ANTICOMMUTING LINEAR TRANSFORMATIONS
H. KESTELMAN

1. It is well known that any set of four anticommuting involutions (see §2)
in a four-dimensional vector space can be represented by the Dirac matrices

(1 0) _ <0 Bl,o> B (0 Bm) ~ (o Bm)
(1) Bso = <O 1, yBay = Bid yBap = B110 yBaz = By .0

where the B , are the Pauli matrices

1 0 01 ( 01
@) Bro = <0 —1>’ Bui= <1 o)’ Brz= 1(—1 0>‘

(See (1) for a general exposition with applications to Quantum Mechanics.)
One formulation, which we shall call the Dirac-Pauli theorem (2; 3; 1), is

THEOREM 1. If M, M., Ms;, M, are 4 X 4 matrices satisfying
M, M, + MM, = 25,14 (r,s = 1,2, 3, 4),
then there 1s a matrix T such that
‘M, T = B, 1 <r <4,
and T is unique apart from an arbitrary numerical multiplier.

Various proofs of this theorem are known; those due to Van der Waerden
(4) and Pauli (2; 1) depend on ideas belonging to representation theory; the
most elementary proof (ignoring the uniqueness of 7°) is given by Dirac (2).

Eddington has shown (5) that a set of anticommuting 4 X 4 involution
matrices cannot include more than five members, and this was extended by
Newman (6) to involution matrices of arbitrary order. This had been investi-
gated earlier by Hurwitz (7).

In this note we give a completely elementary proof of Theorem 1 (on the
lines of Dirac’s proof), giving an explicit calculation of 7° (Theorem 5 and
corollary); the generalization of Theorem 1 to linear transformations of spaces
of dimension 2% is given in Theorem 7. In Theorem 2 we prove a generalization
of the Eddington-Newman result in which the restriction to involution
matrices is removed.

2. Notation. If V is an n-dimensional vector space, we write d(V) = n,
and if L is a linear transformation (L.T.) of V into itself we write d(L) = n.
If M is an n X n matrix, we write d(M) = n; the transpose of M is denoted
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by M’. The identity mapping in V is denoted by 1 or 1,, and the same symbols
are used to denote the unit matrix.

If X is an eigenvalue of L, G\(L) denotes the space spanned by the eigen-
vectors of L belonging to X. L is called regular if 0 is not one of its eigenvalues.
A subset S of Vis said to be stable for Lif L(S) C S. 1f d(V) = u, any ordered
set {81, B2, ..., B,} which span V is called a basis of V; if ¥ denotes this
basis and ¢ is a non-zero complex number then ¢®B denotes the basis {c8;, cB2,

., Bn}. We say the matrix M represents the linear transformation L in 9B if

M = (m,,) where LB, = D m,f, (1<s<n);
r=1

this is denoted by L ~ M or by L ~ M (in B) if the basis is to be made
explicit. Plainly if L ~ M (in B) then L ~ M (in ¢9B).

L is called an involution if L* =1 and L # 41; the involution matrix
diag.(1,, — 1,) is denoted by I, L; and L, are said to anticommute if
L,L, = — LyL,.

3. It will be convenient to list some elementary properties of matrices and
L.T.’s: it is assumed throughout that the spaces are of finite dimensions;
most of the proofs are omitted.

(i) If d(M) = 2n then M anticommutes with I, if and only if

M= <?3 g) with d(P) = d(Q) = n,

and M is then an involution if and only if PQ = 1,, that is,

0 P"’)
M= <P 0o/
<0 X‘1> i <o Y‘1>
x o0 /¥ \y o

anticommute if and only if X~V = — V=X, If Ly, L, ..., Ly, are anti-
commuting involutions then

19L1Ls . .. Lo,
is an involution which anticommutes with each of Ly, Ly, ..., Ls,; (the pro-

duct of an odd set, three or more, will commute with the factors).
(i) If A and B are regular and anticommute then, since

det(4B) = det(BA4) (— 1),

and since these determinants are not zero, d(4) must be even.
(iii) If L is an involution in V then for every x in V

1+ LxecCL), A-LxeCal), 2¢= (14 L)x+ (1 — L),
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and so V is the direct sum of €;(L) and €_;(L); in any basis formed by uniting
a basis of €;(L) and a basis of G_,(L), L ~ diag.(1,, — 1,) for some m, n.

(iv) The basic simple result, to be used repeatedly, is that if S and T are
L.T.s of V, and ST = kTS where k is a non-zero number, and X is an eigen-
value of 7', then S maps G\(7) into &\, (7"), and

3) S{&(T)} = Gp(T)

if S is regular. (The proof is trivial: 7x = A\x implies 7(Sx) = k~.S(7Tx)
= k~\Sx, and if S is regular we have (since S(V) = V with d(V) < =)
ST = kTS, so that S—! maps G\, (T) into G\ (T).)

In particular, if an involution L anticommutes with a regular .S then

S{G (L)} = G_4(L) and S{C_,;(L)} = G,(L),

and it follows from (iii) that d{GC,(L)} = d{€C_1(L)} = 2d(L), and that, in
a suitable basis of V, L ~ I, (n = 3d(L)).

(v) If S; and S both anticommute with 7, then S;S2 commutes with T,
and so (by (iv)) every eigenspace of 7" is stable for S1S.. In particular, if
S1, Ss, S3 are anticommuting involutions then

4) 18285 is an tnvolution which maps €,(S1) onto itself (r = £ 1),
(this depends on (i) and (3)).

4. The following generalizes the Eddington-Newman result.

THEOREM 2. Suppose Ly, Ls, ..., Loy are regular anticommuting L.T.s of
V, then 2% 1s a divisor of d(V).

Proof. For k = 1 we appeal to § 3 (ii). Now suppose, if possible, that the
theorem is true for 2 = 1,..., K — 1 but false for 2 = K. This means that
there is a space W in which there are 2K regular anticommuting L.T.’s whereas
2% is not a divisor of d(WW). We prove that this leads to a contradiction.

Let A be the least value which (W) can have in the conditions postulated,
and suppose W chosen so that d(IW) = A. Let €, be an eigenspace of L;; by
§ 3(v), G, is stable for L.L, (3 < s < 2K), and the L,L, anticommute in
G\; hence, by the induction hypothesis, 25-1|d(G,). Since L,(&,) = Gy for
1 <7 < 2K by (3), the direct sum of G, and &_, is stable for all these L,;
thus, in a suitable basis of W,

®) L~ <M’ P') where d(M,) = 24(Gy),
0 4,
which means d(M,) is divisible by 2¥ while d(L,) is not. Hence d(4,) is
positive and not divisible by 2%, But, by (5) and the assumption on the L,,
the 4, are regular and they anticommute; thus d(4,) > A = d(L,), which
contradicts d(M,) > 0.
It is shown by Newman (6) that if d(V) = 2" then there is a set of 2n + 1
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anticommuting involutions in V (see also § 7 below), but it must not be
concluded that an arbitrary set of anticommuting involutions in V which
has fewer than 2% 4+ 1 members is part of a maximal set. Thus, with n = 2,

By, B2,1, 1Bg.o B2,

anticommute, but it is easily verified (using § 3(i)) that an involution which
anticommutes with the first cannot anticommute with the other two. The
same is true if the L.T.’s are regular but not involutory; it is easily verified
(using § 3(i)) for the anticommuting matrices

1 0 0 O o 1 0 O 0O 1 0 O
0-1 0 O 1 0 0 O -1 0 0 O
o 0 2 o} O 0 o0 2] 0O 0 0 4
0 0 0 -2 o 0 2 o 0 0-4 o0
that if M anticommutes with the first then
0 b 0 O
a 0 0 O
M= 0O 0 0 ¢l
0 0 d 0

and for this to anticommute with the other two, M must vanish.

5. By §3(iii) every involution in two dimensions has 1 as a simple eigenvalue.

THEOREM 3. Let o1 and o be anticommuting involutions in two dimensions
and (8, the eigenvector (umique apart from a constant of multiplication) of o1
belonging to eigenvalue 1. Then, apart from an arbitrary numerical multiplier,
{B1, 72(B1)} is the only basis in which

SN P ()

Proof. Any basis in which (6) holds must have 8; (or a numerical multiple
of it) for its first member, and for ¢; to have the matrix assigned in (6) the
second member of the basis must be ¢2(8;). Conversely, if 8, is defined as
o2(B1), then B2 € €_;(o1) by § 3(iv), and ¢3(82) = ¢22(81) = Bi1; hence (6) is
valid in the basis {81, B2}.

THEOREM 4. Suppose o1 and o are anticommuting involutions in a two-
dimensional space;, then, the only regular L.T.'s which anticommute with o,
and oy are the numerical multiples of o102 and of these the only involutions are
+ ’1;0'10'2.

Proof. By Theorem 3, we may choose a basis so that (6) holds. A matrix
M which anticommutes with the first in (6) has the form

G o)
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by §3(i), and this anticommutes with the second if and only if p = — g,
that is,
1 0)/(0 1
sz(o —1><1 0> ~ pour;
M is involutory if and only if p? = — 1.

It is a consequence of Theorem 3 and § 3(iv) that if oy and oy are anti-
commuting involutions in a space V with d(V) = 2n then V is the direct
sum of n two-dimensional spaces each stable for o; and o»; in a suitable basis
of V

(8) [ Ead diag.(Bl,,_l, B]_,r_l, e ey Bl,,_1) (7’ = 1, 2)

This follows from § 3(iv) whereby if {81, 83, ..., 82,1} is a basis of &;(o;)
and Bo; = 02(B82,_1), then B2,—1 and B2, span a space stable for o; and o», and
(8) will hold in the basis {81, B2, . . ., Bau—1, B2n}.

We now prove the Dirac-Pauli theorem (this is generalized in § 7).

-

THEOREM 5. Let Lo, L1, Lo, Ly be anticommuting involutions in the four-
dimensional space V, then there is a unique basis (apart from a numerical multi-
plier) such that L, ~ By, (r = 0,1, 2, 3), the Bs,, being defined by (1).

Proof. Since

1 0 0 0 0 0 1 0)
Bz'o = 0 1 0 0 y ]32,1 = 0 O 0 —1 y
0 0—1 0 1 0 0 0
0 0 0 —1 \o -1 0 o
0 0 0 1 0 0 0 1
. 1o o 1 o0 | o 0o-1 of,
Baz=1o 1 0o of B2=% o 1 0 o
1 0 0 0 -1 0 0 0
we have
(1 0 0 0) 0 1 0 0)
. lo-1 0 o . 1 0 o o
1/B2,2Bz'3 = 0 0 1 0 le'ld 7/B:zv:;Bg'1 = 0 0 0 1 ,
\o 0o o-1/ 0 0 1 0

and hence the basic vectors e, = (8,1, 0,9, 83, 6,4) are completely characterized
in terms of the B, , as follows:

(a) e; is the non-zero vector (unique apart from a numerical multiplier),
which is common to €;(Bs,) and €;(¢B: 2B>.3),

(b) €2 = iBz,sBmeu €3 = Bz,161, €4 = — B2,1e2 = iBz,361.

Thus, it is enough to show that (apart from a numerical multiplier)
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(a’) there is just one non-zero x in &;(Ly) which satisfies 7LsLsx = x, and
that if §8; is such an x, and we define

(b,) B2 = iLsLlﬁl, B3 = Lllgly By = iL'sﬁl = - LlBZy
then {81, B2, Bs, B4} is a basis of V in which L, ~ B,, (0 < r < 3). Now by
§ 3(v) €1(Lo) is stable for iLsLs and for 7L;L,, and these involutions anti-

commute in §;(Ly). Hence, by Theorem 3, (a’) is true, and if 8y = 1L3L 31,
then

iLoL3(By, B2) = (B1, — B2) and 1L3L1(B1, B2) = (B2, B1);

furthermore, {8, B2} span €,(L,), and so 83 B4 may be defined as in (b’),
and by § 3(v) {83, B4} span €_1(Ly). Thus, in the basis {81, B2, 83, B}, Lo ~ I
and by § 3(i)

0 X,
Lr~<X:1 0> 1<r<3).
It is therefore enough to verify that X, = By, (1 <7 <3). Forr =1,2
this follows from (b’) which implies also that L3(81, 82) = (— 784, 1L181)
= (— 1f84, 183); this completes the proof.

COROLLARY 1. Theorem 1 follows from Theorem 5. If the L, are matrices M,
(that 1s, V 1s the space of number quadruples), then B1, Bs, Bs, B4 are the columns,
in order, of a matrix T which satisfies M, T = TBs . (0 < r < 3). These columns
are found explicitly from (a') and (b') viz.

(Mo — 1981 = (M2M; 4 i14)81 = 0,
and

B = 1 M3MiBy, Bs = M8, Bs = 1M 3.

CoroLLARY 2. If J, (0 <7 < 3) are anticommuting involutions in V (of
Theorem 5) then there is a regular L.T., T, of VsuchthatJ, = T'L,T (0 <r < 3);
T 1s unique apart from a numerical multiplier.

Proof. By Theorem 5 there is a basis 8 in which J, ~B,, (0 <7 < 3)
and 9B is unique apart from a numerical multiplier. If L, ~ M, (in 8) then
(by Corollary 1) there is a matrix 7', unique apart from a numerical multiplier,
with 7'M ,T = B,. Hence the L.T. & represented by 7 in 8 is unique (apart
from a numerical multiplier) in satisfying 1L, T = J, (0 <7 < 3).

COROLLARY 3. A regular L.'T. A which anticommutes with all the L, of Theorem
5 must be a numerical multiple of the involution LoLiLoLs.

Proof. A has to satisfy AL,A7' = — L, (0 <r < 3); the involution
LoL.L;L; certainly does this, and the result now follows from Corollary 2
with J, = — L,.
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5.1. To illustrate the corollaries to Theorem 5, we prove that (cf. 3, p. 121)
if No, N1, Noy N3 are anticommuting 4 X 4 involution matrices, then there
is a skew-symmetric matrix 4 such that N, = A7IN,/4 0 <r < 3); 4 is
readily computed.

Since Bs,,” (0 < r < 3) are anticommuting involutions, there is, by Corol-
lary 1, a matrix 7" with

b= TBy, T (0<r<3),
and the columns of 7, {81, B2, Bs, B4}, are found from B, o8 = — iB; B3 361
= By, B2 = — 1B23Bs.101, B3 = B2,1f1, Bs = — ’532,351; these give B1 = ez
B2 = — e1, B3 = — e4, B4 = e3, that is
0-1 0 O
1 0 0 O
@) =10 0 o0 1
0O 0-1 0

Since the N, are anticommuting involutions, one could compute by Corollary
1 a matrix Q with

QON.Q ' = Bs., 0 <r<3).
We now have
ON,Q7' = (TB,, T = (TQN,Q*TY, thatis, N, = A"'N'A,

where 4, equal to Q'T'Q, is skew-symmetric because T is.

As a second illustration, we find a formula for all sets of four anticommuting
4 X 4 involution matrices with are skew-symmetric. This means (by Theorem
5) finding a formula for all matrices P which satisfy

PB, P! = — (P B}, P, 0<r<3):;

using the illustration above, this means simply that 7—'P’P anticommutes
with B;, (0 < 7 < 3). By Corollary 3 this is equivalent to the statement
that 7-1P’'P is a numerical multiple of

< 0 12>
—1, 0

which, by (a), means that P’P is a numerical multiple of

that is, of B,;. Bearing in mind that the eigenvalues of B, ; are 1 it is
easy to see that
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1 0 1 O
0 1 0-1
= 1 -
By = $M'M, where M i 0 —i ol
0 ¢« 0 =z

and hence that P has the form ¢QM where ¢ is an arbitrary number and
an arbitrary orthogonal matrix (that is, Q2 = 1,). Thus the formula

J, = QMB, M~ 0<7r<3

gives the required sets of involutions.

5.2. The result corresponding to (8) is as follows:

THEOREM 6. Suppose Lo, L1, Ly, Ly are anticommuting involutions of V and
d(V) > 4; then V is the direct sum of four-dimensional subspaces each stable
for all the L,, and in a suitable basis of V

L,~ diag'(an B2,ry ey -B2,r) (0 <7< 3)

Proof. Write Sy for ¢L2L3 and S; for ¢L3L;. Then, as in the proof of Theorem
5, §1(Ly) is the direct sum of two-dimensional spaces, say Wi, W, ..., W,
each of which is stable for .S; and S; as well as for L,. If W,’ is defined as L, (W),
then by § 3(iv), W, C G_;(Lo) and W, is stable for S; and S,. Thus the
direct sum of W, and W,  is stable for Lo, L, S;, and Ss; it is therefore
stable for L, and L;. It now follows from Theorem 5 that in this subspace
of V there is a basis in which L; ~ B, ;. Since this holds for 1 < s < ¢, and
V is the direct sum of €;(L,) and €_;(Lo), this completes the proof.

6. If a scalar product is defined in the spaces considered in Theorems 3 and
5, then the conclusions can be further particularized if the ¢, and the L, are
unitary (an involution is unitary if and only if it is hermitean). The modifi-
cation is that the basis can be chosen orthonormal. This will follow in Theorem
3 from the fact that €;(s;) and €_;(s1) are orthogonal and that if ||84]] = 1
then ||Bz]| = ||e2(81)]|| = 1. In the case of Theorem 5, the S, defined in Theorem
6 will be unitary if the L, are unitary, and consequently, as above B1, (2
can be chosen orthonormal in &;(Lo); it then follows from (b") in Theorem 5
that 83 and B4 are orthonormal in €_;(L,) while the two spaces €;(L,) and
&_1(Lo) are orthogonal. Similarly, if the matrices M, in Theorem 1 are her-
mitean, then 7" can be chosen unitary. Since the B ,are hermitean, it {ollows
that the M, are hermitean if and only if there is a unitary matrix U with
M, = U"'B,,U (0 <r <3).

7. In this section we generalize Theorem 5. Having defined

1 0 0 1 . f 0 1
B1,0 = <0 _1>, Bl,l = (1 0>, B1,2 = ’LB1,oB1,1 = 1(_1 O>’
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we now define, inductively, for every positive integer n a set of 2n + 1
matrices as follows:

_ (120 ) ~ <0 BHM) )
Buo = <0 —~ 1o/’ B = Byto1 0 (I1<r<2n—-1),

7
Bn,?n =1 Bn,OBn,l N B"IQ,L;I.

By § 3(i) it {ollows at once that, because the B; , are involutions, the 2z + 1
involutions B, , anticommute.

LEMMA.

(9> 15n,2n = 1<__(1) . (1)2n1>’ that iS, Bn,OBn,l . Bn,gn_an,gn = (—"L)nlzn

Proof. The equivalence of the two statements in (9) follows from the
definition of B, ., which gives "B, B,1... By o = (By 2)len. The lemma
is obvious when # = 1. Suppose ¢ > 1 and that the lemma has been proved
for n = ¢ — 1. By the definition of B, s,

5 :iq<1 0><0 BH,O><0 Bq_1,1> (0 lsq_l,zq_2>
e 0 —1/\B,_14 0 By 0 " \By1.2g2 0

_ iq<1 0)( 0 Be10Byr1- .. BHQ“>
0 —1 B(]—l,OBq—l,l N Bq_hzqﬁz 0 !

and by the induction hypothesis this gives

1 0 0 (—i)‘I“]y,‘l) < 0 124,1>
— —
B”"_’<0 —1>((——i)"_1]244 0 N=1u 0 :

TuEOREM 7. Suppose Lo, Ly, . . ., Log1 15 a set of 2q anticommuting involu-
tions in V and d(V) = 29 then, defining Loy = 1'LoLy ... Layy, there is a
basis B in which L, ~ B,,, (0 < r < 2q), and B is unique apart from a numer-
ical multiplier. The only regular L.T.'s of V which anticommute with Lo, L,,
« ooy Log—1 are the numerical multiples of Lo, and, of these, = Lo, are the only
involutions.

Proof (by induction on ¢). Theorems 3 and 4 justify Theorem 7 when
g = 1. Suppose the theorem is true when ¢ = # > 1 and let Lo, Ly, . . ., Loyys
be a set of 2» + 2 anticommuting involutions in V with d(V) = 21,

We first assume that V kas a basis 8 in which L, ~ B,11,, (0 < r < 2n+2),
and show that 9B is essentially unique (that is, that any other basis with the
same property must be ¢3B). Define

LT = ’I:LSL2n+2 (1 < s < 2n + 1),

by § 3(v) the L*; are anticommuting involutions for which €,(Lo) and G_;(L)
are stable; denote by L**; the L.T. of G,(L,) effected by L*;. The involutions
L** anticommute in &; (L) which has dimension 2%, and so, by the induction
hypothesis, €;(L,) has a basis 81 = {81, B2, ..., B»} (unique apart from a
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numerical multiplier) in which L**; ~ B, .1 (1 < s < 2x). But, in the
postulated basis B, Ly~ Iy, and

« (0 Bn,H) < 0 12n) ~ <B,,,H 0 >
LS 1/<Bn,s—1 0 ¢ _12" 0 B 0 Bn,s—l (1 < s < 2”)
Hence B4, B2, . . ., Bo» are the first 2" members of B. Since
(0 12")
Lanss 1(—12,, 0
(in B), it follows now that if B = {81, By, . .., B!} then
Brian = 1LoyyoB, (1<r< 2”),
and so B is determined completely (apart from a numerical multiplier) by
Lo, Ly, . .., Lopia.

We now define 8’ as { B3, iL2,+28:1} and proceed to prove that L, ~B,1,
(in ¥’) for 0 <7 < 2n + 2. Since B; spans E;(Ly) and Lo, 2(B1) spans
G_1(Lo) (§3(3v)), it follows that in ¥’

Lo 0> < 0 12,,)
Lo (0 1)t L2~y ) a0

1L Lopta ~ (5’”‘1 2( ) (1<s<2n),

where the exact form of X need not concern us. These imply

By-1 0 0 1a 0 Bn'&.v
LS N (LSL2"’+2)L2"+2 - <0 , 1 Xs><“‘].2n 02> - <—Xs 0 1>;

and since L, anticommutes with L, it now follows by § 3(i) that

L, ~ (0 B"'H> = But1.s for s=1,2,...,2n,2n + 2.
Bn,s—l 0 ’
To wverify that the formula holds also when s = 2% 4 1, we note that
Lopi2 = 1"t1Lg. .. Loy, (by definition) and Loyro ~ 2"F'B,11,0Brs1.1- - Boy1,2n01
{from the known matrix representing Ls,t2. This proves Ls,+1 ~ Byui1,20+1.
Finally, consider matrices M which satis{y

(10) M (— B, )M = B, 0<s<20—1).

The columns of such an M are, in order, the members of a basis (of the space
of number 2%ples) in which the (— B, ;) are represented by the B, re-
spectively. Since the 2¢ involutions — B,1, — Bge, ..., — By .1 anti-
commute, it follows from the first part of this theorem that such a basis is
essentially unique. Since M = B, ., satisfies (10), it now follows that
M = ¢B, 2, with ¢ an arbitrary number, is the complete solution of (10)
and that M is an involution if and only if ¢ = 1. Since the L, are represented
by the B, ,, this completes the proof of the theorem.
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