NATURAL PARTIAL ORDERS

R. A. DEAN AND GORDON KELLER

1. Introduction. Let # be an ordinal. A partial ordering P of the ordinals
T =T(n) = {w: w < n} is called natural if x Py implies x < y.

A natural partial ordering, hereafter abbreviated NPO, of T'(n) is thus a
coarsening of the natural total ordering of the ordinals. Every partial ordering
of a finite set .S is isomorphic to a natural partial ordering. This is a conse-
quence of the theorem of Szpielrajn (5) which states that every partial order-
ing of a set may be refined to a total ordering. In this paper we consider only
natural partial orderings. In the first section we obtain theorems about the
lattice of all NPO'’s of T'(z). In the succeeding sections, for # < w we associate
a subgroup of the upper triangular group 7°L (%) of n X # matrices. We obtain
necessary and sufficient conditions for an NPO to be associated with a normal
subgroup of T'L(n); we show that these ‘“‘normal” NPO’s form a distributive
sublattice and for finite # we count the order of this lattice. We show that

this number,
(2: > / (m+ 1),

is exactly the number of non-isomorphic partial orderings P of {0,...,n — 1}
which do not have a sub-partially ordered set like either of those shown in
Figure 1.
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Ficure 1.

Since a relation P on T is a subset of 7" X 7" we shall use whichever of the
notations (x,y) € P, x Py or (x,y) ¢ P, x ~ Py seems most convenient.
The collection of NPQO’s of T will be denoted by %t or by 9t (») if it is important
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to emphasize the ordinal #. It is natural to order M itself by set inclusion: we
write P C Q if x Py implies x Qv for all (x,y) in T X 7. For any ordinal
n we have the minimal ordering ¢ = {(x, x): x < n#} and the maximal order-
ing @ = {(x,9):x<y<mn}. Clearly ¢ < P < Q for every P. If x <y we
define the NPO T'(x,y) = {(r,s):r = s or (r,s) = (x,y)}, which is easily
seen to be a minimal element over ¢. In fact the following theorem is easily
proved.

TaEOREM 1.1. For any ordinal n, the set M(n) of all natural partial orderings
of T(n) = {w:w < n} is a complete, compactly generated,* point lattice in
which the set of compact elements is the set of poinis {T(x,v): 0 < x <y < n}.

We shall omit the proof of this theorem and the following standard useful

result.
LeEmMa 1.1. If R is a subset of R, then (x,v) € \UR if and only if there
exists an integer v and a sequence x = uy < ... < u, =y such that for each

1, 1 <1 < r, there exists R; € R such that uw; R;uiy1.
Figure 2 shows % (3).

012
FIGURE 2.

The next sequence of lemmas characterizes coverings in % (n#) and shows
that the lattice is lower semi-modular.

LEMMA 1.2, Let P € N, Let x <y and (x,y) ¢ P. If Q=P \U I'(x, 5)
and (u,2) # (x,v), thenu Qvif, and only if,u Pvoru P x andy P v.

*For a definition of ‘“‘compactly generated” see (2).
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Proof. Clearly either of these two conditions is sufficient for u Qv. Let
us suppose that # Q v by means of the sequence # = u; Ryus. .. R,_1u, = v
where R; = P or I'(x,y). First we may assume without loss of generality
that u; # #,.1. Now it follows that #; < #;.; and so for at most one index ¢
we can have R; = I'(x,v). Indeed if u,T'(x,vy) %1 and u; = #,.1, then
u; = x; the condition #; < #,;4; guarantees that at most one term is x. If
no R; = I'(x,y), thenu Pv. If R, = T'(x,y), then

u=u Pu,, u; = xT(x,y)y = gy Pu, = v

and the necessity is proved.
Clearly P = |J{I'(x,y): x Py} but more generally if P C (Q, then
Q=PVU{T(x9): (x,3) € P — 0}

LeEMMA 1.3. If P and Q belong to N, then P s covered by Q if, and only if,
P —Q = {(x,9)}.

Proof. The sufficiency is clear since Q differs from P by exactly one ordered
pair. Conversely, suppose that Q covers P and that (x, ¥) and (u,v) € Q—P.
Clearly PC P\U TI'(x,y) € Q. Thus PU TI'(x,y) = Q and so

(u,v) € PU I'(x,y).

From Lemma 1.2, # P v or # P x and y P v. By assumption, the former cannot
hold; hence the latter condition does and # < x and y < v. Similarly we
have x < » and v < x; thus (u,y) = (x, v).

To establish lower semi-modularity we need a better characterization of a
covering.

Lemma 1.4. If Q =P \J T'(x,y) covers P in N, then y is a P-maximal
element among A (x) = {z: (x,2) € P}; dually, x is a P-minimal element among
B(x) = {z: (3, 5) ¢ P}.

Proof. Suppose there were a 2 such that x ~ Pz and yet y P z. Since we
have (x,2) € P\U I'(x,y), then P C P\U I'(x,2) € P \U TI'(x, y). But since
P U I'(x,y) covers P, it must be that P U T'(x,2) = P U I'(x, y), or that
(x,y) € P\U I'(x, 2). But from Lemma 1.2 this entails x Px and z P y;
thus z = y.

Lemma 1.4 gives us a way to find all the covers, if any exists, for an arbi-
trary P € M. We may proceed as follows. Let (#,v) ¢ P and % < ». Choose
a P-maximal element y from A4 (4, v) = {2: 4 ~ P zand v P z}. Having chosen
v, choose a minimal element x from B(u,y) = {2: 2 Pu and 2 ~ P y}. We
can now show that P \U I'(x, y) covers P. We must show that y is a maximal
element in A (x). In the contrary case, as in Figure 3, suppose that y Pz
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FiGure 3.

and x ~ P z. It follows that u ~ P z for otherwise x P u implies x P 2, a
contradiction. But # ~ P z and v P 2z implies that z € 4 (u, v), while y P 2
contradicts the choice of y. Similarly it follows that x is a P-minimal element

in B(y).
For infinite ordinals, P need have no covering element. Indeed, for
T(w-+1)=1{0,1,2,...,w},if Pisas shown in Figure 4, then Q D P implies

that P — Q has the form {(0, m): m > m,}.

FIGURE 4.

THEOREM 1.2. The lattice N of natural partial orderings is lower semi-modular
in the sense that if Q is covered by P \J Q, then P covers P M Q.

Proof. Let P\J Q = Q U T'(u,v). Weshall show that P — P M Q={(u, v)}.
We may suppose that P € Q and so P — Q M P is not empty. Now suppose
that (r,s) € P — (P M Q). Thus (r,s) ¢ Q;however, (r,s) € PC QU TI'(«,v).
Thus r Qu and v Q s. Now # ~ Qs (otherwise  Q s) and dually » ~ Q v. Thus
s € A(u) and r € B(v), but by Lemma 1.4, v is a Q-maximal element in 4 (u)
and % is a Q-minimal element in B (v). From v Q s and » Q # we conclude that
(rys) = (u,v). Thus P — PN Q = {(u,v)}.
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The lattice N (n) is not complemented and the next result is a necessary
condition for an element of M (n) to possess a complement. If # < w, this
condition is also sufficient. Necessary and sufficient conditions in the general
case are not known.

LemMA 1.5. A necessary condition for an NPO, P, to have a complement in
N(n) is
(*) For all x, vy such that x P vy, either y = x + 1 or there exists (u, v) = (x,y)
with x <u<v<yand uPo

Proof. Suppose that Q is a complement for P and thatx Pyand y # x + 1.
If there is a w such that x < w < y and x Pw or w Py, then (*) holds. In
the contrary case, suppose that for all w such that x < w < y, then x ~ Pw
and w ~ Py. However, since x (P U Q)w, it follows that either x Qw or
there exists # and v such that x < # Pv and (*) holds. Similarly from
w (P\UQ)y, either wQy or the condition (*) is satisfied. However,
if xQw and wQy, then x Qy and hence (x,y) € PN Q # ¢, a contra-
diction. Thus (*) is necessary.

TaeoreM 1.3. If n < w, there exists a complement for P in N(n) if and only
if (*) holds.

Proof of the sufficiency of (*). Let P = {(x,9):x =y or (x <y and for
all w, x <w <y implies w ~ P(w + 1))}. We claim that P is an NPO.
Clearly it is reflexive and antisymmetric. To prove transitivity we suppose
that x Py and y P 2. Suppose that x < y and that there exists w such that
x <w<zand wP (w+ 1). By assumption ¥ P 2, and thus w < y, a con-
tradiction of x Py. Thus P is a partial ordering.

To prove that P N\ P = ¢ we note that since # < w, if x Py, then y is
finite and a finite number of applications of (*) implies that there exists w
such that x < w <y and wP (w+ 1). Thus x ~ Py. We prove that
P U P = Q by showing by induction on y — «x that if x < v, then x (P\UQ) .
If y — x = 1, then either x P y or x P y by definition. In general, if x ~ Py,
either w ~ P(w 4+ 1) for all w such that x < w <, in which case x Py,
or there exist w such that w P (w + 1). But then, by induction, x (P U P) w
and (w+ 1) (P U P) y; hence x (P U P)y.

We remark that P = (J{I'(u,u + 1): u ~ P(u + 1)} and thus if Q is
any complement for P, it follows that Q © P. Condition (*) is not sufficient
if @ < n as the example of Figure 5 shows.

2. The upper triangular group. For this and subsequent sections we
require that # < w. It will be convenient to let 7 € {1, 2,...} and T'(») ={1,
2,...,n}. With each NPO, P, of T" we associate a group Gp of non-singular
n X n, upper triangular matrices with entries in GF(2). Actually the field
plays no role in our considerations; we could have used an arbitrary field, but
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w4+ 1

O

FIGURE 5.

by choosing GF (2), all our entries are either 0 or 1 and certain of our calcu-
lations are easier. The group of all non-singular upper triangular matrices
we shall denote by 7'L(z). In this section we show that the mapping P — Gp
is a lattice isomorphism of N (z) into T°L(n).

Definition. Let P € N(n). Let Gp = {M = (my;):m;; =1, andif i ~ Pj
then m,; = 0}. In particular, note that Gp € T'L(n).

Clearly every matrix in Gp has 1 on the main diagonal and the identity
matrix I € Gp for all P. Only the entries which must be 0 have been specified
by P.

THEOREM 2.1. For all natural partial orderings, P, Gp, is a group.

Proof. Let A = (a;;) and B = (b;;) belong to Gp. Let AB = C = (cy).
Thus

Cir = Z @ijbp = Z @iz b
1<y <<k
If ¢ ~ Pk, then clearly for each j either z ~ Pjorj~ P k;thusc; = 0and
hence C € Gp. If n is finite, closure of course suffices to establish that Gp is
a group. If » = w, then we must also show that if 4 € Gp, then 47! € Gp.
Let A4 = (a;;) and A7' = (by); we do know that A=* € TL(n). We shall
show, by induction on (k¢ — 2), that if 2 ~ Pk, then b, = 0. For (k — 1) =0
the result is vacuously true. Suppose then thatz ~ P k whileif s — r < (k—1)
and »r ~ P s, then b, = 0. From I = AA~! we have

0 = 51]‘; = Z Qij bjk.

<<k
When ¢ < j the term u;; b, is zero for if a;; = b,z = 1, then ¢ Pj and by
induction j P k; hence ¢ P k, a contradiction. Thus 0 = a;; b, = by
It is easy to see that Gy is the identity group and that if P = T'(x, y), then
Gp, which we denote by G(x,y), is a group of order 2 whose non-identity
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element is I 4+ E(x, y), where E(x, y) is the » X » matrix whose only non-
zero entry is in row x and column y. For our next result we need the familiar
fact that E(x, v)E(u,v) = é,, E(x, v).

THEOREM 2.2. Let n be a finite ordinal. Let P be a natural partial ordering
of T(n). The group Gp is generated by {I + E(x,y): x Py, x 5 y}; indeed Gp
is the subgroup union of the subgroups {G(x,y): x Py, x # y}.

Proof. Since it is evident that if x ¢ y and x Py, then I + E(x,y) € Gp,
we have only to prove that G € (J{G(x,¥): x Py, x # y}. Now it is clear
that if M = (my;) € Gp, then M = I + > E(u,v), the sum ranging over
precisely those pairs (u,v) such that » # v and m,, # 0. First of all, note
that if m,; # 0, then ¢ P j, and so I + E(¢, j) belongs to the set the theorem
alleges to be a generating set for Gp. We shall show that if M € Gp, then
M ¢ |J{G(x,y): x Py, x = y} by an induction on the number \ of non-zero
entries in M. Note that X is the sum of # and the number of terms in}" E (u, v).
If A\ = n, then M = I and the result holds. In general we may write

M=I+Y (wv)=I+ 2, E(uv)+ E®s),

(u,0)7#(7,8)

where (7, s) is chosen so that r is a minimal value occurring among the first
coordinates of the pairs occurring in the sum. (Equivalently, 7 is a minimal
row index occurring among all non-zero entries in M lying off the main dia-
gonal.) Now we compute

<I+ > )E(u, v)) I+ E(r,s)) =

(u,0)#(7, s

I+ Y E(uv)+ E(@,s) +( Z )6,,,E(u,s).

(U, 0)7(7,5) Uy 0)7#(7) 8.

However, in the last sum, §,, = 0 for all v since » < # < v by the choice
of . Thus

w=(1+ S Eww)a+ 569,

(u,0)7#(7,8)

By the induction hypothesis the first factor belongs to (J{G (x, ¥): x Py, x5y}
as does the second; hence M does as well. Thus the theorem holds.

THEOREM 2.3. The mapping P — Gp is a lattice isomorphism from N (n) into
a sublattice of the latiice of all subgroups of TL(n). Indeed Gpre = Gp M Gg
and GPUQ = GP U GQ.

Proof. First note that P € Q if and only if Gp & G4. This is an immediate
corollary of the preceding theorem and from this remark we learn that the
mapping P — Gp is one-to-one. The equality Gpne = Gp M Gq is easily seen
to hold, primarily because both P M Q and Gp M G, are set intersections.
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Because the mapping is order-preserving, to complete the proof we need only
show that Gpye € Gp U G¢. From the preceding theorem it will suffice to
show that ¢ (P U Q) b and a # b implies that I + E(a,b) € Gp U Go. We
begin by computing the commutator:

Clx,y;u,v) = [+ E(x,95)), I + E(u,7))] = [({ + E(x,5)) (I + E(u,7))]?
= (I + E(x,y) + E(u,v) + 8,4 E(x,v))?2
=14 E(x, y) + E(u, v) + 51/uE(xr 7’) + E(x» y)
+ 0+ 6 E(u,y) + 0+ E(u,v) + 6,y E(x,v) + 0+ 0
+ 6, E(x,v)+0+0+4+0
I if vy u and v # x,
={I—|—E(u,y) if v =xand u =y,
I+ E(x,v) if v x and u = y.

Now we shall show that if ¢ = u; <us <...<u, =0 is a sequence
such that #; R;u,1 where R; = P or Q, then I 4+ E(a,b) € Gp \J Go. We
proceed by induction on 7. If » = 1, then I 4 E(a,bd) € Gp or Gg. If r = 2,
then I + E(a, b) = C(uy, u2; us, 3) € Gp \J Gg. Thus, in any event we have
that I + E(u1, us) € Gp \J Gg. By induction I + E(us, u,) € Gp \J G4 and
thus Gp U Gq contains C(uy, us; us, u,) = I + E(a,b).

Definition. Let P and Q be natural partial orderings of 7°(z). P and Q are
called isomorphic (P = Q) if there is a permutation = of 7'(n) such that i P j
if and only if 7 (¢) Q #(j). We say that P is unique if P = Q implies that
P = Q. P and Q are called dual provided ¢ P j if and only if

m+1-70Q0®+1—1).

We note that T'(x,y) and TI'(u,7) are always isomorphic while ¢ and Q
are unique. In Figure 2, NPO’s 4 and B are unique and mutually dual.

TuEOREM 2.4. If P and Q are isomorphic, then Gp and Gq are isomorphic,
indeed Go = II71Gp Il of 11 is the permutation matrix corresponding to the
permutation = which takes P into Q.

Proof. We need only verify that in general if II is the permutation matrix
II = (mry;), where m;; = 1 if and only if 7 (Z) = j, then

OE(x, y)II = E(r(x), 7(y)).
TuEOREM 2.5. If P and Q are dual, then the groups Gp and Gq are isomorphic.
Proof. It is easy to verify that the map
I+>E@y)—»I+En+1—y,n+1—x)
is an anti-isomorphism of Gp onto G4 and so the mapping
I+ E@Wy) >[I+2XEr+1—-y,n+1—x)]"

is the desired group isomorphism.
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3. Normal natural partial orders. In this section we determine neces-
sary and sufficient conditions on P such that Gp is normal in TL(%); more-
over, Theorem 3.7 shows that if P has no restriction to a subset yielding either
of the four-element abstract partially ordered sets of Figure 1, then there
exists Q =< P such that G¢ is normal in TL(n). The sublattice of normal
NPO'’s is shown to be distributive.

Definition. A natural partial ordering P of T'(n) is called normal if Gp is a
normal subgroup of T'L(n).

THEOREM 3.1. 4 natural partial ordering P is normal if and only if the fol-
lowing two conditions hold:

(1) If iPk, ik, and r < 1, then r P k.

2) If kP, i~ k, and s > 1, then kP s.

(This theorem asserts that P is normal if and only if it has no configurations
like those in Figure 6.)

k i Os (s> 1)

i Or (r<i) k

FIGURE 6.

Proof of Theorem 3.1. Gp is normal in T'L(xn) if and only if for all pairs
(4, k) such that 7 # k and ¢ P k, and for all pairs (7, s) such that » < s, it is
the case that (I + E(r,s))(I + E@4, k)T + E(r,s)) € Gp.

A direct calculation shows this product to be equal to

I+ E(, k) if r#kand s # 1,
I+ E(i, k) + E(r, k) if s =1,
I+ E(i, k) + E(4,5) if k=r.
(The case r = k and s = ¢ cannot arise.) Thus Gp is normal if and only if

1 Pkand r << implies » Pk and ¢ Pk and k < s implies ¢z P 5. In Figure 2,
the normal partial orders are ¢, I'(1,3), 4, B, and Q.

Our next theorem characterizes normal NPO’s as those that commute with
all other natural partial orderings in a product of relations. If P and Q are
relations on a set J, their product PQ is the set of pairs {(x, y): there exists
a z such that x Pz and z Qy}. It is well known (1) that if an algebra has
permuting congruence relations, then the lattice of permuting congruence
relations is modular.

THEOREM 3.2. A natural partial ordering P is normal if and only if PQ = QP
for all natural partial orderings Q.
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Proof. Let us suppose that PQ = QP for all Q € N(n). Suppose ¢ P k and
r < 1. Let Q = T'(r,4). Thus r Q¢ and ¢ P k. Since PQ = QP, there is an x
such that » Px and x Q k. But x Q k£ implies x = k; hence r P k. Dually we
verify that ¢ P k and k& < s implies 7 P s. Conversely, suppose that P is nor-
mal. f tPkand 2 Qs, then ¢ < kB < s and so ¢ P s from Theorem 3.1. Hence
1Q1 and 2 P s, and thus PQ < QP. Similarly, if » Q7 and ¢ P &k, thenr P k
so that » P k and k Q k; thus QP < PQ. It is a well-known result (and easily
proved) that if relations P and Q on a set T permute, then P U Q = PQ = QP.

THEOREM 3.3. If etther P or Q is a normal natural partial ordering then
x (PUQ)y if and only if x Py or x Q.

Proof. If P is normal, Theorem 3.2 yields P \U Q = PQ. Hence, if x (P\UQ) y,
we may suppose that x P z and z Q y for some z. If z = x, then x Qy while
if z 5% x, then, since 2 < y, Theorem 3.1 implies that x P y.

COROLLARY. The normal natural partial orders form o distributive sublattice
D(n) of N(n).

Proof. From the lattice isomorphism P — Gp and the fact that the join
and meet of normal subgroups is normal follows the fact that the normal
partial orders form a sublattice. The lattice is distributive because we have
shown that, as relations, the meet and join of normal partial orders are set
meet and set join.

Our next theorem establishes the fact that if P is unique, then P is a nor-
mal NPO.

TueoreM 3.4. Let P € N(n). If there is a triple (i, k;j) in P such that
j<i1#k, 1Pk, and j~ Pk, then there is Q € N(n) such that P = Q and
Q= P.

Proof. For a fixed k let C(k) = {(s,7):r Pk,s <7 and s~ Pk}. By
hypothesis, C(k) is non-empty. Let (#, v) be chosen in C(k) such that (v — u)
is minimal. Let Q be the partial ordering obtained by interchanging # and v
as indicated in Figure 7. Specifically

{x, v} N {u,v} = ¢ and x P y.
xQy if {x =gand u Py or y =9 and x P u.
x=uand v Py or y = u and x Po.

(Note that u ~ Povso that u ~ Quandy ~ P u.) We claim that Qisa natural

P Q

X k

v O u (u<v) u ov (uv)
Fi1Gure 7.
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partial ordering and so Q = P since the permutation = = (u,v) provides
the isomorphism. First we show that x Qy implies x < y. Since u < v, the
questionable cases are x = v or ¥ = u. Consider first the case » Qy. Thus
u Py and so u < y. If y Pk, then u Pk, contrary to the choice of y. Thus
y ~ Pk. If y < v, then (y,9) € C(k), but then since # < y, we should have
v — y < v — u, contrary to the choice of («, v). Similarly, suppose that x Q u,
that is, x Pv. Thus x < v and if # < x, then (u,x) € C(k) while

x—u<v—u,

contrary to the choice of (u, v).
Now it is easy to see that Q is a partial ordering and since # ~ Pk while
u Q k, it is clear that P # Q.

CoOROLLARY. If P is unique, then P is normal.

Proof. This, together with Theorem 3.1, is essentially the contrapositive
statement of the theorem or its dual.

Hereafter we shall suppose that » is always finite. Our notation is
T=Tm)={1,...,n}.
Definition. Let P be a partial ordering of a set S. The depth of x € S, denoted
Dp(x) or more briefly D(x), is defined by
D(x) = max{r: there is a chain x = x; P %2 P ... P x, such thatx; # x,,.}.

Lemma 3.1. If yPx and y # x, then D(y) > D(x). If D(y) =r and
y =3Py, P...Py,s achain such that y; # y.1, then D(y;) = r — 1 + 1.

Definition. Let P be a natural partial ordering of T°(z). An element x is
said to be of class 1 if y P x whenever D(y) > D(x). The elements of class 1
will be denoted C1, or Cp 1 if it is important to denote the partial ordering.

An interesting result which we shall not prove since we make no use of it
is that P is unique if and only if every element is of class 1. The following
result is immediate.

LeMMA 3.2. Let P be a natural partial ordering of T (n). x € C1 if and only
if ¥y Px for all y such that D(y) = D(x) + 1.

Now we can easily prove a lemma which turns out to be extremely useful.
LeMMA 3.3. Let P be a natural partial ordering of T (n). Let
H(r) = {x: D(x) = r}.

If for some integer v for which H(r) = @ but H(r) M C1 = @, then P contains
four elements, r, s, u, v, such that r P s, u Pv, r ~ Py, and u ~ Ps.

Proof. 1f m denotes the maximum depth of an element in 7'(z), then every
element of depth m is of class 1, since the condition of the definition is vacuous.
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Let » < m, and for each element x in H(r + 1), let
Ukx) ={y:x Py and D(y) = r}.
Of course U(x) is non-empty. Now select xo € H(r + 1) such that
|U(x0)| < |U(x)| for all x € H(r + 1).

Lety, € Ul(xo). We shall show that y, € C1 or the alleged configuration appears
in P. Suppose that x € H(r + 1) and x ~ Py,. Consider U(x). If there is a
y € U(x) such that y ¢ U(x,), then for xo, yo, x, ¥ we have xo P v, x Py, %o
~ P vy and x ~ P v, If this configuration is assumed not to occur, then it
must be that U(x) € U(x,); however since |U(xo)| < |U(x)|, it follows that
U(x) = U(xo) and sox € H(r + 1) must imply x P y,. Thus D(x) = D(y,) + 1
implies x P y, and so yo € C1 by the previous lemma.

LemMA 3.4. If P is a normal NPO, then for oll v, if H(r) % 0, then
H(r) N C1 = 0.

Proof. Let H(r) N Cl1 = @, while H(r) # . From the lemma we have
that P has a configuration » Ps, u Pv, » Pv, and « P s. Since P is normal,
we must have » > u, and conversely # > 7; hence r = u, a contradiction.

LeEmMA 3.5. Let P be a normal NPO. If D(x) = D(y), x € Cl, and y ¢ C1,
then x > y. Moreover, if D(z) > D(w), then z < w.

Proof. Since y ¢ C1, then there must exist z such that D(z) > D(y) and
z ~ Py. Since x € C1, we have z P x, and now since P is normal, it must
be that y < x. To prove the second assertion note first that if w € C1, then
2 Pw and so 2 < w. Thus we may assume that w ¢ Cl. From Lemma 3.4
there is an x € C1 such that D(x) = D(w). Thus 2 P x and if w < z, then
from normality it follows that w P x; hence D(w) > D(x), a contradiction.

THEOREM 3.5. Let P be a normal NPO. Let v be an integer such that H(r) # 0.
Then there exist integers, a < b < ¢, such that x € H(r) M Cl if and only if
b<x<cwhilex € Hr) — Cl if and only if a < x < b.

Proof. From Lemma 3.4, H(r) M C1 5 @ and so let ¢ = max{x: x € H(r)
M Cl}, b = min{x: x € H(r) N Cl}, and a = min{x: x € H(r)}. Clearly
D(x) = r implies ¢ < 7 < ¢ and Lemma 3.5 shows that if x € H(r) — Cl,
then x < b. Conversely, suppose first that b < x < c¢. If D(x) > », then
x P b since b € Cl1 and thus x < b; hence r > D(x). If D(x) <r = D(b),
then ¢ < x, by Lemma 3.5. Hence D(x) = r and again from Lemma 3.5,
since b € (1, it follows that x € C1 also. Secondly suppose that ¢ < x < b.
If D(x) >r = D(a), then x < a; if D(x) <r = D(), then b < r; hence
D(x) = r. However, Lemma 3.5 and the choice of & show that x ¢ C1; thus
x € H(r) — Cl.
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COROLLARY. Let P be a normal NPO. If w is a permutalion such that
(1) = fixes every element not in H(1) M C1,
(2) = fixes H(1) N (1,

then © P j if and only if =(z) P n(j).

Proof. Suppose that 2 % j and ¢ Pj. Since ¢ ¢ H(1) N Cl, 7 (z) = <. If
j € H(1) N Cl, there is nothing to prove. If j€ H(1) N Cl, then
w(j) € H(1) M Cl and so ¢z P 7 (j). The converse follows in a similar manner.

TaeorREM 3.6. If P and Q are normal NPQ'’s, then P = Q implies that
P = Q.

Proof. Let = be the permutation of 7'(n) such that ¢ Pj if and only if
7 (1) Q7 (j). Clearly we must have D(7) = D(r(¢)) and ¢ € Cp 1 if and only
if #(¢) € Co1l. By Theorem 3.5 the maximal elements in Cp1 and in Cy1
satisfy b < x < # for some integer b which must be the same for P and Q. Thus
« can only permute these elements. Now if & = 1, the proof is complete. If 1 <5,
then consider the restriction of P and Q to 7°(b — 1). Let us denote these
restrictions by P and (, respectively. It is easy to verify that P and (Q are
normal NPO’s of 7°(b — 1); moreover the restriction # of = to {1,...,0 — 1}
is a permutation which shows that P = (. By induction, P = Q and hence
P = Q since the addition of {b,...} to T'(b — 1) is the addition of class
one elements with respect to both P and Q.

COROLLARY. No two normal natural partial orderings are isomorphic.

Our next theorem gives necessary and sufficient conditions for P to be normal
based on the sub-partially ordered sets that can be obtained from P by
restriction. We begin by noting that if P is normal, then P cannot have con-
figurations like those of Figure 1. We shall now show that the absence of these
configurations in P implies that there is an isomorphic NPO, Q, such that Q
is normal.

The next lemma is an obvious “‘renumbering” principle which we list for
easy reference.

LeEmMA 3.6. Let P be an NPO. Let 1, j be such that
{x:xPi,x#1} ={x:xPjx=j}and {y:iPy,i#=y} ={y:jPy,j*9y};
then P 1is left invariant under the transposition = = (1, j).

Note that if 2 and j are maximal elements, then the second of these con-
ditions is vacuous.

THEOREM 3.7. Let P be an NPO of T'(n). There is an NPO, Q, of T (n) such
that P = Q and Q is normal if and only if, for all sets of four distinct elements
7, S, b U

(1) rPs Pt implies uPt or r Pu
and

(2) r Ps and t Pu implies r Pu or t Ps.
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Proof. If P =2 Q and P satisfies conditions (1) and (2), then so does Q.
However, if Q is normal, then, as we have remarked, the conditions are
necessary.

Our proof is by induction on # and for fixed » on the number of triples
(¢, k; j) such that ¢ Pk, « # k and either j <72 and j~ Pk or j > k and
i ~ P j. For brevity we call such triples ‘‘bad’” P-triples. Of course, if there
are no bad P-triples, then P is normal.

Our first reduction is to show that we may assume # € Cl. In any event
it follows from condition (2) and Lemma 3.3 that there are depth one elements
of class 1; let x be one such. If » ¢ C1, let = be the transposition (x, ) and
let R be the partial order defined by # Rv if and only if #=1(x) P = 1(v). It
is easily verified that R is a partial ordering. There are two interesting cases in
the argument to show that R is natural: # =% or v = x. If » Rv, then
x P 7 1(v) and as D(x) = 1, then 7—1(v) = x, and hence v = n. If u Rx,
then #~'(u) Pn and as x € Cl it follows that either D(#~'(x)) =1 or
7 1(u) P x. In the former case we must have =—1(#) = n, or u = x, while
in the latter #—1(#) < x, and hence #»!(u) = u < x. It now follows that
n € Cgl, for if D(y) > 1, then y P x and y = 7 (y) R n. Hereafter we shall
assume that n € Cp 1.

Our second reduction is to assume that P, the restriction of P to 7'(n — 1),
is normal. Since conditions (1) and (2) hold for P, they hold a fortiori for P,
and hence by induction there is a normal NPO, Q, isomorphic to P. We now
wish to adjoin # to T'(n — 1) and extend Q to Q so that Q =2 P; the restric-
tion of this Q to T'(n — 1) is clearly (. To do this, let = be the permutation
mapping P onto Q. Now define

rQsif s#n or
rQs if and only if ¢ #71() Pn if r #n and s = n
r=s=mn.

We omit the verification that Q is an NPO and that if 7 is extended to a per-
mutation of 7°(#) by defining = (n) = n, then Q = P via r. Finally,n € Cq 1
since in general x € Cp 1 if and only if 7(x) € Cy 1 and in this case 7 (n) = n.
Thus we assume hereafter that # € Cp 1 and that the restriction P of P to
T(n — 1) is a normal NPO.

Now suppose that P has a bad triple. Since P is normal, the bad triple
must involve # and since # € C1 it must be of the form ¢ P n, 7 # n, j < 1,
and j ~ Pn. We shall show that we can permute 7 and j to obtain an NPO,
Q, with fewer bad triples. Our result will then follow by induction.

First, it must be that D(j) = 1; otherwise j P n since # € C1. Second, it
must be that D(¢) = 2, and even more, that 7 is maximal in P, for otherwise
P would have a bad triple. Third, if x P 4, then x P j by condition (1). Con-
versely, if x P j, then x P 4, for otherwise (x, j;¢) is a bad triple (z > j) in
P. Thus {x:x Pi,x # i} = {x: x Pj, x # j}. Now in P, since

D3(7) = D3(j) =1,
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the conditions of Lemma 3.6 are satisfied so that the permutation = = (¢, )
of T'(n — 1) leaves P invariant. Now regard = as a permutation on 7'(r) and
let Q be defined by » Qv if and only if #~1(x) P 7~1(»). Q is an NPO, Q =~ P,
Q = P, and Q is normal, and we claim that Q has fewer bad triples than P.
We show that there is a 1-1 mapping of the bad triples of Q into and not
onto the bad triples of P. Since Q = P, any bad triple of Q must include 7.
Suppose that (x, z;y) is a bad Q-triple. If neither x nor v is 7 or 7, (x, n; y)
is a bad P-triple. Suppose (4, #; ¥) is a bad Q-triple because y < jand j ~ Qn;
then vy = 4. Now (4, #;y) is a bad P-triple since y < j < 7. Suppose that
(x, m; ) is a bad Q-triple because j < x and j ~ Qu. Now x ¢ as j ~ Pn;
hence (x, #;1) is a bad P-triple, if ¢ < x. If ¢ > x, we argue that (x, n;7) is
a bad P-triple. Suppose that (x,#;7) with ¢ < x is a bad Q-triple; then
(x,n;7) is a bad P-triple. Note that here z < x so that the triple (x, n;j )
with 2 > x of the previous case is a different triple from this one. Thus to
each bad Q-triple there corresponds a bad P-triple, different bad Q-triples
corresponding to different bad P-triples. In addition the Q-triple (j, n;17)
corresponding to the old bad P-triple (¢, #;j) is not bad! Thus Q has at least
one less bad triple than P and the proof is complete.

4. The order of D(n). In this section we shall show that if » is finite,
the number of elements in D(n) is

<2:) / (n + 1).

In view of Theorems 3.6 and 3.7, this number is the number of abstract non-
isomorphic partially ordered sets which do not contain copies of either con-
figurations in Figure 1 as sub-partially ordered sets.

Our first count is obtained by showing a 1-1 correspondence between the
NPO’s of T'(n) and the set of lattice paths counted by Feller (3). Let M (n)
be the set of non-negative, integer-valued step functions, f, defined on [0, 7]
such that

1) 0 < flx) < =,

(2) flx) = f([=]),

(3) f(0) =0 and f(n) = n,

(4) f is monotone non-decreasing.

The graph of f can be thought of as a polygonal path from (0, 0) to (%, n)
with jumps at points with integer coordinates, always lying below the line
y = x. Through the transformation (¢,7) — (¢ + j,j — %) the path corre-
sponds to what is called a lattice path {sy, s, . . ., S2,} from the origin through
the points (a, s,) to the point (2u, 0) such thatall s, > 0 and se41 — s, = £1.
The number of these paths has been determined (3, p. 72) to be

(%:’)/ (n +1).
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We shall now show that the relation & defined by f C g if and only if
f(x) < g(x) makes M () into a lattice and that there is a lattice isomorphism
from M (n) onto D(n).

Definition. Let f € M(n). Let P, be defined as follows:
(1) x Pyx for all x € T'(n).
(ii) If x £ v, then x P,y if and only if x — 1 < f(y — 1).

LemMma 4.1. For all f, P, is a normal partial ordering of T (n).

Proof. First note that if x Py;yand x £ y,thenx — 1 < f(y — 1) <y — 1
implies that x < ¥ and thus P, is a natural relation. P, is then easily seen
to be reflexive and antisymmetric. Suppose x P;y and y P,x. We exclude
trivial cases by supposing that x # y and y # 2. Then

x—1<fy—1)< @B -1 <flz—1);

hence x P;z. Thus P, is a natural partial ordering.

To show that P, is normal we verify the two conditions of Theorem 3.1.
First, suppose that ¢ Pk and r < 4. Thus» — 1 <7 —1 < f(k — 1); hence
r P k. Second, if k Piand s > ¢, then f(s — 1) > f(z — 1) > k — 1; hence
kPs.

LeEmMA 4.2. Let P be a normal natural pariial ordering. Let f be the function
defined by: f(x) =0 if 0 < x <1, f(n) =n, and for 1 < x < n;

fx) =f([x]) = max{y:y =0 o0r yP (x + 1) and vy = x + 1}.
Then f € M(n) and P, = P.

Proof. It is clear that f has integer values, that 0 < f(x) < «, that f(0)=0
and f(n) = n, and that f([x]) = f(x). We shall prove that x; < x, implies
that f(x1) < f(x2). We may suppose that f(x1) = y; # 0. Thus y; P (x; + 1)
and since x; + 1 < x5 + 1 it follows from the normality of P that y; P x;+1.
Hence by definition y; < f(xs).

Now suppose x P,y and x #y. Then x —1 < f(y — 1). The case
f(y — 1) = 0 is thus impossible since x > 1. Thus f(y — 1) = max{z: z Py,
z # y}. Thus f(y — 1) Py and since x < f(y — 1) and P is normal, it follows
that x Py. Thus P, C P. Conversely, suppose x Py and x % vy. Then
(x —1) Py since P is normal and so x — 1 < f(y — 1) = max{z: z Py,
z ¥ y}. Hence x P,y and so P, = P.

LemmA 4.3. f & g in M(n) of and only if P, C P, in N(n).

Proof. Suppose first that f C g. If x Pyy, thenx — 1 < f(y — 1) < gy—1)
and so x P, y. Conversely, suppose P, C P, and consider x. If g(x) < f(x),
then (g(x) + 1) Py (x + 1) and so (g(x) + 1) P, (x + 1), but this entails
g(x) < g(x), a contradiction. Hence f(x) < g(x).
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CoROLLARY. f = g if and only if P, = P, Moreover, given f € M(n), if f1
is the function constructed in Lemma 4.2 corresponding to the partial order P,
then f = f1.

Proof. The first part of the corollary is clear. Lemma 4.3 gives P, = P,
and thus fi = f.

TrrEorReEM 4.1. M (n) is a lattice under the partial ordering C. The mapping
f— Py is a latiice isomorphism of NW(n) onto D(n).

Proof. 1t is a standard result that I (n) is a complete lattice in which the
greatest lower bound of a set R of functions in I (z) is the function g such
that g(x) = min{r(x): r € RN}; dually the least upper bound is the function
h such that k(x) = max{r(x): r € R}. From Lemma 4.2 the mapping is onto
and from Lemma 4.3 it is a lattice isomorphism.

The integer
(Z‘) /w4

is the number of ways of inserting parentheses in a string of z + 1 symbols
so as to interpret the string as an element in a binary (non-associative)
system. This number is also the number of lattice paths and the connection
between these two problems is through the Lukasiewicz parenthesis-free
notation.* Thus, for example, ((¢ 4+ ) + (¢ + d)) becomes + +ab + cd. By
replacing + by 1 and @, b, ¢ by —1 and deleting the superfluous last symbol
d, we obtain the sequence 1,1, —1, —1, 1, —1. The zth partial sums of this
series is the integer s; of the associated path (si, sg, $3, S4, S5, S¢). The formula

(s)/

for the number of ways of parenthesizing a; + a; + ... + @,41 is developed
in (4).

It is interesting to note that Feller's count of the number of paths (sy, ..., $2,)
and Hall’s count of the number of ways of inserting parentheses in ay, . . . , @41

coincide since each shows that this number, f,41, satishies the recursion
fos1 = fofu &+ fifamr + . .. F+ fufo. Our second development of the count of
D (n) proceeds along somewhat different lines and is of interest in itself.
We begin with the observation that since () is a finite distributive lat-
tice, every element of D has a unique expression as an irredundant meet of
meet irreducibles. Moreover, in a distributive lattice a meet of meet irredu-
cibles is irredundant if and only if no two irreducibles in the set are com-
parable. We shall characterize the meet irreducibles of © and count the
number of subsets of this set in which no two elements are comparable.

*We are indebted to Professors Marshall Hall, Jr., and Donald Knuth for these remarks.
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LemmA 4.4. A normal NPO, P, is a meet irreducible in D(n) if and only
if P = Q or there exists a pair (r,s), r <s, such that P = (J{T(u,v): u < r
or s < v}.

Proof of sufficiency. Let (r,s) be given. Define P by the formula of the
lemma. We omit the proof that P is a normal NPO. It is easy to see that
uPyvifandonly if u =voru <rors <o A typical P is shown in Figure 8.

Tn

s+1

r-1

.
.

&

FIGURE 8.
Suppose that P C R in D and (¢,b) € R — P. Thus r < a < b < s. Since
R is normal, it follows (Theorem 3.1) that r Rb and thus, for the same

reason, that even » R s. Now if P is meet reducible, say, P = R, M\ ... N\ R,
with P # R;, then r R;s and hence 7 P s, a contradiction.

Proof of mecessity. Let P # Q be meet irreducible. Choose 7 and s such
that7 ~ P sand (s — 7) is maximal. Let P = (J{T'(u,v): u < rors < b}. We
claim that P = P. To show that P C P suppose that a Pb. If a < r or
s < b, then @ P b. However, if » < a < b < s it follows from normality that
r P b and this in turn implies that P s; a contradiction. Hence a¢ P b implies
either ¢« < 7 or s < b and so P C P.

Our proof that P D P is in three stages. First, from the choice of the pair
(r, s) we have that < 7 and x > s imply u P x; similarly s < v and y < 7
imply vy Ps. Second, we claim that Q = P U I'(r,s) (=P U{(r,s)} by
Theorem 3.3) is itself normal. We prove this by verifying the criteria of
Theorem 3.1. Since P is normal, we need only check a triple (7, s;t); however,
our first remark shows that x > s implies 7 P ¢, and dually. In particular,
note that Q covers P in N(n) from Lemma 1.3; a fortiori Q covers P in D.
Thus since P is meet irreducible, Q is the unique element of © covering P.
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Third, we claim that for all u, if # < », then u Py for all y > u. This, and
its dual which we omit, proves that P D P. If our assertion is not true, choose
u# minimal such that # < r and there exists a ¥ such thatu ~ P y. For this
choose w = max{x: # ~ Px}. Now we claim that R =P \U T'(u, w) is
normal. Indeed, from Theorem 3.1, arguing as before, if R is not normal, it
follows that either there exists s with s < # and s ~ P w (a contradiction of
the choice of u) or there exists ¢ with w < ¢such that u ~ P ¢ (a contradiction
of the choice of w). But manifestly, Q # R, a contradiction of the meet irredu-
cibility of P.

In view of this lemma the following notation is sensible.

Notation. 1f P is a meet irreducible in ® and P = (J{TI'(u,v): u <7 or
s < v} we write P = [r,s] = P, . The set of intervals

R) = f = {[a,0]: 1 <a <b<n)

is then isomorphic to the set of meet irreducibles of D(n).

The ordering of ®© induces a partial ordering of &: [r, s] < [«, v] if and
only if P, C P,,, Clearly [r, s] < [#, 9] if and only if » < u < v < s; thus
this ordering is dual to subset inclusion of the intervals on the real line.

From our previous remarks it now remains only to count the number of
subsets of & in which no two intervals are comparable. To this end we define
a function K (7, s) for all pairs (r,s),r < s. If r < s, let K(r, s) be the number
of subsets E C & such that

1) EC{lu,v]:u<r,u <o and v < s},

(2) no two intervals in E are comparable.

If r =35, let K(s,s) = K(s — 1,s), and K(1,1) = 0.

It is clear that K(1,s) = s — 1 if 1 < s and that the number of elements

in ©is 1 + K(n, n) since we have not yet counted the meet irreducible Q.

TuEOREM 4.2. If r < s, then K(r,s) satisfies the recursion relation
K(r,s) = K(r,s — 1)+ K(r —1,s) + 1

which is satisfied by

1+(s—r)<r—{—s+l).

K(r,s)=—1+1+(s_’_r) r

Proof. We observe that
7—1

K(r,s) =K(@r,s —1)+r +ZIK('£,S —1).

The first term counts all sets E in which every index is at most # — 1. The
second term counts all singleton sets E of the form E = {[z, s]}. The third
sum counts all sets E which are not singletons and in which an interval
[ + 1, s] occurs. Note that since E cannot contain two comparable intervals,
only one interval of the form [¢ 4+ 1, s] can occur. Also if [¢ + 1, s] € E and
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[#,j] € E, then j <s—1and 2 <7 and so E — {[z + 1, s]} is counted in
K(i,s — 1). From this equation the recursion of the theorem follows by a
direct calculation. Similarly, it is a simple matter to verify that

_1+1+(s—r)<1+s+r>

14+ (@ +s) 7
satisfies both the recursion and the initial conditions K(1,1) = 0 and
K(,s) =s—1.
COROLLARY.
1+Kmn)=14+K®n—1,n) = <n2f1>/n - (2:>/(n+ 1).
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