udx
Q Q

12 12
=< (/ |div(oVu)|2dx> (/ |u|2dx> = ||“||D§(Q)||u||L2(Q)-
Q Q

Noticing that [Jul|;2q) < C ||u||D(1)(Q), where C is independent of u, we get the desired
result from the fact that C§°(2) is dense in Dé(Q, o). O

It is known (see e.g. [2]) that the operator Au:= —div(c(x)Vu) with the
homogeneous Dirichlet boundary condition in €2 has a family {e,}° | of eigenvectors,
which forms an orthonormal basis of L*(2), and a sequence of eigenvalues {An}u=1such
that0 < A; <... <A, <...and A, —> 400 as n — +oo. In the sequel, we frequently
use the following inequality:

||u||§)é(9,a) > hillull7zq), forallu € Dy(R, o).

2.2. Pullback attractors. Let X be a Banach space with the norm | - ||, and let
B(X) denote all bounded sets of X. The Hausdorff semi-distance between two bounded
subsets 4 and B of X is defined by

dist(4, B) = supinf || x — y|.
xeA YEB

Let{U(t,t):t> 1,7 € R} beaprocessin X,i.e. U(t,t): X — X suchthat U(zr, t) =
Id and U(t, s)U(s,t) = U(t, t) for all t > s > 7, t € R. The process {U(¢, )} is said
to be norm-to-weak continuous if U(t, t)x, — U(t, t)x, as x, — x in X, for all # >
7, T € R. The following result is useful for proving the norm-to-weak continuity of a
process.

PROPOSITION 2.3 [14]. Let X, Y be two Banach spaces, X*, Y* be respectively their
dual spaces. Suppose that X is dense in Y, the injection i : X — Y is continuous and its
adjoint i* : Y* — X* is dense, and {U(t, )} is a continuous or weak continuous process
on Y. Then {U(t, 1)} is norm-to-weak continuous on X if and only if for t > 7, 1 € R,
U(t, ) maps compact sets of X to be bounded sets of X.

DEeFINITION 2.1. The process {U(t, 7)} is said to be pullback asymptotically
compact if for any ¢t € R, any D € B(X), any sequence 1, — —oo and any sequence
{x,} € D, the sequence {U(t, t,)x,} is relatively compact in X.
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DEFINITION 2.2. A family of bounded sets B = {B(?) : t € R} C X is called a family
of pullback absorbing sets for the process {U(¢, )} if for any ¢ € R, any D € B(X), there
exists 1) = to(D, 1) < t such that

J u@.op c B.

=<7

DEFINITION 2.3. A family A ={A(¢): t € R} C B(X) is said to be a pullback
attractor for the process {U(¢, )} if

(1) A(¢) is compact for all 7 € R,

(2) Aisinvariant, i.e.

U(t, t)A(t) = A(¢), forall t > t,
(3) Ais pullback attracting, i.e.

lim dist(U(z, T)D, A(#)) = 0, forall D € B(X), and all7 € R,
(4) if{C(?) : t € R} isanother family of closed pullback attracting sets, then A(¢) C
C(t)forallt € R.

THEOREM 2.4 [9]. Let {U(t, t)} be a norm-to-weak continuous process which is
pullback asymptotically compact. If there exists a family of pullback absorbing sets
B ={B(t): t € R}, then {U(t, t)} has a unique pullback attractor A = {A(t) : t € R} and

A1) = ﬂ U U(t, 7)B(7).

s<t T<s

2.3. Fractal dimension of pullback attractors. Given a compact K C L*(R2), and
e > 0, we denote by N,(K) the minimum number of open balls in L*(Q2) with radii &
that are necessary to cover K.

DEFINITION 2.4. For any non-empty compact K C L*(R2), the fractal dimension
of K is the number

. log N:(K)
dp(K) = limsup ———.
rUK) =1 P Tog(1 )
Firstly, we recall the definition of a uniform pullback absorbing set.

DEFINITION 2.5 [8]. A bounded subset B, of L>(2) is called a uniform pullback
absorbing set for the process {U(t, 7)} if for every B € B(L*(R2)) there exists a number
79 > 0 such that

U(t,t — 1)B C By, forall T > 19,

where 1y does not depend on the choice of ¢.

Next, we describe the method to estimate the fractal dimension of a pullback
attractor.
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THEOREM 2.5 [8]. Let By be a uniform pullback absorbing set, A = {A(t) : t € R} be
a pullback attractor for {U(t, T)}. Assume that there exists a finite dimensional projection
P in the space L*(2) such that

1PCU(t, t — To)ur) — U(t, t — To)u)ll 12y < U(To)llur — uzll 12 2.1
for all uy, uy € By and some Ty, [(Ty), and
(I — P)U(t, t — To)uy) — U(t, t — To)u) |l 2(0) < Sllur — 2|l 2@ (2.2)

for all uy, up € By, where § < 1, and Ty, [(Ty) are independent of the choice of t. Then
the pullback attractor A possesses a finite fractal dimension in L*(2), specifically

, , 81(To) 2 1
dimg(A(2)) < dim Plog (1 + m) |:log m] , VieR. (2.3)

In the rest of the paper, for brevity, we denote by | - |2, (., .) the norm and inner
product in L?(R2). For a Banach space E, we denote by || - ||z the norm of E. A generic
constant is denoted by C.

3. Existence of pullback attractors in L*~%(Q) and D}(2, o). Under conditions
(H1)—(H3), by using arguments in [2, 10], it can be proved that one can define a process
{U(t, t)};>. associated to problem (1.1) as follows:

U(t,t) : L) — DY(Q, o) N L/(Q), V> 1,

where U(t, t)u, is the unique weak solution of (1.1) with initial datum u, at time
7; moreover, the process {U(t, T)};>. is continuous in L?*(2) and is norm-to-weak
continuous in I”(2) and D(l)(SZ, o), and has a pullback attractor Ay = {A4y(?) : t € R}
in DY, o) N LA(Q).

In this section, under the additional condition (H4) of the external force g, we will
show that the pullback attractor is in fact in DJ(Q2, o) N L7~%(Q).

LEMMA 3.1. Assume that (H1)—(H3) hold. Then for any t € R, any bounded set D
of L*(Q), there exists Tty < t — 1 such that

WOl < (1 e /

—00

t

M (1R + 1)) ds) , 3.1)

forany © < 19 and any u, € D, where u,(s) = :71[ u(t, oug) |i=s-

Proof. Let u, € D, and denote u(t) = U(t, T)u,. Multiplying (1.1) by u in L*(),
we get

1d ) 1 5 A,
§E|”|2 + Ul g0+ /Qf(u)udx = Ag(f)de < k_1|g(l)|2 + Z|u|2~ (3.2)

From (H2) we have

/f(u)udx > C1/ ufPdx — || > C<2/ F(u)dx — 1). (3.3)
Q Q Q
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Using the inequality ||u||%1(9 )= A lul3 and (3.3), we get from (3.2),
(2,0

S+l + € (Wi, +2 [ Fordr) <+ i0B), G4
thus
%(equu(t)@) + CeM! <||u(t)||2D[1)(Q) +2fQF(u(z))dx> < C(M+MgB). (3.5
Integrating (3.5) from 7 to 5, T < s < ¢t — 1 in particular, we have
U lu(s) < 3+ C (e*” + f x e“|g(r)|§dr> - (3.6)
On the other hand, integrating (3.5) from s to s + 1 and applying (3.6), we get

s+1
/ oMr <||u(r)||2D(,)(Q’U) + Z/QF(u(r))dx) dr

s+1
< CMlu(s))} + C / (&7 + 7 1g(r)3) dr

t
< C(e“w,@ + M +f eW|g(r)|§dr> . (3.7)
Multiplying (1.1) by u, in L*($2), we see that
B+ 5 (lluu% +2 / F(u)dx) = (). u) < &R + 2wt (8)
224 D@ T B L
Hence,

t d t
M lu ()3 + E["’M (Ilu(l)llé(g(g,g)ﬂ /Q F(u(t))dx)]

sAle*”(||u(z)||§,é(g,a)+2 | F(u(z»dx)+em|g<r)|§. (3.9)

Combining (3.7) and (3.9) and applying the uniform Gronwall inequality, we get

13
e (IIu(z)llé(g(Q,U) +2/QF(u(t))dx> <C <e*1f|u,|§ + e’ +/ e“’lg(r)@dr).
(3.10)
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Integrating (3.9) from rtor + 1, r € [t, t — 1] and using (3.7) and (3.10) in particular,
we find that

r+1
/ M |vl3ds
<M <||“(r)”2@3(9,a) + 2/S;F(u(r))dx>
r+1 i
+A1 / e (Hu(s)lléﬂ)(sz 0T 2/ F(u(s))dx) b / < le(lds
r ’ g g

<C <ew|uf|§ +eM 4 /

t
—00

em|g(s)|§ds> ) (3.11)

On the other hand, differentiating equation (1.1) and denoting v = u,, we have
v; — div(e Vo) + f(u)v = g'(1). (3.12)
Taking the inner product of (3.12) with v in L*(R2), we get

1d

3 7102+ Il g ) + (@0, ) = ('), v). (3.13)

Using (1.4) and Young’s inequality, after some computations we see that

d
T (M |vl3) + 2eM’||v||§)é(w) < CeMl3 4 CeMig (1))3. (3.14)

Combining (3.14) and (3.11), and using the uniform Gronwall inequality, we obtain
t

M3 < C (e“flurlg + M +/

SR+ EODs). @19
—o0
This completes the proof because "7 [u, |3 — 0 as T — —oo0. g

LEMMA 3.2. The process { U(t, t)} associated to problem (1.1) has a family of pullback
absorbing sets in L~2(2) N Dé(Q, o).

Proof. Multiplying the first equation in (1.1) by |u|/’~?u and integrating over Q, we
get

/u,|u|”_2udx+(p—1)/0(x)|Vu|2|u|”_2dx+/f(u)|u|”‘2udx:/g(t)|u|”_2udx.
Q Q Q Q

(3.16)
Using (1.2) and Young’s inequality, we have

/ S@)uludx > / (Crlul = Co) [ulP~2dx = Cillull 3 q) = Callull g — C.
Q Q

(3.17)
By the Cauchy inequality, we see that

_ Ci o2 1
2 4 2
- A ut|u|p de < T”u”LZp—Z(Q) + a'utb’ (318)
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and
p—2 G 2p-2 1 2
gO)|ul’“udx < o Ml ) + Zlg(t)|2. (3.19)
Q

It follows from (3.16)—(3.19) that

2p—2

2y = € (1l + Nl 0 + 10) (3.20)

To obtain estimates in D3(<2, o), we multiply equation (1.1) by —div(o (x)Vu) and use
the fact that f(0) = 0 to obtain

||u||§)3mm = /Q udiv(o (x)Vu)dx — /Q f'(w)o (x)|Vu|*dx — /Q g(H)div(o (x)Vu)dx.

(3.21)
Using the hypothesis f”(u) > —¢ and the Cauchy inequality, from (3.21) we have

gy < 2 (13 + Lty g, + 12013 (3.22)
Taking into account (3.10) and (3.1), the relations (3.20) and (3.22) complete the
proof. O

REMARK 3.1. By Proposition 2.3, from Lemma 3.2 we can deduce that the process
U(t, T) associated to problem (1.1) is norm-to-weak continuous in L*~%(Q2) and
Dg(Q, o).

We now derive some estimates for the time derivatives of u by the well-known
bootstrap technique. These estimates are useful for establishing pullback asymptotic a
priori estimates in L¥~%(Q).

LEMMA 3.3. For any t € R, any 2 < r < oo and any bounded set B C L*(R), there
exists Ty such that

/ lu(t)|"dx < M, forallt < 19, u, € B, (3.23)
Q

d
where M depends on t and r, but not on u, and t, and u,(s) = 7 U, t)ug) |=s.

Proof. We will prove the lemma by an induction.
Putting 8 = N_LM > 1. We will prove that for k =0, 1, 2, ..., there exist 7; and
M;(t) such that

e’\"/ () dx < M;(f)foranyu, € B,t < 1y, (Py)
Q
and
+1 " H
f (e*"'/ lu(r)|*# dx) dr < M;(t) forany u, € B,t < 1, (On)
‘ Q

where 1 depends on k and B; M () depends only on k.
For k =0, (Py) follows from (3.15). Integrating (3.14) from 7 to ¢ + 1 and using
the facts that /13 < land D{(R2, o) — L*(Q) continuously, we get (Qy).
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Assuming that (Py) and (Qy) hold, we prove that (P;,;) and (Qy1) also hold.
Multiplying (3.12) by [v|*#*"'~2v and integrating over Q, we obtain

d +1 e\ |2 ” -
C‘/ ol dx+C/ o(|v (v"") dxsgf WP dx + (g (). [o ).
dt Jg o o

(3.24)
Using the imbedding D}(R2, o) < L?(Q) once again, we get

1
iy |2 N . [
[ oov (") dx = 10" ey = ( [ zdx) .62
Q Q

Combining Holder’s and Young’s inequalities, we see that

41 l/m " 1/}’1
/g/(t)lvlzﬁH “vdx < </ |g/(t)|mdx) </ [P —l)ndx>
Q Q Q

» In (3.26)
(fQ |g,(t)|mdx)m’/m (fg |v|(2ﬂk+l,1)ndx)n
where 1 +1 =14 1 =1 Choosen, n' such that
n 1
QB — Dhn=2p?and — = —,
n B
that is,
2 k+2 k+1
ne P andn = 2P
28k — 1 28k — 1
Hence,
n 2ﬂk+2 ’ k+1
mzn—1=2/3k+2—2,3k+‘+landm:2’8 . (3.27)
Then from (3.26), we infer that
/ 2ﬂk+1—2 1 ’ ' 1 2;61”2 %
g0l vdx < %”g (Do) + pr [v] dx ) . (3.28)
Q Q

Applying (3.25) and (3.28) in (3.24), we find that

1
i (e)qt'/ |v|2ﬂk+ldx> + Ce)qt (/ |v|2ﬂk+2dx>ﬁ
dt o Q (3.29)

< co / WP dx + CE g (DI
Q

Combining (Qy) and (3.29), using the uniform Gronwall inequality and taking into
account assumption (H4), we get (Py1). On the other hand, integrating (3.29) from

t to t+ 1 we find (Qrs1). Now, since 8 > 1, taking k > logﬂg we get the desired
estimate. Il
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In what follows, we will use the following lemma.

LEMMA 3.4 [13, Lemma 3.6]. If there exists o > 0 such that fioo e*|o(s)|>ds < oo,
forallt € R, then
t

lim eV g(s))Pds =0, teR. (3.30)

y—=>+oo |

Let H,, = span{ej, e, ..., ey} in L*(Q) and P, : L*(Q) — H,, be the orthogonal
projection, where {e;}°, are eigenvectors of the operator 4 = —div(o(x)V). For any

u € L*(Q), then u has a unique decomposition

u=Puu+ I — P,)u=u + u.

LEMMA 3.5. For any t € R, any bounded set B of L*() and any e, there exist
1o(t, B, €) and my € N such that

(I — Pm)vlg <&, VT < 19, VUUy € Bandm > my, (3.31)

where v = u;.
Proof. Multiplying (3.12) by v, = (I — P,,)v and integrating over 2, using the

inequality ||v2||2Dé @) = Am|v2|§ and the Cauchy inequality, we get

d ) :
Gl ulinf = C [ 1 P+ Clg O, (332
We multiply (3.32) by e and use assumption (1.3) to get

d _ /
T (ek”"|v2|§) < Cek'"’/Q [ul*P=2|v|?dx + Ce*'|g/(1)]3. (3.33)

Integrating (3.33) from s to ¢,

t t
ex’”’|v2(t)|§ < ex'“s|v2(s)|§ + C/ e’\’”"/ [ul??=2|v|>dxdr + C/ ek””|g’(r)|§dr
K] Q

s
t

t
< eA,,,S|v(S)|%+ C/ e)-nxl"/ |u|2(”_2)|v|2dxdr+ C/ e)‘”’r|g/(}’)|§dr.
PN Q -

oo
(3.34)
Now integrating (3.34) with respect to s from 7 to ¢, we infer that

t t
(=000 = [ S uhds+ o) [ [ e pdvr
T —00 Q

t
+C(t — 1) / &g (r)|3dr, (3.35)

thus

t

1 t
()l < — / e y(s)3ds + C /
r—7 J_

—0Q

e"\”’(’_’)/ [ul*P=2|v|>dxdr
Q

t
+C / e 0|/ (r) 3dr. (3.36)

o0
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By Lemma 3.4 and since %,, — +00 as m — +00, there exist 7; and m; such that
1 ' —m(t—3) 2 €
E— e [v(s)]5ds < 3 (3.37)

1—7J)_

and

t
C / eI () < 3. (3.38)

oo

for all 7 < t; and m > m,. For the second term on the right-hand side of (3.36), using
Holder’s inequality we have

t
/ et / P2 v dxdr
oo o
4 p—1 ﬁi Iﬁ
< / < / eiz*m(”)|u|21’—2dx> ( / 0= Dhli=n) | 22 dx) dr
—00 Q Q
-

1
d -1 = ! =
s( / e?z“*”’||u||i’3;_%(mdr) ( f e Dl / |v|2"-2dxdr) . (3.39)
—00 —00 Q

Using Lemmas 3.2-3.4, there exist 7, and m, € N such that

[

[

t
Cf e‘*'”(’_’)/ [ul?P=D|v|2dxdr < g, forall T < 19, m > my. (3.40)
—00 Q
Let tp = min{ty, 12} and my = max{m;, m,}, from (3.36), taking into account (3.37),
(3.38) and (3.40) we obtain (3.31). O

LEMMA 3.6 [14]. Let B be a bounded subset in L(Q2)(q > 1). If B has a finite e —net
in L1(S2), then there exists a number M = M (B, €) such that for any u € B, the following
estimate holds

/ lulfdx < ¢,
Q(lul=M)

where Q(lu| > M) = {x € Q: |u| > M}.

Using Lemma 3.6 and taking into account Lemmas 3.1 and 3.5, we conclude that
the set {u;(s) : s < t, u; € B} has a finite s-net in L?(2). Therefore, we get the following
result.

LEMMA 3.7. For any t € R, any B C L*(Q) is bounded and any & > 0, there exist
0 < tand My > 0 such that

/ lu(6)*dx < e, forallt < vg, M > My, u; € B. (3.41)
Q(lul=M)

One can prove the following lemma by using arguments in [14] with a few
modifications.
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LEMMA 3.8 [14]. For any t € R, any bounded set B C L*(Q) and any & > 0, there
exist g and My > 0 such that

mes (Qu(t) > M)) < &, forallt < v, M > My and u, € B, (3.42)

where mes is the Lebesgue measure in RY.

LEMMA 3.9 [2]. Let {U(t, T)} be a norm-to-weak continuous process in L*(2) and
L1(R), g = 2. Then {U(t, t)} is pullback asymptotically compact in LY(Q2) if
() {U(t, 1)} is pullback asymptotically compact in L*(2), and
(ii) for any t € R, any bounded set D C L*(Q) and any ¢ > 0, there exist M > 0
and ty < t such that

sup sup (/ |U(t, t)u,l"dx) < Cs,
=0 ur€D \JQUU(t,T)u |=M)

where C is independent of M, t, u, and ¢.

We are now ready to prove the existence of a pullback attractor in L?~2().

THEOREM 3.10. Assume that assumptions (HI)—(H4) hold. Then the process
{U(1, 1)} associated to problem (1.1) possesses a pullback attractor Ay,—> = {Ay,—»(?) :
t € R} in L¥72(Q).

Proof. Since {U(t, )} has a family of pullback absorbing sets in L¥~2(Q), by
Lemma 3.9, we only have to prove that for any ¢ € R, any bounded set B ¢ L*(R2) and
any ¢ > 0, there exist 1, < t and M, > 0 such that

/ lul*2dx < Ce,Vt < 173, M > M>, u, € B.
Q(|u|>M)

Taking the inner product of (1.1) with (v — M )‘:1 in L*(R2), where

u—M fu>M,
0 otherwise,

(u—M), = {
we have
/ i — MY 'dx + (p — 1)/ o ()| Vul*(u — MY, *dx
Q Q
+ / f)w— MY dx = / g — MY 'dx.  (3.43)
Q Q

Some standard computations give that

/ f)w— MY dx = Gy / lul*2dx + C / lul? dx, (3.44)
Q Qu=M) Q
-1 Go 2p-2 1 2
— | uu— MY, dx < — [~ 2dx + — TARTAS (3.45)
Q 4 Jows=m Co Jowsm
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and
-1 G 2p—2 1 2
gt)u— MY < v lu|?P~*dx + ron lg(£)|*dx. (3.46)
Q

Qu>=M) 0 JQu>M)

Combining (3.43)—(3.46), we have

[ lul*2dx < C (/ |u | >dx + / lg(0)*dx +/ |u|de> .
Qu=M) Qu=M) Qu=M) Qu=M)
(3.47)

Using Lemmas 3.7 and 3.8 and the fact that {U(z, 7)} has a pullback attractor in L7(2),
from (3.47) we can find 1y and M, such that

/ [u|?%dx < ¢ forall T < 79, M > M,. (3.48)
Qu=M)

Repeating the above arguments with |(z + M)_|"~*(u + M)_ instead of (u — M){’[l,
we have

/ lul*2dx < e forallt <7, M > M, (3.49)
Qu<—M)
for some 7; < tand M; > 0, where

(u+M)_:{u+M fu<-M

0 otherwise

Letting 7, = min{z, 71} and M, = max{M,, M}, we have
/ ul*7? < Ce,V1 <10, M > M>. (3.50)
Q(lu|=M>)

This completes the proof. O

In order to prove the existence of a pullback attractor in Dg(Q, o), we will use the
‘(PDC) condition’ defined as follows.

DEFINITION 3.1 [9]. Let X be a Banach space. A process U(t, 7) : L*(Q2) — X is
said to satisfy (PDC) condition in X if for any # € R, any bounded subset B C L*(Q)
and any ¢ > 0, there exists 7y < ¢ and a finite dimensional subspace X7 of X such that

(i) P (U, U(z. 7)B) is bounded in X, and
(i) ||(Iy — P)U(t, t)u.llx < ¢, forall T < tp and u, € B,
where P : X — Xj is a canonical projection and Iy is the identity.

LEMMA 3.11 [9]. If a process {U(t, ©)} satisfies (PDC) condition in X, then it is
pullback asymptotically compact in X. Moreover, if X is convex, then the converse is true.

LEMMA 3.12[14]. Assume that f satisfies (H2). Then for any subset A C L*¥7%(Q),
if k(A) < & in L¥~%(R2), we have

k(f(A)) < Ce in L*(), (3.51)
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where k(.) is the Kuratowski non-compactness measure in a Banach space X defined as

k(B) = inf{8 > 0 : B has a finite covering by balls in Xwith radii §}.

THEOREM 3.13. Assume that assumptions (HI)—(H4) hold. Then the process
{U(t, )} associated to problem (1.1) has a pullback attractor A = {A(t):t € R} in
Dé(Q, o).

Proof. We consider a complete trajectory u(f) lying on the pullback attractor
Asp_s in L2P72(Q) for {U(t, 7)}, that is, u(?) € A2p—2(t) and U(z, T)u(t) = u(1), for all
t > 7. Denoting 4 = —div(o(x)V) and multiplying (1.1) by Auy = AU — Pp)u= (I —
P,)Au, we have

() + sl 0+ [ S0 A = 0, A, (3.52)

Using the Cauchy inequality, we get
Ity = € (K0 = P10 = P+ [ Gpax). a3
Q

Thanks to Lemmas 3.5 and 3.12 and the fact that g € Cioc (R; L*(2)), we see that
{U(t, )} satisfies the (PDC) condition in D(Z)(Q, o). Now the result follows from
Lemmas 3.2 and 3.11. O

4. Fractal dimension estimates of the pullback attractor. In this section, we will
prove that the pullback attractor has a finite fractal dimension in L*(Q).

THEOREM 4.1. Assume that f and g satisfy conditions (H2) — (H4), and that g
satisfies the following additional condition

0 K
[ [ & (1l + |g/(r)|§) drds < +o0. 4.1)

Then the pullback attractor A of the process U(t, T) associated to problem (1.1) has a
finite fractal dimension in L*(Q2), and

8e2 2\
i —_— \4
dimp(A(?)) < mlog (1 + . 8) <log T 8) , Vi e R,

for some § < 1 and some m € N,
Proof. According to (3.10), we easily see that there exists a uniform pullback
absorbing set 5y of {U(¢, 7)} in D(l)(Q, o). Now let u(f) = U(t, t)u, and v(¢) = U(t, 7)v,

be solutions of problem (1.1) with initial data u,, v, € By respectively.
Let w(f) = u(t) — v(¢). Then we have

1d
E%Iw(t)lﬁ + IIw(l)IIZDg)(Q,(,) + (fw) — f(v), w) = 0. (4.2)
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Using (1.4), we get
d 2 2
Elw(t)lz < 2w()l3, (4.3)
thus
lw(@))3 < UV w(r)]3. (4.4)
Letw = P,,w+ (I — P,)w = w; + wo, then
[wi(D)]5 < 7V w(T)]3. 4.5)

Taking the inner product of (1.1) with w, in L*(R2), we obtain

1d
3 72O + 12011y g ) + (/W) =/ (v), w2) = 0. (4.6)

Taking into account (1.2) and Holder’s inequality, we see that

12 12
() — f(0), w)| < ( /Q lf(u)—f(v)lde) ( /Q |w2|2dx)

1/2 1/2
< C</(1 + |uPt 4+ |v|ﬂ1)2dx) (/ |w2|2dx)
Q Q

22 »—2 /2
= (14 ulE 2 + I 2)) ke, 4.7)

Combining (4.6), (4.7) and noticing that |jws || Am|wo|3, we have

2 >
D(l)(Q,a) -

d p-2 w2 \/?
2w (D3 + 22w < C(l + el g + ||v||;§,7,z(m) lwh.  (4.8)

Using Gronwall’s lemma and (3.20) we conclude that
lwa(1)]3 < e Dlw()l3
— At ' A 2p-2 2p-2 172
+ Ce™"m e (1 + ||u(s)||L2[)72(Q) + ||U(S)||sz72(g)) |'LU(S)|2dS
t

< e DNy + C / e *m‘f‘”(l + ()1l ) + 10 q)

T
() + [0 + 1)) ws)lads < e (@)
t
eI f eI (14 Tl 0 + 0y

+ (5)3 + 0,(5)13 + ()3 ) ds: (4.9)

It is easy to see from (3.10), (4.1) and (3.15) that

t
/ & (I(5) gy + 10O g + () + [0(5)B) ds < o0, Vi€ R

o0
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Thus, using Lemma 3.4 we get

t
lim [0 (14 u(6) g + 10Oy + () + [0,(5)3 + Ig(s)3) ds = 0.

! (4.10)

Let Ty =t — t = 1, by combining (4.10) with (4.9), we get m large enough so that
lwa(D)]5 < 8lw(T)la, (4.11)
with § < 1. Thus, from (4.5) and (4.11), using Theorem 2.5 we get the result. O

5. Some further remarks. We have just proved the existence of pullback attractors
A = {A(?) : t € R} of “fixed’ bounded sets for problem (1.1). It is noted that the pullback
attractors obtained in Theorems 3.10 and 3.13 are the same object and equal to the
pullback attractor obtained in [2]. On the other hand, several authors use the concept
of attraction in a universe D not only composed by ‘fixed’ sets, but also moving in
time, which usually appears in applications and is defined in terms of a tempered
condition (see e.g. [4]). Here D is a non-empty class of bounded sets parameterized in
time D = {D(t) : t € R} with a tempered condition on their growth in time. When D
is the universe of all constant bounded subsets, the pullback D-attractor is equal to
the pullback attractors of ‘fixed” bounded sets. We now give some remarks about the
relationship between these two concepts of pullback attractors for problem (1.1) base
on the abstract results obtained in [11].

Firstly, let R be the set of all functions r : R — (0, +00) satisfying the tempered
condition tiil}loo eM'r?(f) = 0, and denote by D the class of all families D = {D(1):

t € R} such that D(f) C B(r(¢)) for some r € R, where B(r(t)) is the closed ball
in D}(2, 0) N L¥~*(Q) with radius r(r). Using this universe D, one may establish
the existence of a pullback D-attractor Ap = {Ap(f) : t € R} for problem (1.1) by
arguments similar to the ones given in Section 3. As a corollary of the results in
[11], this pullback D-attractor contains the pullback attractor obtained in Theorems
3.10 and 3.13. Moreover, also using the abstract results in [11], one can see that if g
satisfies an additional hypothesis, namely sup,_r lg(1)]3 < oo for some T, then these
two pullback attractors are coincident for all # < T, that is Ap(t) = A(¢) forallt < T.
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