Glasgow Math. J. 48 (2006) 19-28. © 2006 Glasgow Mathematical Journal Trust.
doi:10.1017/S001708950500282X. Printed in the United Kingdom

ON A FRIEDRICHS EXTENSION RELATED TO UNBOUNDED
SUBNORMAL OPERATORS

SAMEER CHAVANt and AMEER ATHAVALE}

Department of Mathematics, Indian Institute of Technology Bombay, Powai, Mumbai 400076, India
te-mail: sameer@math.iitb.ac.in
te-mail: athavale@math.iith.ac.in

(Received 20 January, 2005; accepted 14 October, 2005)

Abstract. We combine the theory of sectorial sesquilinear forms with the theory
of unbounded subnormal operators in Hilbert spaces to characterize the Friedrichs
extensions of multiplication operators (with analytic symbols) in certain functional
Hilbert spaces. Such characterizations lead to abstract Galerkin approximations and
generalized wave equations.

2000 Mathematics Subject Classification. Primary 41A65, 47B20. Secondary
35K90, 41A10, 47A07, 47B32.

1. Preliminaries. The theory of sectorial sesquilinear forms is a powerful tool
in the study of differential operators (refer to [4] and [6], for example). The present
paper is an illustration of the utility of that theory in the study of multiplication
operators (with analytic symbols) in certain functional Hilbert spaces. Our methods
make an essential use of the fact that the multiplication operators under consideration
are unbounded cyclic subnormal operators (see definitions below), and rely crucially
on the theory of such operators as expounded in [9]. (See also [7], [8].) The interaction
of the theory of sectorial sesquilinear forms with that of unbounded subnormals
was explored by the authors in [2] with a special attention paid to those subnormal
operators that admit ‘analytic models’. While the investigations here are in the same
spirit as those carried out in [2], they are in no way dependent on the results obtained
in [2]. The main result of the paper (Theorem 3 in Section 2) is the identification
of the Friedrichs extension of a certain multiplication operator with a ‘maximal’
multiplication operator in the relevant functional Hilbert space. Such an identification
has natural advantages as demonstrated by a couple of applications in Section 3
(Proposition 3 and Proposition 4). In the present section we record some requisites
pertaining to sectorial sesquilinear forms and unbounded subnormals.

For a subset 4 of the complex plane C, let A*, int(A4), 4 and A° respectively denote
the conjugate, the interior, the closure and the complement of 4 in C. We use R to
denote the real line, and Rez and Imz respectively denote the real and imaginary
parts of a complex number z. Let H be a complex infinite-dimensional separable
Hilbert space with the inner product (-, -)»; and the corresponding norm || - ||. If S
is a densely defined linear operator in H with domain D(S), then we use o (), 0,(S),
o4 (S) to respectively denote the spectrum, the point spectrum and the approximate
point spectrum of S. It may be recalled that o,(S) is the set of eigenvalues of S, that
o4(S) is the set of those A in C for which § — A is not bounded below, and that o(S)
is the complement of the set of those A in C for which (7 — A)~! exists as a bounded
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linear operator on H. (Refer to Remark 1 below.) For a normal operator N in H,
o (N) = 04(N).

A densely defined linear operator S in H with domain D(S) is said to be cyclic if
there is a vector fy € D*(S) = N2, D(S") (referred to as a cyclic vector of S) such that
D(S) is the linear span lin{S"f; : n > 0} of the set {S"f; : n > 0}.

If Sis a densely defined linear operator in H with domain D(S), then S is said to be
subnormal if there exist a Hilbert space K containing H and a densely defined normal
operator N in K with domain D(N) such that D(S) € D(N) and Sf = Nf, f € D(S).

If S is a densely defined closable operator in H, then we use S to denote the closure
of S in H. It is known that every subnormal operator is closable. (See [8].) Let S be
a densely defined cyclic subnormal operator in ‘H with the cyclic vector f. It follows
from Proposition 6 of [9] that, for any point A € 0,(S*), there exists a unique vector
hy in H such that p(A) = (p(S) fo, h. ) for every polynomial p. One can then define
a function kg on C by setting kg(A) equal to A if A € 0,(S*)*, and equal to oo
otherwise. If int(o,(5*)) is non-empty and if one defines

y(S) = {1 € C : kg is finite and continuous in a neighbourhood of 1}, (1)

then it follows from Theorem 7 of [9] that y(S) is an open subset of int(0,(5*)*) and that
int(0,(S*)*) \ y(S) is a nowhere dense subset of C; further, as pointed out in Footnote 9
following Theorem 9 of [9], o/(S) \ 0,4,(S) C ¥(S).

Given a Hilbert space H and a cyclic operator S on H with a cyclic vector f of
S, one can come up with a sequence r = {r,},>0 of complex polynomials such that
e, = 1,(S) fo and lin{e,, : n > 0} = lin{S"fy : n > 0}. See [9]. As observed in the proof of
Proposition 6 of [9], the polynomials r,, so obtained, form a Hamel basis for C[z], the
vector space of complex polynomials in z. If w, is the set {z € C: Y 2 Ir(2)]> < 00},
then we define K, on w, x w, by K.(z, w) = > 2, r,,_(z)rn(w) (z, w € w,). Since K, is a
positive definite kernel on w,, we can associate with K, a reproducing kernel Hilbert
space H, as described in [1]. The following theorem is Theorem 6 of [9].

THEOREM 1. Suppose that H, S, e, r, w, and H, are as described in the preceding
paragraph. If the point spectrum o,(S*) of S* is non-empty, then the following are true:

(a) Py, the set of restrictions of members of C[z] to w;, is dense in H,;

(b) the operator M, of multiplication by z defined on P, is cyclic with a cyclic vector
the constant polynomial 1,

(c) there is a unique partial isometry W : H — H, with its initial space being the
closure of lin{y "2 ra(X)ey : A € 0,(S*)*} and its final space being H, and such that
WS =MW,

(d) 0, = 0,(S*)" = 0,(M?F)".

Suppose that, for a cyclic operator S in H having nonempty point spectrum o,(S*),
the mapping W in (c) of Theorem 1 turns out to be an isometry of H onto H,; in this case
the triple (M, P,, H,) will be referred to as an analytic model of the cyclic operator S.

REMARK 1. It is a practice with some authors (see [5], for example) to define the
concept of spectrum for closed linear operators first and then declare the spectrum of
a closable linear operator S to be the spectrum of its closure S; we do not follow that
practice in the present paper. Indeed, in keeping with the definition of the spectrum of
S as given earlier, we find that Lemma 1 below leads to examples of cyclic subnormal
operators S whose spectra are the whole of C, while the spectra of their closures
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are proper subsets of C. Now the proof of Lemma 1 below uses the following fact
established in the proof of Theorem 2 of [9]. If S is a closed subnormal operator in
H with a normal extension N acting in K and w is a connected component of o(N)°,
then either o N o (S) =¥ or w C o(S). The proof of Theorem 2 of [9] (as presented
in [9]) assumes that o(S) equals o(S) to establish the foregoing assertion also for a
non-closed subnormal operator S; however, using our definition of the spectrum and
without assuming o (S) = o(S), one can recover the assertion of Theorem 2 of [9] by
simply considering two cases: (1) o(S) # C (in which case S is closed) (2) o(S) = C (in
which case w C o(S)).

Let H be a complex infinite-dimensional separable Hilbert space with the inner
product (-, -} and the corresponding norm || - ||. Let I" be a dense subspace of H
such that I" itself is a Hilbert space with the inner product (-, -) and the corresponding
norm || - ||. Let there exist a positive number M; satisfying

Ixll% < Millx|lr, forallxeT. )

Letalso F : ' x I' — C be a sesquilinear form and assume that there exist positive
numbers M», M5 and a real number « such that

|F(x, )| < Ma|lx|irllyllr, forallx,yeTl, (3)
Re F(x, x) > Ms||x||% +al|x||3,, forallxeT. 4)

Such F are referred to as sectorial sesquilinear forms. Corresponding to any such
F we can define a linear operator 4 in H as follows: x € D(A) if and only if x € T" and
there exists z in H such that

F(x,y)=(z,y)n, forallyinT; 5)

we set Ax = z. The linear operator A so defined is referred to as the operator associated
with F and it clearly satisfies

F(x,y) = (Ax, y)y, forallx e D(4)andforallyinT. (6)

For the basic properties of the operator A associated with a sectorial sesquilinear
form F, the reader is referred to Chapter 2 of [6]. In particular, it follows from
Theorem 2.8.2 in [6] that A is a closed densely defined operator in H and o(4) is
contained in the “truncated cone”

A={¢eC:Re¢ >a+M;/M; and|Im¢| < My(Re¢ — a)/Ms}. (7)

The following result is Theorem 2.12.1 of [6].

THEOREM 2. Suppose that S is a densely defined linear operator in a complex Hilbert
space H such that, for some r € R and M € (0, 00), we have

[Im (Sx, x)5| < M Re (Sx —rx, x)y, forall x € D(S). ®)

Then there exist a subspace " of H, an inner product (-, -)r on T’ with the correspond-

ing norm || - ||r, and a sectorial sesquilinear form F on T such that the following assertions
hold.

(a) D(S) is a dense subspace of T (in the || - || norm);
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(®) (x, »)r = (1/2)((SX, p)r + (X, Syyn) + (1 = r){x, y)y, for all x, y € D(S);
(c) F(x,y) = (Sx, y)n, for all x, y € D(S).

The linear operator A associated with the sectorial sesquilinear form F of Theo-
rem 2 is clearly an extension of the operator S and is called the Friedrichs extension
of S. Referring to the proof of Theorem 2.12.1 in [6] one finds that the constants
M, M», M3 and a corresponding to F as in (2), (3), (4) are given by M| =1, M, =
M+ 1+ |r—1|, M3 =1and a = r — 1; in particular, from (7) we obtain

oc(A)cA={¢eC:Re¢>r and|Im¢|<M+1+|r—1)Re¢ —r+1)}. )

2. Multiplication operators with analytic symbols. Let G be an open subset of the
complex plane C and let w : G — (0, 00) be a positive continuous function. We use 1,
to denote the weighted area measure on G defined by du,(z) = w(z)dz (z € G). Let
L*(G, y) stand for the Hilbert space of ju,,-square integrable Lebesgue measurable
functions on G (with two functions being identified if they are p,,-almost everywhere
equal to each other). Let L2(G, ,,) = {f € L*(G, ) : f is analytic on G}.

As in the case of the Bergman space of a bounded domain (see [3, Ch. 2, Proposi-
tion 8.4] and [3, Ch. 2, Theorem 8.5]) it can be verified that L2(G, u1,,) is a Hilbert
space, and the point evaluation is bounded on L2(G, ,,) so that, for any A € G, there
exists k; € H = L2(G, w,,) such that

(k) =f(0) forallf e LAG, wy). (10)

DEFINITION 1. A triple (G, ¢, w) is called a weighted analytic domain if G is a non-
empty open subset of C, ¢ : G — C is anon-constant analytic function, w : G — (0, c0)
is a continuous function, and ¢* € L*(G, 1,,), for every non-negative integer k. (We
interpret ¢° to be the constant function 1 with 1(z) = 1, for all zin G.)

PROPOSITION 1. Let (G, ¢, w) be a weighted analytic domain with Pé(G, Wy ) being the
closure of lin{g* : k =0, 1,2, ...} in LG, ). Let My be the operator of multiplication
by ¢ in Pé(G, ) with D(My) = lin{¢* : k =0,1,2,...}. Then ¢(G) C op(My)*.

Proof. For any polynomial p, po ¢ € L2(G, u,,). It follows then from (10) that,
for any A € G, there exists k; € K = L2(G, u,,) such that (po@, ki) = (po @A),
for every polynomial p. Thus |p(¢(1))| < llkllcllp o ¢l = kil lip(Mg)1li, where
H = P3(G, ). Since M, is a cyclic operator in Pj(G, ) (with cyclic vector 1), it
follows from Lemma 2 of [9] that ¢(%) € o, (M ). O

The operator M, in Pé(G, W) corresponding to a weighted analytic domain
(G, ¢, w) as described in Proposition 1 is subnormal; indeed, a normal extension of
My is Ny in L*(G, w,,) defined by Nyf = ¢f for f € D(Ny) = {f € L*(G, uy) : ¢f €
L*(G, ity)}. We define MG to be the operator of multiplication by ¢ on D(My*) =
{fe Pé(G, Uy): @f € Pé(G, pw)}. It is easy to check that M is a closed linear
operator in Pi(G, Kw); Mg™* obviously extends M_¢ A triple (G, ¢, w) will be called a
subdomain of a weighted analytic domain (G, ¢, w’) if G is a non-empty open subset
of @, =¢'/G,and w = w'/G.
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PROPOSITION 2. Let (G, ¢, w) be a weighted analytic domain. If ¢(G) is contained
in the cone Apyy ={z€C:|lmz| < M(Rez —r)}, where r € R and M € (0, 00), then
there exist a subspace T of Pé (G, wy), aninner product (-, -)r on T with the corresponding
norm || - ||r, and a sectorial sesquilinear form F on T such that the following assertions
hold:

(a) D(My) is a dense subspace of T (in the || - ||r norm);

(b) (f.8)r = [¢Re p(2) — r + 1) f(2)g(2) dpuu(2), for all f. g € D(My);

(©) F(f. 8) = [;9(2)f(2)g(z) dw(2), for all f, g € D(My).

Proof. Note that S = M, is a densely defined linear operator in H = Pé(G, ).
Also, for any f in lin{¢* : k = 0, 1,2, ...}, one has, using ¢(G) C A, that

ImMMwJ%A=HmA¢@ﬂﬁﬁ5mw@ﬂ
s/ﬂm¢@mﬂﬂVWw&)
G

sMme@—Mﬂmmm@
= MRe(My f —1f, [)n,

so that (8) is satisfied. The desired conclusions now follow from Theorem 2. ]

The linear operator A associated with the sectorial sesquilinear form F of
Proposition 2 is the Friedrichs extension of M.

LEMMA 1. Let (G', ¢, w') be a weighted analytic domain and let (G, ¢, w) be its
subdomain. Using H, to denote the half-plane {z € C : Rez < r}, suppose that $(G) C Hf.
Also, assume that exp(—k¢') € P2(G', ), for every non-negative integer k. Let w be

the unbounded connected component of ¢>(G)C in C that contains H,, and let My be as
described in Proposition 1. If ¢'(G') N H, is non-empty, then o (M) C w®; if, in addition,
¢(G)C is connected, then a(m) = ¢(G).

Proof. Assume the hypotheses and also that ¢'(G’) N H, is non-empty. Suppose
that o(My) is not contained in ¢, where w is the unbounded connected component
of ¢>(_G)c that contains H,. The operator N, as described in the paragraph preceding
Proposition 2 is a normal extension of M, and hence of M. It is easy to check that
o(Ng) = #(G). From the proof of Theorem 2 of [9] (see Remark 1 above) one has either
wn o(m) =PorwC a(m). Since a(m) is not contained in w°, w C a(M_¢).

Note that My is a cyclic subnormal operator in H = Pi(G, y) With the cyclic
vector 1. With (M) as defined in (1), o(My) \ Uap(m) C y(My) as recorded in our
comments following (1). Since 0,,(Ng) = 0(Ng) = ¢(G) and N, extends My, we have
05p(My) C 04(Ny) = $(G) and thus o(My) \ ¢(G) C y(M,). Since o C o(My) and
N $(G) = ¥, we have w C v(M,). From the observations following (1) in Section 1,
we have y (M) C int(o,(My*)*). Since H, C , one has H, C o,(My)*.

Let h € ¢'(G')N H,. Then Reh < r < Re ¢(z), for every z in G, in view of 1 € H,
and ¢(G) C H;. Since G’ is open and ¢’ is non-constant analytic, ¢'(G’) is open; thus
we can choose € > 0, for which & — € € ¢'(G") N H,. Consider the function f : G — C
defined by f(z) = 1/(1 — exp(—¢(z) + h — €))(z € G). For any integer m > 0 and for
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any z € G, one has

Y exp(—p@) +h—ek| < Y lexp{(—p(2) + h — ek}

k>m+1 k>m+1
= Z exp{(—Re ¢(z) + Re h — €)k}
k>m+1
< Z exp(—ek),
k>m+1

and the last expression tends to 0 as m tends to oo. Letting £ = L*(G, j,,), one has

2 2

Hf—ZeXp{(—qb(JJrh—E)k} = / > expl(—¢(2) + h — kY| dpw(2)
k=0 L G k>m+1
2
< < > exp(—ek)> 1 (G).
k>m+1

Since each exp(—k¢') € P;(G', (1,), by assumption, it is clear that /' € P;(G, (y);
in fact we have that |/ — Y} exp{(—¢(-) + h — €)k}||3, converges to 0 as m tends
to oco. Since h— € € ¢'(G’), there exists zp € G’ such that ¢'(zo) =h — €. Since
H, C 0)(My)" and since h—e€ € H,, one has h—e € 0,(Mj)*. By Lemma 2 of
[9], there exists a constant ¢, > 0 such that |p(h —€)| < cullp(My)1]|ly, for every
polynomial p. Thus |p(¢’(z0))| < cullp o ¢, for every polynomial p. Since each
exp(—k¢') e H' = Pé,(G’, W), we can find, for every integer k > 0, a sequence {p;, i }n>1
of polynomials such that ||p, ;o ¢ — exp{—k(¢'(-) — h + €)}|l7+ converges to 0 as n
tends to co. Since H' C L2(G', iy ), there exists, in view of (10), k., € K' = L2(G, )
such that (f, k.,)xo = f(z) for every f € ‘H'; in particular, using ¢'(zo) = h — €, one
obtains (p, o ¢ —exp{—k(¢'(-) —h+ €}, kz) i = pni(@'(z0)) — 1, for every n > 1.
Since, for any integer k > 0,

Pni(@'(20)) = 11 < lIpak © ¢" — exp{—k(¢'(-) — h+ )}l 1K=, Il
= ||lpnk 0 ¢ — exp{—k(®'() — h + )}l llkz i 1Pur(@'(z0) — 1]

converges to 0 as n tends to co. The preceding observations then lead to the following:
for every integer m > 0, || > /o puik 0 @' — Y po XP{—k(¢'(-) — h + €)} I3 and hence
D o Pnk 0@ — I peoeXp{—k(¢(-) — h + €)}|l3 converges to 0 and Y ;" pux(¢'(20))
converges to m + 1 as n tends to co. Putting p = Y} pux in |p(¢/(20))| < cullp o Plin
and letting n tend to oo, one obtains m + 1 < ¢;|| Y_j_ exp{—k(¢(-) — h + €)}l|3, for
every integer m > 0. This contradicts the fact that || Y_/_, exp{—k(¢(-) — h + €)}|ln
converges to || /13 as m tends to co. Thus we must have o(My) C €.

Now assume in addition that MG is connected so that »* = ¢(G). From what we
saw above, a(m) C ¢(G).Let A € ¢(G); thatis, A = ¢(z;) forsome z; in G. Suppose A €
o(My)°, so that My — A is invertible. Then 1 € (Mg — »)D(My) and hence there exists
¥ € D(My) such that (¢ — A)¥ = 1. Thus ¥ cannot be bounded in a neighborhood
of z1, which contradicts the fact that v is analytic on G. Hence ¢(G) C o(My). Since
o(My) is closed, however, #(G) C o(My). [l
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ExAMPLES 1. (a) Consider the weighted analytic domain (G, ¢’, w’), where G’ = C,

¢'(z) = Zn onz" withag # 0and d > 1, and w'(z) = exp(— |z]9t€) with € > 0. Let ©

be any non-empty open subset of C contained in A,y (C Hf). Then (G = ¢'~ 1(2), ¢ =
¢'/G, w = w'/G) is a subdomain of (G, ¢’, w’). Since ¢'(G') = C, ¢'(G') N H, = H,.

(b) Consider the weighted analytic domain (G', ¢’, w’), where G’ =C\ {z e C:
Rez <0}, ¢'(z) = z* with 0 < o < 1, and w’'(z) = exp(—|z|**¢) with € > 0. Let & be
any non-empty open subset of C contained in Ag y N ¢’(G’). Then (G = qb/_l(E), ¢ =
¢'/G, w = w'/G)is a subdomain of (G', ¢’, w'). Note that ¢'(G') N Hy is non-empty if
a>1/2.

(c) Consider the weighted analytic domain (G', ¢’, w’), where G’ =C\{z e C:
Rez < 0}, ¢'(z) = Inz, and w'(z) = exp(—|z|'*¢) with € > 0. Let ¥ be any non-empty
open subset of C contained in A, . Then (G = ¢’_1(E), ¢o=¢'/G,w=w'/G)is a
subdomain of (G, ¢’, w’). Note that ¢’(G") N H, is a non-empty proper subset of H, .

In (a), (b) and (c), it can be verified that exp(—k¢’) € Pé,(G’, Wy ), for every non-
negative integer k; thus the conclusion of Lemma 1 holds for Examples 1.

THEOREM 3. Let (G, ¢', w') be a weighted analytic domain and let (G, ¢, w) be
its subdomain. Suppose that ¢(G) is contained in the cone A,y ={z€C:|Imz| <
M(Rez —r)}, where r € R and M € (0, 00), and exp(—k¢') € P2(G', pu), for every
non-negative integer k. Let H, be the half-plane {z € C : Rez < r}. Further, let My be as
described in Proposition 1 and let ¢'(G') N H, be non-empty. Then the following are true:

(1) the Friedrichs extension A of My is My, thus A C Mg™;

(ii) My has an analytic model

(i) A = MG™ provided ¢>(G)C is connected.

Proof. (i) By Lemma 1, we have a(m) C w¢, where w is the unbounded connected
component of mc that contains H,. Since A is the Friedrichs extension of M,
o(4) C A as noted earlier (refer to (9)). Since A4 is closed, 4 extends m; further,
o(My) C o and o(A4) C A imply that o(m)c No(A)° is nonempty. It then follows
from Lemma 1.6.14 of [6] that 4 = M.

(i) As noted in Proposition 1, ¢(G) C 0,(M3)*; in partlcular op(My) # 0. By
Theorem 1, there exists a surjective partial 1sometry W (G Uw) —> H,, where H,is
as described in the paragraph preceding Theorem 1. It sufﬁces then to check that the
null space of W is trivial. We adapt the argument of Proposition 9 of [9] to the present
situation. Letf e Pé(G, Wy) be such that Wf = 0. Examining the proof of Theorem 6

n [9], we find that W(p o ¢)(1) = p(1), for any polynomial p and any A in o,(M, )
S1nce fisin’H = P +(G, i), there exists a sequence p, of polynomials such that ||p, o
¢ — f |3 converges to 0. Then there exists a subsequence {g,,} of {p,} such that, z-almost
everywhere [, ], W (g, 0 #)(@(2)) = ¢.(¢(2)) = (¢, o $)(z) converges to f(z). Also, since
W is continuous, || W(q, o ¢) — Wf'||x, converges to 0. Since H, is a reproducing kernel
Hilbert space, it follows that W (g, o ¢)(¢(z)) converges to (Wf)(4(z)); thus, z-almost
everywhere [, ], (Wf)(¢(z)) = f(z). Hence f vanishes almost everywhere [1,,]; but /" is
analytic so that f = 0.

(111) The proof here is an adaptation of the proof of Proposition 11 in [9]. Suppose

(G) is connected. By Lemma 1 we have a(M¢) = ¢(G). Further, Proposition 1 yields
that ¢(G) C 0,(M3)". As recorded in Section 1, y(M¢,) as defined in (1) is an open
subset of int(o,(M3)*) and int(o,(My)*) \ y(My) is a nowhere dense subset of C.
Therefore y(My) is non-empty. By part (ii) the cyclic subnormal operator M, has an
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analytic model, and it follows from Theorem 9 of [9] that y (M) = a(m) \ aap(m) =
w\a@(m). Since y(M,) is a non-empty open set, it is easy to see that there
exists Ag € y(My) N (9(G) \ aap(m)). Let /€ D(My™); then (Mg —Xo)f € H =
Pé(G, ). Thus there exists a sequence {¢, o ¢} such that ||g, o ¢ — (MG — %0) f I
converges to 0. Let zp € G be such that ¢(zp) = A¢. By (10), (g, o ¢)(z9) converges
to 0; consequently, 7, = g, 0 ¢ — (g, 0 p)(20) € lin{¢p* : k =0, 1,2, ...}, t, converges to
(M;m — Ao)f, and 2, vanishes at z, for all n. Letﬂe lin{¢* : k=0,1,2,...} be such
that ¢, = (¢ — ¢(20))p,. Since Ao is not in o,(My), there exists a positive number
N such that ||(V¢ — do)hll = N h| for every h € D(m). Putting & = p,, one has
ltxlle = Nl|pnll#, for all n. This shows that the sequence {p,} converges to some g in H.
Since (My — ho)pn = t, converges to (MG — i¢) f, the closedness of M shows that
g € D(My) and (M3™ — %9)f = (My — Ao)g. This in turn implies that /' = g except
possibly at zo; but both /" and g are analytic so that /' = g. Thus /' € D(M;), showing
that D(M ™) C D(My). ]

COROLLARY 1. Under the hypotheses of Theorem 3 and assuming qb(G)C to be connec-
ted, one has that, for any f € D(M*™), there exists a sequence p, o ¢ of polynomials in ¢

such that p, o ¢ converges to f in Pé(G, W) and ¢(p, o @) converges to ¢f in Pé(G, W)

In the light of Theorem 3, it would be desirable to construct an example of
a weighted analytic domain (G, ¢, w) for which My # M. One could for that
purpose try to use the weighted analytic domains (G', ¢', w’) and subdomains (G, ¢, w)
mentioned in Examples 1; indeed, the examples discussed there allow for m( to be
disconnected. We have, however, not been able to construct such an example.

__QuEsTION 1. Does there exist a weighted analytic domain (G, ¢, w) for which
My # MG*?

3. Applications: Galerkin approximation and generalized wave equation. Our first
application of Theorem 3 is a Galerkin approximation result in the setting of Pé (G, )
corresponding to a weighted analytic domain (G, ¢, w). See Sections 2.8 and 2.12 of [6].

PROPOSITION 3. Let (G', ¢', w') be a weighted analytic domain and let (G, ¢, w)
be its subdomain. Suppose that ¢(G) is contained in the cone A,y ={z € C :|Imz| <
M(Rez —r)} where r € R, M € (0, 00) and exp(—k¢') € P2(G', i), for every non-
negative integer k. Let H, be the half-plane {z € C : Re z < r}, and assume that ¢'(G') N
H, is non-empty. For n > 1, let v, = lin{¢y, ..., .}, where ¢y = ¢*! (k > 1) and let
A€ Cbesuchthat Rer <r. Iff € Pi(G, W) then, for each n > 1, there exists a unique
fn in vy, such that

/G(¢(Z) = WD (2) dpw(z) = fo(Z)qbk“(Z) dpw(2) (1 <k <n). )

Moreover,
. /e I
nh»nolo ; ﬂ(z)—m dﬂw(z)
2
< fin [ ®Rep@)-r+ 00 - LD dme =0 )
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Proof. Let H = P3(G, juyy) andlet S = M in H with D(S) = U,z v, = lin{¢"* : k =
0,1,2,...}. The condition ¢(G) C A,y ={z €C : |Imz| < M(Rez — r)} guarantees,
asin the proof of Proposition 2, that [Im({Sf, /)| < MRe (Sf — if, f)x, for all f in D(S).
An appeal to Theorem 2.12.6 of [6] now yields (11). Since the Friedrichs extension A
of Sis M, in view of Theorem 3, one more appeal to Theorem 2.12.6 of [6] yields (12)
in view of part (b) of Proposition 2. ]

ExamPLES 2. Referring to (a) of Examples 1, consider the weighted analytic
domain (G, ¢', w’), where G' = C, ¢'(z) = z, and w'(z) = exp(—|z|?); (that is, du,,
is the Gaussian measure). Then (G = int(A y), ¢ = ¢’/ G, w = w’/G) is a subdomain
of (G, ¢/, w'). Note that exp(—k¢’) € P2,(G', j1.), for every non-negative integer k.
Then, for any f € Pé(G, W), there exists a sequence of polynomials p, with the degree
of p, not bigger than » such that

tim [ )22 duutr= 0
and
li Rez ,,Z—— Uw(2) =
lim [ Re2)jp2) )

Our second application of Theorem 3 is obtaining a ‘smooth’ Pé(G, y)-valued
solution of a generalized wave equation. (See Section 4.4 of [6].) For that purpose we
establish a lemma.

LEMMA 2. Let (G, ¢, w) be a weighted analytic domain and let $(G) be contained
in Ay NP, where Ay ={zeC:|Imz| < M(Rez—r)} and P={zeC:(Imz)* <
M@Rez—r+ 1)} withr € R and M € (0, 00). Let F be the sesquilinear sectorial form
defined on I" and let A be the associated operator (that is, the Friedrichs extension of M
inH = Pé(G, Wy)) as guaranteed by Proposition 2. Then the following are true:

() 1F(f. 8) — F(g. N < 2M'2| flIr lIgll3.. for all f, g € T;
(i) T = D(4 — a)'?), where a = r — 1.

Proof. (1) Using the condition ¢(G) C A,y N P one has, forany f, g € T,

\F(f. ) — Flg. /)l = | /G B(2) f(2)g(2) dptw — fc $(2)g(2) f(2) dpay

- ‘ /G 6(2) — P/ (g dit

<2 fG m ¢/ g dira

1/2 1/2

52< | IIm¢(Z)|2If(Z)|2de(Z)> ( [ |g(z>|2duw(z))
G G

< 2M"2|| £ IIr ligll-

(i1) The desired result follows from part (i) above, Theorem 2.8.12 and Corollary
6.1.14 of [6] and the choice @ = r — 1 as recorded at the end of Section 1. ]
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For a Hilbert space H and for a positive integer k, let C¥([0, 0o), H) denote the
vector space of H-valued k times continuously differentiable functions on [0, co). For
u e CK([0, 00), H) and for a positive integer m < k, let u™(¢) denote the mth derivative
ofuatt.

PROPOSITION 4. Let (G', ¢, w') be a weighted analytic domain and let (G, ¢, w)
be its subdomain. Also, suppose that ¢(G) is contained in A,y N P, where Ay pr = {z €
C:|Imz| < M(Rez—r)}and P={zeC:(Imz)> < M(Rez —r + 1)} withr € R and
M € (0, 00). Let exp(—ke') € P2(G, wu), for every non-negative integer k. Let H, be
the half-plane {z € C : Rez < r}, and assume that ¢'(G") N H, is non-empty. If A is the
Friedrichs extension of M y as guaranteed by Proposition2 andT is as in part (ii) of Lemma
2, then for each f € D(A), g € T there exists a unique u € C*([0, o), Pé(G, Uw)) N
C'([0, 00), T") such that u(0) = f, u"(0) = g, u(t) € D(A) for all t € [0, o0), and u>(t) =
—ou(t), for all t € [0, c0).

Proof. As shown, by Theorem 3, the action of the Friedrichs extension A of M
is multiplication by ¢. The desired conclusion now follows from Lemma 2 above and
Theorem 4.4.2 of [6]. O

It should be clear to the reader that all of the examples mentioned previously can
be suitably modified so as to make the hypotheses of Proposition 4 applicable to them.
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