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GENERALIZED GELFAND-GRAEV
REPRESENTATIONS IN SMALL CHARACTERISTICS

JAY TAYLOR

Abstract. Let G be a connected reductive algebraic group over an algebraic
closure T, of the finite field of prime order p and let F' : G — G be a Frobenius
endomorphism with G = G the corresponding F,-rational structure. One of
the strongest links we have between the representation theory of G and the
geometry of the unipotent conjugacy classes of G is a formula, due to Lusztig
(Adv. Math. 94(2) (1992), 139-179), which decomposes Kawanaka’s Gen-
eralized Gelfand—Graev Representations (GGGRs) in terms of characteristic
functions of intersection cohomology complexes defined on the closure of a
unipotent class. Unfortunately, the formula given in Lusztig (Adv. Math. 94(2)
(1992), 139-179) is only valid under the assumption that p is large enough.
In this article, we show that Lusztig’s formula for GGGRs holds under the
much milder assumption that p is an acceptable prime for G (p very good is
sufficient but not necessary). As an application we show that every irreducible
character of G, respectively, character sheaf of G, has a unique wave front set,
respectively, unipotent support, whenever p is good for G.
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81. Introduction

1.1. Let G be a connected reductive algebraic group defined over an
algebraic closure K = FF,, of the finite field of prime order pand let F': G — G
be a Frobenius endomorphism defining an Fy-rational structure G = GF
on G. Assuming p is a good prime for G a theory of generalized Gelfand—
Graev representations (GGGRs) was developed by Kawanaka in [Kaw3]
building on his investigations in [Kaw2]. These are certain unipotently
supported representations I', of G which are defined for any unipotent
element u € G. Note that, identifying I',, with its character, we have I'y, =T',
whenever u, v € G are G-conjugate so the GGGRs are naturally indexed by
the unipotent conjugacy classes of G.

1.2. Let pelrr(G) be an irreducible character and O an F-stable
unipotent conjugacy class of G. We will denote by AV(p, O) the average
value deop p(g) of p on the rational points OF. We say O is a unipotent
support of p if:

(US1) AV(p, 0)# 0 and N N
(US2) AV(p, O) # 0 implies dim O < dim O with O any F-stable unipotent
class.

For any unipotent element v € G we denote by O, the G-conjugacy class
containing v. With this we say that O is a wave front set of p if:

(WF1) (T'y, p) # 0 for some u € O and
(WF2) (T'y, p) #0 implies dim O, < dim O with v € G any unipotent
element.

When u is the identity element we have I, is the regular representation of G
so (I'1, p) = p(1) = AV(p, {1}); hence every irreducible character of G admits
a unipotent support and a wave front set. However, it was conjectured
by Lusztig [Lusl], respectively, Kawanaka [Kaw2], that each irreducible
character p € Irr(G) admits a unique unipotent support O,, respectively,
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wave front set Op. If this conjecture is satisfied then we say the unipotent
support/wave front set of p is well defined.

1.8. Assuming p and ¢ are sufficiently large then Lusztig has shown
in [Lus9] that the unipotent support and wave front set of an irreducible
character are well defined. He also gave a definition for the unipotent support
of a character sheaf and similarly showed that each character sheaf has a
well-defined unipotent support, see Definition 13.2 for the definition. These
results provide one of the most profound relationships between irreducible
characters of G and the geometry of the algebraic group G. They also
highlight the central role that character sheaves play in the representation
theory of finite reductive groups.

1.4. Using Lusztig’s results Geck was able to show that each irre-
ducible character has a unique unipotent support whenever p is a good
prime for G, see [Gecl]|. In turn, using Geck’s result together with ideas
developed in [Lus5] Aubert was able to prove, in certain special cases, that
character sheaves admit a unique unipotent support whenever p is good,
see [Aub]. The following completes this picture in good characteristic, see
Theorems 13.8 and 14.10, thus proving Kawanaka’s conjecture in general.

THEOREM. Assume p is a good prime for G then any irreducible
character of G has a unique wave front set and any character sheaf of G
has a unique unipotent support.

1.5. Thanks to results of Achar and Aubert [AA] we may even give a
geometric refinement of the conditions (US2) and (WF2). Namely, for any
F-stable unipotent class O of G or unipotent element v € G we have

(US2') AV(p, O) # 0 implies O C O,;
(WF2') (T, p) # 0 implies O, C O;

see [AA, Théorémes 6.3 and 9.1] and Proposition 15.2. Here O, denotes the
Zariski closure of O, and similarly for Op. Now, if p is a good prime for G
then we have two well-defined maps

Irr(G) — { F-stable unipotent conjugacy classes of G}

given by p+— O, and p+ 0. These turn out to be dual in the follow-
ing sense. Let p* € Irr(G) be the unique irreducible character such that
p* =+D¢(p) where Dg(p) is the Alvis—Curtis dual of p then Oy = Oj,
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see Lemma 14.15. In other words, the unipotent support of the Alvis—Curtis
dual of p is the wave front set of p.

1.6. We note here that in [Lus11] Lusztig has obtained a refinement of
the notion of unipotent support for a character sheaf in good characteristic.
There it is stated that the uniqueness of unipotent supports in good
characteristic may be deduced from the case of large characteristic by
standard methods. In Proposition 13.10 we give an example of such methods
in the special case where G is SL, (K).

1.7. We now give an overview of the arguments used in this paper.
In [Lus9] Lusztig gave a formula relating GGGRs and IC complexes on
unipotent classes, which we will refer to as Lusztig’s formula. Reading
carefully [Lus9] one sees that Lusztig’s proof that the wave front set of
an irreducible character is well defined ultimately relies on the validity of
Lusztig’s formula and the validity of the results in [Lus8]. If p is good for
G then the results of [Lus8] are true if ¢ is sufficiently large. However, if G
has a connected center then Shoji has shown that this restriction on ¢ may
be dropped, see [Sho2]. In other words, if p is a good prime for G and Z(G)
is connected then the results of [Lus8] are true.

1.8. One of the main results in this paper shows that Lusztig’s formula
remains valid whenever p is an acceptable prime for G, see Definition 6.1
and Theorem 11.13. Combining this with Shoji’s result from [Sho2] one sees
that Lusztig’s proof in [Lus9] showing that the wave front set is well defined
remains valid if p is an acceptable prime for G and Z(G) is connected.
Now, the notion of acceptable prime lies in between the notions of very
good prime and good prime. More precisely, we have a series of implications

p is very good for G = p is acceptable for G = p is good for G.

If G is GL,(K) or Z(G) is connected and G/Z(G) is simple not of type A
then a prime p is acceptable for G if and only if it is good for G. Thus, for
these groups we have the wave front set is well defined if p is good for G
by Theorem 11.13, [Sho2] and [Lus9]. Using a series of standard reduction
arguments we may then deduce that the wave front set is well defined for
any connected reductive algebraic group G assuming only that p is good
for G. Similar reduction arguments were also used by Geck in [Gecl] to
show that the unipotent support is well defined. Our approach for dealing
with unipotent supports of character sheaves is entirely similar, however in
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this case things are somewhat simpler as one may ignore the F,-structure.
These reduction arguments are carried out in Sections 12-15.

1.9. Recall that if p is sufficiently large then one may define inverse
isomorphisms exp : N'— U and log : U/ — N between the unipotent variety
of G and the nilpotent cone of its Lie algebra g. In [Lus9] Lusztig uses the
exp and log maps to define the GGGRs and to transfer their study to that
of G-invariant functions supported on A. The upshot of this is that one
acquires a powerful new tool, namely the Fourier transform. Lusztig then
uses results from [Lus6] on the Fourier transform to deduce the formula.

1.10. The results in [Lus6] are proved under the assumption that p
is sufficiently large. However, in [Let], Letellier has shown that the main
results of [Lus6| still hold if p is an acceptable prime for G. This is where
our assumption on the characteristic comes from as we prolifically use the
results of Letellier throughout this article. With this in hand, our strategy
for proving Lusztig’s formula is to show that Lusztig’s argument still applies
if one replaces the exp and log maps with ¢ . and ¢gpr, where ¢gpr : U — N

is a suitably chosen Springer isomorphism.

-1
spr

1.11. For this strategy to work we must address several technical details,
which are dealt with in Sections 2-5. For instance, to ensure that a Springer
isomorphism exists one needs to make some assumption on the group G.
In particular, if we assume that a simply connected covering of the derived
subgroup of G is a separable morphism then a Springer isomorphism will
exist. We call a group satisfying this condition prozimate. In Section 4 we
show that if G is proximate then one can find a special type of Springer
isomorphism gy, satisfying properties which mean that ¢g,, can be used
in the definition of the GGGRs of G. This construction is then given in
Section 5 following the work of Kawanaka. Note this is very important to our
cause. If one constructs the GGGRs as in [Kaw3] without using a Springer
isomorphism then one runs into serious problems when trying to compute
the Fourier transform of the corresponding GGGR on the Lie algebra.

1.12.  As well as finding a good Springer isomorphism we will also
need to know various facts concerning centralizers of nilpotent elements.
These are used in proving statements that are needed for the definition of
GGGRs. Under the assumption that G is proximate we derive these results
in Section 3 from the work of Premet [Pre2]. Note that these results can
fail if G is not proximate. In light of this, we show in Section 2 that for
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any connected reductive algebraic group G and Frobenius endomorphism
F : G — G there exist a proximate algebraic group G, a bijective morphism
of algebraic groups ¢ : G — G and a Frobenius endomorphism F: G — G
such that ¢ o F = F o ¢. In particular, we have ¢ restricts to an isomorphism

G" = GT. This shows that, for the purposes of defining the GGGRs of G/,
we can assume that G is proximate so that the desired results are available
to us.

1.18. With the groundwork on GGGRs in place we then proceed to
prove Lusztig’s formula in Sections 6-11. Here we follow [Lus9] to the
letter, simply finding alternative arguments when either the exp or log maps
were used or when the theory of sls-triples was used. We have tried not to
unnecessarily repeat arguments from [Lus9] but some things are repeated
to improve the quality of the exposition. Having said this, we have chosen
to give most of the arguments from [Lus9, Section 6] as this was originally
proved under the assumption that F' is split but later remarked that this
assumption is unnecessary [Lus9, 8.7].

§2. Proximate algebraic groups

We will assume that G is a connected reductive algebraic group
defined over K, an algebraic closure of the finite field I, of prime
order p, and that F': G — G is a Frobenius endomorphism defining
an [Fg-rational structure G = GF.

2.1. Recall that a root datum R = (X, ®, Y, ®) is a quadruple such that
X and Y are free Z-modules of finite rank equipped with a perfect pairing
(=, —)r: X xY —Z and ®C X and ® CY are finite subsets equipped
with a bijection «+— & satisfying the conditions in [Spr2, 7.4.1, 7.4.4].
In particular, all our root data are assumed to be reduced. Now assume
R' = (X', ®,Y’ @) is another root datum and ¢: X’ — X is a Z-module
homomorphism. We will denote by ¢: Y — Y’ the transpose of ¢ which is
the unique Z-module homomorphism satisfying

(o(2), y)= = (z, ¢(y)) R

for all x€ X’ and yeY. We say ¢ is a homomorphism of root data
if ¢ restricts to a bijection ® — ® and B(&) = whenever p(8)=a.
A homomorphism of root data is an isomorphism if ¢ is a Z-module
isomorphism. Following [Ste2] we say that ¢ is an isogeny of root data
if the following hold:
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(i) ¢: X'—= X and ¢:Y — Y’ are injective;
(ii) there exist a bijection b: ® — &' and a map ¢ : ® — {p® | a € Z>o} such
that for any a € ® we have p(8) =q(a)a and @(d) = q(a)s where

B =b(a).

2.2. If T < G is a maximal torus then one may construct a root datum
R(G, T) = (X(T), ®, Y(T), ®) as in [Spr2, 7.4.3], where X (T), respectively,
Y (T), is the character, respectively, cocharacter, group of T. Recall that an
isogeny of algebraic groups is defined to be a surjective homomorphism of
algebraic groups whose kernel is finite. If (H, S) is another pair consisting
of a connected reductive algebraic group H over K and a maximal torus
S then we say ¢ : (G, T) — (H, S) is an isogeny, respectively, isomorphism,
if o: G — H is an isogeny, respectively, isomorphism, of algebraic groups
and ¢(T) =S. If ¢ is such an isogeny, respectively, isomorphism, then the
map ¢*: X(S) — X(T) given by ¢*(x) = x o ¢ is an isogeny, respectively,
isomorphism, of root data. Now, for any g € G we denote by Inng: G — G
the inner automorphism defined by Inn g(x) = gzg~! for all z € G. With
this we have the following classical result, see [Ste2, 1.5] and [DM3, 3.17].

THEOREM 2.3. (Isogeny Theorem) Let (G, T) and (H,S) be two pairs
as in 2.2 then every isogeny, respectively, isomorphism, of root data
R(H,S) —» R(G,T) is of the form ¢* for some isogeny, respectively, iso-
morphism, ¢ : (G, T) — (H, S). Moreover, if p, ¢ : (G, T) — (H, S) are two
isogenies such that ¢* =9* then ¥ = olnnt for somet € T. Furthermore
an isogeny ¢ : (G, T) — (G, T) is a Frobenius endomorphism defining an
F,-rational structure on G if and only if p* = g1 with 7: X(T) - X(T) a
finite order automorphism.

REMARK 2.4. Note that ¢* is of the form ¢7 with 7: X(T) - X(T) a
finite order automorphism if and only if its transpose is of the form ¢7 with
7:Y(T) = Y(T) a finite order automorphism.

2.5. For any Z-module W we will denote by W* =Hom(W,Z) the
dual module. Now assume R = (X, ®,Y, ®) is a root datum and BCY
is a submodule such that ® C B. We denote by (—, —)gs:B x B* =7
the natural perfect pairing given by (z,y)rs = y(x). By the definition of
a perfect pairing the homomorphisms

exlX—>Y* @y:Y—>X*

T = <x7 _>R Y= <_7y>R
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are isomorphisms. Now if ¢ : B — Y is the natural inclusion then it is easily
checked that i =" 0o ©x : X — B* is the transpose of ¢, where /* : X* — B*
is the map defined by (*(f) = f o . By [GP, XXI, 1.1.4] we have i : X — B*
restricts to a bijection ® — i(®) and by definition

(iI(a), )r, = (a, t(d))r =2

for any o € ®. From this it is easy to see that RE = (B*, i(®), B, ®) is a
root datum such that ¢(&) = 3 if 8 = i(«) for any o € ® hence i: A — X is
a homomorphism of root data. Following [GP, XXI, 6.5] we call R? the root

datum coinduced by B.

2.6. Now for any subset B CY we define submodules

Bt ={zeX|(z,y)r =0forall yc B} CY,
B" = {y €Y | ny € ZB for some nonzero n € Z} C Y,

where ZB is the submodule generated by B. For any subset A C X we have
the submodules A+ CY and A" C X are defined analogously. Note that
BT /ZB is nothing other than the torsion submodule of Y/ZB and so the
module Y/B" is a free module.

2.7. By 2.6 we have the quotient Y/ ®T is a free module so the natural
short exact sequence
L

0 B Y Y/B 0

splits. In particular, there exists a submodule N C Y such that Y =& @ N
which implies that Y* = (®T)* @ N*. Now *:Y* — (®7)* is the natural
projection homomorphism so the transpose i : X — (®T)* is surjective with
kernel &1, see, 2.5. Let Raer = (Xger, @, Yier, @) be the root datum with
Xgor = X/t Yyor = @7 and the perfect pairing (—, VN Ryer : Xder X Yder —
Z given by

(@ 4+, YRy, = (2, 9)R

forallz + & € Xgor and y € Yyer. The map X/CﬁL — B* given by = + oL
i(x) is then an isomorphism of root data Rqer — R

LEMMA 2.8. [Spr2, 8.1.9] If G is a connected reductive algebraic group
with root datum R(G,T) then the root datum R(Gger, TN Gaer) of the
derived subgroup Gger of G is isomorphic to R(G, T)ger = R(G, T)(DT.
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2.9. Let QXger, respectively, QYger, be the Q-vector space Q ®7z Xder,
respectively, Q ®z Yger- The Z-submodules Z® C Xy, may naturally be
considered as submodules of the weight lattice

A={weQ?|(w,d)g €Z for all & € d} C QXger,

where the form (—, —)z is extended naturally to the Q-vector spaces. We
may then form the root datum Rs. = (A, P, 7, i)) with the perfect pairing
(—, —)R.. being the natural one inherited from the extension of (—, =)z to
coefficients over Q. The root datum R is the root datum of a connected
reductive algebraic group Gge, which is the simply connected group of the
same type as Gger- Now we have a natural injective homomorphism fc :
Xger = A given by inclusion whose dual is simply the natural inclusion fsc :
Z® — Yer. In particular, one easily checks that fi. is an isogeny of root data
which lifts to an isogeny ¢gc : Gsc = Gaer- We call ¢y a simply connected
covering of Gger-

From now on we assume that ¢g. : Ggc = Gger is a fixed simply
connected covering of the derived subgroup of G.

DEFINITION 2.10. We say an algebraic group G is prozimate if G is
connected, reductive and the isogeny ¢ is separable.

REMARK 2.11. The isogeny ¢s. is not uniquely defined but as any two
simply connected coverings differ by an inner automorphism of G we see that
¢sc is separable if and only if every simply connected covering is separable.

2.12. For any algebraic group H we will denote by Lie(H) the
corresponding Lie algebra, that is, the tangent space 77 (H) at the identity.
Moreover, for notational convenience, we define g = Lie(G), gger = Lie(Gqer)
and gsc = Lie(Gygc). The following easy result shows the utility of a proximate
algebraic group, see, [Spr2, 4.3.7(iii)].

PROPOSITION 2.13. If ¢ :H —H' is an isogeny between two affine
algebraic groups then ¢ is separable if and only if the differential d¢ :
Lie(H) — Lie(H') is an isomorphism.

2.14. We now wish to show that we can replace our algebraic group G
by a proximate algebraic group without affecting the finite reductive group
G! (up to isomorphism). This will be important later as we will need to
assume that G is proximate to define Kawanaka’s GGGRs. Before doing this
we will need the following characterization of proximate algebraic groups.
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LEMMA 2.15. If G has root datum R(G, T) = (X, ®,Y, ®) with respect
to some mazimal torus T < G then G is prozimate if and only if Y/Z® has
no p-torsion.

Proof. Let the notation be as in 2.9. The groups A/Xge, and Yge, /Z® are
finite groups in duality, see, [GP, XXI, 6.2.3], s0 Yger/Z® has no p-torsion
if and only if A/Xge has no p-torsion. However, this latter condition is
precisely equivalent to ¢s. being separable, see [Let, Proposition 2.4.4]. It
now suffices to observe that the torsion submodule of Y/Z® is naturally
isomorphic to the quotient Ye,/ Z® because Yy, has a complement, see, 2.7.

i

PROPOSITION 2.16. There exists a prozimate algebraic group G, defined
over K, and a bijective morphism of algebraic groups ¢:G — G. Fur-

thermore, there exists a Frobenius endomorphism F;C — G such that
¢poF =Fo¢ so that ¢ restricts to an isomorphism G">a.

Proof. Let R(G,T)= (X, ®,Y, ®) be the root datum of G with respect
to a maximal torus T < G. A submodule V CY is said to have property
(%) if the following holds:

() @ CV and Y/V is a p-group.

Note, in particular, that Y/V is necessarily finite. Now assume W C Y also
has property (x) then we claim that V' N W has property (x) as well. Clearly
we need only show that Y/V NW is a p-group. By the second isomorphism
theorem we have V/VNW =V 4+ W/V which is a p-group because V +
W/V <Y/V. Moreover by the first isomorphism theorem we have |Y/V N
W|=|Y/V|-|V/V N W|which shows that Y/V N W is a p-group, as desired.
With this we see that there is a unique minimal submodule Y C Y having
property (%), which is simply the intersection of all the submodules having
property (x). If ¢ : Y — Y is the natural inclusion then we may construct the
root datum RY = (?*, i(®),Y, ®) coinduced by Y, see, 2.5. Now consider
the natural short exact sequence
L

0 Y Y Y)Y 0

By assumption Y/Y is finite so applying Hom(—, Z) to this sequence we
obtain an exact sequence

0 0 Y+
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In particular, we have *: Y* — Y'is injective hence so isthedual7: X — Y.
It is then easily checked that i: X — Y is an isogeny of root data.

We will denote by (G, T) a connected reductive algebraic group G
and maximal torus T < G such that R(G,T)==RY. By Theorem 2.3
there exists an isogeny ¢ : G — G of algebraic groups such that i = ¢*. In
particular, ¢ is surjective and has finite kernel. By design the quotient Y/Y
is a p-group so according to [Bon2, 1.11] we have Ker(¢) = {1}, which shows
that ¢ is a bijective morphism of algebraic groups. Clearly ?/Z‘f has no
p-torsion because Y is the unique minimal submodule having property (*).
Hence G is proximate by Lemma 2.15.

Let us now consider the statement concerning the Frobenius endomor-
phism. We may assume that our chosen maximal torus T is F-stable so
that F' induces an isogeny of root data F*: X — X. By Theorem 2.3 F* is
necessarily of the form ¢7 with 7: X — X a finite order automorphism. As
the dual 7:Y — Y is an automorphism stabilizing ® we see that 7(Y) =Y
from the definition of Y. In particular, F* restricts to an injective homomor-
phism & :Y — Y which satisfies 1 0 & = F* o1 by definition. Consequently
we have 0 o i =i o F* wheres: Y — Y is the dual of &. From this it follows
easily that o is an isogeny of root data because F™ is.

As & = q7|y we have by Theorem 2.3 and Remark 2.4 that there exists a
Frobenius endomorphism F:.G>G stabilizing T such that F=o0. Now,
asool=1o F* wehave (¢ o F’)* = (F o ¢)* so there exists an element t € T
such that ¢ o F oInnt = F o ¢ by Theorem 2.3. Setting F = F oInnt we
thus have ¢ o F = F o ¢ as desired. We now need only show that F is a
Frobenius endomorphism. By [DM3, 3.6(1)] it suffices to show that F' = "
for some integer n > 0. However, for any n > 0 we have

F'=ImFO)F @) - F"(t) o F"
The statement now follows because every element of G is fixed by some
power of T’ and has finite order. N

§3. Unipotent and nilpotent elements

From this point forward we assume that p is a good prime for G.
Moreover we assume that To < Bg < G are a fixed choice of
F-stable maximal torus and Borel subgroup. We will denote
by ® C X(Tp), respectively, ® CY(Ty), the roots respectively,
coroots, of G with respect to T. Furthermore, we denote by A C
&1 C ® the set of simple and positive roots determined by By.
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Springer isomorphisms

3.1. As G is equipped with a Frobenius endomorphism so is g and
we will denote this again by F':g— g. Our main interest of study will
be the variety of unipotent elements U(G) C G and the nilpotent cone
N(g) C g. If there is no ambiguity over the ambient group, respectively,
Lie algebra, then we will simply write U, respectively, N, for U(G),
respectively, N'(g). To relate these two objects we will need the existence of
a Springer isomorphism, which is a (-equivariant isomorphism of varieties
¢spr : U — N compatible with the Frobenius endomorphisms on G and g.
Note that this is G-equivariant in the sense that

¢spr olnng= Ad go d)spr

for all g€ G where Adg=d(Inng):g—g is the differential of Inng:
G — G, see, 2.2.

3.2. We will need the following well known result which states that
a separable isogeny between connected algebraic groups restricts to an
isomorphism between unipotent varieties. This result was stated by Springer
in [Sprl] but he omits the proof. An argument is given in [Hum, Section 6.2]
for this statement but this seems only to show that the restriction is a
birational morphism. If one knew the target unipotent variety was normal
then one could conclude that this was indeed an isomorphism but usually
one uses such an isomorphism to deduce the unipotent variety is normal so
this is circular. The following argument was communicated to us by George
McNinch; we thank him for kindly allowing us to include it here.

LEMMA 3.3. Assume H and H' are connected affine algebraic groups
defined over K. If ¢ : H— H' is a separable isogeny then ¢ restricts to an
isomorphism U(H) — U(H') which is equivariant with respect to the natural
conjugation action.

Proof. Let us denote by Z the kernel of ¢, which is by assumption a finite
subgroup of the center Z(H). We start by noting that (H’, ¢) is the affine
quotient of H by Z in the sense of [Gec2, 2.5.8]. Indeed, if 7 : H — H/Z is the
natural projection map then there exists a unique morphism : H/Z — H’
such that ¢ =m o 8 by the universal property of the quotient. Clearly /3
is bijective. Moreover, by assumption, the field extension K(H)/¢*(K(H'))
is separable hence so is 7*(K(H/Z))/¢*(K(H’)) but as 7* is injective this
implies K(H/Z)/3*(K(H')) is separable. Hence £ is bijective and separable
and so is an isomorphism, see, [Spr2, 4.3.7(iii), 5.3.3(ii)].
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Now let us denote by V the preimage ¢~ (U(H’)) of the unipotent variety
under ¢. The Jordan decomposition shows that V is the disjoint union
|l.cz 2UU(H) and clearly each 2U/(H) is a closed subvariety isomorphic to
U(H). The kernel Z acts simply transitively on V by left multiplication and
we claim that (U(H'), ¢) is the affine quotient of V by Z. Certainly the fibers
of ¢ are Z-orbits and ¢ is an open map by [Gec2, 2.5.6(b)]. We just need
to show that the map ¢* : K[U(H')] — K[V]? is surjective. If 1v:V — H
and ) : U(H') — H' are the natural closed embeddings then we have a
commutative square

K[H] d K[H]?
Lim) [ Ly k
Ky~ K[V)?

where the vertical arrows are surjective. By the first part the top arrow is
surjective, which proves the claim.

Now let a: U(H) — V/Z be the morphism obtained as the composition
of the natural closed embedding U (H) — V and the natural projection
V—=V/Z. As ¢:UH) - U(H') factors as a composition of a and an
isomorphism V/Z —U(H') it suffices to show that « is an isomor-
phism. As V =|]|,., 2¢/(H) we have a K-algebra isomorphism K[V]—
[[.cz K[zU(H)] defined by f > (f|.(e))zez. This clearly maps K[V]?
onto the subalgebra {(f.) € [[,c, K[z2UH)]| f.(2u) = f.(u) for all z€ Z
and u € U(H)}. Moreover, under this identification the comorphism of the
closed embedding U (H) — V is simply the projection onto K[i/ (H)], that is,
the factor indexed by the identity. With this it is clear that the comorphism
o* K[V /Z] — K[U{(H)] is an isomorphism, hence « is an isomorphism as
desired. [

LEmMA 3.4. If G is proximate then there exists a Springer isomorphism

Pspr 1 U(G) — N(g).

Proof. First let us note that U(G) =U(Gger) and N(g) = N (gder),
for example, see [Prel, p. 2966]. As ¢sc: Gsc — Gger is assumed to be a
separable isogeny we have by Lemma 3.3 that it restricts to an equivariant
isomorphism « : U(Ggc) = U(Gger). Now we may view the vector spaces gsc
and gqer as affine varieties, in which case the nilpotent cones are closed
subvarieties. By Proposition 2.13 the differential d¢s. is an isomorphism of
vector spaces which must therefore also be an isomorphism of varieties. This
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is because the inverse of d¢g. is a linear map and any linear map between
vector spaces is clearly a morphism of varieties. In particular, we have d¢g.
restricts to an equivariant isomorphism 3 : N (gsc) — N (gder)-

Let us denote by Fy : Ggc — Gy a Frobenius endomorphism such that
F o ¢psc = thsc © Fyc, which exists by [Stel, 9.16]. By [Jan, Corollary 8.5] we
know that the nilpotent cone N (gs) is a normal variety. Hence, by [SS, III,
3.12] and the remark following the statement of the theorem there exists a
Springer isomorphism Qgspr :U(Gge) = N(gse) with respect to Fie, see also
[Hum, Section 6.20]. Clearly one then also has that ¢gpr =50 qNSSpr oal:
U(Gger) = N (gder) is an equivariant isomorphism as it is a composition
of equivariant isomorphisms. Finally, as G = Gy, Z(G) and Z(G) acts
trivially on both ¢ and N we may consider ¢spy to be G-equivariant. Hence,
we have ¢gpr is a Springer isomorphism. [

REMARK 3.5. It seems reasonable to suspect that the converse to
Lemma 3.4 is also true. In other words, we have a Springer isomorphism
if and only if G is proximate. Note also that the Springer isomorphism ¢gp,
is by no means unique. In fact, in the appendix to [McN] Serre has shown

that the Springer isomorphisms form a variety whose dimension is given by
the rank of G.

Separability of centralizers
3.6. An issue for us in this article will also be the so-called separability
of centralizers. For any subset h C g we define

Cc(h) ={9€ G|Adg(z) ==z for all x € b},
cg(h) ={y€glly, 2] =0 for all z € h}.

If h={x} then we simply write Cg(z), respectively, c4(z), for Cg(h),
respectively, ¢g(h). Furthermore we will denote by 3(g) =),  ¢g(z) the
center of the Lie algebra. Note that, in general, we do not have 3(g) =
Lie(Z(G)). We will be interested in knowing when Cg(z) is separable in
the sense that Lie(Cg(x))=cq(x). The following gives some equivalent
characterizations of separability.

LEMMA 3.7. [Bor, II, 6.7] For any element x € g the following are equiv-
alent:

(i) Ca(z) is separable;
(ii) theorbitmapmy: G — (Ad G)x defined by, (g) = (Ad g)x is separable;
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(ili) 7, factors as o o7, where 0: G — G/Cg(x) is the natural projec-
tion morphism and T, : G/Cg(x) = (Ad G)z is an isomorphism of
varieties;

(iv) Tx((Ad G)z) =g, «].

3.8. In [Her] Herpel has considered when the scheme-theoretic central-
izer of a closed subgroup scheme of G is smooth and shown that this is
related to the notion of separability. To apply his results to centralizers we
will need to recall his elegant notion of a pretty good prime.

DEFINITION 3.9. (Herpel, [Her, Definition 2.11])  Assume R(G,T)=
(X,®,Y,®) is the root datum of G with respect to some maximal torus
T < G then we say p is a pretty good prime for G if X/Z¥ and Y/Z¥ have
no p-torsion for any subsets ¥ C & and U C d.

PROPOSITION 3.10. (Herpel) Assume p is a pretty good prime for G
then Cg(x) is separable for all x € g.

Proof. Let h C g be the 1-dimensional subalgebra generated by x then
it is clear that we have Cg(z)= Cg(h) and cg(z) = cg(h). In particular,
to show that Cg(x) is separable it suffices to show that Cg(h) is sepa-
rable. In [Her, Lemma 3.1(ii)] Herpel constructs a closed subgroup scheme
H' < G and shows that Cg(h) is separable if and only if the scheme-theoretic
centralizer of H' in G is smooth. By [Her, Theorem 1.1] the scheme-theoretic
centralizer of any closed subgroup scheme of G is smooth if p is a pretty
good prime. Hence we can conclude that Cg(z) is smooth. [

REMARK 3.11. If G is simple or GL,(K) then this result is classical and
contained in [SS, I, 5.6], see also [Slo, 3.13, Theorem].

G,,-varieties
3.12.  We will denote by G,, the set K\ {0} viewed as an algebraic
group under multiplication. It will be useful to recall here some properties of
G-actions that we will use several times. Assume X is an affine G,,-variety,
in the sense of [Spr2, Section 2.3.1], with action map « : G,, x X — X. The
affine algebra K[X] of X then becomes an abstract G,,-module by setting

(k- f)(z) = flatk™, z))

for all k € Gy, f € K[X] and z € X. By [Spr2, 2.3.9(i), 3.2.3(c)] we have
K[X] = D,z K[X], where we have

K[X], = {f €K[X] | k- f=k"f for all k € Gy}
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is the corresponding weight space. For any x € X we have a morphism
oy Gy, — X defined by setting oy (k) = a(k, z) for all k€ G,,. We say
the limit limg o o, (k) exists if the morphism « :G,, - X extends to
a morphism @&, :A! — X; note such an extension is unique by [Spr2,
1.6.11(ii)]. Moreover we write limy_,o oy (k) = z if a,(0) = 2. Now we say
the G,,-action is contracting if there exists a fixed point zo € X% such
that limg_,o ap (k) = 2o for all x € X. We will also say that the action is a
contraction to xg. With this we have the following.

LEMMA 3.13. If a:G,, x X — X is a contracting G,,-action then the
following hold:

(i) the fized point xog € XCm is unique;
(ii) K[X], ={0} for alln <O0;
(i) K[X], is finite dimensional as a K-vector space for all n € Z.

Proof. (i) Assume zj, € X®n was another fixed point and let Qg Al —
X be the morphism extending oy : Gy — X Let fyy :Al = X be the
morphism defined by f,, (k) = then as zj is fixed by the G, action
we have ay (k) = fy (k) for all k€ Gy,. As noted above, the extending
morphism is unique so we must have Oy = f%. However, by assumption
Gy (0) = o which implies z = zo.

(ii) For any = € X we have the morphism a; : G,,, — X extends to Al if
and only if the image of the comorphism o : K[X] — K[G,] = K[T, T~ 1]
is contained in K[T]. For any f e K[X] we may write f =5 _, f, with
fn € K[X],. It is easy to see that we have

Q)= fala)T™.

nez

Hence for any n < 0 we must have f,,(z) =0 for all z € X and so K[X],, = {0}
for any n < 0.

(iii) By part (ii) we need only show that dimg K[X],, < oo when n > 0.
Moreover, as K[X]o is nothing other than the affine algebra K[X®m] of
the fixed points we have K[X]o =K by (i) so we may assume n > 0. Let
{91, ..., 9r} CK[X] be a generating set for the algebra then the set B =
{gi1 . gz’“ | i1, ...,1, > 0} is a K-basis of the algebra, where we assume that
not all powers are 0. Let us assume that g; is contained in the weight space
K[X],, then by (i) and (ii) we have n; > 0. The subset B, = {gtr- - g,i’“ |
n=mnii; + - -+ ngix} C B is obviously a basis for the weight space K[X],,.
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However as n, ni, ..., ni > 0 are all strictly positive we see that the set 5,
must be finite. [

REMARK 3.14. Assume that X is a K-vector space and the G,,-action
a: Gy, x X — X is linear in the sense that a(k, x) = p(k)z for some rational
representation p : G, — GL(X). In this situation we can directly break up X
as a direct sum €, ., X, of its weight spaces, see, [Spr2, 3.2.3(c)]. Using
the above arguments one easily sees that the action is contracting if and
only if X, = {0} for all n < 0; then 0 is the unique fixed point of the action.

Cocharacters

3.15. We now recall some results from [Pre2]. Assume A €Y (G)=
Hom(G,,, G) is a cocharacter of G then A\ defines a Z-grading g=
@;cz 9(A, i) on the Lie algebra by setting

a(\, i) ={z € g|(Ad\(k))(z) = k'z for all k € G,,}.
From the definition we see immediately that

(3.16) [8(X, 2), a(A, J)] S g(A i+ )

for all i, j € Z. We note the following useful observation concerning the
weight spaces. It is clear that we have g = gqer + Lie(Z(G)) but this sum
need not be direct. Furthermore, it is also obvious that Lie(Z(G)) C g(A, 0)
so we must have g(\, i) C gqer for any ¢ # 0. In particular, if A € Y(Gqer) C
Y (G) then we have g(\, i) = gqer(A, 7) for all i # 0.

3.17. To any cocharacter A € Y(G) we assign a parabolic subgroup
P()\) < G with unipotent radical U(\) given by

P(\) = {m € G | lim A(k)zA(k)™? exists}
k—0
U\ = {x € G | lim A\(k)azA(k) ! = 1} ,
k—0
see [Spr2, 3.2.15, 8.4.5]. We then have a Levi decomposition P(\) =

L(A)U(A) by setting L(A) = Cg(A(Gy,)). The Lie algebras of these sub-
groups are given by

PO =P ani) 1) =P s\ i) uN) =P s

120 1=0 >0
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For any i € Z~o we will also need the Lie subalgebra u(A, i) = ®;.; 8(), j)
and its corresponding closed connected unipotent subgroup U(A, i) < U(N).

Assume now that A €Y (Ty) and let X, <G be the 1-dimensional
unipotent root subgroup whose Lie algebra is the root space g, for any
a € ®. If P(\) is standard, that is, it contains Ty < By, then we may also
write the above as

P()‘) - <T07 Xa ’ <a7 )‘> > 0> p()‘) =t ® @ Ja

(a,A) =0
L()‘) = <T0, Xa | <a> )‘> = 0> [(A) =t @ Ja
(a,A)=0
U(/\) = <Xoc | <Oz, >‘> > 0> u()‘) = @ o,
(a,A)>0

as tg C g(A, 0). With this we see that we have an analogue of (3.16) which
follows immediately from Chevalley’s commutator relation [Spr2, 8.2.3].
Namely,

(3.18) [OA4), U )] S Ui+ )
for any 4, j > 1. Note this clearly holds for all cocharacters.

Weighted Dynkin diagrams
3.19. Let us assume temporarily that G is semisimple and simply

connected. We will denote by Gg¢ an algebraic group over C and by
Tc < Be < Ge a maximal torus and Borel subgroup of G¢ such that the
root datum, and simple roots, of G¢ with respect to Tc < B is the same
as that of G. Fix a Chevalley basis Be = {X, |a € P} U{H,|a € A} of
gc and denote by gz C gc the Z-span of Be. As G is simply connected
we may identify g with gz ®z K as Lie algebras. Setting e, = X, ® 1 and
ho =H,®1 for each a € & we have B={eq|a € P} U{hy|ac A} is a
basis for g and the corresponding root space g, of g is simply Ke,.

By the Jacobson—-Morozov theorem, see [Car2, 5.3.2], any nilpotent ele-
ment e € gc = Lie(Gg) is contained in an slo-triple {e, h, f} C gc. Arguing
as in [Pre2, p. 344] we may assume, after possibly replacing {e, h, f}
by {Ad g(e), Ad g(h), Ad g(f)} for some g € G, that h =) A gaHa With
go €7 and a(h) >0 for all a€ A. The function d:® —7Z given by
ar— a(h) is called the weighted Dynkin diagram of the nilpotent orbit
O C gc containing e. We denote by D¢ the set of weighted Dynkin diagrams.
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Note that, for each weighted Dynkin diagram d € Dg, there exists a
cocharacter \§ € Y(To) CY(G) such that AdA§(k)(eq) = ke, and
Ad MG (k)(z) == for all @ € £A, x €ty and k € G,,. In fact this can be
constructed by setting )\g =D aeA datt € Z® where q, € Z is as above and
& € @ is the coroot corresponding to a € A.

3.20. We now drop our assumption that G is semisimple and simply
connected. Let us denote by Tg < Gy the maximal torus such that
¢sc(Tse) < Tp. The isogeny ¢g. then induces a natural injection Y (Gg) —
Y (G) which maps Y (Tsc) into Y (Ty). In 3.19 we have defined a cocharacter
)\?SC €Y(Ts) for each weighted Dynkin diagram d &€ Dg. We now set
AG = ¢y 0 )\gsc and denote by Dg(G) the set {\G |d € Do} of resulting
cocharacters. Note that the definition of /\g' does not depend upon the choice
of simply connected cover ¢g.. Indeed, if ¢,. is another simply connected
cover then ¢, = ¢scoInnt for some element t € Ts by Theorem 2.3.
However, clearly Innt o )\g’“ = )\f“ because the image is contained in Ty,
which is abelian. Moreover we will denote by D(G) the set

{Inn g o \§ | d € Dg and g € G}.

Finally we remark that if G is a proximate algebraic group then d¢g. is an
isomorphism so we may, and will, identify the Chevalley basis considered
in 3.19 with a basis of gger-

Classification of nilpotent orbits

3.21.  We now have the following cheap generalization of [Pre2], which
gives a case-free proof of the classification of nilpotent orbits in good charac-
teristic by weighted Dynkin diagrams. For historical remarks concerning this
theorem see [Pre2, Remark 2]. In fact, we will also give certain statements
concerning centralizers of nilpotent elements but for this we will need to
assume that G is proximate. This assumption cannot be dropped, in general,
as is evident by the example given at the end of [Prel, Introduction].

THEOREM 3.22. (Kawanaka, Premet) For any cocharacter A € D(G) C
Y (G) let g(A, 2)reg e the unique open dense orbit of L(\) acting on g(A, 2),
see, [Car2, p. 152].

(i) The map Da(G) — N(g)/G given by
A+ Og(d) = (Ad G)g(AF, 2)reg

is a bijection.
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(ii) Assume G is prozimate then for any A € D(G) and e € g(\, 2)reg C
N (g) the following hold:

(a) cq(e) Sp(A) and Cale) S P(A);

(b) e, p(MN)] =u(A, 2);
(¢) (AdP(X))e is dense in u(A, 2).

Proof. (i) Assume ¢ : G — H is a surjective homomorphism of algebraic
groups such that Ker(¢) C Z(G) and Ker(dy) C 3(g). Let h = Lie(H) then
according to [Jan, 2.7, Proposition| the differential dy:g— b induces a
bijection N(g)/G — N(h)/H. Now the restriction of ¢ to the derived sub-
group Gger defines an isogeny between the derived subgroups Gger — Hger-
Moreover ¢ o ¢ : Gge = Hyer is a simply connected covering. As remarked
in 3.20 the cocharacter )\ff does not depend upon the choice of simply
connected cover used to define it. Hence, we must have )\51 =po )\g' for any
weighted Dynkin diagram d € Dg. In particular, this shows that ¢ induces
a bijection Dg(G) — Do (H). It is easily checked that p(L(AF)) = L(A\})
and dp(g(\G, 2)) = h(ALL, 2), see, 3.17 and [Spr2, 4.4.11(7)]. Moreover dy
induces a bijection between the L(A\$)-orbits on g(AF, 2) and the L(AH)-
orbits on h(AH, 2). Now dp: N (g) — N (h) is a homeomorphism as it is a
bijective morphism between irreducible varieties, see, [Spr2, 5.2.3, 5.2.6,
5.2.9(4)]. In particular, the restriction dy:g(A\G,2) — h(A\H,2) is also a
homeomorphism so clearly dp(Og(d)) = Om(d). With this we see that (i)
holds in G if and only if (i) holds in H.

Now let G,q4 = Ad(G) be the image of the adjoint representation Ad :
G — GL(V), where V =g. Certainly Ad satisfies the above hypotheses,
see, [Jan, 2.7], so applying the above argument we see that we need only
prove (i) for G,q. As G,q is an adjoint semisimple group it is a direct
product of simple algebraic groups. Hence, we clearly need only prove (i)
in the case where G,q is simple. Let us now assume this to be the case. If
G.gq is of type A,, then we assume G = GL,11(K) and ¢: G — G,q is the
adjoint representation. Otherwise we assume that ¢ : G — G,q is a simply
connected covering of G,q. By [Pre2, 2.6, 2.7] we then have (i) holds for G
so by the above argument we have (i) holds for G,q.

(ii) We assume AG € D(G) is a cocharacter. Now, assume 7: G — G is a
closed embedding of algebraic groups such that G is a connected reductive
algebraic group and 7 restricts to an isomorphism between the derived
subgroup of G and the derived subgroup of G.In particular, G-= m(G)Z (é)
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and G is proximate because we assume G is proximate. For convenience we
will consider G as a subgroup of G by identifying it with 7(G). Moreover
we will identify g with a subalgebra of g = Lie(é). By the remarks in 3.15
we see that N'(g) =N (g) and g(\F,2) = ﬁ(x\é, 2) where AG = 10 \C.
From the definition one can easily check that P()\é) =P(\9)Z(G)
and p()\é) =p(A\®) + Lie(Z(G)). In particular, for any e € g(AG, 2)reg =

(A, 2),eq we see that
cg(e) Sp(AG) & ¢4e) + Lie(Z(G)) C p(AF) + Lie(Z(G)) & es(e) p(/\é),

which shows that (a) holds in G if and only if (a) holds in G. As
Lie(Z(G)) C 3(g) we have [e, p(AS)] = [e, p(AG)] so the observations in 3.15
show that (b) holds in G if and only if (b) holds in G. Finally we clearly
have (AdP(A¥))e = (Ad P(A\%))e hence (c) holds in G if and only if (c)
holds in G. Hence we have shown that (i) holds in G if and only if (ii)
holds in G.

Applying this argument to the natural closed embedding Gger — G we
see that we need only prove (ii) for Gger- Now assume (ii) holds for Gg. then
we claim (ii) holds for Gger. Let AGder € D(Gger) be a cocharacter then by
the definition of the set D(Ggqe;) there exists a cocharacter A& € D(Gy.)
such that A& = ¢y, 0 AGs. From the definition we see that ¢g.(P(A\Gs)) =
P(A\Gder) and as degc : gsc — @der is an isomorphism it is clear that (c), (b)
and the first part of (a) hold in Gge, if they hold in Gg.. To see that the
second part of (a) holds in Gge, if it holds in Gg. one only needs to note
that ¢s.(Cg..(e)) = Cg,,(e), where we identify e with an element of gs.
This is because the kernel of ¢ is contained in the center Z(Gse) which is
the kernel of Ad.

We now need only prove (ii) for Gg.. As Ggc is simply connected it is a
direct product of simple groups, hence we may clearly assume that Gg. is
simple. If G is of type A, then we choose a closed embedding 7 : Gg. — G
such that G = GLp41(K) and 7(Gg) is the derived subgroup, which clearly
exists as we have an isomorphism Ggc = SLy,+1(K). If Gy is not of type A,
then we assume G = Gyc and 7 is the identity. By the previous argument
we need only prove (ii) for G. Let A € D(G) be a cocharacter. The first
two parts (a) and (b) are given by [Pre2, Theorem 2.3]. For part (c) we will
use the fact that Cg(e) is separable because p is a pretty good prime for G,
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see Proposition 3.10. In particular, by (a) we have Cg(e) = CP()\@)(e) S0
dim(Ad P(A®)e) = dim P(\®) — dim Cp s (€)
— dim p(\®) — dim c;(e)
= dimle, pz(\)].

Combining this with (b) gives (c). [

3.23. To complete this picture we show that rational nilpotent
elements are determined by rational cocharacters. Specifically let F* = g7 :
X(To) — X(Tp) with 7 a finite order automorphism, see, Theorem 2.3. If
F,: G, — G,, denotes the Frobenius endomorphism defined by F,(k) = k4
then we define an action of F' on the set of cocharacters Y (G) by setting

(F - A)(k) = FO\(F; ' (k))

for all k € G, and A € Y(G). An easy calculation shows that for any integer
1 € Z we have
F(g(A, i) =a(F oA, qi) =g(F - A 4).

In particular, if F'- A = A then we have F(u(\, 7)) = u(A, i) and F(U(\, 1)) =
U(A,4) for any i € Z~o.

8.24. Tt is clear from the definition of the characters A\ € Do (G)
that we have F' - )\dG = )\dc’:;T. Moreover, the composition d o 7 is a weighted
Dynkin diagram and so F -\§ € Dg(G). This implies that F stabilizes
the sets Dy(G) C D(G). It is in fact known that the bijection Dy (G) —
N(g)/G restricts to a bijection Dg(G)F — (N (g)/G)F between the
F-fixed cocharacters and the F'-stable nilpotent orbits, although we will
not need this here. We will, however, need the following concerning rational

cocharacters and rational nilpotent elements.

LEMMA 3.25. Assume e € N'(g)F is an F-fized nilpotent element then
there exists an F-fized cocharacter X € D(G)F, unique up to G-conjugacy,
such that e € g(A, 2)reg-

Proof. Let X. denote the set of all cocharacters A € D(G) such that
e € g(A, 2)reg. As any X € X, is conjugate to a cocharacter of the form )\g;
it follows from [Pre2, 2.5] that A is associated to e in the sense of [Jan,
5.3, Definition]. We thus have by [Jan, 5.3, Lemma] that the connected
centralizer Cg(e) of e acts transitively on X, via (g, A)—=InngoA. As
F(e) =e we have F restricts to a Frobenius endomorphism on Cg/(e).
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The existence of a fixed point A € X! is a standard application of the Lang—
Steinberg theorem, see [Gec2, 4.3.2(a)]. The stabilizer of A is the closed
subgroup Cg (e) N L(A). One easily concludes from [Pre2, 2.3], using similar
arguments to those used in the proof of Theorem 3.22, that Cg(e) N L(\) =
CE()\) (e) is connected. Again applying [Gec2, 4.3.2(a)] we see that A is unique
up to G-conjugacy. [

3.26. Assume now that x € g is any element of the Lie algebra. Following
[Slo, Section 5.1, p. 60] we say a locally closed subvariety ¥ Cg is a
transverse slice to (Ad G)x at x if the following hold:

(i) ze¥;
(ii) the action map G x ¥ — g, defined by (g, s) — Ad g(s), is a smooth
morphism;
(iii) dim ¥ is minimal with respect to (i) and (ii).

Note that we have dim ¥ > dim Cg(x) with equality if and only if Cg(z)
is separable, see, [Slo, Section 5.1, p. 61]. The following corollary of
Theorem 3.22 shows that under some mild restrictions we can always find
a transverse slice to a nilpotent orbit. This fact will be used later.

COROLLARY 3.27. Assume G is proximate and e € N'(g) is a nilpotent
element such that Cg(e) is separable. For any cocharacter \ € D(G) sat-
isfying e € g(\, 2)reg there exists a subspace s C g such that the following
hold:

e g=5®dT.(Ad G(e));
e 5 is stable under the Gp,-action (k, z) — (Ad \(k))(z);
e 5C @z‘go g(A, ).

For any such subspace we have ¥ = e + s is a transverse slice to Ad G(e)
at e. Moreover let © € 3 be an element whose centralizer Cg(x) is separable
then we have

Tx(g) = Tx(z) + Tz(Ad G(%))

In other words, ¥ intersects any such Ad G-orbit transversally.

Proof. First, as Cg(e) is separable we have T.(Ad G(e)) =g, €e| by
Lemma 3.7 so T.(Ad G(e)) is stable under the G,-action. Hence, one can
find a graded, that is, G,,-invariant, complement s of T.(Ad G(e)) in g
by simply picking a complement in each graded piece. By Theorem 3.22
we certainly have u(\, 2) C [g, e]. Now the map g(A, —1) = g(A, 1) defined
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by x — [z, €] is injective because g(A, —1) N¢g(e) ={0} by Theorem 3.22.
However it must also be surjective because dim g(\, —1) =dim g(A, 1),
see, 5.8. This shows that u(A, 1) C T.(Ad G(e)) and so § C P, (N, 7).

Now the set X is certainly locally closed and has dimension dim Cg(e), so
we need only show that the action map 7 : G x ¥ — g is a smooth morphism.
Recall that for a morphism of varieties f: X — Y we say x € X is a smooth
point of f if z and f(x) are nonsingular and the differential d, f: T, X —
Tt Y is surjective. Now clearly (1, e) is a smooth point of 7 because g =
s @ [g, e]. In particular, by [Spr2, Theorem 4.3.6], we have 7 is dominant
and separable and the set O of smooth points of 7 is nonempty and open
because G x ¥ and g are irreducible. By [Har, III, Section 10, 10.4] we then
have 7 is a smooth morphism if and only if O = G x 3 because G x X and
g are nonsingular. To show this we argue as in [Slo, p. 111].

We define a linear action a:G,, x g—g by setting a(k,z)=p(k)z,
where p : G,,, — GL(g) is defined by p(k)(x) = k2(Ad A\(k=1))(x) forallz € g
and k € G,,. Note that the G,,-action p preserves s and as e € g(\, 2) we
have p(k)(e +y) =€+ p(k)(y) for all y €s. In particular, the restriction
of a to G,, x X is a contraction to e, see, Remark 3.14. Now we can
define an action of the direct product G x G,, on G x X defined by
(h, k) - (g, ) = (hg\(k), p(k)(x)) and on g defined by (h, k) - y = k>Ad h(y).
An easy calculation shows that 7 is equivariant with respect to these actions.
Hence we need only show that O meets every G x G,,-orbit of G x X.
Assume n is the minimal integer such that g(\, n) # {0} then it is easy
to see that every G x G, -orbit of G x X contains a set of the form

0
Xy = { <l,e+2aiyi> aieGm}

for some y; € g(A, i) because K is algebraically closed and s C P, 8(A, 7).
Now O N X, is a nonempty open set of the closure X, because it contains

(1, €), see, Remark 3.14. However as X, is clearly irreducible, as X, is, we
must have O N X, # () because X, is open in its closure. Thus we have shown
that 7 is smooth.

We now consider the final point. Embedding G as a closed subgroup of
some GL;,(K) we may easily compute the differential d ;)7 :9 @ T:(2) —
T.(g) using the framework of dual numbers, see, [Bor, AG, 16.2]. Indeed,
one readily checks that we have d(; ,y7(g,y) =y + [g, z]. Now, by the above
we know the differential is surjective so we must have T, (g) = T,,(X) + [g, z];
so the statement follows from Lemma 3.7. N
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84. Springer isomorphisms and Kawanaka isomorphisms

DEFINITION 4.1. Given any cocharacter A € Y(G) we say an isomor-
phism ¢ : U(A\) = u(A) is a Kawanaka isomorphism if it commutes with the
action of the Frobenius endomorphism and furthermore the following hold:

(K1) 9(U(A,2)) Su(A, 2);

(K2) ¢(uv) —¢(u) —(v) €eu(N,i+1) for any w,ve U(N i) and i€
{1,2};

(K3) ¢([u,v]) — ¢i[o(u), (v)] € w(A, 2i + 1) for any u,v € U(A,4) and i €
{1, 2} where ¢; € G, is a constant not depending on u or v.

1

Note that [u, v] denotes the commutator uvu~'v~! of u and v.

4.2. Kawanaka isomorphisms will be the crucial ingredient for the
definition of generalized Gelfand—Graev representations. In [Kaw3, Sec-
tion 3] Kawanaka gave a general construction for a Kawanaka isomorphism.
However, the construction he gives is not in general G-equivariant so
cannot be obtained as the restriction of a Springer isomorphism by [McN,
Remark 10]. In this section we wish to show that there always exists a
Springer isomorphism whose restriction to U(\) is a Kawanaka isomorphism
for all cocharacters A € Y (G).

LEMMA 4.3. Assume G is an adjoint simple group of exceptional type
then there exists a Springer isomorphism ¢gpy : U — N whose restriction to
U()) is a Kawanaka isomorphism for every cocharacter A € Y (Q).

Proof. As G is adjoint we have the adjoint representation Ad: G —
GL(V), with V =g, is faithful and according to [SS, I, Section 5, 5.3] we
have

gl(V) = ad(g) ®m,

where m is an Ad G-invariant subspace of gl(V') containing idy. Let 7:
gl(V') — ad(g) be the natural projection map then according to Bardsley and
Richardson the composition ¢g,r = ad~! o 7w o Ad is a Springer isomorphism
whose differential is the identity, see [BR, 9.3.4]. Note that this makes sense
because we have GL(V') C gl(V).

By conjugating we may and will assume that Ty < Bg are contained in
P()). For each root aw € & we choose an isomorphism z,, : G, = X, where
X4 £ G is the root subgroup corresponding to «, normalized such that
dzo(t) =teq € go for all t € G, see, 3.20. We claim that for any o € &+
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and t € G, we have

(ad eq)? L (ad ey)? 7

2 6
in fact (adey)® =0 unless G is of type Ga. If G is of type E, then this
follows from the general argument given in [Spr2, 10.2.7]. If G is of type
Go or F4 then one can use the implementation of the adjoint representation
in [GAP] to check that this holds. Indeed, one can check the order of ad e,
and can check that for j € {2, 3} the matrix (ad ey)?/j! is integer valued,
the result then follows as in [Carl, Section 11.3].

Now Adg(ad z) =ad(Ad g(x)) for all g€ G and x € g so we have = €
g(), 4) if and only if Ad A\(k)(ad ) = k* ad z for all k € G,,. Let us assume
now that x € g(\,7) and y € g(\, j). As the action of Ad A(k) on adz is
given simply by conjugation we have

Ad M(k)(ad z ad y) = Ad A(k)(ad z)Ad A\(k)(ad y) = k"™ ad z ad 3.
In particular, this implies that
(4.5) (ad™! o) (ad z ad y) € g(\, i + 7).

This could of course simply be 0.

We now wish to show that the restriction of ¢gp, to U(M) satisfies the
properties (K1) to (K3). For this we fix a total ordering aj, ..., o, on
the set of positive roots ®* then, as a variety, we may identify U()\) with
the product [, Xq,. In particular, any element v € U(\) may be written
uniquely as

(4.4) Ad z,(t) =idy + t ad ey +

U=Ta, (1) - Tay, (tm)
for some t; € G,. By (4.4) we can write Ad u= Ad(zqa, (t1) - - - Ta,, (tm)) =
Adzy, (t1) - - Ad zq,, (t) as

m

Adu:H <idv+tiadeai +t22
i=1

(ad eaz‘)Q + t3 (ad eai)g
2 6 '

Now assume u € U(), 2) then by definition we must have for each 1 <i<m
with ¢; # 0 that es, € u(), 2). Hence, expanding the brackets and applying
(4.5) we see that (K1) holds. As u™! = x4, (—tm) - - - Ta, (—t1) We see that
an entirely similar argument shows that (K2) and (K3) hold. We leave it to
the reader to fill in the details. [

PROPOSITION 4.6. Assume G is a proximate algebraic group then there
exists a Springer isomorphism ¢gpy : U — N whose restriction to U(N) is a
Kawanaka isomorphism for every cocharacter A € Y (QG).
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Proof. Assume G is SL(V), Sp(V) or SO(V) then Kawanaka already
observed in [Kaw2, 1.2] that such a Springer isomorphism exists. If G is
SL(V') then one simply takes the map f+— f —idy, for which the statement
is easy to deduce. If G is Sp(V) or SO(V) then one can use the Cayley
map = +— (f —idy)(f +idy) 7t In fact, if G is Sp(V) or SO(V) then one
could argue as in the proof of Lemma 4.3 to deduce the existence of ¢gp, but
instead replacing the adjoint representation with the natural representation.

Let Gy be a simple simply connected algebraic group defined over a field
of good characteristic. Then there is a natural surjective separable morphism
7: Gge — G of algebraic groups where G is either SL(V'), Sp(V), SO(V)
or an adjoint exceptional group. According to Lemma 4.3 and the above
remarks there exists a Springer isomorphism ¢g, of G whose restriction
to each U(\) < G is a Kawanaka isomorphism. Arguing as in Lemma 3.4
we see that this lifts to a Springer isomorphism on Gg. which also has this
property. One may now argue as in Lemma 3.4 to show that such a Springer
isomorphism exists for all proximate algebraic groups. We leave the details
to the reader. []

REMARK 4.7. It seems likely that the properties defined in Definition 4.1
hold for most Springer isomorphisms. It would be interesting to find a case-
free proof of Proposition 4.6.

85. Generalized Gelfand—Graev representations

From this point forward we will assume that G is proximate and
we maintain our assumption that p is a good prime for G. We will
denote by:

e Qy a fixed algebraic closure of the field of ¢-adic numbers where
£ # p is a prime;

e G = G! the F -rational structure determined by F;

e ¢ € N'F a fixed nilpotent element and A € D(G)* a cocharacter

such that e € g(A, 2)reg, see, Lemma 3.25;

Gspr : U — N a fixed Springer isomorphism satisfying the prop-

erty of Proposition 4.6;

u € UT the unique element satisfying dsp(u) = ¢;
tp the Lie algebra Lie(Ty).
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DEFINITION 5.1. (Kawanaka, [Kawl, 3.1.4]) An involutive homomor-

phism T:g— g is called an Fy-opposition automorphism if the following
holds:

(i) = to;
(ii) eL € Fse_q for all o € ® where e, € g, is as in 3.19.

LEMMA 5.2. The map defined by t' = —t if t € ty and eL = —e_q for all
a € ® is an Fy-opposition automorphism of g.

Proof. We only have to show that T is a Lie algebra homomorphism.
Recall from 3.20 that gqer has a Chevalley basis then by [Carl, p. 56] we
see that the restriction of T to gger is @ homomorphism. However this easily
implies that T is a homomorphism as g = gger + 3(g) and 3(g)" = 3(g), see, 3.6.

il

We now assume that T : g — g is a fixed [F,-opposition automor-
phism, which exists by Lemma 5.2.

The following will not be needed until the proof of Lemma 11.16 but it
will be convenient to prove this here.

PROPOSITION 5.3. The elements e and —e! are contained in the same
G-orbit.

Proof. For any a € ® and t € G, let us denote by T, (t) the element
Ad x4 (t) then {ZTo(t) | € @, t € G, } is a generating set for Ad G; here x,(t)
is defined as in the proof of Lemma 4.3. Furthermore, for each a € & we
denote by v, € F the scalar such that el, = Yaf—a- As in the proof of [Carl,
Proposition 12.2.3] let #: Ad G — Ad G be the automorphism defined by
0(Ta(t)) =T—a(Yat) for all @ € ® and t € G, then we have

(5:4) Ad g(a') = 0(Ad g)(x)'

forall g€ G and z € g.

By [Jan, 2.10, Lemma] we see that it is sufficient to show that e and e' are
in the same G-orbit. Let us denote by wy € Ng(Tp) a representative for the
longest element wy € Wa(Ty). The action of —wp on ® induces a permu-
tation p:® — ® on the roots which is known to satisfy (a, \) = (p(«), A)
for all o € ®. To see this it suffices to observe that the weighted Dynkin
diagrams of A,,, Dap+1 and Eg are invariant under the graph automorphism
induced by wq, which is easily checked by inspecting [Car2, Section 13.1].
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In particular, it follows that Ad wg(ef) € g(), 2), 8(Ad L()\)) = Ad L()\) and
Ad wy normalizes Ad L(\). Combining this with (5.4) we see that

Ad LA (Ad g(eh)) = Ad p(Ad L(A)(e)T).

As the orbit Ad L(\)(e) is dense in g(\, 2) we must have Ad L(\)(Ad wy(ef))
is dense in g(), 2) so Ad 1g(ef) € g(A, 2)req. The statement now follows from
Theorem 3.22. N

5.5. We now proceed to define GGGRs following [Kaw3, Section 3|. Note
that all results in this section are due to Kawanaka. Recall that the definition
of GGGRs requires the choice of a G-invariant symmetric bilinear form
k:g x g — K. Here, the G-invariance means x«(Ad g(x), Ad g(y)) = k(x, y)
for all x,y € g and g € G. Such a form can be obtained as a trace form

(z,y) — Tr(dr(z) o d7(y))

where 7: G — GL(V) is a finite dimensional rational representation. For
convenience we recall that such a form satisfies the property

R, ly, 2]) = w([z, yl, 2)

for all z, y, z € g, which we will use without explicit mention. It is important
to note that, even with the assumption that G is proximate, we cannot
always choose k to be nondegenerate, see [Let, Proposition 2.5.10]. However,
we can choose it so that it is not too degenerate.

LEMMA 5.6. There exists a form k on g defined over Fy such that, for
all o € @, we have

(5.7) =t P s
pe@\{—-a}

where gx ={x €g| k(x,y) =0 for all y € go}.

Proof. Let ¢ : G — G,q be an adjoint quotient of G. As G,q is an adjoint
group it is a direct product of simple adjoint groups G1 X - - - X G, 80 gaq =
g1 D - D g, where g; = Lie(G;). If G; is not of type A, then there exists
a nondegenerate G;-invariant symmetric bilinear form x; on g; defined over
[y, see [SS, I, 5.3]. Using [Let, 2.5.1(2)] we can deduce that the appropriate
version of (5.7) holds for x; by dimension counting.
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Now assume G; is of type A, then G; = PGL,11(K) for some n and
we set G; = GL,+1(K) and g; = gl 41(K) = Lie(éi). As the natural trace
form %;(z, y) = Tr(zy) is nondegenerate on g; and defined over F, we have
(5.7) holds in g;. According to [Let, 2.3.1] we have an isomorphism of Lie
algebras §; = Lie(Z°(G;)) @ g;. Through this isomorphism we may define a
G;-invariant symmetric bilinear form k; on g; by restricting %; but this is
not necessarily nondegenerate. As the image of each root space under this
isomorphism must be contained in g; we see that (5.7) holds for ;.

We now set kaq=+k1+- -+ kK, and define k by setting k(z,y)=
Kad(do(z), do(y)). Clearly this is G-invariant and we see that (5.7) holds
by noticing that Ker(d¢) is contained in t. 0

We now assume that s : g x g — K is a fixed G-invariant symmet-
ric bilinear form, defined over Fy, satisfying (5.7).

5.8. 1f b is a Lie algebra over K then we will denote by h* = Hom(h, K)
the dual space. Assume now that i # 0 and g, C g(\, 7) then clearly we have
g(\, i)t C gt. In particular, applying (5.7) we see that g(\, i)~ N g(\, —i) =
{0} because g C g(\, 7) if and only if g_o C g(\, —i). With this we see that
the map z +— k(x, —) gives an identification of g(\, —i) = g()\, 7)" with the
dual space g(\,7)*.

LEMMA 5.9. (Kawanaka) The skew-symmetric bilinear form g(\, 1) x
g\, 1) = K given by (x,y) — k(el, [z, y]) is nondegenerate.

Proof. Assume z € g(\, 1) and (e, [z, y]) = x([el, 2], y) =0 for all y €
g(\, 1). As [ef, 2] € g(\, —1) we must have [ef, 2] = 0 by 5.8 but this implies
x =0 because x € cu(A)(eT) = cg(e)T Nu(X) = {0}, see Theorem 3.22. 0

5.10. We now choose once and for all a nontrivial additive character
Xp: IF;{ — @X of the finite field [F,, viewed as an additive group. If r € Z~
is an integral power of p then we denote by F, C K the subfield fixed by
x — 2". The choice of x, gives rise to a character x, : F;" — @X by setting
Xr = Xp © Trp, /p, where Trp, /g, is the field trace. As A € D(G)F is F-fixed
we have F(U(A, 2)) =U(A\, 2), see, 3.23. Moreover, as ¢gp, satisfies (K2) we

obtain a linear character o, : U(X,2) — Q" by setting
u(@) = xq(r(el, papr(2))).

5.11. We could now induce the character ¢, to GG to obtain a character

of G but this turns out not to be the right idea. Instead we construct
an intermediary subgroup as follows. The nondegeneracy of the form, see,
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Lemma 5.9, implies that there exists a Lagrangian subspace m =m" C
g(A, 1) by which we mean that

(5.12) r(el, [z, y]) =0

for all z, y € m. This subspace necessarily has dimension dim g(\, 1)/2. Note
that m is not necessarily unique so we must choose some such subspace. We
then define U(A, 1.5) to be the variety

U\ 1.5) ={x e U\) | pspr(z) e m +u(A, 2)},

which is a closed connected F-stable subgroup of U(\) containing U(A, 2).
This follows from the properties of a Kawanaka isomorphism and the fact
that x is defined over F,.

LEMMA 5.13. (Kawanaka, [Kaw3, 3.1.9])

(i) U(X 1.5) is a subgroup of G containing U(X,2) such that [U(N):
U 15)]=[U(N1.5):U(A, 2).
(ii) py extends to a linear character ¢, of U(A, 1.5).

Proof. (i) The first statement is obvious and the second follows from a
theorem of Rosenlicht, see [Gec2, 4.2.4].

(i) We first observe that U(\)/Ker(g,,) is abelian which follows from 5.8,
(K3), (5.12) and the definition of U (A, 1.5). The result now follows from the
following general fact: if H is a finite group and X < H is a subgroup with
linear character x € Irr(X) such that H/Ker(x) is abelian then x extends
to H. Indeed, passing to the quotient we may assume that H is abelian and
x is a faithful linear character of X, in particular X must be cyclic. We can
then write H as a direct product X x Y such that X < X and X is cyclic.
The result then follows from [Isa, Corollary 11.22]. 0

DEFINITION 5.14. We call the induced representation I’y =
Indg(%lﬁ)(@u) the Generalized Gelfand—Graev Representation (GGGR)
associated with u. We identify I', with its character.

LEMMA 5.15. (Kawanaka, [Kaw3, 3.1.12]) We have
Ly =q TsOD2maf | ) (pu).

In particular, the construction of I'y, does not depend upon the choice of
Lagrangian m or extension @,.
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Proof. First of all let us note that by (3.18) we have U(A, 2) contains
the derived subgroup of U(A) so both U(A,2) and U(A, 1.5) are normal
subgroups of U()). Assume v € U(A, 1.5) then by definition we have

Indgg?m)(@u)(”) — qfdim g(A,1)/2—dim u(A,2) Z @u(gvgfl).
geU(N)

Again by (3.18) we have [g, v] € U(), 2) so we may rewrite the sum on the
right as

S Bulgvg = Y Bu@eulls o) =Fu0) Y Gla),

geU(N) geU(N) zeu(\)F

where (, is the linear character x — x,(k(el, c[z, pspr(v)])) of the abelian
group u(A)¥; here ¢ is a constant as in (K3). Now the character sum is 0
unless ¢, is identically 1, in which case it is simply gd™*(M)

have ¢, =1 if and only if v € U(\, 2) which shows that

. However, we

dim g(A,1)/2 if U(\. 2
U(\ ~ q PulV) LVE y &)y
IndUE)\?l.S)(QDU)(U) = { (®) (*2)

0 if v 2 U(N, 2).
Applying the exact same argument as above to Indggf\%) (pu)(v) we see that
UA ~ —dim UX
(5.16) IndUEA?l.ES) (Pu) = g im oA D2 IndU%AL)(‘O“)’
from which the result follows immediately. 0

REMARK 5.17. In [Kaw3] GGGRs are defined with no assumption on
the algebraic group G. However, it seems to be necessary to have some
assumption on G to define GGGRs, see for instance the proof of Lemma 5.9.
Note that assumptions similar to G being proximate were made in [Kaw?2,
1.1.1] but not in [Kaw3]. In any case, we have by Proposition 2.16 that our
assumption on G is not restrictive when defining GGGRs.

86. Fourier transforms on the Lie algebra

DEFINITION 6.1. (Letellier, [Let, 5.0.14]) We say the prime p is accept-
able for G if:

(i) pis a pretty good prime for G, see Definition 3.9;
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(ii) p is a very good prime for any Levi subgroup L of G supporting a
cuspidal pair (S, &), in the sense of [Lus3, 2.4], such that S contains
a unipotent conjugacy class of L;

(iii) there exists a nondegenerate G-invariant bilinear form on g.

6.2. This definition of an acceptable prime is slightly different than
that given in [Let, 5.0.14]. However we note that if p is acceptable in
the sense of Definition 6.1 then it is acceptable in the sense of [Let,
5.0.14]. Indeed, we need only observe that if p is an acceptable prime
in the sense of Definition 6.1 then: p is a good prime for G, see [Her,
Lemma 2.12(b)], the quotient X (Ty)/Z® has no p-torsion and there exists
a Springer isomorphism, see Lemma 3.4. To show that these definitions are
actually equivalent it would be sufficient to prove the converse to Lemma 3.4,
see, Remark 3.5. The following observation concerning acceptable primes
will also be needed, see [Let, 5.0.16].

LEMMA 6.3. The following hold:

(i) p is very good for G = p is acceptable for G;
(ii) if G = GL,(K) then all primes are acceptable for G.

From now on we assume that p is an acceptable prime for G
and consequently that the bilinear form x is nondegenerate. In
particular, G is a proximate algebraic group, see, Lemma 2.15, and
the centralizer Cg () is separable for all x € g, see, Definition 3.9.

6.4. Let us denote by I',:g/" — Q; the Ad G-invariant function
obtained as the extension of I'y|;,r o qbs_plr by 0 on g\ NF. As T, is zero
outside UF we see that T',, contains the same information as that of T',,.
The upshot of working with I';, is that we have the Fourier transform at our
disposal, which is defined as follows. For any function f : g — Q, we define
the Fourier transform of f to be the function F(f) : g¥" — Q, given by

FHW) =D xeluly, ) f(2),

zegl

where xq : IF';r — Qy is as in 5.10. We recall the following property of the
Fourier transform, see [Let, 3.1.9, 3.1.10].

LEMMA 6.5. The Fourier transform admits an inverse F— given by
q MY F o) where V(f)(x)=x(—2x) for all z€gt and f:g" — Q.
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In other words, we have (F~ o F)(f)=(FoF )(f)=f for all functions
[t = Qe

6.6. Following [Lus9, Proposition 2.5] we would like to obtain an
expression for the value of the Fourier transform F(I',) at an element
of g&. The argument used in [Lus9] can be applied verbatim to our
situation once we know that [Lus9, Lemma 2.2] holds. In fact we will
prove a stronger statement than that of [Lus9, Lemma 2.2]. The proof
of this stronger statement is due to Gan—Ginzburg who considered the
corresponding statement over C, see [GG, Lemma 2.1]. To obtain the desired
result we will need the following (general) lemma.

LEMMA 6.7. Assume, for i€ {1,2}, that X; is an irreducible affine
variety with a contracting Gn,-action such that the fized point x; € X; is
nonsingular, see, Lemma 3.13. Let us denote by T; the tangent space of X;
at the point x;. If a: X1 — Xo is a Gy, -equivariant morphism such that the
differential dg, o : Th — 1o is an isomorphism then « is an isomorphism.

Proof. As «a induces an isomorphism between the tangent spaces of
nonsingular points we must have the comorphism o* : K[Xs] — K[X;] is
injective, see, [Spr2, 1.9.1(ii), 4.3.6(i)]. Hence, we are done if we can show
that o* is surjective. Let m,, C K[X;] be the (maximal) vanishing ideal of
x; which is invariant under the induced action of G,, on K[X;] defined in
3.12. We denote by gr K[X;] the associated graded ring with respect to m,,,
that is,

er KX, = P md, /ml
j=0
where m). = K[X;]. This clearly also inherits an action of G, as does the
tangent space T; and its affine algebra. We thus obtain decompositions of
these algebras into weight spaces

KT} = DKL) KiX]=PKXin grKXi]=Per KXin-

n=0 n=0 n=0

Let us assume that the following equality holds
(6.8) dim K[X,],, = dim K[T1],, = dim K[73],, = dim K[X3],,

for all n € Z; these are finite dimensional vector spaces by Lemma 3.13.
Then, as a* is injective and G,,-equivariant we must have a* is surjective.
Thus we need only prove (6.8).
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By assumption, the point z; is nonsingular so the tangent space T;
coincides with the tangent cone of X; at x;. This implies that K[7;] is
isomorphic to the associated graded algebra gr K[X;] and this isomorphism
is in fact G,,-equivariant, see [Mum, III, Section 3, Section 4]. In particular,
we have an equality dim K[7;], = dim(gr K[X;]),, for all n €Z. Now as
the maximal ideal m;, is Gp,-invariant we have my, = @,z Mz, n With
my, » € K[X;],,. Moreover we clearly have

(gr K[X; n—@m mJ‘H gr(K[X;]n)-

7=0

As K[X;],, is a finite dimensional vector space we have dim gr(K[X;],) =
dim K[X;],. Putting things together we see that (6.8) holds because
dim K[71],, = dim K[T3],, for all n € Z by assumption. []

PROPOSITION 6.9. Let ¥ = —el +5 where s Cp(\) is as in Corol-
lary 3.27 with respect to —e'. Then the action map a:U(\, 2) x ¥ —
—et 4 p(\) given by a(u, z) = Ad u(x) is an isomorphism.

Proof. We define a linear G,,-action 3 : G,,, x g — g by setting S(k, z) =
p(k)x where p: G, — GL(g) is defined by p(k)(z) = k*(Ad A(k))(x). Note
that the G,-action preserves both p(\) and s, see, Corollary 3.27, and as
—ef € g(\, —2) we have p(k)(—el +2) = —el + p(k)(z) for all x € p(\). In
particular, we have 3 restricts to a G,,-action on —ef +p(\) and . By
Remark 3.14 these actions are contractions to —el. We also define a G,,,-
action on U(A, 2) x ¥ by setting

ko (u, x) = (AR)uA(E™1), p(k) ()

for all k € G,,. It is clear that limy_ k- (u, z) = (1, —e!) for all (u,z) €
U(), 2) x X, see, 3.17, so this is also a contraction to (1, —e) and the action
map « is Gy,-equivariant with respect to these actions.

Consider the tangent space T'=u(\, 2) x s of U(), 2) x ¥ at the point
(1, —e') and the tangent space S = p(\) of —el +p(A) at —ef = (1, —e).
We claim that the differential d; _.rya: T — S is an isomorphism. First,
recall from the proof of Corollary 3.27 that the differential is given by
dg,—etya(u, z) = + [u, —ef] for all (u, ) € T. Therefore to prove the map
is surjective it suffices to show that

p(AN) =5 [u(A, 2), —eT].
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Now the map ad_.: : u(, 2) — p(A) is injective because ¢,y 2)(—el) = {0}
and [u(), 2), —ef]Ns = {0} by Corollary 3.27 and Lemma 3.7. Hence we
have s @ [u(), 2), —el] C p(\). However, as dim s = dim ¢;(—el) = dim ¢4 (e)
we have

dim(s ® [u(), 2), —el]) = dim u(), 2) + dim ¢4(e) = dim p(\)

so we must have an equality. The same dimension counting argument
also proves the map d _.iycv is injective. The result now follows from
Lemma 6.7. il

From now on the subspace s C g considered in Proposition 6.9 will
be fixed and ¥ will denote the transverse slice —e! + s.

6.10. With this in hand we now obtain [Lus9, Proposition 2.5] in exactly
the same way. We give the argument here for smoothness of the exposition.
From the definitions and Lemma 5.15 we have for any y € g that

F(Tu)(y) = ¢imodD/2=dmul) Ny (k(y, @) + k(e Ad g(x)))

zegl geq
Ad g(z)eu(\)F

_ qdim g(A,1)/2—dim u(\) Z Cy,g(x)y
geG
zeu(\)F
where (., is the linear character = +— x,(k(ef + Ad g(y), 7)) of u(A\)f as an
abelian group. As (y 4 is an irreducible character of a finite abelian group we
have the sum of its values is either 0 or ¢#™ () with the latter happening
if and only if ¢, 4 is the trivial character. By 5.8 and the nondegeneracy of
K we have the character (, , is trivial precisely when el 4+ Ad g(y) € p(\)¥,
see, Lemma 5.6, so we have

F(Tu)(y) = ¢ 9OD2|{(g,2) € G x p(\F | Ad g(y) = el + ).

Applying Proposition 6.9 we see that the element —e! + = can be written
uniquely as Ad h(—ef + 2) for some heU(\ 2) and zes?, which are
necessarily fixed by F' through the uniqueness. In particular, we may rewrite
the above as

FD)(5) = g™ 002
x|{(g,h,z) € G x U(A,2) x s [ Ad ™ g(y) = —el + 2.

Thus, changing the variable h~'g — ¢ we obtain the following.
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PROPOSITION 6.11. (Lusztig, [Lus9, Proposition 2.5]) For any y € g©
we have

F(Tu)(y)=q™{g € G|Adg(y) € X}

where
ry =dim g(A, 1)/2 + dim u(A, 2) = (dim G — dim Cg(u))/2.

§7. Poincaré duality

Notation

7.1. For any algebraic variety X over K we will denote by 2X := 2°X
the bounded derived category of Q-constructible sheaves on X defined
as in [BBD]. Assume now that the Frobenius endomorphism induces a
morphism of varieties on X then we say A € X is F-stable if there exists
an isomorphism ¢: F*A — A in 2X. With such a choice of isomorphism
we will denote by x 4,4 : X — Qg the corresponding characteristic function
defined by

Xap(x) =Y (~1) Tr(, 4 (A))
1€EZ

for any = € X*. We will denote by supp(A) the set {z € X | #(A) # 0 for
some ¢ € Z} which we call the support of A.

7.2. Assume now that X is equidimensional, that is, all the irreducible
components of X have the same dimension, then the full subcategory of
2X consisting of the perverse sheaves on X will be denoted by .ZX.
Moreover, let us assume that X CY is a subvariety of Y. We will naturally
consider any complex A € X as a complex on Y through extension by 0
and we will sometimes do this without explicit mention. Finally assume X
is a smooth open dense subset of X and that % is a local system on X.
We will denote by IC(X, .#)[dim X] € .#X the corresponding intersection
cohomology complex determined by .Z.

7.83. For any connected reductive algebraic group H we denote by Vg =
Vil the set of all pairs ¢ = (O,, &,) consisting of a nilpotent H-orbit O, C
Lie(H) and an irreducible L-equivariant local system &, on O, taken up to
isomorphism. We will write VIO{ C V1 for the subset consisting of all pairs ¢
such that &, is a cuspidal local system in the sense of [Lus3, Definition 2.4],
see also [Let, 5.1.59]. We call the elements of V§; cuspidal pairs.
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Induction diagram
7.4. Let L < G be the Levi complement of a parabolic subgroup P < G
and let [ = Lie(L) C p = Lie(P) be the corresponding Lie algebras. If 3(I) is
the center of the Lie algebra [ then we define

3([)reg = {t € 3<[) ’ Cg(t) = [}7

which is an open subset of 3(I). Note that this is nonempty because of our
standing assumption that p is an acceptable prime, see, [Let, 2.6.13(i)]. We
will assume that 1o = (O, &) € VL is a cuspidal pair. Setting IT = Op + 3(I)
and Ilyeg = Op + 3(I)reg We have, as in [Lus9, 3.1], the following induction
diagram

OoaY/Bf/VY

where

Y = U Ad g(Ilreg)
9eG
V={(z,9) €gx G|Ad g (z) € Il,ee}
Y = {(z,gL) € g x (G/L) | Ad g~ () € ;e }

a(z,g) =mo(Adg~'(z)) B(z,g) = (z,9L) ~(z,gL) ==

and mo : II - Oy is the natural projection. As discussed in [Lus9, 3.1] and
[Let, p. 75] from this data one constructs a local system £ on Y and
a corresponding intersection cohomology complex Ko =IC(Y,.#)[dim Y],
which is denoted by indS (&) in [Let]. Let us also note that we have
dim Y =dim G/L + dim II, see, [Let, 5.1.28].

From now on we assume that the parabolic P, Levi subgroup L
and the cuspidal pair (g = (O, &) € VE are fixed. Recall also that
¥ is a fixed transverse slice —ef + s.

LEMMA 7.5. The fibers of the smooth morphism w: G X ¥ — g given by
7(g, ) = Ad g(x) are of pure dimension equal to dim c4(e).

Proof. First let us note that G, g and X are irreducible varieties
then applying [Har, III, Section 9, 9.6] we have, for any y € g, that every
irreducible component of the fiber 77!(y) has dimension dim ¥ = dim ¢4(e)
which gives us the first part. 0
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7.6. Let uy be the Lie algebra of the unipotent radical of P. Recall
from [LS1] that there exists a unique nilpotent orbit O € N'/G such that the
intersection O N (Op + uy) is open and dense in Oy + uy, see also [CM, 7.1.1].
We denote the orbit @ by Ind€-p(Op) and call it the induced nilpotent orbit.

PROPOSITION 7.7. (Lusztig) The intersection Y NN is the closure of

the induced orbit Indf'g;((’)g). In particular, it is irreducible of dimension
dim G/L + dim O.

Proof. For this we argue as in the proof of [Lus3, Proposition 7.2] using
the analogous statements for the Lie algebra proven in [Let]. Consider the
variety

X ={(z,gP)€gx (G/P)| Ad g~ () € T+ u,}.

If ¢: X — g is the morphism defined by ¢(x, gP) = x then we have ¢p(X) =
Y, see [Let, 5.1.30(ii)]. Therefore we have ¢(Xy) =Y NN where

Xy ={(z,gP) €g x (G/P)[Ad g~ ' (z) € Op +up}

because IINAN = Op. The argument in [Let, 5.1.10] shows that Xy is
irreducible, hence sois Y N N. As Y NN is invariant under the Ad G-action
we see it is a union Oq U--- U Oy of distinct nilpotent orbits O; € N'/G.
Moreover as Y NN is closed we have Y NN =0, U---UO; but as Y NN
and each orbit closure is irreducible we must have Y N A = O; for a unique
1<i<k. The exact same proof as [Lus3, 7.3(a)] shows that O; is the
induced orbit Ind€-p (Op). We thus have dim ¥ NN = dim Ind&-p(Op) and
this latter dimension is easily seen to be dim G/L 4+ dim (’)0,_ see, [CM,
7.1.4(1)]. 0

LEMMA 7.8. Assume —e! €Y then the following hold:

(i) The restriction 0:G x (YNNNX) =Y NN of the action map m:
G x X — g is a smooth morphism with all fibers of pure dimension
equal to dim cg(e).

(i) dim(Y NN NXE)=—dim L+ dim Op + dim ¢4(e).

Proof. (i) We have G x (Y NN N X) is the preimage of Y N A under 7.
As o is thus obtained by base change with respect to the closed embed-
ding Y NN — g we have the result follows from [Har, III, 10.1(b)] and
Lemma 7.5.
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(ii) As o is smooth we may again apply [Har, III, Section 9, 9.6] to deduce
that
dim(Y NN NE)=dimY NN + dim ¢g(e) — dim G.

The statement now follows from Proposition 7.7. [

7.9. According to [Lus3, 6.6.1] we have the restriction Ko[—dim 3(1)]|[yq
is a perverse sheaf; note that dimY NN =dimY — dim 3(I). Let us take
on the assumption that —ef € Y and let o be as in Proposition 7.7 then
according to [BBD, 4.2.4] we have

(7.10) o (Kold]|lyay) € 2(Y NN NY)

is also a perverse sheaf where d = dim ¢4(e) — dim 3([). Now G acts on Y,
via Ad, on Y and 17, via Ad on the first coordinate and left translation
on the second, and finally on X trivially. As discussed in [Let, p. 75] we
see that, with respect to these actions, .Z is a G-equivariant local system
and Ky is a G-equivariant perverse sheaf where . and K\ are as in 7.4.
According to [Lus9, 3.3] as the pullback in (7.10) is a perverse sheaf we have
Koldo) € 2(Y NN NX) is also a perverse sheaf where Ko € 2(Y NN NX) is
the restriction of Ky to {1} x (Y NN NX) and dp = dim ¢4(e) — dim 3(I) —
dim G. Furthermore, if Ky is the restriction of Ky =IC(Y,.2")[dim Y],
where .#V is the local system dual to .%, then we have K\ [do] is also a
perverse sheaf which is naturally the Verdier dual of Ko [do]. We then have
a canonical nonsingular pairing (Poincaré duality)

(7.11) H (Y NN N, K)) @ H2 (Y NN NS, KY) — Qp(—do).
between the corresponding hypercohomology groups.

7.12. If p is the contracting G,,-action on g defined in the proof of
Proposition 6.9 then we let G,, act on Y, via p(k), on Y and Y, via p(k)
on the first coordinate and Ad A(k~1) on the second, and finally on Oy via
k -z =k~2z. By [Jan, 2.10, Lemma] and Corollary 3.27 the action of G, by
p leaves invariant the space Y NN 'NX. As in [Lus9, 3.4] we may use this
contracting action to deduce that the canonical homomorphism

(7.13) H/ (Y NN NE, Ko) = 7 (Ko)
is an isomorphism. In particular, the pairing of (7.11) becomes a pairing

(7.14) A (Ko) @ HA (Y NN NS, Ky) = Qu(—do).
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88. Blocks

8.1. Let us denote by A the endomorphism algebra End,(Kjo) of the
complex Kj; note this is naturally isomorphic to the endomorphism algebra
Endge,(&). The following is a combination of [Lus3, Theorem 9.2(a)] and
[Lusb, 2.4], see also [Let, Proposition 5.3.6].

PROPOSITION 8.2.  There exists a set of basis elements {0, |w €
Wa (L)} for A such that the Qg-linear extension of the map w + 0, defines
a Qq-algebra isomorphism Q,Wg (L) = A.

8.3. Combining Proposition 8.2 with [Lus9, 4.2(b)], see also [Tay2, 4.3],
we have a canonical isomorphism

(8.4) Ko = @ (E® Kg),

Echir(Wg (L))
where K =Hom4(F, Ko) € .#Y and we identify Irr(A) and Irr(Wg (L))
through the isomorphism in Proposition 8.2. Again from [Lus9, 4.2], see also
[Lus3, Theorem 6.5], there exists a unique pair ¢ € Vg such that

(8.5) Kplyoy = 1C(0,, &)[dim O, + dim 3(1)].

The map E — Kg — ¢ then gives us an injective map Irr(Wg (L)) — Vg.
We will denote the perverse sheaf Kg by K,.

8.6. Let us denote by 17\7(; the set of all pairs (M, v) consisting of a
Levi complement M < G of a parabolic subgroup of G and a cuspidal pair
v E Vl(\),l. We have G acts naturally on WG by conjugation and we denote by
[M, v] the orbit containing (M, v). We also denote by Wg the set of all such
orbits. Using the map in 8.3 we can associate to every pair (M, v) € WG
a subset .Z[M, v] C Vg which depends only on the orbit [M, v]. We then
have a disjoint union

VG = |_| j[Ma U]
MpuleMa

and we call .#[M, v] a block of Vg. If v € VY is cuspidal then the relative
Weyl group Wg(M) = Ng(M)/M is a Coxeter group and 8.3 yields a
bijection

(8.7) FIM, v] +— Irr(Wg(M))

for all [M, v] € Wg, which we denote by ¢ — E,.
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8.8. The Frobenius endomorphism F' acts naturally on the set of pairs
Va via
L 7)) = (F7YH0,), F*68).

We say ¢ is F-stable if F(O,)=0, and there exists an isomorphism
F*8, — &, and we denote by Vg C Vg the subset of all F-stable pairs.
The Frobenius also acts on the set Wg, hence also on Wg, via
(M, v) — (F~1(M), F~!(v)). We say the pair (M, v), respectively, the orbit
[M, v], is F-stable if F~1(M) =M andNF_l(U) = v, respectively, [M, v] =
[F=Y(M), F~1(v)], and we denote by WE, respectively, WE, the subset of
all F-stable pairs, respectively, orbits. Note that for any orbit [M, v] € Wk
we have [M, v] N Wg # () and the map Vg — Wqg is compatible with the
corresponding actions of F' so that we have an induced map Vg — Wg
Furthermore if (M, v) € W& then we have the bijection in (8.7) is also
compatible with F', namely it restricts to a bijection

(8.9) IM, v]F «— Irr(Wg (M))F.

89. Deligne—Fourier transform

9.1. We define the Deligne-Fourier transform of a perverse sheaf as
follows, see [Lus9]. Let G, act transitively on the affine line Al =K via
a-t=1t+a— aP. Now the character x, : IF; — Qy fixed in 5.10 gives rise to
a Gg-equivariant local system of rank 1 on A! which we denote by Lo
More precisely this is the Artin-Schreier sheaf associated to x,, defined as
in [Lau, 1.2.1] or [Let, 5.1.57]. Its inverse image under the nondegenerate
form k is then a local system of rank 1 on g x g. With this we define the
Fourier transform F(A) of any complex A € 9(g) by setting

(9-2) F(A) = (pra)i(pri(4) © k725,

where pr;:g x g—g is the projection onto the ith factor. Note that
the Deligne—Fourier transform of complexes and the Fourier transform of
functions are related in the following way, see [Let, 5.2.3].

LEMMA 9.3. Assume A € 9(g) is an F-stable complex and ¢ : F*A — A
s an isomorphism then we have

XF(4),7 () = F (Xa,6);
where F(¢) : F(F*A) — F(A) is the induced isomorphism.
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REMARK 9.4. We will frequently cite results from the work of Letellier
[Let] throughout this article. We point out here that our definitions of the
Deligne—Fourier transform and Fourier transform do not coincide with those
of [Let] but that they differ only up to shifts and a scalar. The correction is
easily seen by comparing Lemma 9.3 and [Let, 5.2.3].

9.5. Let Ap€ Z(g) be the complex obtained as the extension by
0 of the complex Ko[— dim 3(I)]|5;q- According to the proof of [Let,
Proposition 6.2.9], see also [Lus6, Section 8], we have an isomorphism

.F(KQ) — Ao.

Comparing (8.4) and (8.5) we see that for each ¢ € .Z[L, to] there exists a
unique pair i € Z[L, 1] such that F(K,) =2 IC(O;, &) up to some shift. In
particular, the map ~ : Z[L, o] — F[L, ¢¢] given by ¢+ 7 is a bijection. We
will need the following property of this bijection and its corollary.

LEMMA 9.6. Assume Z[L, 1) C Vg is a block containing precisely two
elements, that is, L is the Levi complement of a maximal parabolic subgroup
of G, then the bijection ~ is not the identity.

COROLLARY 9.7. (Lusztig, [Lus9, 5.5]) Under the bijection in (8.7) we
have the map v+ i corresponds to the natural bijection

E— E®sgn

where sgn € Irr(Wg(M)) is the sign representation.

9.8. Lemma 9.6 can be proved as a consequence of the validity of
Theorem 11.10 for a split Frobenius endomorphism F' just as in [Lus9,
7.7]. Note that the statement of Lemma 9.6 does not depend upon the
Fy-structure, so we may use any Frobenius to prove it. We will not use
Lemma 9.6 in any step toward the proof of Theorem 11.10 for split Frobenius
endomorphisms. However, we will use the validity of Lemma 9.6, more
specifically Corollary 9.7, to prove Theorem 11.10 for twisted Frobenius
endomorphisms. This is a fine needle to thread but the reader is free to
check that the logic is sound.

9.9. Reading carefully the rest of [Lus9, Section 5] one sees that the
entire discussion holds unchanged. One needs only note that the results
cited in [Lus6] are proved in [Let] under our weaker assumption that p is an
acceptable prime for G, see in particular [Let, 5.2.9, 5.2.10].
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§10. [F,-structures

From now on we assume that the orbit [L, ¢o] of (L, ¢p) is F-stable.
Furthermore, we assume that (L, ) € Wg is F-stable and that
the parabolic subgroup P is F-stable. Finally we assume chosen
an involutive automorphism ~: Q; — Q, which maps any root of
unity to its inverse.

Isomorphisms

10.1. 'We will now follow the path of [Lus9, Section 6]. However, unlike
[Lus9] we will not assume that F' is a split Frobenius endomorphism. We
will denote by g : F*&y — &y a fixed isomorphism chosen such that the
induced isomorphism (&), — (&). at the stalk of any element z € OF
has finite order. Recalling the notation from 7.4 we have the choice of
o naturally determines an isomorphism ¢g: F*Kg— Ky and hence a
corresponding automorphism ¢ : S (Kq) — H#(K) for any z € v and
i € Z, see [Tay2, 6.12]. Taking the contragredient of ¢y we obtain an
isomorphism ¢ : F*&) — &, which in turn induces isomorphisms ¢y :
F*KY — Ky and ¢ : F*KY — K. These in turn induce automorphisms
HAHKY) and HL(Y NN NE, KY) for any = ey andieZ.

10.2. The choice of parabolic subgroup P naturally determines a set of
Coxeter generators S of the relative Weyl group Wg (L), see [Bonl, Propo-
sition 1.12]. Furthermore, as both L and P are chosen to be F-stable we
have F' induces an automorphism Wg (L) — Wg (L) which stabilizes S. For
any irreducible Wg(L)-module E we denote by Er the Q,Wg(L)-module
obtained from E by twisting with F~!. Now the module E is F-stable
if and only if there exists an isomorphism E — Er of Q,Wg(L)-modules.
Furthermore, any choice of such an isomorphism naturally determines a
Q/Wg(L)-module structure on E where Wg (L) = Wg(L) x (F).

Let ¢ € Z[L, 1p]"" be an F-stable pair in the block then we wish to choose
an isomorphism ¢, : F*K, — K,. Recall that E, € Irr(Wg(L))? denotes the
corresponding simple module under (8.9). Following the construction in
[Tay?2, 6.13] we see that choosing an isomorphism ¢, is equivalent to choosing
an isomorphism 1, : E — Ep of Q;Wg(L)-modules. Thus we define ¢, by
requiring that the action of F'~!, through v,, makes E, Lusztig’s preferred
extension of E, as a Q,Wg (L)-module, see, [Lus4, 17.2].
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10.3. From the isomorphism (8.5) we recover the local system &, via
the isomorphism
y dim O, —dim 3(I) (KL> ‘O =y

Through this we see that ¢, determines an isomorphism F*&, — &, which is

of the form ¢"/2p, where

b, =—dim O, —dim j(I) + dim Y
(10.4) = (dim G —dim O,) — (dim L — dim Oy)

and ¢, : F*&, — &, is an isomorphism which induces an automorphism ¢, :
(&)z — (&) of finite order for any x € OF | see [Lus3, 24.2.4]. Note that b,
is not necessarily even, hence our discussion depends upon a choice for the
square root of g in Q. For this we implicitly assume chosen a fixed square
root p'/2 € @y of p and then set p®?2 = (p'/?)® for any integer a € Z. For
convenience we will also define the value

(10.5) a,=—dim O, — dim Z°(L)

for any « € L, o).

10.6. For w e Wg(L) we consider an F-stable Levi subgroup L,, =
gLg™!, where g € G is such that ¢7'F(g) =w™' € Ng(L) is a represen-
tative of w™! € Wg(L). Conjugating the cuspidal pair o we also obtain a
corresponding F-stable cuspidal pair (O, &) € ng where

0w =90y &= (Adg)"&.

We now obtain complexes Ky, Ky, and K, from (Ly,, Oy, &) just as Ky, K,
and K were obtained from (L, O, &). As in [Tay2, 6.9] using Lusztig’s
basis element 6, of End(&p), see, Proposition 8.2, we see that the fixed
isomorphism ¢ : F*&y — &y determines an isomorphism ¢, : F*&, — &,.
In turn, this induces isomorphisms

buw:  F Ky — Ky ) :F K, 5K ¢u: F Ky — Ky,

where ¢ is the contragredient of ¢,,, see [Tay2, 6.12].

REMARK 10.7. In light of Corollary 9.7 and 10.2 we would like to recall
the following property of Lusztig’s preferred extension as observed by Digne—
Lehrer—Michel in [DLM, Remark 3.6]. For any pair ¢ € .#[L, 1] there exists
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a unique sign €, € {£1} such that
Tr(wF, E;) = ¢, sgn(w)Tr(wF, E,)

for all w € Wg(L). Note that here we are using the characterization of the
map ¢+ ¢ given in Corollary 9.7.

Lusztig’s algorithm
10.8. We now define functions Y,, X,, X, : g’ — Qy by setting

Y.(y) = Tr(e., (6.)y)
X,(2) =) (-1)" Tr(¢,, H(K,))

1EZ
Xi(z) =Y (=1) Te(e; ", A (K.))

1€Z

if yc OF z ¢ aF and 0 otherwise. For any = € g we denote by Ag(z) the
component group Cg(z)/Cg(x) of the centralizer. With this notation we
have the following lemma.

LEMMA 10.9. Lety=wy1,...,Ym be a set of representatives for the orbits
of G acting on OF then the following orthogonality relations hold:

m

Y [Aa®): Aa(y) Yy Yo (vi) = [Ac(y)l6,,
i=1
> Yu(wa)Ye(yy) = [Ac ()16
VeVg
0,/=0,
Here 6./, and 6; ; denote the Kronecker delta.

Proof. Let y€ OF be a fixed class representative and denote by
H'(F, Ag(y)) the F-conjugacy classes of the component group. Then we
may realize the set of representatives {yi, ..., ym} as the set of y, = gyg~!
for every a € H'(F, Ag(y)), where g~ 'F(g) € Ca(y) is a representative
of a€ Ag(y). From the definition we see that Ag(y,)! is naturally
isomorphic to the F-centralizer Cag ) p(a) ={b€ Ag(y) | b aF(b) = a}.
Let us denote by x, € Irr(Ag(u)) the irreducible character corresponding
to the local system &,. Then y, is F-stable, as &, is F-stable, and we can
choose an extension X, to the semidirect product Ag(y) x (F'). According to
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[Sho3, 1.3] there exist an isomorphism v, : F*&, — &, and a scalar §, € @X
such that ¢, = £,4, and

Xo(aF) = Tr(¢y, (6)y,)

for all a € Ag(y). In fact, the isomorphism 1, induces a finite order
automorphism on the stalk (&,),. As ¢, also has this property we must
have " =1 for some m > 1, hence ¢, is a root of unity. In particular, we
have

Y. (4a) Yo (ya) = &6, ' Xu(aF) X (aF)
for all a € Ag(y) and so the result follows from the orthogonality relations
of cosets, see [DM1, II, Corollaire 2.10] and [Isa, 8.14]. [

10.10. The set of functions {Y, |+ € V&} forms a basis for the space
Centnil(gF ) of Ad G-invariant functions gF — Q; which are supported on
NF | see [Lus4, 24.2.7]. In particular, for any two pairs ¢, /' € Vg there exists
a scalar P, € Qg such that

X, = Z PL,7L}/L/'
L’GVg

By the definition of the functions X, and Y, we see that

1 ifd =,
(10.11) Py, = ) .

0 ifO, €O, orif O,=0, and 1 #
for any J/, 1 € Vg, see also [Lus3, 24.2.10, 24.2.11]. We now also define scalars
Ay € Qy by setting

)\L,L - )‘L’,L = Z Y;(y)Y;’(y)v
yeNF
which are integers by Lemma 10.9. Moreover, from the definition of the
functions Y, it is clear that we have
(10.12) A,=0 it Oy #0,.
10.13. For any w € Wg(L) let L, be as in 10.6 then for any //, . €

JI[L, 10)F we set w, s =wy, to be the term
G|

: 1
—dim G—(a,+ay)/2__ ~ I F,E)Tr(wF, E))———.
q E r(w s L) (w y Loy ) | ZO(Lw)F|

We (L) weWg(L)

Here Z°(L,,) denotes the connected center of L,, and F' is acting on E, via
the isomorphism 1, !, similarly for E,, see, 10.2. If either + or ./ are not
contained in the block #[L, 10| then we set w, ,» =0. Our definition of the
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term w, s is slightly different to that given in [Lus4, 24.3.4]. However, one
sees that these definitions are equivalent by [Lus4, 24.2.1]. With this we
have the following theorem of Lusztig.

THEOREM 10.14. (Lusztig, [Lus4, Theorem 24.4]) Let us denote by P,
A and Q the matrizes (Py,), (Av,) and (w,,) respectively. Then the entries

of the matrizes P and A are the unique solution to the system of equations
given by PAPT =Q, (10.11) and (10.12). Furthermore, we have:

(i) P, A and Q2 are nonsingular integer valued matrices;
(i) Py,=As,=0if,0€VE lie in different blocks.

10.15. Recall that on the character group X (T() of our chosen maximal
torus the Frobenius endomorphism factors as gr where 7 is a finite order
automorphism, see, Theorem 2.3. For any n > 1 the endomorphism ¢"7 of
X (Ty) lifts to a Frobenius endomorphism F’: G — G which determines an
Fyn-rational structure of G, see, Theorem 2.3. Replacing ¢ by ¢" in the
entries for P we see that we obtain the corresponding matrix for G, In
this way we may view the entries of P as polynomials in a single variable,
say q. We now denote by P* = (P:f ,) the rational valued matrix obtained
from P by evaluating q at ¢—'. This matrix is such that

(10.16) X.(y)= > P:Yu(y)
L’EVé
for all ¢ € VE and y e NT.
10.17. Let us denote by Q= (Q,.), K:(XL/,L) and ﬁz(@w) the

inverse matrices to P, A and 2 respectively, see, Theorem 10.14. It is clear
that we have

(10.18) QAQT =0
(1019) Y, = Z QL’,LXL’
LIEVg

for all + € Vg. Using the coset orthogonality relations for finite groups we
deduce that

. 1
5, — odim G+(a,+a,)/2
o We(D)]

|2° (L))"

(10.20) X Z Tr(wF, E,) Tr(wF, E,/) GF|

weWea (L)
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if 1, /' € (L, 1o]", see also [DLM, Lemma 5.1]. Clearly @, , =0 if ¢,/ € V§
are not contained in the same block.

From this point forward we assume that —ef €Y.

Formula for the Fourier transform of the GGGR
10.21. Let Ly, for some w € Wg (L) be as in 10.6 then by the argument
n [Lus4, 10.6, 25.6.3], see also [Tay2, 6.15] and [Lus9, 6.9], we have the
following equalities

(10.22)  Xkuow (V) = Xko0uooo (@) = D " Tr(wF, E)X,(y),
L€I[L,o]F

(1023) XKw,(b;l(y) = XK0,9w0¢51 (y) = Z q_bb T‘I‘(wFa EL)XL(y)v
€I [Lyo]¥

(10.24)  Xkp0%(U) = Xouwosy @) = Y. " Tr(wF, E)X,(y),
L€I[L,o]F

for any y € (Y N N)F".

10.25.  According to [Lus9, 6.10(a)] we have, by Grothendieck’s trace
formula, that

Y (=D Ty, HU(Y NN NS, KY)
1€EL

(10.26) = Y Y () (e, A(KL)).

ze(YNNVND)F i€Z
Using (7.14) we get
(10.27)  Tr(gy, He" (Y NN N8, KY)) = g0 Te(eyt, A7, (Ku))

where d,, is the integer in (iii) of Proposition 7.7. Now, combining (10.26)
and (10.27) we obtain

gho Y (1) Te(g,' A (Ku)) = Y D (1) Te(en, A (KL))

i€Z ze(YNNNX)F €L

and applying (10.23) and (10.24) to this equality we obtain

Yoo g 2X (e = ) > " PX(@)f

€I Lo ¥ 2€(YNNND)F €7 Lyl F
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where f, : Wg (L) — Qq is defined by f,(w) = Tr(wF, E,) for all w € Wg(L).
Note that the set of functions {f, |+ € Z[L,t9]"'} is linearly independent
hence we get

quObe/Q)Z*L(_eT) _ Z qu/2XL($).
ze(YNNND)F
Rewriting the X,’s in terms of the Y,’s and conjugating by ~ we have
(10.28)  gho™ X PiYu(=e)= >0 > PrYu(a).
veVE ze(YNNNE)F veVE
Note that P, and P, , are both rational and neither sum on the right hand
side depends on ¢.
Finally, as @Q is the inverse to P we have ZLGJ[L,LO}F Qo =0
(the Kronecker delta) by (10.11) for any // € V& and " € Z[L, 1o]*". Thus,
multiplying both sides of (10.28) by }_,c s, 7 Qv We obtain

(10.29) S Y@= S P QueYe(—eh),
ze(YNNND)F 1,0’ €I L) ¥

which holds for any " € #[L, 1o]¥. As is pointed out in [Lus9, 6.9] we
have used here the assumption that —e € Y but in fact this equality holds
regardless as both sides are zero when —ef ¢ Y.

10.30. By 10.10 we see there exist unique scalars a,, 3,, € Qp, for
L € Vg, such that

'F(FUNNF: Z au}/Ll: Z /BLlXLl'
Llevg Llevg

Our goal is to now try and determine these scalars. Multiplying F(IT',,) |z r
by the complex conjugate of Y,, and summing over N, then inverting the

matrix A, we get
oy = Z >\L2,L1 Z I‘U(ZU)}/LQ(CE)
t2€ S [LyolF zeNF

for any ¢ € Vg, see, 10.10. Applying Proposition 6.11 we may rewrite this
as

o= Y Raw Y d*Hg€ Gl Adg(@) € DY T, @)

12€I Lol ¥ zeNF

= un|G’ Z XLQ,M Z K2($)

t2€ S [LyolF zeNFND
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where 7, is as in Proposition 6.11. Now if Xu,u # 0 then we must have ¢q
and ¢ are in the same block but if this is the case then Y, (z) # 0 implies
x €Y. So the right most sum can be taken over (Y N A N £)¥. Thus, using
(10.29) we get

_ duy —b, 414y *
a, = |G| § qro u/\bz,blpu,LQb,mYL’(_eT)~
12,0t €I Lol ¥

Note that the scalars «a, and [, are related via the equation f,, =
ZLll €7 L] F Qwrl @, SO applying this to the above expression for oy we

obtain
dL _bL u Y
5L1 = |G| Z qo r P;,LK’(_QT) Z QL,LQ)‘LQ,L’IQL1,L’1
L' €I [Lyo]F U 2€ Lol ¥
d,y—b, u ~
=Gl > qMoTMp) @, Y (—eh)
1, €I Lo ¥

where in the second equality we have used (10.18). Finally, using (10.20) we
have the following.

PROPOSITION 10.31. We define Ty sp, 0 : NF — Qu to be the function
Z qf(lﬂ[/l);
! 01 €I [Lyo)F |WG(L)|

x Y Tr(wF, E)Tr(wF, E,,)|2°(L,)"| P} Yy (€)X,
’LUGWG(L)

where
fle, ) =dyy —b,+ 7y +dim G+ (a, + a,,)/2
= dim G — dim Z°(L) + (dim O, — dim O,, — dim O,,)/2.

Then we have

F)lwr= Y. Tusu

[L,.o]eWE

where the sum s taken over all F'-stable blocks.
8§11. A decomposition of I';,

11.1. By the definition of the bijection " :.Z[L, o] = #[L, ] and
[Let, 5.2.3] we see that for any ¢ € .#[L, 1] there exists a scalar ¢, € Q"
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such that
(11.2) f(XL)|NF :CLX[|NF.

For any function f:g" — Q; we will denote by f*:g!” — Q; the function
obtained as the extension by 0 of f|y+. With this in hand we have the
following lemma.

LEMMA 11.3.  There ezists a sign v e {£1} such that V(Xk,.¢) =
VUXKo,po» Where U is as in Lemma 6.5 and

F(XKoyp0) = g B GTam Z2@)/2y 2
) 0,%0
where v € @X is such that v = v, hence ¥* = 1. The constant v does not
depend upon the choice of isomorphism ¢¢ and we have y=v =1 if L is a
torus. Furthermore, assuming the conclusion of Lemma 9.6 holds then we
have

(11'4) F(XKO,QwO%) =7 Sgn<w)q(dim Gtdim ZO(L))/QX;(O,QM)OQSO

for any w € Wg(L).

Proof. All parts follow from the proof of [Let, 6.2.9] together with [Let,
4.4.6, 5.2.3, 5.2.8] and [Let, 6.2.8, 6.2.12, 6.2.15]. One only has to take
into consideration that our definitions of the Fourier and Deligne-Fourier
transforms are slightly different to those used in [Let], see, Remark 9.4. []

PrOPOSITION 11.5. Assume either that F' is split or that the conclusion
of Lemma 9.6 holds then there exists a fourth root of unity ¢ € @X such
that

¢, = £, q\im G—dim Z°(L)~dim Op+dim 0,)/2.

where €, is as in Remark 10.7. In particular, we have (7 = ¢ depends only
on the block & = J[L, 1] and not on v itself. Furthermore, if L is a torus
then 4y = 1.

Proof. We are going to use Lemma 11.3 to determine the scalar c,.
Applying F~1 o U, see, Lemma 6.5, to the equality (11.4) we have

(dim G—dim Z°(L))/

(116) ‘F(X*Ko,ew0¢0) = V/y_l Sgn(w)q 2XK0791UO¢0’

Now let us consider the restriction of the equality (11.6) to (Y N A)¥" then
applying (10.22) we obtain
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S P Tr(wE, E)F(X)()
L€I [Lyo]F
(1L7) =py gl GramZ W2 b2 sgn(w) Tr(wF, E,) X, (1),
t€I Lol ¥

for all we Wg(L) and ye (Y NAN)F. Using (11.2) and the change of
variable ¢ — ¢ this becomes

Z "2 Tr(wF, E,)e, X;(y)
L€I [Lyo]¥

(11.8) = py~lgltmGamZ L2y T b2 sn(w) Tr(wF, E;) Xi(y).
L€I Lol ¥

The set of functions {Xi|grpyr ¢ € F[L, 10)F'} is linearly independent.
Thus, using Remark 10.7 we get that

qbb/2 TT(U}F, EL)CL — gby,y—lq(bg-‘rdim G—dim ZO(L))/2 TI'('U}F, EL)

Both sides of this equation may be 0 as Tr(wF, E,) could be 0. However,
choosing a w € Wg(L) such that Tr(wF, E,) # 0 we deduce the result with
¢ =vy~!. Note that it is immediately clear from Lemma 11.3 that v =1 if
L is a torus.

Now assume F is split then F' acts trivially on Wg(L) and so it acts as
the identity on the representation E,. In this case we may take w =1 in the
above argument as we will have Tr(wF, E,) = dim(E,) # 0. When w =1 we
have the results of Lemma 11.3 hold without assuming Lemma 9.6 holds,
so the statement follows. [

11.9. We point out that Digne-Lehrer—Michel both stated and indicated
how to prove Proposition 11.5 in the proof of [DLM, Proposition 6.1]. We
now come to the following main result of this article, which is due to Lusztig
when p is large enough so that exp and log define inverse bijections between

N and U.

THEOREM 11.10. Let I'y #(1,.0] : gf" — Qy denote the function

/ 1
C:“%L ] > e G —
1,0/ L1 €S Lo F We(L)|

x Y Tr(wF, E,)Tr(wF, E;,)|2°(L) | P Y (—ehe, X,
weWa (L)
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where

f(t,01) = f(t,01) = (dim G — dim Z°(L) — dim O,, + dim O,,)/2
= (dim G — dim Z°(L) + dim O, — dim O,, — dim O,,) /2.

Then we have

(11.11) T, = Z T s (Lso]s
[L,Lo}EWg

where the sum is taken over all F'-stable blocks.

Proof. 1f F is split then this is proved in exactly the same way as [Lus9,
Theorem 7.3]. Once the theorem is deduced when F' is split we may prove
Lemma 9.6 as in [Lus9, Theorem 7.7]. Finally, now that Lemma 9.6 is proved
we have Proposition 11.5 holds so we may again apply the proof in [Lus9,
Theorem 7.3] to deduce the theorem when F' is twisted. []

11.12. We now wish to transfer Theorem 11.10 to a statement about the
GGGR T',. Let V& denote the set of pairs (O, &) consisting of a unipotent
conjugacy class of G and an irreducible local system on O. It is easy to
see that the Springer isomorphism induces a bijection V&ﬂ — V&m given
by (0, &) = (¢p5(0), ¢5&). Assume now that A€ ZN is an F-stable
complex and let v : F*A — A be an isomorphism. We then have ¢7,, A € 27U

is a complex and ¢? v defines an isomorphism

*
spr
F*¢:prA = ¢;er*A - gb:prA

because F' and ¢sp, commute. This has the following effect at the level of
characteristic functions

X¢;prA7¢:pr'Y = XA/Y 0 ¢spr-

Applying this to the functions X, and Y, we may easily translate the
statement in Theorem 11.10 to the following statement about I',. For
ease, we simply write X, for the unipotently supported class function
corresponding to the nilpotently supported function.

THEOREM 11.13. Recall that G s any connected reductive algebraic
group with Frobenius endomorphism F : G — G and p is an acceptable prime
for G. Let 'y s : G — Qg denote the function
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/ 1
C{}l Z qf () -
1, 11 €F Lol F [We(L)|
<Y TE BYTF, By)|Z (L) P Vo )en X,
weWea (L)

where f'(1,11) is as in Theorem 11.10 and u* = ¢spr(—el). Then
Fu = Z Fu,ﬂa
S

where the sum s taken over all F'-stable blocks.

11.14. In [Lus9] Lusztig slightly modified the GGGRs to obtain a new
basis for the space Centy,i(GT') of unipotently supported class functions,
which tends to be more convenient than the GGGRs themselves. This is
done as follows. Let O CU be an F-stable unipotent conjugacy class of
G then we denote by {ui,...,u,} COF a set of representatives for the

GF_classes contained in OF. We then define
T

(11.15) T =Y [Aa(uwi) : A (i) 1Yo (i) T,
=1

for any (* € V‘éni with O, = O. We now get the following expression for I';».
LEMMA 11.16. Recall the assumptions of Theorem 11.13. Let & C V&ni

be the block containing ¢* then we have

_ am A u
bem g sl

e (W (L)
x Y Tr(wF, E,) Tr(wF, E;,)|2°(Ly)"| P e, X,
weWga (L)

where f'(1,11) is as in Theorem 11.10 and u € O,«.

Proof. Using Theorem 11.13 and the definition of I',» we see this follows
from Proposition 5.3, the definition of the functions Y, and the orthogonality
relations given in Lemma 10.9. [

8§12. Weyl groups and unipotent classes

We now drop the assumptions introduced from Section 5 onwards.
From this point forward, unless stated otherwise, we simply
assume that p is a good prime for G.
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12.1. We will denote by S(T) the set of (isomorphism classes of) tame
local systems on Ty. Assume that £ € S(Ty) is such a local system then
we denote by Wg (%) the quotient group Ng(Ty,-Z)/ Ty where

Ng(To,.%) = {z € Na(To) | (Inn 2)*(.£) = .Z}.

For any root a € ® we denote by s, € W (Ty) the reflection of o in the
natural action of Wg(Ty) on X (Ty) ®z R. Following [Lus4, 2.3] we set

Py ={acd|s, € Wa(X)}.

This is a root system, which is not necessarily additively closed in ®, and
W& (L) = (sa | @ € ®g) is the corresponding reflection group. In fact, this
is a large normal subgroup of Wg(.Z'), which can of course be the whole of
Wa(Z). Setting @1, = @4 N @' we get a system of positive roots for ®
which determines a corresponding set of Coxeter generators T & for W& (.Z).
Denoting by Ag (%) the group {w € Wg (%) | wTgw™! = T¢} we obtain
a semidirect product decomposition Wg(.Z) = W& (Z) x Ag(.Z). Let us
now set W =Wg(To), H=Wg(Z), H° =W&(Z) and Q= Ag(.Z) then
following [Lus4, 16.3] we make the following definition.

DEFINITION 12.2. A subset € C H is called a two-sided cell if there
exists a two-sided cell €° C H®, defined as in [Lus2, Section 5.1], such that
¢ =QeeQ.

12.8. The two-sided cells of H are naturally in bijection with the -
orbits of the two-sided cells of H°. In particular, we have H is a disjoint
union of its two-sided cells. Using the leading coefficients of representations
of the corresponding extended Hecke algebra Lusztig associates to each
two-sided cell € C H a subset of irreducible representations Irr(H | €) of
H, see [Lus9, 10.4]. We will call these subsets families. In each family he
identifies a unique irreducible representation E¢ € Irr(H | €), called a special
representation, which has the following property. Let {€3,..., &>} be the
Q-orbit of two-sided cells of H® corresponding to € then

(12.4) Resifo(Ee) = Ees + - - - + Eee,

where Ego € Irr(H®) is the unique special representation corresponding to
¢?, in the sense of [Lus2, (4.1.9)].

12.5. Let us denote by sgn the sign representation of W and also its
restriction to any subgroup of W. Now, given any two-sided cell € of H we
denote by ¢ the unique two-sided cell of H satisfying the condition:
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e For any representation E € Irr(H | €) we have E ® sgn € Irr(H | €T).

The map ¢ — €' defines a permutation on the set of two-sided cells of H.

12.6. Let V be the natural module for W then for each representation
E € Irr(H®) we denote by bg the minimal ¢ € Z such that E occurs in the ith
symmetric power S*(U), where U = V/Fixgo(V) and Fixge(V)={ve V|
h-v=wfor all h € H}. Note that taking H° = W in this definition we again
obtain an integer bg for every E € Irr(W). With this in hand we have the
Lusztig-Macdonald—Spaltenstein induction map jW : Irr(H°) — Cent(W),
which is defined in the following way. Let E € Irr(H®) be an irreducible
representation then we set

E = Y (md(E), B)E.
E'elrr(W)
bp=bg

12.7.  According to [Lusl0, 1.3] we have for each two-sided cell €° C
H° that the j-induced representation jiv (Ege) is irreducible. Furthermore,
by [Lusl0, 1.5(a)] we see that ji.(Ego) corresponds under the Springer
correspondence to some E, € Irr(W) with « = (0, Q) € #[Ty, Q] C V.
We denote by Opo ¢o the unipotent class O. Now assume € C H is a two-
sided cell of H and ¢° C H° is a two-sided cell such that € = Q€°) then we
denote by O ¢ the class Opo go; recall that H = Wg(.Z). As in [Lus9] we
have defined a map

(12.8) {two-sided cells of H} — {unipotent conjugacy classes of G}
‘ C— 0O Z.¢-

Note that, by (12.4), we see that this map is well defined as O ¢ ¢ does not
depend upon the choice of two-sided cell €° C H® satisfying € = Q€°€.

We now assume that (G*, T§, F*) is a fixed triple dual to
(G7 TOv F)

12.9. As in [Bon2, 18.A] we may choose an isomorphism T = S(T))
which respects the actions of Wg(To), Wax(Tj), F' and F*. Recall that
duality induces an anti-isomorphism *: Wg(To) = Wa+(T§). Now if £ €
S(Ty) corresponds to s € T§ under our chosen isomorphism then we have
Wa (L) =Weax(s) and W& (L) = Wg.(s) where

Wa-(s) = Na+ (TG, 5)/Ty  and - Wg.(s) = Neg,, (5)(T5)/ T
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This anti-isomorphism also gives an identification of the 2-sided cells of these
groups. In particular, if € C Wg+(s) is a 2-sided cell we denote by O ¢ the
class O g p, where ® C W (Z) is the unique 2-sided cell such that ©* = €.
We thus get a map

{two-sided cells of Wg+(s)} — {unipotent conjugacy classes of G}
¢ Os,@-

If Z(G) is connected then Cg+(s) is connected and this map coincides with
the map defined in [Lus2, Section 13.3].

§13. Unipotent supports for character sheaves

13.1. For any local system . € §(T() Lusztig has defined in [Lus4,
2.10] a set of (isomorphism classes of) perverse sheaves G on G. The
definition of this set depends only on the Wg(Ty)-orbit of .. With this we

have
a- || &

£€S8(To)/Wa(To)
is the set of character sheaves of G, where the union is over the W (Ty)-
orbits of tame local systems on Ty. The set G o is then further partitioned
into families R R

Gy = |_| Gye
CCWg(2)

where the union runs over all the two-sided cells of Wg(.Z), see [Lus4,
Corollary 16.7].

DEFINITION 13.2. For any conjugacy class C of G, let Cyn; be the set
of all unipotent elements occurring in the Jordan decomposition of some
element in C; it is a unipotent conjugacy class of G. If A€ G 7 is a
character sheaf then we say O € U/G is a unipotent support of A if following
properties hold:

(i) For any conjugacy class C of G we have A|c # 0 implies that either
dim Cypi < dim O or Cypi = O.

(ii) There exist a conjugacy class C of G and a character sheaf A’ € G X
such that Cyni = O and A’|¢ # 0.

18.3. 1t is clear that every character sheaf has a unipotent support.
What we would like to now show is that every character sheaf has a unique
unipotent support. Before doing so we recall the following result of Shoji.
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THEOREM 13.4. (Shoji, [Sho2, Theorem 4.2]) Assume that p is good for
G and that Z(G) is connected then the results of [Lus8] are true without
restriction on q.

13.5. We will denote by ¢o(G) > 1 a constant, as in [Lus8], such that
if ¢ > qo(G) the results of [Lus8] are true. By Theorem 13.4 we may set
q0(G) =1 if Z(G) is connected. Now, combining Theorem 11.10 with a
careful reading of the remaining parts of [Lus9] we see that the following is
true.

COROLLARY 13.6. Assume that p is an acceptable prime for G and q >
q0(G), recall that this means no assumption on q if Z(G) is connected. Then
after replacing log and exp by ¢spr and qbs_plr we see that all the results of
[Lus9, Sections 8-11] are true in our more general situation.

13.7. With this in hand we may prove the following theorem, which is
due to Lusztig assuming that p is sufficiently large and Aubert in certain
special cases when p is good, see [Lus9] and [Aub].

THEOREM 13.8. Assume p is a good prime for G then every character
sheaf A € G has a unique unipotent support denoted by O 4. Furthermore,
if A is contained in the family G ¢ then Oy = Oy .

13.9. Our strategy for proving Theorem 13.8 will be to reduce the
problem to the case where G is simple and simply connected. If G is not of
type A, then any good prime is an acceptable prime for G. In particular,
by Corollary 13.6 we have Theorem 13.8 follows from [Lus9, Theorem 10.7]
in this case. However, if G is of type A, then we require special arguments
to obtain Theorem 13.8. Our idea for this case is to characterize whether a
character sheaf vanishes at a conjugacy class in terms of combinatorial data
which is, in a suitable sense, independent of p. We then use the validity of
the result in the case where p is large to deduce the case for a general prime.

ProrosiTION 13.10. Assume G is simple and simply connected of type
A, then Theorem 13.8 holds for G.

Proof. For any element z € Z(G) let t, : G — G be the morphism given
by t.(g) =zg. Now given any character sheaf A € G ¢ there exist an
clement z € Z(G) and a character sheaf A’ € G .¢ such that A=1tfA" and
supp(A’) CU, see [Lus4, Section 17.17], the proof of [Lus4, Proposition 18.5]
and [Lusb, 2.9]. In particular, we have

Ale=4.c
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for any conjugacy class C C G. Clearly if Al|c#0 then we must have
C = 27 'Cypi. From this we see that a unipotent conjugacy class is a unipotent
support of A’ if and only if it is a unipotent support of A. Thus we may and
will assume that A is such that supp(A) CU.

Now, there exist a parabolic subgroup Q < G and Levi complement
M < Q such that M supports a cuspidal character sheaf Ay € M and A is a
summand of the induced complex indlc\;,ICQ(Ao), see [Lus4, Theorem 4.4(a)].
Replacing A by an isomorphic character sheaf we may assume that M < Q
are standard in the sense that To < Bg < Q and Tg < M. Furthermore,
we must have that Ag € M ¢ and supp(Ap) CUNM, see [Lus4, Proposi-
tion 4.8(b)] and [Lus5, 2.9]. In fact, we have

(13.11) A =1C(0gZ° (M), & K F)[dim Op + dim Z°(M)]

where 1y = (O, &) € Vi is a cuspidal pair and .F € §(Z°(M)) is a tame
local system.

Replacing .# by Q, in (13.11) we obtain a new cuspidal unipotently
supported character sheaf which we denote by A;. According to [Lus5,
2.4] there is a canonical parameterization of the simple summands of
indf}ng(Ao), respectively, indf}ng(Al), by the set of simple modules of
Q:Wa (M, .F), respectively, Q,Wg (M). Note these groups are defined using
the obvious generalization of the construction in 12.1. Let us assume A = Ap,
is parameterized by F € Irr(Wg (M, .%#)) then according to [Lusb, 2.4] we
have

(13.12) Aplu= @ (Kilu)®m=.
€S M, u0]

Here E, € Irr(Wg(M)) is the simple module corresponding to ¢ under the
generalized Springer correspondence, K, is the summand of indlc\;,[CQ(Al)
parameterized by E, and mpg, = <Ind%2§ﬁ?§> (E), E,). The K, described
here are the group analogues of the perverse sheaves described in 8.3.

Let us denote by G’ a simple simply connected algebraic group again of
type A,, the same n, defined over an algebraic closure of the finite field
F,y where p’ >n and p' # ¢, that is, p’ is a very good prime for G’. We
fix a maximal torus and Borel subgroup T({ < Bj < G’ then we assume
M’ < Q' < G’ are the standard parabolic subgroup and Levi complement
naturally in correspondence with M < Q, that is, they are determined by
the same set of simple roots. Note that by Lemma 6.3, Corollary 13.6 and
[Lus9, Theorem 10.7] we have Theorem 13.8 holds for G'.
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Recall from [LS2, Section 5] that the component group Z(M) =
Z(M)/Z°(M) of the center of M acts on the local system & by a faithful
irreducible character ¢ € Irr(Z(M)). By this we mean that Z(M) acts on
each stalk of the local system by multiplication with ¢. This irreducible
character characterizes the cuspidal pair on M. The component group
Z(M') is isomorphic to Z(M) and fixing an isomorphism we may identify
the sets of irreducible characters Irr(Z(M)) and Irr(Z(M’)). We denote by
¢’ € Irr(Z(M)) the faithful irreducible character corresponding to ¢ in this
way.

As for M we see that M’ then admits a cuspidal pair ¢, = (0}, &) €

Wil such that Z(M') acts on & by the irreducible character ¢'. Let
m € Zx1 be the minimum integer such that .#®™ = Q, then choosing p’ > m,
as well as maintaining our previous assumptions, we can find a tame local
system #' € §(Z°(M')) so that we have Wg(M, %) = Wg (M, %’). Using
this data in (13.11) we thus obtain a cuspidal character sheaf A{ € M.
The relative Weyl groups Wg(M) and Wq (M) are isomorphic so choosing
an isomorphism we may identify the sets of irreducible characters. Assume
E' € Irr(Wg(M')) corresponds to E € Irr(Wg(M)) in this way then we have
a corresponding summand Ag of the induced complex indﬁ,cQ,(A()). Note

that, as above, we may assume Aj € (A;g,,@ where £’ € S(T}) is a tame
local system such that Wg (T, %) = Wa (T), ') and the two-sided cell
¢’ is identified with €.

We are now in a position to prove the proposition. We will identify the
unipotent classes of G and G’ in the obvious way. Let O4 be a unipotent
conjugacy class such that Ag| N #0 and O4 has maximal dimension
amongst all classes with this property. By (13.12), we see that any such
class is obtained as a class O, where ¢ € .#[M, 1] satisfies the property

mg,y #0=dim O, <dim O,.

In particular, we see that the restriction of this character sheaf to Oy is
characterized in terms of data which is, in a suitable sense, independent of p.
Now applying this argument in G’ we see that A E"@x #0. As Theorem 13.8
holds in G’ we can deduce that either dim @A <dim Og ¢ or (5A =0g¢.

To finish the argument it remains to find a character sheaf in G ¢
whose restriction to O¢ ¢ is nonzero. In the proof of [Lus9, Theorem 10.7]
Lusztig constructs such a character sheaf for G’ which is obtained as above
with M/ =T, and «{, = ({1}, Q). This part of the generalized Springer
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correspondence exists in all characteristics. Thus, applying the same style
of argument as before we see that such a character sheaf exists in G ¢. [

Proof of Theorem 13.8. We will now consider a series of reduction
arguments as in [Lus4, Section 17]. Let 7: G -+ G = G/Z°(G) and 0 : G —
G /Gger be the canonical quotient maps. We will denote by Ty the image
of Ty by 7. Recall that any local system . € S(Ty) is of the form .7 ® &
where .7 is the inverse image under 7 of a local system .#’ € S(Ty) and &
is the inverse image under o of a local system &) € S(G/Gger). Note that
here we consider & as a local system on Ty by restriction.

Assume A€ G is conﬁained in the series ég then A may be written

as 7™ (A) ® & with A € Gg/. Note that 7 induces a natural isomorphism
Wa(To, £) - Wg(To, #'), in particular we may identify the two-sided
cells of these groups. In this way we see that A € G¢ ¢ if and only if A €

é{gzlyg. From this description it is clear that we have

Ale #0 & Alze) #0

for any conjugacy class C of G. In particular, we may clearly assume that
G is semisimple.

If G is semisimple then there exists a simply connected cover 7 : Gy — G,
which we assume fixed. Let Ty < Gg be the unique maximal torus
satisfying m(Ts.) = To. Moreover, assume A € (/ig then we set £’ € §(Tsc)
to be the inverse image of .Z under 7. Note that, identifying Wg(Ty) and
Wa,.(Tse) under the natural isomorphism we have Wg(Z) = Wg_(Z")

~

and Wg(Z) C Wa, (£'). Furthermore, for any character sheaf A € Gy ¢
we have A=A, ® - - ® A, is a direct sum of character sheaves with
A; e GSC, o ¢ where € C Wg_ (£’) is the unique two-sided cell containing
€. From this it is clear that we may assume G is simply connected.
Finally assume G is simply connected then by [Lus4, Section 17.11] we
may assume that G is simple and simply connected. The result now follows
from Proposition 13.10 and the remarks in 13.9. [

8§14. Wave front sets for irreducible characters

Families of irreducible characters

14.1. Recall that a family of character sheaves G ¢ contains an F-
stable character sheaf if and only if the Wg (Tp)-orbit of (£, €) is F-stable.
Assume this is the case then as in [Lus9, 11.1] we define a corresponding set
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of irreducible characters
E(G,2,€) = {pe1m(G) | (xa4, ) #0
for some A € égp@ with supp(A4) = G} .

Clearly this definition is independent of the choice of isomorphism F*A — A.
We now wish to consider the relationship between this set and the usual
notion of a Lusztig series.

14.2. Assume (T,.%) is a pair consisting of an F-stable maximal torus
T < G and a tame F-stable local system . € S(T)¥. To this pair we have
a corresponding F-stable complex KT‘(/ € 2G defined as in [Shol, I, 1.7];
this is simply the complex obtained by inducing .Z to G. There is a unique
isomorphism ¢ : F*Z — ¢ such that the induced isomorphism over the
stalk of the identity is the identity. Let x ¢ be the resulting characteristic
function then we have x (1) is a positive integer. With this we have a
bijection

S(T)F — Irr(TF)

14.3
( ) L — Xz

The isomorphism ¢ chosen above naturally induces an isomorphism ¢ :
F *K%ﬂ — K;_’l? . We will denote by x KZ the resulting characteristic function
determined by ¢. By [Shol, I, Corollary 2.3] we then have

(14.4) Xz = (D) TRE (x2),

where R% (x.#) is the corresponding Deligne-Lusztig virtual character, as
defined in [DL].

14.5. Now assume the series G ¢ contains an F-stable character sheaf
then the Wg(Ty)-orbit of (£, €) is F-stable and so the set

Za (%) = {n e Ng(To) | (Inn n)*F*.& = £} /Ty C We(To)

is nonempty. It is easy to see that Zg (%) is a coset of Wg(Z) < Wg(Ty)
and hence is a union of cosets of W& () in Wg(Ty). Now for any element
r € Wa(Ty) we assume fixed a representative & € Ng(Tp) of z and an
element g, € G such that g, ' F(g,) = F(i). Moreover we denote by T, the
F-stable maximal torus g, Tog;'. An easy calculation shows that the local
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system %, := (Inn g; 1)*.¥ € S(T,) is F-stable if and only if z € Zg(%).
Hence, if z € Zg(£) then the pair (T,,.%;) gives rise to an F-stable
complex K;f:ﬂf as in 14.2.

By [Lus2, Lemma 1.9(i)] every coset of W& (%) in Zg(.Z) contains a
unique element which stabilizes the set <I>ji; of positive roots, see, 12.1.
We assume that w; € Zg(-%) is chosen to have this property. Now, if
Ae égp@ is an F-stable character sheaf such that supp(A) =G then, up

to isomorphism, we must have A is a constituent of the complex K}il:ll, see,
[Lusb, 2.9] and [Lus4, 10.5]. Using the conjugation isomorphism Inn g, we
may identify A with a summand of the Fw;-stable complex K;I?; where Fw;
denotes the Frobenius endomorphism F o Inn w; of G.

The endomorphism algebra End(K. ;ﬁ ) is isomorphic to the group algebra
QiWg(Z) and so A is indexed by an irreducible representation E €
Irr(Wg (£))F®1. If we choose an extension E of E to the semidirect product
Wa(Z) x (Fwy) then this determines an isomorphism ¢4 : (Fw;)*A — A,
see, [Tay2, 6.13]. In [Tay2, 6.15], see also [Lus4, 10.6], we have defined for
any w € Wg (%) an isomorphism ¢y, : (Fw;)*.%, — %, from the canonical
choice of isomorphism ¢ : (Fw;)*.¥ — % made in 14.2. By [Bonl, Corol-
lary 6.9] we see that ¢, is again the canonical isomorphism considered
in 14.2. Thus, [Lus4, 10.4.5, 10.6.1] and [Shol, I, 5.17.1] together with (14.4)

show that
(14.6)
. 1 ~
—1)dimTo =——— >  Tr(Fww, E)RF :
R e 2] (Fro1t0, By (X 0)

’wEWG(ff)

If Z(G) is connected then Wg (Z) is a Weyl group and we may assume that
the extension E is defined over Q, see, [Lus2, 3.2]. In this case the function
in (14.6) is nothing other than the almost character defined by Lusztig in
[Lus2, 3.7.1].

14.7. Recall the dual triple (G*, T, F™*) fixed in Section 12 and assume
that s € T§ corresponds to .Z € S(Ty) under the isomorphism in 12.9. As
the Wg(Tp)-orbit of (Z, €) is F-stable we must have the Wgx(Tf)-orbit
of (s, €*) is F*-stable. Under the anti-isomorphism *: Wg (%) — Wa+(s),
see, 12.9, the set Zg (%) is identified with

Zg+(s) ={n € Na-(T5) | "F*(s) = s}/ T € Wa-(Tp)

and the automorphism Fw; is identified with the automorphism (wjF*)~1.
In particular, identifying w; with w7} this gives us an identification of
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the semidirect product Wg (£) x (Fw;) with Wg«(s) x (w1 F*). Following

(14.6) we define for any extension E of E € Irr(Wg-+(s))“*" a class function

~ 1 ~
R% (B, 8) = ——— Z Tr(ww, F*, E)R%*ﬂ (s)
[Wa-(s)] '
wEWgx(s)
where T7, ,, is a torus dual to Ty,4. Furthermore we define a set

£(G, s, €) = {p € In(G) | (RS (B, 5), p) #0
for some F € Irr(Wg+(s) | Q)wlF*}

where the extension E is chosen arbitrarily.

Now, as the G*-conjugacy class of s is F**-stable we have the correspond-
ing geometric Lusztig series £(G, s) is defined, see [Bon2, 11.A]. From the
definitions and (14.6) we see that if ® C Wg(.%) is the unique two-sided
cell such that ®* = € then we have

G, Z,D)=E(G,s,€) CEG,s).
We now claim, as in [Lus9, 11.1], that we have a partition

5(G73): |_| 5(G,S,€)= |_| 5(G7$7€)7
CCWax(s) CCWa(£)

where the first, respectively, second, union is taken over all F*-stable,
respectively, F-stable, two-sided cells. If Z(QG) is connected then this follows
from the disjointness theorem of Lusztig, see, [Lus2, 6.17], together with
the remarks at the end of 14.5. In particular, the sets £(G,.%Z, €) are
nothing other than the families of characters considered in [Lus2], see, [Lus2,
Theorem 5.25].

Let us now deal with the case where Z(G) is disconnected. Denote by
Ag~(s) the image of Ag(-Z) under the anti-isomorphism *, see, 12.1, then
we have Wax(s) = W&« (s) x Ag+(s). For each a € Ag+(s) we then define a
function

R%(*) (E, s, a)= O; Z Tr(wawy F*, fEV')R%U (s
(W& (5)] weWg, (s) !
with E as above. It is then clear that we have
1

RE(F ) =~ S RG.(B.s.a)
’ ‘AG* (S)’ a€Agx (s) ’
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Now assume ¢ : G — G is a regular embedding, as in [Lus7, Section 7], with

: G* — G* an induced surjective morphism between dual groups. Let T*
be the preimage of T{ under .* then this is a maximal torus of G*. As
in [DM2, 2.3] we Choose an element s € 'i‘}; such that Zg, (5) = Wg. (s)un
Using the results in [DM2 Sections 2 and 5] we see that we may realize
the functions RT* (E, s,a) as the restriction of functions R (E sz) for

some z € Ker(¢*); see [DM2, 2.5, 2.7]. In particular, if € is of the form
Ag+(5)€° Agx(s) with €° C Wa.(s) a two-sided cell then one may verify
that we have

£(G, s,€) = {p e Trr(G) | (Res&(p), p) # 0 for some € £(G, 3, €°)},

where we identify Wg., (5) with Wg.(s). We will not go into more details
here but instead refer the reader to [DM2, Sections 2 and 5] and [Bon2,
Chapitre 3].

Wave front sets

DEFINITION 14.8. Assume p € Irr(G) is an irreducible character of G
and O is an F-stable unipotent conjugacy class of G. We say O is a wave
front set for pif (I'y, p) # 0 for some u € OF and O has maximal dimension
amongst all unipotent classes with this property.

14.9. The following result was conjectured to hold by Kawanaka
in [Kaw2, Conjecture 3.3.3]. In [Lus9, Theorem 11.2] Lusztig proved
Kawanaka’s conjecture under the assumption that p and ¢ are sufficiently
large. Here we give the general case where p is a good prime, thus completing
the proof of Kawanaka’s conjecture. Note that our proof uses in an essential
way the ideas and techniques used by Lusztig in [Lus9, Theorem 11.2].

THEOREM 14.10. Assume p is a good prime for G then every irreducible
character p € Irr(G) has a unique wave front set denoted by O5. Further-
more, if p is contained in the series E(G, s, €) then O) = O ¢+, see, 12.9.

14.11. Before proving the theorem we will consider the following two
reduction steps, which are similar to those used in [Gecl]. Note that
the second reduction is only required because Theorem 11.13 does not
necessarily hold in good characteristic when Z(G) is connected. In the
following lemmas we will implicitly assume that p is a good prime and
the following fact. Assume ¢: G — H is an isotypic morphism between
connected reductive algebraic groups. In other words, the image of ¢
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contains the derived subgroup of H and the kernel is contained in the center
of G. Then ¢ induces a bijection between the unipotent conjugacy classes
of G and H (see for instance [Car2, Proposition 5.1.1]).

LEMMA 14.12. Assume G < G is a regular embedding into a group with
connected center then Theorem 14.10 holds for G if and only if it holds for
G. Moreover, if Theorem 14.10 holds, then for any irreducible characters

pelrr(G) and p € Irr(G) satisfying (Res&(p), p) # 0 we have 05 =0;.

Proof. Let u € G be a unipotent element then by the definition of the
GGGR it is clear to see that we have

r¢ = mag(rs)
and all GGGRs of G are obtained in this way. Assume p € Irr(é) is an

irreducible character then according to [Lus7, Proposition 5.1] we have

Resg(p) =p1+ -+ p, for some pairwise distinct irreducible characters
pi € Irr(G). In particular, by Frobenius reciprocity we have

T

=1

As the right hand side is a sum of nonnegative integers we have (Fg . ) a7
0 if and only if (TG, p;)g #0 for some i€ {1,... ,TL This proves that

Theorem 14.10 holds in G if and only if it holds in G by the discussion
in 14.7 and the definition of the class (937@. The last statement is clear. []

LEMMA 14.13. Assume G has a connected center and let 7 : G — G be a
surjective isotypic morphism defined over F, such that: Ker(m) is connected,
Z((N}) 18 connected and the derived subgroup ofé 18 stmply connected. Then
Theorem 14.10 holds for G if it holds for G.

Proof. Note that the map 7 descends to a surjective map 7 : G — G of F-
fixed points as the kernel of 7 is connected. We denote by Infé : Cent(G) —

Cent(é) the inflation map given by Infg( f) = fom. As this map induces
an isometry onto its image we have

(TS, )6 = (fSGTS), nfS(x)) g

for all unipotent elements u € G and irreducible characters x € Irr(G). Let
us identify u € G with the unique unipotent element in the preimage 71 (u).

Then we want to show that the inflation Inf&(I'¢) is a summand of Fué.
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Recall the notation of Definition 5.14 then we may identify the subgroup
U(A, 1) < G with the corresponding subgroup of G. Denoting by U(A, 1) <

G the subgroup U(A,DKer(w)F (a direct product) we have the GGGR
corresponding to u in G is given by

~ ~ _ g UN1)y ~
Iy =Indgy 1)(Pu) = (Indg(,\,n ° IndUEA,B)(@“)'

There is a unique irreducible constituent of IndgE:\\B(@L) whose kernel
contains Ker(r)¥ and inducing this to G we obtain the inflation Inf$(I'¢)

as a summand of T'¢. In particular, this shows that we have
(T, x)e = (T, InfG (X)) g

as Infg(l“f ) contains all the irreducible constituents of Fué with Ker(m)!" in
their kernel. From this the result follows immediately. [

Proof of Theorem 14.10. Let us assume that G is GL,(K) or that Z(G)
is connected and the derived subgroup Gger is simple not of type A. In
this situation both Theorem 11.13 and the results of [Lus8] are available
to us (assuming that p is a good prime) and the theorem can be proved
in exactly the same way as [Lus9, Theorem 11.2]. We will not repeat the
argument here.

Assume now that G is simple and simply connected then we may choose
a regular embedding G — G such that G is GL,(K) if G is of type A,_1.
By the previous case and Lemma 14.12 we see the theorem holds for G.

Now assume G is semisimple and simply connected then we may write
G as a direct product G x - .. x G where each G is a direct product
of simple groups permuted transitively by F'. Clearly if the result holds for
each G then it holds for G so we may assume that G = G = Gy x - - - x
G, where each G; is a simple group. However, in this situation we have
GT = GI" so the result follows from the previous case. Thus the theorem
holds for semisimple simply connected groups.

Assume now that G has a connected center and simply connected derived
subgroup Gger- Applying Lemma 14.12 and the previous case to the natural
regular embedding Gge; — G we get that the theorem holds for G.

Finally, assume G is any group with a connected center then we may find
a surjective morphism G — G asin Lemma 14.13, see, [Lus2, Section 8.8]. In
particular, the theorem holds for G by Lemma 14.13 and the previous case.
Finally, assume G is arbitrary then choosing a regular embedding G — G
we deduce the theorem from Lemma 14.12 and the previous case. 0
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14.14. Recall that if p is a good prime for G then Geck, using Lusztig’s
result [Lus9, Theorem 11.2], has shown that every irreducible character
p € Irr(G) has a unique unipotent support O,; see [Gecl, Theorem 1.4]. For
any irreducible character p € Irr(G) we will denote by p* € Irr(G) the dual
character =D¢(p), where Dg(p) is the Alvis—Curtis dual of p. We then have
the following relationship between unipotent supports and wave front sets
which appears as [Lus9, Theorem 11.2] in large characteristic.

LEMMA 14.15. Assume p is a good prime for G then for any irreducible
character p € Irr(G) we have Opr = O5.

Proof. We first assume that Z(G) is connected. Assume p is contained in
the series £(G, s, €) then by the proof of [Lus2, (8.5.12)] we have the dual
character p* is contained in the series £(G, s, (’:T). In particular, we have
Op = Oy ¢t by [Gecl, Section 5.4] so the result follows in this case from
Theorem 14.10.

Now assume Z(G) is disconnected and let G — G be a regular embed-
ding. If p € Irr(G) is an irreducible character then choose an irreducible
character p € Irr(G) such that p is a constituent of Res&(p); we then have
p* is a constituent of Res&(p*) by [Tay1, Corollary 5.3]. Now from the proof
of [Gecl, Lemma 5.1] and Lemma 14.12 we see that O+ = Oz and O}, = 03.
Hence the result follows from the previous case.

815. Closing remarks

15.1. In this final section we gather two important results from the
literature concerning GGGRs. These results were proved assuming that the
results of [Lus9] hold. It is our purpose to show that these results now hold
assuming only that p is a good prime. We have chosen these results as they
are relevant for [Gec3, Conjecture 2.1], which is a geometric refinement of
[GH, Conjecture 3.4] concerning the unitriangularity of the decomposition
matrix; see [Gec3, Remark 2.4]. The first result we consider, as mentioned
in 1.5, is a geometric refinement of the condition in (WF2).

PROPOSITION 15.2. (Achar—Aubert) Assume p is a good prime for G.
Then for any irreducible character p € Irr(G) and any unipotent element
ueUF we have

where O, is the G-conjugacy class containing .
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Proof. We start by assuming that either G is GL,,(K) or that Z(QG)
is connected and the derived subgroup Gge, is simple but not of type
A. Applying [AA, Théoreme 9.1], which is available to us because of
Lemma 6.3 and Corollary 13.6, we see that the statement holds. Assume
now that ¢ : G — H is an isotypic morphism (see 14.11) then ¢ restricts
to a homeomorphism between the varieties of unipotent elements in G
and H because the restriction is a G-equivariant bijective morphism, see,
[Gec2, 2.5.6(b)]. In particular, it preserves the partial order on the unipotent
conjugacy classes given by the closure relation. With this we now simply
follow the reduction steps given in the proof of Theorem 14.10. U

15.83. The next result we consider is an observation which is due to Geck
and Malle, see the proof of [GM, Proposition 3.5]. From this point forward
we assume that Z(G) is connected. Assume p € £(G, s, €) is an irreducible
character then we denote by a, € Z>o the a-value of the unique special
character in the family Irr(Wg+(s) | €), see, [Lus2, 4.1.1]. By [Lus2, 4.26.3]
there exists a unique positive integer n, € Zo such that n, - p(1) € Z[q] is
a polynomial in ¢ with integer coefficients and

+n, - p(1) = ¢“» + higher powers of ¢.
With this we have the following.

PROPOSITION 15.4. (Lusztig, Geck-Malle) Assume p is a good prime
for G and Z(G) is connected. Then for any irreducible character p € Irr(G)

we have A (u)|
c(u
<PL ) /0> )
0 np
where 1o = (C’);, Q) € V&ni and u € Oy is a class representative.

Proof. Before proving the result we will need the following reduction
argument. Assume 7: G — Gisa regular embedding. If p € Irr(CNJ) is an
irreducible character then the restriction p:Resg(ﬁ) is also irreducible
because Z(G) is connected, see [Lus7, Section 11]. As in the proof of
Lemma 14.12 we have for any unipotent element u € G that

(L. P = (T4, Pl

As Z(G) and Z(G) are both connected we have 7 induces an isomorphism
Ag(u) = Ag(u) and a bijection between the unipotent conjugacy classes
of G and G. Hence, we easily see that the result holds for G if and only if
it holds for G.
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Now, let 7 : G—>Ghbhea surjective isotypic morphism as in Lemma 14.13
(see [Lus2, Section 8.8]). The map 7 induces an isomorphism Ag(u)—

Ag (u) for any unipotent element u € G because the kernel of 7 is connected.
Let us denote by p = Inf&(p) the inflation of p. From the definition it is clear
that n; = n, and by the proof of Lemma 14.13 we see that (I'C, p) = (I'C, p).

Lo?
Therefore, we may and will assume that the derived subgroup Gge, is simply
connected.
Now according to [Lus2, Section 8.8] we can find two connected reductive

algebraic groups G and H and a pair of regular embeddings
GG« H

such that the following holds: H is a direct product Hy x - - - x H, such that
Z(H;) is connected and the derived subgroup of H; is simple and simply
connected for all 1 <4 <r. Applying twice the first reduction argument we
see that the result holds in G if and only if it holds in H. In particular, we
may assume that G has the same form as H.

Using the same arguments as in the proof of Theorem 14.10 it is clear
that we need only prove the statement assuming that Z(G) is connected
and the derived subgroup of G is simple and simply connected. We start
with the case where either G is GL,(K) or the derived subgroup is not of
type A. Let us denote by p* = £Dg(p) € Irr(G) the Alvis-Curtis dual of p.
From the proof of [GM, Proposition 3.5] we see that

<FLO’ P> = <F(Op*,@)v IO> = ’Aiiu”’
which is applicable by Lemma 6.3 and Corollary 13.6. Note that we have
O, = Op+ by [Lus9, Theorem 11.2]. Thus the result holds in this case.

It remains to deal with the case where Z(G) is connected and the
derived subgroup Gge, is isomorphic to SLy,(K). For such a group we have
|Ag(u)| = n, =1 for all unipotent elements u € G and irreducible characters
p € Irr(G). Hence, the statement reduces to the statement that

(15.5) (Id pe=1

for all u e (’);F . Now computing the multiplicity on the left we see by
Frobenius reciprocity that

(15.6) (T3, p)e = (T, Resg,,, () Guer-

By [Lus7, Section 3| the restriction Resgder(p) = 5ea 0 is a sum of
irreducible characters such that A is an orbit under the action of the
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F-coinvariants Z(Gger)r of the center of Gger. Thus, it suffices to show

that
<1—‘5der, Z (7> -1
ocA G

der

for any Z(Gger)p-orbit A C Irr(Gyer) and u € O with o € A some (any)
representative of the orbit. This problem does not depend upon G so we
may use any group to solve it. In particular, taking G = GL,(K) we see
that this is true by (15.5) and (15.6). This completes the proof. [

COROLLARY 15.7. Assume Z(G) is connected and G/Z(G) is an almost
direct product of simple groups of type A. Then for any irreducible character
p € Irr(G) and any unipotent element u € G we have

1 ifueor,
<Fuy P> = . r_
0 if O, ¢ O

Proof. This follows immediately from the fact that, for such a group,
Ca(u) is connected for any unipotent element v € G and that n, =1 for
any irreducible character p € Irr(G). [
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