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1. Introduction. A graph G is defined as a set 

X = { x , . . . , x } of elements x called vertices, and a 
I n i 

collection F of (not necessarily distinct) unordered pairs of 

distinct vertices, called edges. An edge (x , x ) is said to 
1 J 

be incident to x and x which are its end-vertices. 
i J 

DEFINITION 1. The adjoint (or the interchange graph) 

1(G) of a given graph G = (X, T ) is defined as follows. The 

edges of G form the vertices of 1(G), and two vertices in 

1(G) are joined by zero, one or two edges according as the 

corresponding edges in G have zero, one or two common 

end-vertices respectively. 

For example, in Fig. 1 we see the graphs G , G a n d 

G and their adjoints 1(G), 1(G) and 1(G). The edges 

have been called e , e , e . 

DEFINITION 2. IR(G) is defined recursively by 

in(G) = l[in"1(G)]f n > 2 . 

DEFINITION 3. Two graphs G and G' are isomorphic 

if there exists a one-one correspondence between their vertices 

such that if x , x c G correspond to vertices x f , x e G ! 

1 J i J 
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G, 

1 2 ^^l 3 

KG, 

Fie. 1 

r e s p e c t i v e l y , then the edge (x# , x.) e x i s t s in G if and only if 

the edge (x , x ) e x i s t s in G! . 
!' J' 

DEFINITION 4. The d e g r e e of a v e r t e x x is the n u m b e r 
_ _ 2 i 

of e d g e s inc ident to i t . 

The p r o b l e m dea l t with in th i s p a p e r is tha t of d e t e r m i n i n g 
g r a p h s which a r e i s o m o r p h i c to t h e i r a d j o i n t s ; and in g e n e r a l , 
of g r a p h s G which a r e i s o m o r p h i c to I (G) for s o m e n. The 
l a t t e r is the g e n e r a l i s a t i o n of a p r o b l e m s u g g e s t e d in Ore [ l ] . 

The solut ion of th i s p r o b l e m o c c u r s a s T h e o r e m 2 in 
sec t ion 3. The t h e o r e m 1 is a g e n e r a l r e s u l t a p p l i c a b l e to any 
g raph . The p roofs of t h e s e t h e o r e m s a l s o a p p e a r in s ec t i on 3. 
In sec t ion 2 a r e given c e r t a i n obvious r e s u l t s which a r e useful 
in s impl i fy ing the proof of the m a i n t h e o r e m . 

2. P r e l i m i n a r y r e m a r k s . F i r s t we define the connec ted 
c o m p o n e n t s of a g r a p h . A g raph is sa id to be connec t ed if for 

pa ir of v e r t i c e s x t h e r e e x i s t s a s equence 
J 1 

of e d g e s of the g raph such tha t (1] u is inc iden t to x. 
l l 

. . . . u k 

and u 
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to x , and (2) u is incident to one e n d - v e r t e x of u , and 
j i -1 i 

u to the o the r , for 2 < i < k - 1 . In o ther w o r d s , be tween 
i+1 - -

e v e r y pa i r of v e r t i c e s t h e r e e x i s t s a chain of e d g e s . Any given 
graph can be pa r t i t i oned into c o m p o n e n t s , ca l l ed the connec ted 
componen t s of the g r a p h , such tha t each componen t is a con­
nec ted g raph and t h e r e a r e no edges jo in ing v e r t i c e s be longing 
to d i f ferent c o m p o n e n t s . 

C o n s i d e r i n g a g raph G, we see that the edges in a con­
nec t ed componen t of G f o r m the v e r t i c e s of a connec ted c o m ­
ponent of 1(G), and v i c e - v e r s a . 

F r o m the defini t ion of an adjoint g r a p h , we can eas i ly 
ver i fy the following l e m m a s . 

LEMMA 1. Let the g raph G c o n s i s t of n edges in a 
cha in (n > 1), a s shown in F ig . 2(a) , then the adjoint 1(G) 
c o n s i s t s of n - 1 edges in a cha in , a s in Fig. 2(b). C o n v e r s e l y , 
if 1(G) c o n s i s t s of n - 1 e d g e s in a cha in , then the r e l e v a n t 
connec ted componen t of G c o n s i s t s of n edges in a chain . 

e e e 
1 2 n 

«— » * ~ . — — • * ft- m-e e e 
1 2 n 

(a) (b) 

F ig . 2 

LEMMA 2. In the g r aph G let t h e r e be a v e r t e x x 

of d e g r e e 1 (ca l led a pendant v e r t e x ) such that s t a r t i n g f rom 
x t h e r e is a cha in of n e d g e s (n > 1) be fo re the f i r s t v e r t e x 

of a d e g r e e exceed ing 2 is e n c o u n t e r e d , a s in F ig . 3(a). Then 
the c o r r e s p o n d i n g por t ion in 1(G) has a s i m i l a r conf igura t ion 
wi th n - 1 e d g e s , a s in F ig . 3(b). C o n v e r s e l y , if 1(G) has the 
f o r m shown in F ig . 3(b), then the r e l e v a n t connec ted component 
of G h a s the f o r m shown in F ig . 3(a). 

e e 
1 2 

^ ^ e . e e ^ - - ^ X l 1 2 "n 

(a) (b) 
F ig . 3 
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3. The Main R e s u l t s . 

T H E O R E M 1. Suppose G is a f inite g raph without loops 
( t he re may be m u l t i p l e e d g e s ) ; let x , . . , , x be i t s v e r t i c e s 

1 n 
and let d. be the d e g r e e of the v e r t e x x , 1 < i < n. Then the 

i i — — 
n u m b e r of edges in the adjoint 1(G) is 

n d (d -1) 

i = l 

Proof: F r o m the c o n s t r u c t i o n of a d j o i n t s , we see tha t if 
t h e r e a r e d. edges at the v e r t e x x. of G, then e a c h of the 

i i 
v e r t i c e s of 1(G) c o r r e s p o n d i n g to t h e s e e d g e s wi l l be jo ined by 
edges to each of the o t h e r s if d > 2, and t h e r e wi l l be no 

i -

e d g e s in v i r t u e of edges at x. if d < 1. In o the r w o r d s , the 
i i — 

n u m b e r of edges in 1(G) c o n t r i b u t e d by edges (of G) at x. is 
i 

d . ( d . - l ) 
f d. > 2, and 0 if d. < 1. The to t a l n u m b e r of 

2 i - ' i -
e d g e s in 1(G) i s , t h e r e f o r e , 

d . ( d . - l ) 

w h e r e the s u m m a t i o n is over a l l i such tha t d. > 2, 
i — 

n d (d -1) 
^ i i 

i = l 

A l s o if (x , x ) is an edge in G then the v e r t e x ( x . , x . ) of 1(G) 
i j i J 

wi l l be jo ined by e d g e s to ( d . - l ) v e r t i c e s in v i r t u e of the e d g e s 

at x in G, and to (d -1) v e r t i c e s in v i r t u e of the e d g e s at x. 
i j J 

in G. Thus the d e g r e e of t h i s v e r t e x in 1(G) is (d . -1) + (d . -1) 
i J 

= d - d - 2 . 
i i 

0 
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THEOREM 2. F o r a finite graph G without loops , the 
following s t a t e m e n t s a r e equiva len t . 

a) the d e g r e e of e a c h v e r t e x of G is 2, 

b) G is i s o m o r p h i c to I (G) for a l l k > 1, 

c) G is i s o m o r p h i c to I (G) for s o m e k, (k > 1). 

A s a c o r o l l a r y it follows that G is i s o m o r p h i c to 1(G) if and 
only if the d e g r e e of each v e r t e x of G is 2. 

Proof: We sha l l p rove the following i m p l i c a t i o n s 

(a) => (b) => (c) => (a) , 

Let x . , 1 < i < n be the v e r t i c e s of G and d., 1 < i < n, t h e i r 

c o r r e s p o n d i n g d e g r e e s . Since (b) => (c) obvious ly , we sha l l 
only p rove 

(a) => (b) and (c) => (a) . 

1. (a) => (b). For if each d =2, then every connected 
i 

componen t m u s t be of the following f o r m , a s in F ig . 4 , (ca l led 
an e l e m e n t a r y cyc l e ) , w h e r e the v e r t i c e s a r e x , x , . . . , x , x 

1 2 JL -1 l 
( F o r d i f ferent c o m p o n e n t s , the va lue of I m a y be different) and 
the edges a r e (x , x ), . . . , (x. , x. ) , . . . , (x , x ). • • • 7 \ - - . 7 -

1 

X l -

r 
F i g 

i + 1 " '*• 

— ^ X 2 

\ 
\ 

- » x 
i+1 

. 4 

One r e a d i l y v e r i f i e s that the adjoint of such a component is 
i s o m o r p h i c to i tself . Thus each connec ted component of G is 
i s o m o r p h i c to the c o r r e s p o n d i n g component of 1(G), i . e . , G is 
i s o m o r p h i c to 1(G)* By induct ion, we see that G is i s o m o r p h i c 

to I (G) for e v e r y k. 
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1. (c) => (a). We f i r s t show that G cannot conta in 

v e r t i c e s oi d e g r e e z e r o or one. 

If p o s s i b l e , let d, - 0 for some i, i. e. , the c o r r e s -
i 

ponding v e r t e x x. is an i so l a t ed v e r t e x . Since G and I (G) 
iv 

a r e i s o m o r p h i c , I (G) a l s o con t a in s an i s o l a t e d v e r t e x . Now 
applying l e m m a 1 of sec t ion 2 r e p e a t e d l y , we see tha t the 
connec ted componen t of G wrhich gave r i s e to t h i s i so l a t ed 
point of 1 (G) m u s t be a chain of k e d g e s (an i s o l a t e d point 
is a chain of z e r o e d g e s ) , a s in F ig . 5(a). 

_••-_ 
X X X X X' X' X1 X' 

1 2 k k+1 1 2 2k 2k+l 

(a) (b) 

F ig . 5 

, k k 
But G and I (G) a r e i s o m o r p h i c , so I (G) con t a in s 

such a connec ted componen t (a cha in of k e d g e s ) . The c o r ­
r e s p o n d i n g c o m p o n e n t of G (which r e d u c e s to t h i s c o m p o n e n t 

k 
in I (G)) m u s t b e , aga in by r e p e a t e d a p p l i c a t i o n s of l e m m a 1, 
a chain of 2k e d g e s , a s in F i g . 5(b). P r o c e e d i n g t h u s , we see 
tha t in G t h e r e o c c u r connec t ed c o m p o n e n t s wh ich a r e c h a i n s 
of k, 2k, 3k, . . . e d g e s r e s p e c t i v e l y . Th i s c o n t r a d i c t s the 
f i n i t enes s of G. 

Now let d. - 1 for s o m e i, i. e. , the c o r r e s p o n d i n g 
i 

v e r t e x x. i s a pendant v e r t e x . C o n s i d e r the chain (of i e d g e s , 

say) f rom x. to the f i r s t v e r t e x of d e g r e e e x c e e d i n g 2 ( this 

chain m a y be of length 1), o r of d e g r e e 1. If the l a t t e r a p p l i e s , 
we can use the above a r g u m e n t . So we can a s s u m e tha t a 

conf igu ra t ion , a s in F ig . 6(a) e x i s t s in G, and hence in I (G). 

By applying k t i m e s the l e m m a 2 of s ec t ion 2, we see 
tha t G m u s t conta in the conf igura t ion of F ig . 6(b), w h e r e 
t h e r e a r e £ +k edges f rom the pendant v e r t e x to the f i r s t 
v e r t e x of d e g r e e > 2. T h u s , a s in the p r e v i o u s c a s e , we can 
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< 

e e e ' e ' e ' 
1 £ ^ ^ 1 2 £ + k 

i 

(a) (b) 

F i g . 6 

s h o w t h a t s u c h c o n f i g u r a t i o n s w i t h £ , £ +k , i + 2 k , . . . e d g e s 

e x i s t in G, a s c o n n e c t e d c o m p o n e n t s , w h i c h i s a b s u r d s i n c e 

G i s f i n i t e , 

H e n c e w e m u s t h a v e d > 2 f o r a l l i , in G. 
i ~ 

U s i n g t h e o r e m 1, w e s e e t h a t if G c o n t a i n s n v e r t i c e s 

a n d m e d g e s , a n d t h e d e g r e e of e a c h v e r t e x i s a t l e a s t 2 , a n d 

if 1(G) c o n t a i n s m e d g e s , t h e n 

n d . ( d . - l ) 

i) m = 2 — — — — > n , 
1 1 2 " 

ii) the degree of each vertex of 1(G) is also at least 2. 

The equality m =n holds if and only if each d. = 2. 

Let now n , m be respectively the number of vertices 
o o 

and edges of G, and let n , m be the corresponding 

r 
quantities for I (G). Then it follows that (since the degree 

r 
of each vertex in I (G) is at least 2 for all r > 0) 

(1) m M > n for r > 0 . 
r+1— r — 

r+1 r 
It is of course true that n = m , since I (G)=l[l (G)], 

r+1 r 
for r > 0. Now since G and I (G) are isomorphic, they have, 

in particular, the same number of vertices and edges, 

respectively, 
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i . e . , n = n 
o k 

and m = m 
o k 

If k i s e v e n , say k = 2r , then using the resu l t (1), we 
obtain 

k 2 r — 2 r - l 2 r - 2 — — 1 o 

and equa l i ty ho lds if and only if each v e r t e x is of degree 2 at 
a l l s t a g e s . But s ince m = m , we have e a c h d = 2 for G, 

o k i 

If k i s odd, say 2 r + l , then u s ing the resu l t (1), we 
have 

m - m > n = m > . . . > n = m > n 
k 2r+l - 2r 2 r - l - ' - 2 1 - o 

a n d 

n = m = m > m , 
k k-1 2r - o 

whence n = n > m = m > n . Thus equa l i ty ho lds and 
o k — o k — o 

hence each d. = 2. 
i 

Spec ia l c a s e . If we a r e given tha t G and 1(G) a r e 
i s o m o r p h i c , we can s impl i fy the l a s t s t age of the proof con­
s i d e r a b l y . B e c a u s e if each d > 2, then the condi t ion of 

i — 
equa l i ty of the n u m b e r of edges in G and 1(G) g ives 

n d . ( d . - l ) n 
]r _ _ ~ m _. rn = — z, d 

2 1 o 2 i 
i = l 1 

e. , Z d (d - 2) = 0 
i = l * * 

whence it fol lows that d. ~2 for a l l i. 
i 
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R e m a r k . We can put the condi t ion that each d. = 2, 
i 

in the a l t e r n a t i v e f o r m that the g raph c o n s i s t s of d is joint 
e l e m e n t a r y c y c l e s . 
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