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A note on induced

central extensions

L.R. Vermani

A characterization of induced central extensions which gives an
explicit relationship between induced central extensions and
n-stem extensions is obtained. Using the characterization,
necessary and sufficient conditions for a central extension of an
abelian group by a nilpotent group of class 7n to be a Baer sum
of an induced central extension and an extension of class n are

obtained.

1. Introduction

Let G be a nilpotent group of class n > 1 and A an abelian group

regarded as a trivial G-module. A central extension

E:0+4 M -20s1

of A by G, vhere 1 is the inclusion map, is called induced if there
. ) i Y
exists a central extension O - Ln+1 — L G+1, Lk the kth term

of the lower central series of L , and a homomorphism R : L - M making

Fk

0—— 4 sy 2ug ——

the diagram
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commutative. Here B is the homomorphism B restricted to Ln+l .

Induced central extensions were first studied by Passi [4] when 4 =T ,
the additive group of rationals mod 1 . He proved ([4], Theorem 3.3) that
a central extension 0 - T -+ M -+ G+ 1 is induced if and only if the

extension 0 =+ T/Mn+l - M/Mn+l > G > 1 splits. This result is, however,

true for any abelian group A4

Let & ©be the element of H2(G, A) which corresponds to £ ,

6E : HQ(G, Z) - A be the cotransgression associated with £ and

T : H2(G, zZ) + H2(G/Gn’ Z] be the coinflation homomorphism. Let B be

the image of 6E . In this note we prove

THEGREM 1.1. 7 <Zs induced if and only if

(1) H2(G, Z2) = ker GE + ker T and

(i1) & € ker(Hz(G, A) - H2(G, A/B)) , where

HQ(G, 4) » HZ(G, A/B) is the homomorphism induced by the

natural projection A -+ A/B .
When ext(G/G2, A) =0, we find that £ 1is induced if and only if
HE(G’ Z) = ker GE + ker T . Recall ([6], pp. 129-130) that a central

extension 0 >4 >N ~>K>1 of A4 by a group X 1is called m-stem if

AcW ., - Weobserve that a stem (= 1-stem) extension of A by G is

induced if and only if it is mn-stem. Using Theorem 1.1 we also obtain
necessary and sufficient conditions for a central extension of 4 by &
to be a Baer sum of an induced central extension and an extension of class

n

2. Preliminaries and notations

Let G be a group and 4 an abelian group regarded as a trivial
G-module. It is well-known that if 1 +R > F > (G + 1 1is a free

presentation of G , then HQ(G, z) xR nF' [6]. (For a subgroup S of
F , we write § for S[F, RI/(F, Rl . Also k' =K, denotes the derived

group of X .) We identify the two groups and also write H2G for
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H2(G, Z) . Let & € H2(G, A) and E : 0-+A~>M~>(G~=>1 be a central

extension to which & corresponds. F being a free group, we can define

a homomorphism g : F » i{ such that the diagram

0 R F 1
(2.1) lf 19 “
0 A M 1

is commutative. Here f = g|§'. Recall [6] that the homomorphism

g HZ(G, A) -~ hom(H G, A) of the natural split exact sequence

2

il 2(

(2.2) 0 » ext(G/G', A) > H(G, 4) %> nom(HG, 4) » 0

of the universal coefficient theorem is then given by
() = f’RnF' )

Also recall that corresponding to the central extension E there is a

S-term exact sequence ([6], p. 15),

5
H2M+H2c;——E—>A S MM+ GIG' 0

and the homomorphism GE = g(&) ([6]1, Proposition II.5.L4).

Throughout this paper (G will be a nilpotent group of class n =1 ,
1+R~>F~>G~>1 a free presentation of ¢ , A an abelian group

regarded as a trivial G-module and T : HQG > H2G/Gn the coinflation map.
Observe that with the identification of HZG with R n F' +that we have

already made, ker T = ?;+ We say that an extension

1

E:0->A->/4~>G~>1 1is of class »n if M 1is nilpotent of class n

PROPOSITION 2.3. A central extension E : O + A > M >G> 1 1is of

class n tf and only if GE vanishes on ker T .

Proof. Since F is a free group, we can obtain a commutative diagram

(2.1). Then it follows that Mk = g(?k) for all k =2 . Thus 4 is of

class n if and only if g vanishes on F = ker T . But gIEEFT =$

n+l E

and the result follows.
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3. The main result
Let a central extension

EFE :0+4A+M>(G+1

be given and let & be the element of H2(G, A) which corresponds to F .
LEMMA 3.1, H,G = ker GE + ker 1 iIf and only if

B (= im((SE,)] =M.

Proof (see Diagram (2.1)). As observed earlier

Mh+l = g(?;+l] = GE(ker 6E + ker T)
and this equals the image of GE if HQG = ker GE + ker T .

Conversely suppose that B = ¥ The commutative diagram

n+l °
A
Ji
M A
n

where G > G/Gn is the natural projection, induces a commutative diagram

M — G —1

J

M > 6/6, — 1,

E : 0 >

0] -

GE
H2M — HG — A M/M' -+ G/G' ~+ 0
H M —— H2G/Gn _ MnA/Mn+l — M/M' G/G' 0

with exact rows. The hypothesis shows that AdE is the zero map, and then

an easy diagram chasing shows that HzG = ker 6E + ker T
PROPOSITION 3.3. 7175 E <is induced, then HyG = ker 6, + ker T

Proof. E is induced implies that MA*(£) = O, where

At H2(G, A4) > H2[G, A/M_ .} is the homomorphism induced by the natural

n+l

projection A : 4 > A/Mn+l (C4], Theorem 3.3). The commutative diagram
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0— ext(¢/¢',a) > #%6,A) % hom(#G.4) — o0

(3.1) 1“ 1“ Jv

2 o
0 — ext(c/G",am,, ) = B (G,A/M, ) — hom(H,G,A/M , )

— 0

where the vertical maps are all induced by XA , then shows that AGE =0 .
Hence so is the composition A o GE : H2G > A > M%A/Mh+l in the diagram
(3.2). The result then follows from the commutativity of (3.2).

COROLLARY 3.5. If E <is a stem extension, then E 18 induced i1f
and only if it 18 n-stem.

Proof. If E is n-stem, then A4 E-Mh+ But Mﬂ+ cA, G bveing

1 1

nilpotent of class #»n . Thus Mn+l = A and it follows from Theorem 3.3 of

[4] that E is induced.

Now suppose that E is induced. That E 1is #n-stem then follows
from a result of Evens ([2], or also [6], Proposition V.8.1) and

Proposition 3.3.

Observe that the converse of Prosposition 3.3 is not true in general. For

example, let (G be a non-abelian group of order p3 s p a prime, and

A = Zp , the cyclic group of order p . Then ext(G/G', Zp) #0 . Let n

be the image under 7 : ext(G/G', A4) *—H2(G, A) of a non-zero element of

ext(G/G', A) . Let El be a central extension which corresponds to n
From the definition of T it follows that El is of class 7 and hence

is not induced. On the other hand GE =0{(n) = 0, and so
1

H2G = ker GE + ker T is trivially satisfied. Thus although n-stem
1

extensions of A by G are always induced, the converse is not true in

general.

Theorem 1.1 follows from Lemma 3.1, Proposition 3.3, and Theorem
3.3 of [4].

THEOREM 3.6. If ext(G/G', A) =0, then E 1is induced if and only
if H2G = ker 5E + ker T
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Proof. Suppose that H,G = ker 8y + ker T . Then B = Mo (Lemma

3.1) and in the commutative diagram (3.2), AGE = 0 . This then shows that

gA*(E) = Ao(E) = 0 (see Diagram (3.4)). Since ext{(G/G', A) = 0 and
ext(G/G', 4) » ext(G/G', A/B) is an epimorphism,
2(

o : HS(G, A/B) ~ hom(HzG, A/B) is an isomorphism. Therefore A*(§) = 0

. 2 . .
in H (G, A/Mn+l) and F is induced.

Since ext(G/G', A) = 0 if A 1is divisible or G/G' is free

abelian, we have

COROLLARY 3.7. If G/G' 1is free abelian or A 1is divisible, then
E 18 induced if and only if H2G = ker GE + ker T .

When 4 =T , the additive group of rationals mod 1 , the result of
Corollary 3.7 has also been independently proved by Bey!l [7] and used to
prove that the sum of two induced central extensions need not always be

induced.
Passi ([4], Theorem 3.7) proved that every central extension of 7 by
G is induced if and only if inflation : HQ[G/Gn, T) - 836, T) is zero.

This may suggest that perhaps every extension which is not in the image of
inflation is induced. This is, however, not the case, as the following

example shows.

EXAMPLE 3.8. Let ¢ = 08 ® Z£3) , where D8 is the dihedral group

(3)

of order 8 and Zh is the direct sum of three copies of 7) , the
cyclic group of order L4 . Since H2(08) =3 Z2 , it follows from the
Kunneth Theorem ([6], pp. 29-30) that

) (3)

H,G @ Z),

iR

(7
o0 =2y

and

(3)
@ 2),

i

b AT)
H,G/G' =12,

Also the kernel of the coinflation HQG - HQG/G' is cyclic of order 2
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and is a direct summand of H2G . Let us write HZG = Xt Ai @ E: Bj
117 15753

where each Ai generated by a; is of order 2 and each Bj generated

by bj is of order 4 . Let ker T = Al . Define a homomorphism

f:iHG>T by

flag) =%+2, 1si=7,
and
f(bj) =5+2, 1s4<3
. . 11
It is easy to see that the order of ker f is 2 and a; ¢ ker f .
. 12 . . .
Thus the order of ker f + ker T is 2 which is strictly smaller than

the order of H2G and so HQG # ker f + ker T

Let n € H2(G, T) such that o{n) = f and let E, be a central

extension of 7 by G which corresponds to n . Then f = GE and, by

1

what we have proved above it follows that El is not induced. Also it
follows from Proposition 2.3 that El is not of class 2 and, hence, is

not in the image of the inflation HQ(G/G', 7y » HQ(G, 7)Y ([53}, Theorem
h.6).

4. Baer sums of extensions
Recall [3] that a central extension E of A4 by G is the Baer sum

of extensions E' and E" if the element of HE(G, A) corresponding to

E is the sum of elements which correspond to E' and E"
Again, let E and & be as fixed in Section 3.

THEOREM 4.1. E 4is a Baer swn of an induced central extension and an
extension of class n 1if and only if there exists a central extension

E':0+A4+X>G~>1 of class n and a commutative diagram
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E': 00— A —_— X —_— § — 1

(1.2) l* j H

E. 0 ————H'A/Mh+ —_— M/Mn+ —_— {1

1 1 1

Proof. Suppose that there exists a central extension £' of class =n

and a commutative diagram (4.2)., Let n be the element of HQ(G, A)
which corresponds to E' . In view of the commutative diagrams (4.2) and
E: 00— A —_— M —> § —> 1
El : 0 _—P—_)A/Mn*‘l —VM/Mn_'_l —_— G — 1 ,
where A, U are natural projections, it follows that 6E = AéE, and

1
6E = A&E . Let E" be a central extension to which & - n =y (say)
1

corresponds. Then GE = 6E' + dE” and AGE" =0 . Then, for any

a € H2G , 5E”(a) € Mh+l = GE(ker 1) = 6E”(ker t) , as §

ker T (Proposition 2.3). Hence Mn+

7 vanishes on

1= im(&E”) and

H G = ker GE” + ker T . Then (see Diagram (3.4)) there exists
u € ext(G/G', A) such that ¥ - 7(u) gets mapped onto O under the

homomorphism A% : H2(G, A) ~> HQ(G, A/(im 6E”))

Let E™ be a central extension to which ¥ - m(u) corresponds. Then

éE” = GE”" Therefore, H,G = ker GEu,+ ker T and x - m(u) gets mapped
?(

onto zero under the homomorphism H2(G, A) » H°(G, A/(imGE"J) . Hence E"

is induced (Theorem 1.1). Now & =y - m{u) +n + w(u) and both n, m(u)
correspond to extensions of class 7n . But such elements form a subgroup
2
(

of H(G, 4) . Therefore E is the Baer sum of E" which is induced and

an extension of class »n .

Conversely, suppose that E 1is the Baer sum of an induced central

extension E' and an extension E" of class #n . Then 6p = Spr + GE”

Also HEG = ker 6E' + ker T (Proposition 3.3). Therefore AGE = AGE" and

2
if N 1is the element of H (G, A) which corresponds to E" , then there
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exists u € ext(G/G', A) such that A*(g) = A*(n+m(u)} (see Diagram
(3.4)). Since n + m(u) corresponds to an extension of class n , the

existence of such an extension and a commutative diagram (k.2) follows from

the definition of *he hor -orphism A% : H2(G, A) - HQ(G, A/Mn+l]

THEOREM 4.3, 717 Mo is a direct summand of A , then E s a
Baer sum of an induced central extension and an extension of class n .

Proof. Let (C Dbe a subgroup of 4 such that A4 =7C C)Mn+l . Let

i : C > A be the natural injection and j : 4 > C the natural projection.

Let i* : HAG, C) » HX(G, A) and 4* : HG, A) » H(G, C) be the

homomorphisms induced by < and J respectively. Let n = 2*j%(g) . Tt
is clear that A*(E) = A*(n) . Also o(n) = o(i*j*(g)) = ijéE ,and so

o(n) vanishes on ker T . Thus 7 corresponds to a central extension of
class #n . The result then follows from A*(&) = A*(n) , the definition of

the homomorphism A* , and Theorem b1,

COROLLARY 4.4, Every central extension of an elementary abelian
p-group by a nilpotent group of class n is a Baer sum of an induced

central extension and an extension of class n .

References

[71 F. Rudolf Beyl, "Isoclinisms of group extensions and the Schur

multiplicator", preprint.

[2] Leonard Evens, "Terminal p-groups", Illinois J. Math. 12 (1968),
682-699.

{3] Saunders Mac Lane, Homology (Die Grundlehren der mathematischen
Wissenschaften, 114. Springer-Verlag, Berlin, Gottingen,
Heidelberg, 1963).

[4] 1.B.S. Passi, "Induced central extensions", J. Algebra 16 (1970),
27-39.

(5] 1.B.S. Passi and L.R. Vermani, "The inflation homomorphism", J. London
Math. Soe. (2) 6 (1972/3), 129-136.

https://doi.org/10.1017/50004972700011126 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700011126

420 L.R. Vermani

[6] Urs Stammbach, Homology in group theory (Lecture Notes in Mathematics,
359. Springer-Verlag, Berlin, Heidelberg, New York, 1973).

Department of Mathematics,
Kurukshetra University,
Kurukshetra,

Haryana,

India.

https://doi.org/10.1017/50004972700011126 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700011126

