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Abstract

The homotopy analysis method (HAM) is applied to a nonlinear ordinary differential
equation (ODE) emerging from a closure model of the von Kármán–Howarth equation
which models the decay of isotropic turbulence. In the infinite Reynolds number
limit, the von Kármán–Howarth equation admits a symmetry reduction leading to the
aforementioned one-parameter ODE. Though the latter equation is not fully integrable,
it can be integrated once for two particular parameter values and, for one of these values,
the relevant boundary conditions can also be satisfied. The key result of this paper is that
for the generic case, HAM is employed such that solutions for arbitrary parameter values
are derived. We obtain explicit analytical solutions by recursive formulas with constant
coefficients, using some transformations of variables in order to express the solutions in
polynomial form. We also prove that the Loitsyansky invariant is a conservation law for
the asymptotic form of the original equation.
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1. Introduction

In this paper, we deal with a nonlinear problem arising in homogeneous isotropic
turbulence. The physical problem imposes a particular form of a closure model [21] on
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the von Kármán–Howarth equation which then leads to the task of solving a nonlinear
parabolic partial differential equation (PDE).

Emphasis is placed on the use of the homotopy analysis method (HAM) [11] to find
solutions of the nonlinear problem for the normalized longitudinal two-point double
velocity correlation [19]. The HAM was suggested by Liao to obtain series solutions of
nonlinear differential equations. Unlike other methods such as explicitly constructing
integrating factors [25], the HAM is based on homotopy, a fundamental concept in
topology and differential geometry. Briefly, one constructs a continuous mapping of an
initial guess approximation to the exact solution of the equations. An auxiliary linear
operator is chosen to construct the continuous mapping, and an auxiliary parameter is
used to ensure the convergence of the solution series.

Unlike perturbation techniques, this approach is independent of any small or large
physical parameters, and is thus valid whether a nonlinear problem contains small or
large physical parameters or not. Besides this, the HAM provides great freedom to
choose proper base functions to approximate a nonlinear problem. Most importantly,
it provides a simple way to adjust and control the convergence of the solution series.

The paper is organised as follows. The aforementioned nonlinear problem for the
parabolic PDE is described in Section 2. This equation is the lowest-order two-point
statistical equation for turbulence dynamics, derived from the Navier–Stokes equations
under the assumption of homogeneity and isotropy of a turbulent flow. In the limit of
infinite Reynolds number, we re-examine the use of Lie point symmetries to reduce the
latter PDE to a nonlinear ordinary differential equation (ODE) constituting a boundary
value problem. Moreover, we present some physically interesting special cases of the
model parameters for the boundary value problems. A short mathematical description
of some transformations of variables, and the application of this method to finding
analytical series solutions of these boundary value problems, is given in Section 3.
Analysis of the so-called convergence-control parameter C0, the scale coefficient λ
and the solutions obtained is given in Section 4. Finally, we show that the Loitsyansky
integral invariant plays the role of a conservation law of a closure model for the von
Kármán–Howarth equation in Appendix A.

2. Basic equations

2.1. The closed von Kármán–Howarth model equation In a pre-eminent paper,
von Kármán and Howarth [9] derived a transport equation for the longitudinal two-
point velocity correlation in the limit of isotropic turbulence,

∂u′2(t) f (r, t)
∂t

=
1
r4

∂

∂r

[
r4

(
u′2(t)

3/2
h(r, t) + 2ν

∂u′2(t) f (r, t)
∂r

)]
. (2.1)

Here f and h are respectively the normalized two-point double and triple velocity
correlation, u′2 is the root mean square value of the velocity fluctuations, r is the
correlation distance in correlation space, t is time and ν is the kinematic viscosity.
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Oberlack [20] recognised that in the limit ν = 0 (or, equivalently, infinite Reynolds
number) the unclosed equation (2.1) admits the two scaling groups

Ga1 : t∗ = t, r∗ = ea1 r, u′2
∗

= e2a1 u′2, f ∗ = f , h∗ = h, (2.2)

Ga2 : t∗ = ea2 t, r∗ = r, u′2
∗

= e−2a2 u′2, f ∗ = f , h∗ = h, (2.3)

and a translation group in t,

Ga3 : t∗ = t + a3, r∗ = r, u′2
∗

= u′2, f ∗ = f , h∗ = h, (2.4)

where a1, a2, a3 ∈ R are the group parameters. In infinitesimal form, (2.2) and (2.3)
are given by

Xa1 = r
∂

∂r
+ 2u′2

∂

∂u′2
, Xa2 = t

∂

∂t
− 2u′2

∂

∂u′2
.

The groups Xa1 , Xa2 may be combined to generate the two-parameter Lie scaling group

Ga1,a2 : t∗ = ea2 t, r∗ = ea1 r, u′2
∗

= e2(a1−a2)u′2, f ∗ = f , h∗ = h.

Since (2.1) is an unclosed equation, Oberlack and Peters [21] developed a closure
model connecting f and h which captures all properties of the Kolmogorov turbulence
theory for f and h and also the proper limiting behaviour for r→ 0 and r→∞, namely:
• the Kolmogorov 2/3-law: u′2(1 − f ) = C(εr)2/3 with the Kolmogorov constant

C ≈ 2.3 in the range η� r� `t;

• the Kolmogorov 4/5-law: u′2
3/2

h = 2εr/15 in the range η� r� `t (the name
“4/5-law” emerged from a somewhat different notation);
• as r→ 0, u′2(1 − f ) = εr2/(30ν) and h = h′′′0 r3/3;
• as r→∞, f decays faster than r−2,

where

η =

(
ν3

ε

)1/4

and `t =

∫ ∞

0
f dr

are the Kolmogorov and the integral length scales, respectively, and ε is the dissipation
rate of the turbulent kinetic energy.

Though not discussed by Oberlack and Peters [21], the closure model has to obey
the full group properties of equation (2.1) and hence has to be conformal to (2.2)–(2.4).
The model equation that actually captures all of these properties is given by

u′2
3/2

h = 2κ2r
√

u′2(1 − f )
∂u′2(t) f (r, t)

∂r
with κ2 =

√
2

5 ·C3/2
.

The resulting PDE, investigated below, is of nonlinear parabolic type:

∂u′2(t) f (r, t)
∂t

=
1
r4

∂

∂r

[
r4

(
2κ2r

√
u′2(1 − f )

∂u′2(t) f (r, t)
∂r

+ 2ν
∂u′2(t) f (r, t)

∂r

)]
. (2.5)
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2.2. Group invariant solutions and emerging boundary value problems It was
pointed out by Oberlack [20] that in the limit ν = 0, the two aforementioned scaling
groups give rise to a family of self-similar solutions of the von Kármán–Howarth
equation of the form

ξ =
r

t2/(σ+3)
, f̂ =

u′2 f
t−2(σ+1)/(σ+3)

, ĥ =
u′2

3/2
h

t−3(σ+1)/(σ+3)
, σ =

2a2 − 3a1

a1
, (2.6)

where a1, a2 are given above. These new variables may also be interpreted as invariants
of the Ga1,a2 group. Here r is scaled by the integral length scale `t ∝ t2/(σ+3) and u′2

accordingly by u′2 ∝ t−2(σ+1)/(σ+3). Note that the translation group (2.4) may also be
invoked, which gives a time shift t 7→ t + a to be employed later for completeness.

The invariants (2.6) enable us to reduce the number of variables in our closed
model (2.5). As a result, we obtain the ODE

2κ2

ξ4

d
dξ

[
ξ5(1 − f̂ )1/2 d f̂

dξ

]
+ δξ

d f̂
dξ

+ γ f̂ = 0, (2.7)

subject to the boundary conditions

f̂ (0) = 1 and f̂ (ξ)→ 0 as ξ→∞, (2.8)

where

δ =
2

σ + 3
, γ = 2

σ + 1
σ + 3

. (2.9)

At this point σ is undetermined and hence equation (2.7) together with (2.8) generates
a one-parameter family of boundary value problems. We note also that in the limit of
large Reynolds numbers, it is well known [24] that σ is intimately related to the spatial
decay of the normalized longitudinal correlation function f or the low wave-number
dependence of the energy spectrum. Further, we mention that κ2 is not an additional
branching parameter since it may for any κ2 , 0 always be absorbed into a rescaled ξ
without changing the boundary conditions (2.8).

The questions of which values are to be chosen for σ and of the solvability of the
corresponding nonlinear problem (2.7)–(2.8) are the subject of the present paper.

Interestingly enough, the ODE (2.7) displays no Lie point symmetry group no
matter what value is chosen for σ. Still, using the theory of integrating factors [8],
we find two values, σ = 0 and σ = 4, for which the ODE is integrable once. Note that
here we have limited ourselves to the usual three cases where the integrating factors
only depend on pairs of the set of variables ξ, f̂ , d f̂ /dξ. These are essentially the
only cases where the integrating factor may be algorithmically computed. The actual
computations were conducted using the Maple package GeM [2].

First, taking σ = 0, the integrating factor is a constant and we simply integrate
equation (2.7) to obtain

κ2

(
3ξ

√
1 − f̂

d f̂
dξ
− 8(1 − f̂ )3/2

)
+ ξ f̂ = c′1.
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This equation may be transformed into an Abel equation which, for the present special
case, is not further integrable. Here it is not considered further anyway since it
corresponds to a nonphysical case, because u′2 may not decay slower than t−1.

However, it has already been shown by Oberlack [20] that, for the case σ = 4,
equation (2.7) admits the integrating factor ξ4 and hence leads to

7κ2ξ
5(1 − f̂ )1/2 d f̂

dξ
+ ξ5 f̂ = c′′1 .

Setting c′′1 = 0 allows for a final integration to

ξ + c′′2 = 7κ2

(
ln

[1 + (1 − f̂ )1/2

1 − (1 − f̂ )1/2

]
− 2(1 − f̂ )1/2

)
, (2.10)

the physical relevance of which is pointed out below. The boundary conditions (2.8)
finally lead to c′′2 = 0. Considering σ more from a physical point of view, we note that
even though there is a vast literature on homogeneous isotropic turbulence in general,
there are very few experimental results or results from direct numerical simulations of
the Navier–Stokes equations devoted to the spatial decay of the longitudinal correlation
function. This is in stark contrast to the well-known temporal decay according to a
power law. According to similarity theory, they are closely coupled due to σ. Also,
there is considerable uncertainty as to whether the asymptotic decay rates are unique
for a given initial condition.

At this point it is relevant to consider the classical experiments of Stewart and
Townsend [28]. Unfortunately we are not able to determine the value of σ for large
Reynolds number or the correlation distance r from the measured values of f . It is well
recognised that over the range of length scales available in the laboratory experiments,
the decay rates of turbulent flows are affected by many factors.

This leads to the identification of conserved quantities which can be used to
determine σ. Several invariants based on integrals of moments of the correlation
function have been proposed for isotropic homogeneous turbulence. These include
the Loitsyansky invariant [16] and the Birkhoff invariant [1]. Unfortunately neither
of these invariants can be derived from first principles. In fact, they depend on initial
conditions of forces responsible for creating grid turbulence.

The integral invariant

Λ = u′2
∫ ∞

0
r4 f (r, t) dr where Λ is a constant, (2.11)

suggested by Loitsyansky [16] from an integrated form of the von Kármán–Howarth
equation, is employed to determine the value of the parameter σ. For this we
rewrite (2.11) invoking the invariants (2.6),

Λ = u′2
∫ ∞

0
r4 f (r, t) dr = t−2(σ+1)/(σ+3)t10/(σ+3)

∫ ∞

0
ξ4 f̂ (ξ) dξ,

which determines σ = 4 and hence γ = 10/7, δ = 2/7. This leads to the only closed-
form solution (2.10) which defines a solution of (2.7)–(2.8) in implicit form. The
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computed evolution of u′2(t) and the integral length scale `t(t) satisfy

u′2(t) ∝ (t + a)−10/7, `t ∝ (t + a)2/7, a ∈ R,

and, not derived here, the low wave-number energy spectrum is E(k) = Λk4/(3π) [24].
Interestingly enough, the solution (2.10) with c′′2 = 0 coincides with the element

of a Beltrami surface (or pseudo-sphere), a canonical surface of constant sectional
curvature −1. Details are given by Grebenev and Oberlack [6]. We only mention
that in the new variables x = ξ/(14κ2), y = f̂ 1/2, equation (2.10) is transformed to the
well-known tractrix equation [18]

x = x(y) = −(a2 − y2)1/2 +
a
2

ln
[a + (a2 − y2)1/2

a − (a2 − y2)1/2

]
, a = 1,

arising in differential geometry.
Birkhoff [1] suggested another invariant,

B = u′2
∫ ∞

0
r2

(
3 f (r, t) + r

∂ f
∂r

)
dr where B is a constant.

By the same method as above, using the invariants of Ga1,a2 , we find that σ = 2.
Therefore,

u′2(t) ∝ (t + a)−6/5, `t ∝ (t + a)2/5,

and the parameters of equation (2.7) are given by δ = 2/5, γ = 6/5. The low wave-
number energy spectrum changes to E(k) = Bk2/π.

Finally, another less commonly known physical quantity which is an invariant is the
constant integral length scale `t(t) proposed by Oberlack [20], which corresponds to
high Reynolds number in turbulence in a box of constant length L. The two-parameter
Lie scaling group Ga1,a2 is transformed into the one-parameter scaling group G0,a2 .
Here the integral length scale has reached the box size `t(t) ∼ L which corresponds
to σ→∞ and hence δ = 0, γ = 2. This case may be explored by a direct numerical
simulation in a given small computational box, running the computation sufficiently
long that the integral length scale reaches the box size.

For different values of σ, we find the corresponding solutions of the boundary value
problem (2.7)–(2.8) using the HAM [10, 11] in the sections to follow.

3. Generalized series solution

3.1. Mathematical description The asymptotic behaviour of f̂ (ξ) as ξ→∞ is
considered in Section 4. Here we assume that f̂ ∼ 1 − αξβ as ξ→ 0. Substituting
into equation (2.7), we obtain

−2α3/2β
(
4 +

3
2
β
)
ξ3β/2−1 −

αβδ

k2
ξb −

aγ
κ2
ξb +

γ

κ2
= 0. (3.1)
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So α = (3γ/(20κ2))2/3 and β = 2/3. Noting that equation (2.7) contains the
nonpolynomial term (1 − f̂ )1/2, we introduce the transformation

f̂ = 1 − s2. (3.2)

Then equation (2.7) changes to one of polynomial type,

4ξs2 d2s
dξ2

+ 8ξs
(ds
dξ

)2

+ 20s2 ds
dξ

+ 2
δ

κ2
ξs

ds
dξ
−
γ

κ2
(1 − s2) = 0, (3.3)

subject to the boundary conditions

s(0) = 0 and s(ξ)→ 1 as ξ→∞.

By means of the transformation (3.2), the asymptotic behaviour as ξ→ 0 becomes

s(ξ) ∼
( 3γ
20κ2

)1/3

ξ1/3, ξ� 1.

We further introduce the transformation

ξ = y3

to achieve simple linear behaviour at the boundary ξ→ 0. The behaviour is fractional
in s(ξ), namely s(ξ) ∼ ξ1/3, from (3.1) and (3.2). With this transformation we obtain
s(y) ∼ y for y→ 0. Equation (3.3) now becomes

4
9

ys2 d2s
dy2

+
52
9

s2 ds
dy

+
8
9

ys
(ds
dy

)2

+
2
3
δ

κ2
y3s

ds
dy
−
γ

κ2
y2(1 − s2) = 0, (3.4)

subject to the boundary conditions

s(0) = 0 and s(y)→ 1 as y→∞.

3.2. Homotopy analysis solution As pointed out by Liao [10], the essence of
approximating a problem is to represent its solution by means of a complete set of
base functions. Here we express s(y) by the set of base functions

{(1 + λy)−m | m ≥ 0}

in the form

s(y) =

∞∑
m=0

cm(1 + λy)−m,

where the cm and the scale factor λ are coefficients to be determined later. Since
y = ξ1/3, s(y) = s(ξ)→ 1 as y→∞. So it is reasonable to further express s(y) as

s(y) = 1 +

∞∑
m=1

cm{(1 + λy)−m}. (3.5)

This so-called solution expression of s(y) is useful for determining the other
parameters. For simplicity, we introduce the transformation

u = 1 + λy.
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Then equation (3.4) becomes

4
9

(u − 1)λs2 d2s
du2

+
52
9
λs2 ds

du
+

8
9
λ(u − 1)s

(ds
du

)2

+
2
3
δ

κ2

(u − 1)3

λ2
s

ds
du
−
γ

κ2

(u − 1
λ

)2

(1 − s2) = 0, (3.6)

subject to the boundary conditions

s(1) = 0 and s(u)→ 1 as u→∞. (3.7)

To satisfy the solution expression (3.5) and the boundary conditions (3.7), we choose
the simple form

s0(u) = 1 − u−1 (3.8)

as the initial approximation of s(u), and furthermore choose

L = u
d f
du

+ f

as the auxiliary linear operator. The operator L has the properties

L[Cu−1] = 0, L[uβ] =
uβ

β + 1
,

where C is constant, and H(u) = u−3 is the auxiliary function chosen under the rule of
coefficient ergodicity and solution expression (details are given by Liao [11, p. 19]).

According to the governing equation (3.6), we define the nonlinear operator

N[Φ(u; q)] =
4
9

(u − 1)λΦ2(u; q)
∂2Φ(u; q)
∂u2

+
52
9
λΦ2(u; q)

∂Φ(u; q)
∂u

+
8
9
λ(u − 1)Φ(u; q)

(
∂Φ(u; q)
∂u

)2

+
2
3
δ

κ2

(u − 1)3

λ2
Φ(u; q)

∂Φ(u; q)
∂u

−
γ

κ2

(u − 1
λ

)2

(1 − Φ2(u; q)),

from which we construct the so-called zeroth-order deformation equation

(1 − q)L[Φ(u; q) − s0(u)] = qC0H(u)N[Φ(u; q)], (3.9)

subject to the boundary conditions

Φ(1; q) = 0, Φ(∞; q) = 1, (3.10)

where q ∈ [0, 1] is called the embedding parameter and C0 , 0 the convergence-control
parameter. When q = 0,

Φ(u; 0) = s0(u). (3.11)

When q = 1, the zeroth-order deformation equations (3.9) and (3.10) are equivalent to
the original equations (3.6) and (3.7), so that

Φ(u; 1) = s(u). (3.12)
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Hence, as the embedding parameter q increases from 0 to 1, Φ(u; q) varies (or deforms)
from the initial approximation s0(u) to the solution s(u) of (3.6) and (3.7).

Using Taylor’s theorem and (3.11), we expand Φ(u; q) in the power series

Φ(u; q) ∼ s0(u) +

∞∑
m=1

sm(u)qm where sm(u) =
1

m!
∂mΦ(u; q)
∂qm

∣∣∣∣∣
q=0
.

Assuming that the convergence-control parameter C0 is chosen such that the above
series is convergent when q = 1, we have, due to (3.12),

s(u) = s0(u) +

∞∑
m=1

sm(u),

where sm(u), m = 1, 2, 3, . . . , are obtained one by one from the linear high-order
deformation equations (3.13) given below. The above expression gives a relationship
between the initial guess s0(u) and the solution s(u) of the original equations (3.6)
and (3.7) via the unknown terms sm(u).

Differentiating m times the zeroth-order deformation equations (3.9) and (3.10) with
respect to the embedding parameter q, then setting q = 0 and finally dividing by m!,
one obtains the so-called mth-order deformation equation

L[sm(u) − χmsm−1(u)] = C0H(u)Rm(u), (3.13)

subject to the boundary conditions

sm(1) = 0 and sm(∞) = 0, (3.14)

where

Rm(u) =
4
9

(u − 1)λ
m−1∑
j=0

X j(u)s′′m−1− j(u) +
52
9
λ

m−1∑
j=0

X j(u)s′m−1− j(u)

+
8
9
λ(u − 1)

m−1∑
j=0

Y j(u)s′m−1− j(u) +
2
3
δ

κ2

(u − 1)3

λ2
Ym−1(u)

−
γ

κ2

(u − 1
λ

)2

(1 − χm − Xm−1(u)),

with the definitions

Xk(u) =

k∑
i=0

si(u)sk−i(u), Yk(u) =

k∑
i=0

si(u)s′k−i(u), χm =

{
0 when m ≤ 1,
1 when m > 1.

Here the prime denotes the derivative with respect to u. The solution of equation (3.13)
can be expressed as

sm(u) = s∗(u) + Cu−1,
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where C is an integral constant and s∗(u) is a special solution of equation (3.13). The
constant C is determined by the boundary condition (3.14) at u = 1. We find that

sm(u) =

7m+1∑
n=0

αm,n

un
,

where the αm,n are constant coefficients. Substituting the above expression into the
mth-order deformation equations (3.13) and (3.14) yields the recurrence formulas

αm,n = χmχ7m−4−nαm−1,n +
C0

n − 1

{4
9
λ(Ψ1

m,n−1 − Ψ1
m,n) +

52
9
λΨ2

m,n

−
8
9
λ(Ψ3

m,n − Ψ3
m,n−1) −

2δ
3κ2λ2

(Π2
m,n−3 − 3Π2

m,n−2 + 3Π2
m,n−1 − Π2

m,n)

+
γ

κ2λ2
(1 − χm)(n − 1)

(
χn−1χ5−n

2
− 2χnχ4−n

)
−

γ

κ2λ2
χ7m−2−nχnΓ1

m−1,n−1

+
γ

κ2λ2
(2Π1

m,n − Π1
m,n−1)

}
, m ≥ 1, n ≥ 2, (3.15)

where

Ψ1
m,n = χ7m+2−nχn−3∆1

m,n−4, (3.16)

Ψ2
m,n = χ7m+2−nχn−3∆2

m,n−4, (3.17)

Ψ3
m,n = χ7m+2−nχn−4∆3

m,n−4, (3.18)

Π1
m,n = χ7m−1−nχnΓ1

m−1,n−2, (3.19)

Π2
m,n = χ7m−2−nχnΓ2

m−1,n−1, (3.20)

and

Γ1
j,r =

j∑
i=0

min{7i+1,r}∑
n=max{0,r−7 j+7i−1}

αi,nα j−i,r−n, (3.21)

Γ2
j,r =

j∑
i=0

min{7i+1,r−1}∑
n=max{0,r−7 j+7i−1}

(r − n)αi,nα j−i,r−n, (3.22)

∆1
m,t =

m−1∑
j=0

min{7 j+2,t−1}∑
r=max{0,t−7m+7 j+6}

(t − r)(t − r + 1)αm−1− j,t−rΓ
1
j,r, (3.23)

∆2
m,t =

m−1∑
j=0

min{7 j+2,t−1}∑
r=max{0,t−7m+7 j+6}

(t − r)αm−1− j,t−rΓ
1
j,r, (3.24)

∆3
m,t =

m−1∑
j=0

min{7 j+2,t−1}∑
r=max{1,t−7m+7 j+6}

(t − r)αm−1− j,t−rΓ
2
j,r. (3.25)
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Moreover,

αm,1 = −

7m+1∑
n=2

αm,n, m ≥ 1. (3.26)

Due to the definition (3.8) of s0(u),

α0,0 = 1, α0,1 = −1. (3.27)

From the solution expressions (3.5),

αm,0 = 0 for m ≥ 1. (3.28)

Using the recurrence formulas (3.15)–(3.26) and the known coefficients given
by (3.27) and (3.28), all other coefficients αm,n can be calculated successively. This
provides us with an explicit series solution of equation (3.6):

s(u) =

∞∑
m=0

7m+1∑
n=0

αm,n

un
.

The corresponding kth-order approximation reads

s(u) ≈
k∑

m=0

7m+1∑
n=0

αm,n

un
.

Therefore, we have an explicit, fully analytical solution of equation (2.7):

f̂ (ξ) ≈ 1 −
( k∑

m=0

7m+1∑
n=0

αm,n

(1 + λξ1/3)n

)2

. (3.29)

4. Result analysis

Our series solution (3.29) for f̂ (ξ) explicitly contains the convergence-control
parameter C0 and scale coefficient λ. The convergence-control parameter C0 is
employed to control the convergence of approximations and adjust convergence
regions. It is the introduction of C0 that greatly improves the early homotopy analysis
method [12]. Liao [13] proved that the famous Euler transform is equivalent to
the homotopy analysis method for some special choices of the initial guess and the
auxiliary linear operator in the case of the simplest deformation functions A(p) =

B(p) = p and when there is only one auxiliary parameter C0. This fact explains
why the convergence of solution series given by the homotopy analysis method can
be guaranteed. If the convergence-control parameter C0 and scale coefficient λ are
properly chosen, the homotopy-series solution will converge quickly. So we try to find
the best values for them.

Following Liao [14], we use the average residual error

Ek =
1
K

K∑
j=0

[N( f̂ ( j∆ξ))]2
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T 1. The values of C0 and λ for the 15th-order homotopy-series solution.

σ = 4 σ = 2
C0 λ E15 λ E15

−0.9 1.95 0.108685 1.83 0.0419714
−1.0 2.04 0.0206401 1.92 0.00602734
−1.1 2.12 0.0186465 2.00 0.00267042
−1.2 2.19 0.0342259 2.08 0.00551670
−1.3 2.26 0.0490727 2.16 0.00848203
−1.4 2.33 0.0611937 2.23 0.0102360
−1.5 2.41 0.0688688 2.31 0.0107048

T 2. Comparison of the homotopy-series solution and homotopy-Padé solution given by σ = 4,
C0 = −1.1, λ = 2.12 with the results of Grebenev and Oberlack [6].

ξ 50th-order 60th-order Order [20, 20] Order [30, 30] Grebenev and
homotopy-series homotopy-series homotopy-Padé homotopy-Padé Oberlack

0.5 0.2393 0.2393 0.2393 0.2393 0.2393
1.0 0.08631 0.08631 0.08631 0.08631 0.08631
1.5 0.03282 0.03282 0.03282 0.03282 0.03282
2.0 0.01269 0.01269 0.01269 0.01269 0.01269
2.5 4.941 × 10−3 4.940 × 10−3 4.939 × 10−3 4.940 × 10−3 4.940 × 10−3

3.0 1.928 × 10−3 1.927 × 10−3 1.922 × 10−3 1.927 × 10−3 1.927 × 10−3

3.5 7.537 × 10−4 7.524 × 10−4 7.526 × 10−4 7.524 × 10−4 7.524 × 10−4

4.0 2.978 × 10−4 2.943 × 10−4 2.941 × 10−4 2.939 × 10−4 2.939 × 10−4

4.5 1.217 × 10−4 1.160 × 10−4 1.147 × 10−4 1.148 × 10−4 1.148 × 10−4

5.0 5.273 × 10−5 4.639 × 10−5 4.489 × 10−5 4.486 × 10−5 4.485 × 10−5

of equation (3.29) versus λ to determine the value of λ after assigning a group value
of C0. Here we set k = 15, ∆ξ = 10/K and K = 40. The relationship between C0, λ
and E15 is shown in Table 1 for σ = 4 and σ = 2. For σ = 4, selecting C0 = −1.1 and
λ = 2.12, we find that the homotopy-series solution agrees well with the solution given
by Grebenev and Oberlack [6], as shown in Table 2. Notice that as ξ becomes larger,
the homotopy-Padé technique, the details of which are given by Liao [11, p. 38], can
give a much better solution. Indeed, the homotopy-Padé technique can increase the
accuracy and convergence of the solution [15]. When σ = 2, the optimal values of
C0 and λ are −1.1 and 2, respectively. The comparison between homotopy-series and
homotopy-Padé solutions is shown in Table 3.

It is surprising that we can also find homotopy-series solutions for other values of
σ, for example, 1 and 3, for which there is no physical meaning. Having attempted
hundreds of combinations of values of σ, C0 and λ, we could obtain explicit, fully
analytical solutions of (3.6) for −1 < σ ≤ 4. However, in order to consider viscous
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T 3. Comparison between homotopy-series and homotopy-Padé solutions: σ = 2, C0 = −1.1, λ = 2.

ξ 50th-order 60th-order Order [20, 20] Order [30, 30]
homotopy-series homotopy-series homotopy-Padé homotopy-Padé

0.5 0.3025 0.3025 0.3025 0.3025
1.0 0.1429 0.1429 0.1429 0.1429
1.5 0.07601 0.07601 0.07601 0.07601
2.0 0.04392 0.04392 0.04392 0.04392
2.5 0.02711 0.02711 0.02711 0.02711
3.0 0.01768 0.01768 0.01768 0.01768
3.5 0.01208 0.01208 0.01208 0.01208
4.0 8.576 × 10−3 8.575 × 10−3 8.575 × 10−3 8.575 × 10−3

4.5 6.290 × 10−3 6.289 × 10−3 6.289 × 10−3 6.289 × 10−3

5.0 4.742 × 10−3 4.740 × 10−3 4.740 × 10−3 4.740 × 10−3

T 4. Order [30, 30] homotopy-Padé solution for σ = 1, 3.

ξ σ = 1 σ = 3 ξ σ = 1 σ = 3

0.5 0.3669 0.2644 3.0 0.04950 6.434 × 10−3

1.0 0.2070 0.1079 3.5 0.03864 3.685 × 10−3

1.5 0.1317 0.04848 4.0 0.03096 2.225 × 10−3

2.0 0.09036 0.02329 4.5 0.02535 1.409 × 10−3

2.5 0.06550 0.01189 5.0 0.02112 9.305 × 10−4

effects, we focus on 1 ≤ σ ≤ 4 in this paper. The values of C0 and λ are determined by

C0 = −
3
2

+
13
30
σ −

3
20
σ2 +

1
60
σ3,

λ = 2 −
29
300

σ +
13
200

σ2 −
1

120
σ3.

Forσ = 1, 3, the order [30, 30] homotopy-Padé solutions are shown in Table 4. We also
give 20th-order homotopy-series solutions of the normalized longitudinal two-point
double velocity correlation function f̂ (ξ) and transversal two-point double velocity
correlation function ĝ(ξ) for σ = 1, 2, 3, 4 in Figure 1. Here

ĝ(ξ) = f̂ (ξ) +
ξ

2
d f̂ (ξ)

dξ
.

These two solutions are characterized by the following properties. The function
f̂ (ξ) is positive everywhere and asymptotically tends to zero. For σ = 1, ĝ(ξ) is always
positive and asymptotically tends to zero. For σ = 2, 3, 4, ĝ(ξ) is positive for ξ ≤ ξ∗,
and after the point ξ∗, where ĝ(ξ∗) = 0, it is negative everywhere and tends to zero as
ξ→∞. By continuity, there exists a σ∗ between 1 and 2 corresponding to ĝ(ξ∗) where
ξ∗ =∞.
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F 1. Homotopy solution of (a) f̂ (ξ) and (b) ĝ(ξ). Solid line: order [30, 30] homotopy-Padé approxi-
mation. Dots: 20th-order HAM approximation.

In addition, Figure 1 shows that as σ changes from 4 to 1, both f̂ (ξ) and ĝ(ξ)
decay more and more slowly. This suggests that f̂ (ξ) and ĝ(ξ) may first exponentially
decrease in the case σ = 4 and then algebraically tend to zero for σ = 3, 2, 1. Figure 2
shows that the HAM solutions agree well with the asymptotic expressions discussed
below.

Considering the asymptotic behaviour of f̂ for ξ→∞, we use the property that
(1 − f̂ )1/2→ 1 as ξ→∞. Therefore, formally the equation

2κ2

ξ4

d
dξ

[
ξ5 d f̂

dξ

]
+ δξ

d f̂
dξ

+ γ f̂ = 0 (4.1)

is obtained from (2.7) in the limiting case ξ→∞. In order to study the asymptotic
behaviour of solutions of equation (4.1), we make some simple transformations. Let
us divide this equation by δ and introduce the rescaled variable ξ̆ = 2((δ/2κ2)ξ)1/2.
Thus, we rewrite this equation in the form

1

ξ̆9

d

dξ̆

[
ξ̆9 d f̆

dξ̆

]
+
ξ̆

2
d f̆

dξ̆
+
γ

δ
f̆ = 0, f̆ (ξ̆) = f̂ (ξ),

or
d2 f̆

dξ̆2
+

(9

ξ̆
+
ξ̆

2

)d f̆

dξ̆
+ (σ + 1) f̆ = 0,

using the formulas (2.9) for δ and γ. Oberlack and Peters [22, p. 89] proved (see also
Erdélyi [4, p. 302]) that for σ ∈ (1, 4) this equation admits decreasing solutions of the
asymptotic form

f̆ (ξ̆) = M1ξ̆
−2(σ+1) + M2ξ̆

2(σ−4)e−ξ̆
2/4 for ξ̆→∞, (4.2)
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F 2. Asymptotic behaviour of f̂ (ξ) as ξ→∞. Solid lines show (a), (b), (d) order [30, 30] and
(c) order [35, 35] homotopy-Padé approximations. Dash-dotted lines are asymptotics given by (a), (b),
(c) equation (4.2) and (d) equation (4.3). For (d), dots indicate the exact solution given by (2.10).

where M1, M2 > 0 are constants. Interestingly enough, the solution in the previous
section shows that for σ < 4 the algebraic part is dominant for ξ̆→∞. However, if
σ = 4 then

f̆ (ξ̆) = Me−ξ̆
2/4, (4.3)

and for σ > 4 the equation has no everywhere-positive solutions. In the case σ = 4, we
construct the explicit deformation of the exact solution

ξ = 7κ2

(
ln

[1 + (1 − f̂ )1/2

1 − (1 − f̂ )1/2

]
− 2(1 − f̂ )1/2

)
(4.4)

of the original equation (2.7) into the solution

f̂ = exp
(
−
ξ

7κ2

)
(4.5)
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of (4.1). Recall that these functions are subject to the boundary conditions (2.8). Now
we consider the problem

7κ2(1 − ε f̂ε)1/2 d f̂ε
dξ

+ f̂ε = 0, (4.6)

f̂ε(0) = 1, 0 ≤ ε ≤ 1, (4.7)

and notice that for ε = 1 and ε = 0 the solutions f̂1 and f̂0 of the problem
(4.6)–(4.7) coincide with the functions defined by the formulas (4.4) and (4.5),
respectively. Instead of fε, we introduce the function Gε = ε f̂ε. A differential equation
for Gε is

dGε

dξ
= −

Gε

7κ2(1 −Gε)1/2
, ξ ∈ (0,∞). (4.8)

Here Gε satisfies the initial condition

Gm(0) = εm, 0 < εm < 1. (4.9)

The solution of the problem (4.8)–(4.9) reads

1
14κ2

ξ = −(1 −Gε)1/2 + (1 − ε)1/2

+
1
2

ln
[1 + (1 −Gε)1/2

1 − (1 −Gε)1/2

]
−

1
2

ln
[1 + (1 − ε)1/2

1 − (1 − ε)1/2

]
. (4.10)

It is a positive monotonically decreasing function as ξ→∞ which achieves the
maximum value ε at ξ = 0. We multiply (4.10) by −2 and rewrite it in the form

exp
(
−
ξ

7κ2

)
=

Gε

(1 + (1 −Gε)1/2)2

× exp
(
2(1 −Gε)1/2 (1 − (1 − ε)1/2)2

ε

)
exp(−2(1 − ε)1/2).

For small values of ε, and hence small values of Gε,

exp
(
−
ξ

7κ2

)
=

Gε

(1 + (1 −Gε)1/2)2
(1 + (1 −Gε)1/2 + o(Gε))2

×
(1 − (1 − ε)1/2)2

ε
(1 − (1 − ε)1/2 + o(ε))2. (4.11)

From (4.11) it follows that for small values of ε,

f̂ε = exp
(
−
ξ

7κ2

)
+ o(ε)

uniformly in ξ. Hence f̂1(ξ) is deformed continuously into the function f̂0(ξ) as ε→ 0.
This reflects the well-known property about continuous dependence on the initial data
of solutions of differential equations. Geometrically, this deformation corresponds to
a shift of the graph of f̂1(ξ) along the ξ-axis by a quantity aε such that aε→−∞ as
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ε→ 0. We note that the explicit integration of equations (2.7) and (4.1) is associated
with the Loitsyansky integral invariant Λ (see (2.11)). The explicit solution (4.5)
obtained for σ = 4 demonstrates that Λ <∞ and, as a consequence of the above
asymptotic analysis, the same property holds for the solution (4.4) of the original
equation. In Appendix A, we prove that the Loitsyansky integral invariant indeed
plays the role of a conservation law for the evolution equation (2.5).

5. Conclusion

In this paper we have applied the HAM to deal with the von Kármán–Howarth
equation (2.7) associated with the boundary conditions (2.8). Our results show that the
HAM solutions agree well with the asymptotic expressions

f̂ (ξ) = N1ξ
−(σ+1) + N2ξ

σ−4e−δξ/(2κ2) as ξ→∞

for 1 ≤ σ ≤ 4, where N1, N2 > 0 are constants. The values σ = 2, 4 correspond to the
classical invariants of Birkhoff and Loitsyansky, and with the present series solutions
derived by the HAM we have obtained an explicit solution of the von Kármán–
Howarth equation and the relationship between temporal and spatial decay of the
longitudinal correlation function.

This result shows that there is no unique power-law behaviour for decaying
turbulence but that instead it strongly depends on the initial distribution of the
correlation function. This, however, is only true for solutions for freely decaying
turbulence obtained by solving the Navier–Stokes equations. Only very recently, an
exponential decay of turbulence was observed which was obtained by solving related
fractal equations [7, 27]. This rather unusual scaling behaviour was later unravelled
and traced back to a set of new symmetries which only originate in the multi-point
equation and hence are named statistical symmetries [23, 26] since they do not have a
counterpart in the Euler or Navier–Stokes equations.
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Appendix A. The Loitsyansky invariant

The main aim of this section is to prove that the Loitsyansky invariant Λ is a
conservation law of the problem below under the assumption that Λ <∞ at the initial
time. In order to establish this assertion, we have to show that solutions of the problem
are rapidly decreasing functions as r→∞, uniformly in t. Direct calculation of the
time derivative of Λ(t) using the corresponding governing differential equation shows
that dΛ/dt ≡ 0 if ∂BLL(r, t)/∂r decays faster than r−5 as r→∞. In other words,
we have to prove that BLL(r, ·) belongs to a space of sufficiently rapidly decreasing
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functions. We prove this using the semigroup approach and, as a result, we construct
a semigroup on a suitable function space which admits the Loitsyansky invariant.

We consider the von Kármán–Howarth equation (2.5). The key is that according to
the asymptotic property that (1 − f )1/2→ 1 for large values of r,

∂u′2(t) f (r, t)
∂t

=
1
r4

∂

∂r

[
r4

(
2κ2r

√
u′2

∂u′2(t) f (r, t)
∂r

+ 2ν
∂u′2(t) f (r, t)

∂r

)]
, (A.1)

which describes the asymptotic behaviour of solutions to (2.5). In order to study
equation (A.1), we rewrite it in the form

∂BLL

∂t
= 2κ2

√
u′2(t)

(
r
∂2

∂r2
BLL + 5

∂

∂r
BLL

)
+ 2ν

(
∂2

∂r2
BLL +

4
r
∂

∂r
BLL

)
, (A.2)

using the classical definition BLL(r, t) = u′2(t) f (r, t) for the longitudinal correlation
function BLL(r, t). Equation (A.2) is supplemented by the initial-boundary conditions

BLL(r, 0) = B0LL(r), r ≥ 0, (A.3)

BLL,L = 2κ2r
√

u′2(t)
∂BLL

∂r
= 0, r = 0, BLL = 0, r→∞. (A.4)

Instead of problem (A.1)–(A.4), we study two individual problems which lead to
solving (A.1)–(A.4):

∂B1LL

∂t
= 2κ2

√
u′2(t)

(
r
∂2

∂r2
B1LL + 5

∂

∂r
B1LL

)
(A.5)

and
∂B2LL

∂t
= 2ν

(
∂2

∂r2
B2LL +

4
r
∂

∂r
B2LL

)
, (A.6)

subject to
BiLL(r, 0) = Bi0LL(r), r ≥ 0, i = 1, 2, (A.7)

2κ2r
√

u′2(t)
∂BiLL

∂r
= 0, r = 0, BiLL = 0, r→∞. (A.8)

Let us consider the operator (the right-hand side of (A.2))

H = 2κ2

√
u′2(t)

(
r
∂2

∂r2
+ 5

∂

∂r

)
+ 2ν

(
∂2

∂r2
+

4
r
∂

∂r

)
,

which can be rewritten, using the variable q = 2r1/2 instead of r in the first term, as

H = 2κ2

√
u′2(t)

(
∂2

∂q2
+

9
q
∂

∂q

)
+ 2ν

(
∂2

∂r2
+

4
r
∂

∂r

)
.

The operator H admits a representation in the form of a sum of the so-called radial
components of Laplace–Beltrami type operators [5] given on the Cartesian product
Z1 × Z2, where Z1 = Rq × S 10 and Z2 = Rr × S 5 equipped with the corresponding
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metrics dz2
1 and dz2

2. The representation obtained for the operator H gives reason
to explore the property that H generates a semigroup on some function space. This
assertion was established by Grebenev and Oberlack [5] using the Trotter–Kato
formula [17, p. 125] for pairs of continuous contractive semigroups. The basis of this
approach is the theory of linear semigroups for the heat equation. Therefore, solutions
of the problem (A.5)–(A.8) are defined by the formulas [5]

B1LL(r, t) ≡ ṽ(r, θ̃) = e−θ̃(t)DαB10LL(r), B2LL(r, t) ≡ v̂(r, θ̂) = e−θ̂(t)Bk B20LL(r),

where θ̃ and θ̂ are determined by

dθ̃ = 2κ2

√
B1LL(0, t) dt, dθ̂ = 2ν dt, θ̃(0) = 0, θ̂(0) = 0.

Here the operators −Dα and −Bk generate continuous contractive semigroups e−θ̃(t)Dα

and e−θ̂(t)Bk in the function space

Hλ
0 = {F ∈C0 | F ∈ hλ([0,∞))}, 0 < λ < 1,

where C0 is a set of bounded uniformly continuous functions given on [0,∞) such that
F(r)→ 0 as r→∞ and hλ denotes the so-called little Hölder space. Then the formula

S (t; ν) = lim
n→∞

(e−θ̃(t/n)Dα · e−θ̂(t/n)Bk )n, (A.9)

known as the Trotter–Kato formula, defines the continuous contractive semigroup
S (t; ν) on the space Hs

0, 0 < s < 1, and

d
dt

S (t; ν)BLL(r, 0) = 2κ2

√
[S (t; ν)BLL(r, 0)]|r=0DαS (t; ν)BLL(r, 0)

+ 2νBkS (t; ν)BLL(r, 0).

Here the power n means iteration; for example,

(e−θ̃(t/2)Dα · e−θ̂(t/2)Bk )2 = e−θ̃(t/2)Dα · e−θ̂(t/2)Bk · e−θ̃(t/2)Dα · e−θ̂(t/2)Bk .

The function obtained, BLL(r, t) = S (t; ν)BLL(r, 0), is associated with the semigroup
solution of the problem

∂

∂t
BLL =

1
r4

∂

∂r
r4(2κ2r

√
BLL(0, t) + 2ν)

∂

∂r
BLL,

BLL(0, r) = B0LL(r).

Notice that in (A.9) the operators e−θ̂(t/n)Bk and e−θ̃(t/n)Dα admit permutation due to the
inequality

‖e−θ̂(t/n)Bk e−θ̃(t/n)Dα(ṽ) − e−θ̃(t/n)Dαe−θ̂(t/n)Bk (ṽ)‖ ≤
Tµ(t)t

n
, (A.10)

where T is a positive constant, µ(t)→ 0 as t→ 0, and ‖ · ‖ denotes the norm of Hs
0.

The proof of (A.10) is via a result of Ebin and Marsden [3, Lemma 2, Appendix B].
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It should be noted that the convergence in the formula (A.9) is of the order O(1/n) and
independent of the viscosity ν. Therefore,

Bn
LL(r, t) = (e−θ̃(t/n)Dα · e−θ̂(t/n)Bk )nBLL(r, 0)

represents a smooth approximate solution and the error for large n is O(1/n).
Moreover, the iterations (e−θ̃(t/n)Dα · e−θ̂(t/n)Bk )n converge in Hs

0 uniformly in t.
Now we prove that the semigroup S (t; ν) admits the Loitsyansky integral invariant∫ ∞

0
r4S (t; ν)BLL(r, 0) dr =

∫ ∞

0
r4BLL(r, 0) dr ≡ Λ <∞.

The proof is based on the explicit representation of the semigroups e−θ̂(t/n)Bk , e−θ̃(t/n)Dα .
Let us consider the semigroup e−θ̂(t/n)Bk . Then

v̂(r, θ̂) = e−θ̂Bk v̂(r, 0) ≡
∫ ∞

0
ξ4G(1)(r, ξ, θ̂)v̂(ξ, 0) dξ, (A.11)

where

G(1)(r, ξ, θ̂) =
|rξ|−3/2

4θ̂
exp

(
−

r2 + ξ2

4θ̂

)
I3/2

(
|rξ|

2θ̂

)
.

Here Im denotes the modified Bessel function. Suppose that r4v̂(r, ·) ∈ L1(R+).
Multiplying (A.11) by r4 and then integrating over r,∫ ∞

0
r4v̂(r, θ̂) dr =

∫ ∞

0
r4

(∫ ∞

0
ξ4G(1)(r, ξ, θ̂)v̂(ξ, 0) dξ

)
dr.

We can rewrite this integral in the form∫ ∞

0

∫ ∞

0
r4ξ4G(1)(r, ξ, θ̂)v̂(ξ, 0) dξ dr =

∫ ∞

0
ξ4v(ξ, 0)

(∫ ∞

0
r4G(1)(r, ξ, θ̂) dr

)
dξ.

(A.12)
Using the symmetry of G(1)(r, ξ, θ̂) with respect to r, ξ and the equality∫ ∞

0
ξ4G(1)(r, ξ, θ̂) dξ = 1,

we deduce that the interior integral in (A.12) equals 1, which yields∫ ∞

0
r4v̂(r, θ̂) dr =

∫ ∞

0
ξ4v̂(ξ, 0) dξ ≡

∫ ∞

0
r4v̂(r, 0) dr. (A.13)

Hence the semigroup e−θ̂Bk admits the Loitsyansky integral invariant. To prove this
property for the semigroup e−θ̃Dα , we use the fact that the operator Dα is transformed
into the operator Bk by the change of variable q = 2

√
r. Thus

ṽ(r, θ̃) ≡ ũ(q, θ̃) = e−θ̃Bk ũ(q, 0) ≡
∫ ∞

0
ξ̃9G(2)(q, ξ̃, θ̃)ũ(ξ̃, 0) dξ̃ for k = 9,
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where

G(2)(q, ξ̃, θ̃) =
|qξ̃|−4

4θ̃
exp

(
−

q2 + ξ̃2

4θ̃

)
I4

(
|qξ̃|

2θ̃

)
.

Using the same argument,∫ ∞

0
q9ũ(q, θ̃) dq =

∫ ∞

0
ξ̃9ũ(ξ̃, 0) dξ̃,

or, in the original variable r,∫ ∞

0
r4ṽ(r, θ̃) dr =

∫ ∞

0
ξ4ṽ(ξ, 0) dξ ≡

∫ ∞

0
r4ṽ(r, 0) dr. (A.14)

The invariants (A.13) and (A.14) of the semigroups e−θ̃Dα and e−θ̂Bk , which have
the same functional form, are crucial for proving that S (t; ν) admits the Loitsyansky
integral invariant.

To start with, we prove this property for the nth-order approximation

S n(t, ν) = (e−θ̃(t/n)Dα · e−θ̂(t/n)Bk )n

of the semigroup S (t, ν). Here

(e−θ̃(t/n)Dα · e−θ̂(t/n)Bk )n =

n pairs︷                                                      ︸︸                                                      ︷
e−θ̃(t/n)Dα · e−θ̂(t/n)Bk︸                 ︷︷                 ︸

2 terms

· . . . · e−θ̃(t/n)Dα · e−θ̂(t/n)Bk .

From this representation it follows that it is sufficient to show that the composition of
the two semigroups e−θ̃(t/n)Dα and e−θ̂(t/n)Bk admits the Loitsyansky integral invariant.
Let us consider

Bn
LL(r, ·) = e−θ̃(t/n)Dα · e−θ̂(t/n)Bk Bn−1

LL (r, ·).

Multiplying by r4 and integrating over r for all t > 0,∫ ∞

0
r4Bn

LL(r, ·) dr =
1
29

∫ ∞

0
q9ũ(q, ·) dq

=
1
29

∫ ∞

0
q9

(∫ ∞

0
ξ̃9G(2)(q, ξ̃, ·)ũ(ξ̃, ·) dξ̃

)
dq

=
1
29

∫ ∞

0
ξ̃9ũ(ξ̃, ·)

(∫ ∞

0
q9G(2)(q, ξ̃, ·) dq

)
dξ̃,

where ũ(q, ·) = Bn
LL(r, ·) for q = 2r1/2. Since∫ ∞

0
ξ9G(2)(q, ξ̃, ·) dξ̃ = 1

and G(2)(q, ξ̃, ·) is a symmetric function with respect to q and ξ̃, we deduce again that
the interior integral equals 1. Hence∫ ∞

0
r4Bn

LL(r, ·) dr =
1
29

∫ ∞

0
ξ̃9ũ(ξ̃, ·) dξ̃ =

∫ ∞

0
ξ4ṽ(ξ, ·) dξ,
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where ṽ(ξ, ·) = ũ(ξ̃, ·) for ξ̃ = 2ξ1/2. This in turn implies that∫ ∞

0
ξ4ṽ(ξ, ·) dξ =

∫ ∞

0
r4ṽ(r, ·) dr =

∫ ∞

0
r4

(∫ ∞

0
ξ4G(1)(r, ξ, ·)Bn−1

LL (ξ, ·) dξ
)

dr.

Therefore, ∫ ∞

0
r4Bn

LL(r, ·) dr =

∫ ∞

0
r4Bn−1

LL (r, ·) dr.

To complete the proof we iterate this procedure n times. This yields∫ ∞

0
r4Bn

LL(r, t) dr =

∫ ∞

0
r4BLL(r, 0) dr. (A.15)

From (A.15) we infer that r4Bn
LL(r, ·) ∈ L1(R+) if r4BLL(r, 0) is an integrable function

and S n(t, ν) preserves the Loitsyansky invariant. We observe that {Bn
LL(r, t)} is

a sequence of nonnegative smooth functions which converges to a nonnegative
continuous function

BLL(r, t) = S (t, ν)BLL(r, 0) = lim
n→∞

(e−θ̃(t/n)Dα · e−θ̂(t/n)Bk )nBLL(r, 0)

in the norm of Hs
0. Positivity of BLL(r, t) follows from the inequalities e−θ̃(t/n)Dα > 0

and e−θ̂(t/n)Bk > 0. Convergence in Hs
0 implies the uniform convergence of the sequence

{Bn
LL(r, ·)} on each compact subset of R+ and therefore the pointwise convergence of

{Bn
LL(r, ·)} on R+. Hence {r4Bn

LL(r, ·)} is a pointwise convergent sequence of integrable
nonnegative functions. Using Fatou’s lemma from functional analysis, we obtain∫ ∞

0
r4BLL(r, ·) dr ≤ lim

n→∞
inf

∫ ∞

0
r4Bn

LL(r, ·) dr ≡ Λ,

or r4BLL(r, ·) ∈ L1(R+) ∩C0(R+). Now notice that

r4Bn
LL(r, ·) ≤ A/x1+β and r4BLL(r, ·) ≤ A/x1+β

for r > K, β > 0 (for some positive numbers A, K), in view of the fact that both
r4Bn

LL(r, ·) and r4BLL(r, ·) are integrable functions. Let us estimate∣∣∣∣∣∫ ∞

0
r4BLL(r, ·) dr −

∫ ∞

0
r4Bn

LL(r, ·) dr
∣∣∣∣∣

≤

∣∣∣∣∣∫ bm

0
r4BLL(r, ·) dr −

∫ bm

0
r4Bn

LL(r, ·) dr
∣∣∣∣∣

+

∣∣∣∣∣∫ ∞

bm

r4BLL(r, ·) dr
∣∣∣∣∣ +

∣∣∣∣∣∫ ∞

bm

r4Bn
LL(r, ·) dr

∣∣∣∣∣.
Choosing bm > K gives∣∣∣∣∣∫ ∞

bm

r4BLL(r, ·) dr
∣∣∣∣∣ +

∣∣∣∣∣∫ ∞

bm

r4Bn
LL(r, ·) dr

∣∣∣∣∣ < δ

2
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for arbitrary small δ > 0. Note that r4Bn
LL(r, ·)→ r4BLL(r, ·) as n→∞ uniformly on

each compact subset of R+. Hence∣∣∣∣∣∫ bm

0
r4BLL(r, ·) dr −

∫ bm

0
r4Bn

LL(r, ·) dr
∣∣∣∣∣ ≤ δ2

for sufficiently large n. Therefore,∣∣∣∣∣∫ ∞

0
r4BLL(r, ·) dr −

∫ ∞

0
r4Bn

LL(r, ·) dr
∣∣∣∣∣ ≤ δ

and

lim
n→∞

∫ ∞

0
r4Bn

LL(r, ·) dr =

∫ ∞

0
r4BLL(r, ·) dr.

Thus, we have shown that the semigroup S (t, ν) admits the Lointsyansky integral
invariant.
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