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ON EVALUATION FORMULAS FOR DOUBLE L-VALUES

HirorumMi TSUMURA

In this paper, we give some evaluation formulas for the values of double L-series of
Tornheim’s type, in terms of the Dirichlet L-values and the Riemann zeta values at
positive integers. As special cases, these give the formulas for double L-values given
by Terhune.

1. INTRODUCTION

Let N be the set of natural numbers, Ny = NU {0}, Z the ring of rational integers,
Q the field of rational numbers, R the field of real numbers and C the field of complex
numbers.

Let x,% be primitive Dirichlet characters. We consider the double L-series of Torn-
heim’s type deﬁned‘by

xim)y(m+n
(11) C(k’ l’ di Xl Z 775,’:71[ m + n)d) 1
m,n=1

where k,[,d € No with k+d > 1,l+d > 1, k+!+d > 2 This can be a character
analogue of the Tornheim double series

1
2 T'(k,l,d) = E S
(1 ) (k, ’ d) mn=1 knl( 1+ n)d

defined in [8].

Tornheim showed that T'(k,/,N — k — l) can be expressed as a polynomial in
{C 123N } with rational coefficients when N is odd ard N > 3, where ((s) is
the Riemann zeta function. This essentially includes Euler’s consideration for T'(k,0, N
— k) which is called the Euler sum (see, for example, [2]). Independently, Mordell also
considered these series in [5]. Recently Huard, Williams and Zhang Nan-Yue gave an
explicit formula for T(k [, N — k =1} as a rational linear combination of the products
€(27)¢(N —25) (0< j € (N —3)/2) when N is odd, N > 3, and k,l € Ny satisfying
1<k+ISN-1, k<N -2andl <N —2(see [3]). Recently Matsumoto considered
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T(s1, 52, $3) as a meromorphic function of complex variables (s, s2, s3) € C® in [4]. Note
that he further considered multiple zeta functions of Tornheim’s type.

L(k,0,d;x,v) is what is called the double L-series (see, for example, [1, 6, 7]).
Recently Terhune proved that if x(—1)¥(~1) = (—1)¥*4*! then L(k,0,d; x, ¥) is a poly-
nomial in the values of polylogarithms at pth roots of unity with Q(¢,,)-coeflicients, where
m,p € N are determined by x, v (see [6, 7]). As concrete examples, he listed some eval-
uation formulas for L(k, 0, d; xs, x0), L(k,0,d; xo, x3) and L(k, 0, d; xs, xo) when & + d is
even and odd, respectively, where x; is the trivial character, x3 and xs are the quadratic
character of conductor 3 and 5, respectively.

The aim of this paper is to give explicit evaluation formulas for L£(k, [, d; xo, x) for
an arbitrary primitive Dirichlet character x # xo, when x(—1) = (—=1)¥+*4+1 (see The-
orem 3.1). In particular when [ = 0, we obtain evaluation formulas for double L-series
L(k,0,d; x0,x) and L(k,0,d; x, xo0), when x(—1) = (=1)k+4+1, These include Terhune’s
formulas for double L-series given in [6, 7).

In order to prove our assertion, we make use of our previous result, namely the
evaluation formulas for -

Z (=1)™" sin((m + n)o)

mént(m + n)é

m,n=1
for @ € [—m,n] when k + | + d is even (see [9, Proposition 3.1]).
As concrete examples, we give evaluation formulas for £(k, , d; xo, x3) when k+{+d
is even, in terms of the values of {(s) and the Dirichlet L-series L(s, x3) at positive integers
(see Proposition 4.1). For example, we have

(13) ['(1, 11 2) Xo0, X3) = 2L(4a X3) - 268\1/5’”((3)1

o2 263
TL(Q’ X3) — 81

(14) £(210y2yX3,X0) = L(4v X3)+

m((3).
Note that L(1,x3) = v/37/9. (1.4) was obtained by Terhune.

2. PRELIMINARIES

In this section, we quote some results from [9] as follows. For v € R with 1 < u
< 1+ 6 and s € R, we define

2.1) dlsiu) =3 EU

If u > 1 then ¢(s; u) is convergent absolutely for any s € R. In the case when u =1, let

o(s) := é(s;1) = (27 — 1)¢(s)-
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We denote the pth derivative of sin(X) by sin®(X). Furthermore we denote
sin®(X)|,__, by sin(?(m#) for m € Ny. Then we define

2 (—u)"™sin®
T(6: k;u) := Z( u) :::l (m8)

forpe Ny, k€N, 8 €[-mn|and ue[l,1+46]. Let Aj = {1+ (-1)7}/2 for j € Z.
Then we have the following lemma (see [9, Proposition 3.1}).

LEMMA 2.1. Letkl,deNywithk+d>1,1l+d>1,k+1l+d>2,d>2and
6 € [—m,n]. Suppose k + !+ d =0 (mod 2). Then

(2.2) i (=1)y™*"sin((m + n)6)

m¥*nt(m + n)d

m,n=1

k j . Y
=D (k= (=1 hss ) (d A ") —("j) L@G;d+j+1-v1)

=0 v=0 J—v

1 j _ - _aw
+Z¢(l—j)(—1)u,+,~2(d St ")(:f) LBid+j+k-u;1)
=0 )

v=0 ] v
((d—2)/2]
(_1)n92n+1
+ Y Bansralk, 1),
~ (2n+1)!

where

N
(23)  Bow-a(k, LD Aesian = =2 (N = V)ANsuAktitw

v=0
(%/2) [(k—2p-1)/2]
v+k—2p—-2pu
Ao X ( )
pur o k—2p-2u-1
(=1)n

12l ((-20-1)/2]
v+1—-2p—-2u
+H=1'S 6(20) ( )
por g l-2p-2u—-1

—1)eg2u
x((k+l+u—2p—2u+1)M——}

(2u+1)!
for N € Ng.

PROOF: It follows from Lemma 2.2 in [9] that each side of Equation (3.1) in (9]
is uniformly convergent with respect to u € [1,1 + 4] because d > 2 and 8 € [-m,7].
So (3.1) in [9] holds for u = 1. Note that we assumed k,[,d € N in Proposition 3.1 of
[9]. However, we can see that [9, Proposition 3.1] holds for k,!,d € Ny satisfying the
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conditions in the statement of Lemma 2.1. Hence we obtain (2.2). From (3.6) in [9], we
obtain (2.3).

When d > 3, we can differentiate (2.2) with respect to # because of its uniform
convergency. Using the known relation

(22)+G) -0
_ + — s
y-1 y Yy
and replacing d — 1 with d, we have the following. _
LEMMA 2.2. Letk l.deNygwithk+d>1,l+d>1,k+1+d>2,d>2 and
@ € [—n, 7). Suppose k + 1+ d =1 (mod 2). Then
oo
(=1)™*" cos((m + n)8)
(24 el

mknt(m + n)¢

m,n=1

3j

k .
147 -1\ (=0) _
= ¢ ‘J(1YMﬂ§:< - ”)(M)L“ww+;+z—mn
=0 *

v=0 J-v

J .
d—14j— v\ (<0) .
+Z¢z—a Y (P B g @ s k-

v=0 J-v
((d 1)/2] 2n
-1)"6
+ " Bon-alk,l; 1)%,——-
ne0 n:

For simplicity, for p € {0, 1}, we let

k
(25)  ABikLd) =D (k=) (1) Mt

Jj=0
I (d—1+j-v\ (-8 ,
XZ;( j_i )LJLL&A&d+]+l—uﬂ)
!
+ B = ) (=1F My
Jj=0
I (d-1 + 5 —-v\ (-0 .
XZO( j_i )(——VT)—I,,+,,(0;d+]+k—u;1).

ExaMPLE 2.3. Putting (k,!) = (1,1) in (2.3), we have 8_;(1,1;1) = ¢(3). Further-
more, putting (k,!) = (2,0), we have 5_,(2,0;1) = —((3).

3. EVALUATION FORMULAS

Let x be the primitive Dirichlet character with conductor f > 1. It is well-known
that

1 .
3.1 — — 2man/f
(3.1) —;E

f
a=1

https://doi.org/10.1017/50004972700034432 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700034432

(5] On evaluation formulas for double L-values 217

forn € Z, where ¥ = x~! and 7(x Z x(a)e? /! (see, for example, [10, Lemma 4.7)).
Hence we have =
772
(3.2) x(n) T(X) Z Jcos (2man/f) (if x(-1) =1),
% [f/2]
(3.3) x(n) = D Zl x(a)sin (2man/f) (if x(-1) = —1).

Furthermore we can check that if f is even then

. (2 f a . {27Tnb
(3.4) Sm(T(E —b)) = (-1) sm( 7 ),

2mn ( f _ n 2mnb
(3.5) COS(—f—(E —-b)) = (~1) cos( 7 ),
and if f is odd then
2rn f +1 n. {20

(36) sin( 22 (L2 - 0)) = -vrain( 22 (e-3)).

(3.7) cos(%Tn (f—;i—l - )) = (-1)" cos<21;n (b- 5))

For k € N and z € C with |z| < 1, we consider the polylogarithms defined by

oo
Zm

(3.8) Lik;z) =Y =

m=1

From the relation

sp—1
sin® ¢ = 1__2__ (e” +(~1)"le —w) ’
we have
p-1 ) .
(3.9) T,(6 k1) = ‘T{Li(k; —ei®) + (=1)P'Li(k; ~e79)}
for p € Ny.

THEOREM 3.1. Letk,l,deNywithk+d>1,l+d>1,k+i+d>2andd>2,
and x be a Dirichlet character with conductor f > 1 and with x(~1) = (=1)¥++4+1_[f
x(=1) =1 and f is even, then

(3.10) z:(k,z,d;xo,x)=;(% >3 7(%—b){A1(2}rb k.1, d)
b=1
[(d-1)/2]
(=1)"(2mb/f)*
wealh, 1) DL
3 Bealbh ) }
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If x{(—1) = —1 and f is even, then

. 121
£k Lo ) = 755 > %(§ - 0){4o(FEF k1)
b=1
((a~-2)/2]
(=)r(2a(b—1/2)/ f)>**

+ g Ban+1-a(k, ;1) @n+ 1) }
If x(—1) =1 and f is odd, then

(f-1)/2

) _ (f+1
[(d-1)/2]
2mb (=1)"(27b/ f)*"
x {Al(%—;k,l,d) + ; Bon—alk, I I)T}'
If x(—1) = —1 and f is odd, then
2i Y 5+
. k!l d; = —_—— Y — —

©12) Lo = 755 5 % (557 )

om(b—1/2)

x {Ao(-—f——,lc,l,d)
{(d-2)/2) _1\n _ 2n+1
D N e a1
n=0 .

Note that

(3.13) A,(6; k,1,d)
< iy = (d=145 -0\ (=0)
—gaﬁ(k i mkﬂg( i ) !

z'u+p-l

2

x——{Li(d+j + L - v; —e?) + (-1)***'Li(d + j + L — v; —e™¥)}

1 j _ . _p\w
+Z¢(l—j)(—1)j/\z+j2(d L+ V)'(—oz—

= ~ j—-v v!
iu+p—l

2
and B_;(k,!;1) is defined by (2.3).

X

{Li(d+j+k~v;—€®) + (-1)***"'Li(d + j + k — v; —e™¥)},

PROOF: If f is even (respecitvely, odd) then we put ¢ = f/2 — b (respectively,
a=(f+1)/2-0)in (3.2) and (3.3). By combining Lemma 2.1, Lemma 2.2 and (3.2)-
(3.9), we obtain (3.10)-(3.12).
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REMARK 3.2. In particular when [ = 0, we obtain the evaluation formulas for
L(k,0,d; X0, x) when x(—1) = (=1)¥+4+!, Furthermore, by using

(3.14) L(p,x)¢(q) = ( )IEEEDIEE DY )mil(_'%

0<mi<m2 m)>mz>0 0<my=mg

= ‘c(p’ Ov ;X XO) + ‘C(qs Oap1 XOvX) + L(p + q, X))

we obtain the evaluation formulas for £(k,0,d; X, xo).

4. THE CASE OF CONDUCTOR 3

As concrete examples, we give the evaluation formulas for L(k,[,d; x3) in terms of
the Dirichlet L-values and the Riemann zeta values as follows.

PROPOSITION 4.1. Letk !l de Nywithk+d>1,1l+d>1, k+1+d>2
and d 2 2. Suppose k + | + d is even. Then

(4.1) L(k,1,d; X0, x3)

1 [<& .
=75 [Z¢(k = (1Y Aiy;

R (d=145 -2\ ™
{fz;( B AR Y

(5-1)/2) d—2+4j— 2”) (=1)#(m/3)w+
-3 S

d+j+l—2u—1
<\ j-2u-1 TP I ACRE A )}

p=
]

+Z¢l—1) 1) A

Jj=

15/2) ' #(m[3)%
{\/32( _]:+J—2ﬂ)(_-—_]'_)_(_[_3_)_L(d+j+k—2ﬂ'yx3)

=0 J—2p (2u)!
{G-1)/2) d—2+j—2u\ (-1)#(r/3)%+ '
= ( j-2m—1 )W¢(d+a +h—2u- 1)}]
{(d-2)/2] 1y -

n=0

where ¢(s) = (2!7° — 1) ((5), ¥(s) = (1 - 3'=*) ((s).
PRrOOF: From (3.8) and (3.9), we can easily check that

(42) L, (5iki1) = =210 Lk ),
(43) Ty (3ik:1) = ~3(-1/(k)
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for p € No, where 9(s) = (1 — 3!7%)((s). By applying Theorem 3.1 with x = x3 and
f = 3, we obtain the assertion. 0

EXAMPLE 4.2. Putting (k,!) = (1,1) in (2.3), we have

]
Bojoa(1,151) = =2 (217%+2% — 1) ¢(2 — 2u)¢(2p + 3)

p=0

for j € Ny, because ¢(0) = —1/2. Putting (k,[,d) = (1,1,2r) in (4.1), we have

L0, 1,25 %0, Xs) = —15{(2\/5 PLEr+2,x5) - 31— 3)¢(2r + 1)}

r—1r—1l-n
4

+ﬁ Z Z (22482 _ 1) (20 — 2 — 2 — 20)C(20 + 3)

n=0 up=0
(1) (n /3
(2n + 1)!

for r € N. Putting r = 1, we obtain (1.3). Furthermore, putting 7 = 2, we have

242/3 8V3
TR T

‘C(17134a X0 X3) = 4L(6’ X3) - 7I'3C(3)

In particular when [ = 0 in (4.1), we can give some evaluation formulas for the double
L-series attached to xs. For example, putting (k,{,d) = (2,0,2) in (4.1) and using
B-1(2,0;1) = —((3) (see Example 2.3), we have

) 2 261/3
(4.4) £(2,0,2; x0, x3) = —2L{4,x3) — %L(2,x3) + 8\1/—7TC(3).

Using (3.14), we obtain (1.4).
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