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THE CHARACTER OF CERTAIN CLOSED SETS
MARY ANNE SWARDSON

Let X be a topological space and let A C X. The character of A in X is
the minimal cardinal of a base for the neighborhoods of 4 in X. Previous
studies have shown that the character of certain subsets of X (or of X?) is
related to compactness conditions on X. For example, in [12], Ginsburg
proved that if the diagonal

Ay (={ (x. x)ix € X})

of a space X has countable character in X2, then X is metrizable and the
set of nonisolated points of X is compact. In [2], Aull showed that if every
closed subset of X has countable character, then the set of nonisolated
points of X is countably compact. In [18], we noted that if every closed
subset of X has countable character, then M4 + 7 CH (Martin’s axiom
with the negation of the continuum hypothesis) implies that X is
paracompact.

In this paper we study the character of closed discrete sets, of zero-sets,
and of nowhere dense zero-sets of X, and introduce associated cardinal
functions. Much of this work comes from the author’s Ph.D. thesis at Ohio
University (done under the direction of R. L. Blair to whom the author is
greatly indebted). The paper has two purposes: The first is to develop
some of the results necessary for [19], in which we give topological
characterizations of 2* = a™ for every infinite cardinal a (see Section 5
below), and the second is to present results, of interest in themselves,
relating the character of these special sets to other properties of the space.
For example, we show that if X is normal, first countable, and has no
isolated points, then X is pseudocompact if and only if every zero-set of X
has countable character (4.5), and that, under suitable cardinality
restrictions, if X is hereditarily normal and extremally disconnected and if
every nowhere dense zero-set has countable character, then X is discrete
(6.6). We also show that in the theorem from [2] cited above we need only
assume that every closed discrete subset of X has countable character
(2.19).

In addition, we consider particular neighborhood bases for zero-sets.
We show, for example, that a Tychonoff space X is countably compact
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(resp. pseudocompact) if and only if for all f € C(X), {f](— %, %):n
€ N} is a base for the neighborhoods (resp. for the cozero-set
neighborhoods) of Z(f) in X, and we show that if Z is a zero-set of a space
X, then clgyZ is a zero-set of BX if and only if Z has a countable cozero-set
base for its cozero-set neighborhoods.

Section 1 contains definitions and notation while Section 2 is concerned
with methods of calculating the character of certain sets. Sections 3-6
contain theorems about the relation between certain properties of a space
and the character of special sets.

1. Definitions and preliminaries. In Sections 1-3 we assume that all
topological spaces are regular and 7, and in Sections 4-6 we assume that
all spaces are Tychonoff. We denote the set of real numbers by R, the set
of positive real numbers by R™, and the set of natural numbers by N. If X
is a space, we denote the set of all isolated points of X by I(X).

Let X be a space and let A C X. We set

C(X) = {f:X — R:f is continuous}
and
C*(X) = {f € C(X):f is bounded}.

For f € C(X), the zero-set Z(f) of fis {x € X:f(x) = 0}. The
complement in X of a zero-set of X is a cozero-set of X. We say that A4 is
C-embedded (resp. C*-embedded) in X if for all f € C(A) (resp. for all f €
C*(A)), there exists g € C(X) such that gl4 = f. A is z-embedded in X if
every zero-set of A is of the form Z N A for some zero-set Z of X. For f €
C(X), we set

By = {/“‘(—%,%):n € NJ.

A collection & is a base for the neighborhoods (resp. a base for the
cozero-set neighborhoods) of A in X if each B € Zis a neighborhood of A4
in X and if whenever U is a neighborhood (resp. cozero-set neighborhood)
of 4 in X, then there exists B € % such that B € U. The character of A in
X (denoted by x(A4, X)) is w - min{ |%|:Z is a base for the neighborhoods
of A in X} and the pseudocharacter of A in X (denoted by Y(4, X)) is w -
min{ |%|:% is a collection of open subsets of X with 4 = N #}. (We write
x(x, X) or Y(x, X) instead of x( {x}, X) or Y( {x}, X).)
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The character of X (denoted by x(X) ) is sup{x(x, X):x € X} and the
pseudocharacter of X (denoted by (X)) is sup{y(x, X):x € X}. The
closed (resp. closed discrete, resp. zero-set, resp. nowhere dense zero-set)
character of X (denoted by x.(X) (resp. xcq(X), resp. x,(X), resp. xn(x)))
is sup{x(4, X):A is a closed subset (resp. closed discrete subset, resp.
zero-set, resp. nowhere dense zero-set) of X}. The closed pseudocharacter
of X (denoted by ¢.(X) ) is sup {4, X):A4 is a closed subset of X}.

A subset A of X is regular closedin X if A = clint 4. If 4 is closed in X,
the regular closed pseudocharacter of A in X (denoted by ¢"“(4, X)) is w -
min{ |%|:% is a collection of regular closed neighborhoods of 4 in X such
that A = N%}. The regular closed pseudocharacter of X (denoted by
YX) ) is sup{y (4, X):A is a closed subset of X}.

2. Calculating the character of sets. The diagram in 2.1 represents
inequalities holding among the cardinal functions defined in the previous
section, with the arrows pointing to the smaller function. All are obvious
with the possible exception of the topmost (a proof of which can be found
in [12] ). Examples can be found in 2.22 and 2.26 to show that no arrows
can be added to the diagram.

2.1. PROPOSITION. Let X be a space. The following inequalities hold:

x(Ay, X?)
X (X)
Yre(X) Xcd(X) XX)
|
|
Ye(X) x(X) Xno(X)

UX)

The next proposition shows that it is pointless to define the “nowhere
dense closed character” of X. The routine proof is omitted, as are those of
many of the simple propositions in this section.

2.2. PROPOSITION.
Xe(X) = sup{x(F, X):F is a closed nowhere dense subset of X}.
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2.3. PROPOSITION. If F is a finite subset of X, then
x(F, X) = max{x(x, X):x € F}.
Hence, if X is countably compact, then x.q(X) = x(X).
The following proposition is an easy consequence of 2.2 and 2.3.
2.4. ProposSITION. If | X — I(X)| < w, then x(X) = x(X).

We turn next to a sequence of propositions which show that under
certain circumstances we can use the pseudocharacter (or regular closed
pseudocharacter) of a set to calculate its character. First we need some
definitions.

A space X is a P,-space if the intersection of <<a open subsets of X is
open in X. (Thus a P, -space is a P-space.) X is [a, k]-compact if every open
cover % of X with |%| = « has a subcover U’ with || < a.

We also need a couple of lemmas.

2.5. LEMMA. Let F be a closed subset of the P,-space X and let k = Y"“(F,
X). If k = @, then either k = w, or k = a and a is a regular cardinal. In

either case there exists a decreasing sequence {Ug:¢ < k) of open subsets of
X such that

F=Ngey Us = Nego el U

2.6. LEMMA. Let F be a closed subset of X and let k be a regular cardinal
such that

F = Nico U = Neeye cl Us

where (Ugé < k) is a decreasing sequence of open subsets of X. If X is
[k, k]-compact, then {Ug:§ < k} is a base for the neighborhoods of F in X.

Proof. Let F € U where U is an open subset of X. Then
{U} U {X — cl Us:é <k}

is an open cover of X of cardinality x and hence there exists / C « such
that [I| < kand {U} U {X — cl Ug:é € 1} covers X. Let y = sup /. Then
y <kand U, C U.

2.7. CorOLLARY. If X is countably compact, then for all f € C(X), Byis a
base for the neighborhoods of Z(f) in X and hence x(X) = w.

In Section 4 we prove the converse of 2.7 (see 4.4). The next result
follows immediately from 2.5 and 2.6.
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2.8. THEOREM. Let F be a closed subset of the P,-space X and let xk =
VF, X). If k = a and if X is [k, k]-compact, then x(F, X) = «.

If k and « are cardinals with « infinite, then
ke = 3 (kB8 < al.
If % is a collection of sets, then
(%] = {/ C U|| < a}.

It is known that k¢ = k% that | [#]<% = |%|¢and that if k = w, then k¢
= k. (See [6, 1.22].)

2.9. THEOREM. Let F be a closed subset of the Py-space X and let k be a
cardinal such that Y"(F, X) = k. If X is [cf (@), k¥]-compact, then

x(F, X) = &%

Proof. We may write F = N, cl U where each Us is an open
neighborhood of F in X. Let

U = {Ugig < K}
and let
B={NFFe [@/]<"}.

Each B € #is open in X and |%4| = «&. By a proof similar to that of 2.6, #
is a base for the neighborhoods of F in X.

2.10. CoROLLARY. If X is a Lindeléf P-space, then x(F, X) = Y(F, X)®
for every closed subset F of X, and hence x(X) = ¢(X)“.

2.11. CorOLLARY. If F is a closed subset of a normal [w, Y(F, X)]-
compact space X, then

x(F, X) = UF, X).
Hence if X is [w, Yo(X) ]-compact, then
X(X) = Ye(X).

2.12. CoroLLARY. ([2, Theorem 5]). If X is perfectly normal and
countably compact, then x(X) = w.

2.13. CoroLLARY. ([1, Chap. I, Theorem 4]). If F is closed in the
compact space X, then ¢(F, X) = x(F, X).
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Before stating the next theorem, from which Corollaries 2.12 and 2.13
also follow, we need two definitions. If X is a Tychonoff space, then

B.X = {p € BX: for every ¥ C p, with [F'| < a, N F # B},

and a Tychonoff space X is a-pseudocompact if B,+X = BX [13].
Equivalently, X is a a-pseudocompact if every cozero-set cover of X of
cardinality =a has a finite subcover (this is an easy dual of [13, 2.2]).

2.14. THEOREM. If X is normal and a-pseudocompact and if F is a closed
subset of X with Y(F, X) = a, then x(F, X) = y(F, X).

Proof. Let F = N¢, Ug, where each Uz is open in X and k < a. For all
¢ < k, F has a zero-set neighborhood Z; C Up. Let 4 be the set of all finite
intersections of members of {Z;:{ < k}. Then |%| = «, each B € Zis a
neighborhood of F, and F = N %. Since X is normal and «a-
pseudocompact, Z is a base for the neighborhoods of F in X.

2.15. Remarks. (a) The inequality in 2.10 can be strict: The ordinal
space w is a Lindelof P-space, and for all F C w,

w = YF, X) = x(F, X) # §F, X)* = 2%

Equality can also hold: Let X be the set of ordinals 2° + 1 with basic
neighborhoods of 2 of the form X — B where B is a countable subset of
2¢ and with all other points isolated. Then X is a Lindelof P-space and

29 = Y(2% X) = x(2° X) = $(2°, X)© = 2“.

(b) In contrast to 2.7, pseudocompact spaces need not have countable
zero-set character (see 2.26 (b)), but zero-sets in a pseudocompact space
do have countable bases for their cozero-set neighborhoods (see 4.2).

We turn next to a discussion of the function x.4. A pairwise disjoint
collection of open subsets of X is called a cellular family in X. A subset A
of X is cellularly embedded in X if every cellular family in 4 is the
restriction to 4 of a cellular family in X.

2.16. ProposITION. If D is a discrete subset of a P,-space X and if |D| =
a, then D is cellularly embedded in X.

We will use the following known result several times. A proof can be
found in [18, 2.1].

2.17. ProOPOSITION. If D € X — I(X) is discrete and cellularly embedded
in X, then x(D, X) > |D|.
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2.18. THEOREM. If X is a P-space and if a is a regular cardinal, then
Xed(X) = aif and only if x(X) = a and every closed discrete subset of X —
1(X) has cardinality <a.

Proof. Assume first that x.q(X) = a. By 2.1, x(X) = «. Let D be a
closed discrete subset of X — I(X) with |D| = a. Since X is a P,-space, D
is cellularly embedded in X by 2.16 and hence, by 2.17, x(D, X) > «,
contradicting the assumption.

Conversely, assume that x(X) = « and that every closed discrete subset
of X — I(X) has cardinality <a. Let D be a closed discrete subset of X.
We may write

D — I(X) = {xz§ <A}

where A < a. For each § < A, let {Bg:y < x(X)} be an open
neighborhood base for x¢, and for each § < A and each y < x(X), let

Gy = No<y By

Since X is a P,-space, each Gg, is open in X and hence {Gg,:y < x(X) } is
a decreasing neighborhood base for x; in X. For each y < x(X), let

Hy, = (Ugep Ggy) U (D N I(X)).

[t is easy to see that {H,:y < x(X) } is a base for the neighborhoods of D
in X and hence x.4(X) = x(X) = a.

2.19. COROLLARY. xc4(X) = w if and only if x(X) = w and X — I(X) is
countably compact.

A space X is Nj-compact if every closed discrete subset of X is
countable.

2.20. COROLLARY. If X is a P-space, then x.q(X) = w if and only if x(X)
= wy and X — I(X) is Ry-compact.

2.21. COROLLARY. If x.q4(X) = w and |I(X)| < w, then x(X) = w.
Proof. The result follows from 2.7 and 2.19.

The following examples are devoted to showing that no arrows can be
added to the diagram of 2.1.

2.22. Examples. (a) There exists a space X such that
PEX) - Xol(X) * Xed(X) < Xe(X).
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Let Y = (w0 + 1) X (w0 + 1)and let X = Y — {(w, w;)}. Xis
countably compact and hence x,(X) = w by 2.7. By 2.3,
Xed(X) = x(X) = «.
Since Y is normal,
YY) = 4(Y) = V] = o
and hence Y"“(X) = w,. Then

YEX) - Xo(X) - Xead(X) = w0y,
but if F = [0, w)) X {w}, then
wp < x(F, X) = x(X).
(b) Let X be the Michael line (that is, the reals with all irrational points
isolated and with all rational points having their usual neighborhoods).

x(X) = w, but since N is both a nowhere dense zero-set and a closed
discrete set of nonisolated points of X,

min{xu(X), Xaa(X) } Z XN, X) > o

by 2.17. The rationals are a closed set but not a Gs, and therefore we
have

w = x(X) < min {an(X)» Xed(X), Ye(X) }

(c) Let X = w U {p} where p € Bw — w. X is countable and normal
and hence ¢'(X) = w. Since { p} is a nowhere dense zero-set and since X
is not first countable at p,

YY) < min{x(X). Xn (X) }-

(d) Let X = w). By 2.7, x,(X) = w and by 2.3, x.4(X) = w. Since the set
of limit ordinals is not a G,

Xed(X) = Xo(X) < de(X).
Next let X = w; + 1. In this case
X(X) = @ < Y(X).

(e) We use ideas from the tangent disk space and from the Arens-Fort
space (see [17, p. 54 and p. 100]) to construct a space X such that

Ye(X) < min {$"(X), X(X), Xno(X) }.

Let X = L U P where L = R™ and where P consists of all points of the
first quadrant of the plane with rational coordinates. Let the points of P
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be isolated while basic neighborhoods of x € L are constructed as
follows: Let {A4;:k € w} be a partition of w into pairwise disjoint infinite
sets. For x € L, pick (g,,:n € w), a sequence of positive rationals, such
that in the usual topology on R, ¢,,, = x. Let

m - {qX/] i l’l} U {x}

and let basic neighborhoods of x be of the form B,,, — A where for some J
C w with |J] < w,

1
A = U_/GJ{<qu, a>m S Aj} U Uj$.] F,

1
and where F; C { <qxnn E> m € AJ-} and |F| < w (that is, 4 includes

1
all but finitely many of the points of { <l]xm, - > m € Aj} for all but

finitely many j € w). As in the Arens-Fort space, X is not first countable
at x € L. For each x € L, {x} is a nowhere dense zero-set of X (let f(x)

1 1
= O,f( <qx,,, ;>) = and f(y) = 1if y & By,). Since P is dense and

countable and L is closed discrete and uncountable, X is not normal, and
hence w < ¢"(X) ([2, Corollary 4]). Every open set is an F,, and hence

@ = Y(X) < min{y"(X), x(X), xnz(X) }-
(f) Finally, we give an example of a space X for which
© = Xed(X) < Xno(X) = 2%

The same example shows that the hypothesis on isolated points cannot be
omitted from 2.21. Let X = Y U P where Y = [0, 1] X {0} and P = [0, 1]
X R*. For all y € [0, 1], let 4, = {(y, x):x € R"} and let the
collection '

{X 0 B({y,0)) — 4,:n € N}

(where By,,( {y, 0) ) is the usual 1/n-ball around (y, 0) in R?) be a local
base at (y, 0). Let points of P be isolated. Since X — I(X) = Y is compact
and x(X) = w, Xc4(X) = w by 2.19. Y is a nowhere dense zero-set of X (Y
is clearly a Gj in the paracompact space X). We show that x(Y, X) = 2“.
Let {Ug:€ < k} be a base for the neighborhoods of Y in X and assume that
k < 2° For all y € [0, 1], there exists §, < « such that Uy C X — 4,.
There is £ < « such that § = §, for uncountably many y e [0, 1]. Then
{y:§, = &} is discrete in [0, 1], a contradiction.
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We give in 2.26 (a) an example of a space X for which x,,(X) < x,(X).
(Thus there is no analogue of 2.2 for x,(X).) First, however, we need the
following definitions and preliminary results: A space X is an almost-
P-space if every nonempty zero-set of X has nonempty interior. Clearly if
X is an almost-P-space, then x,(X) = w.

2.23. PrOPOSITION. If W is a z-embedded union of zero-sets of an
almost-P-space X, then W is an almost-P-space.

2.24. CorROLLARY. If W is a cozero-set of an almost-P-space, then W is an
almost-P-space.

2.25. PROPOSITION. If {Z,:a € I} is a family of zero-sets of a space X
and if there exists a discrete family {Uy:a € 1} of cozero-sets of X such that
Zy C Uy forall a € I, then Uy Z, is a zero-set of X.

2.26. Examples. (a) To obtain a space X such that x,,(X) < x,(X), let Y
— BR" — R™, and let X be a proper cozero-set of Y. By [10, 3.1], Y is an
almost-P-space, and hence so is X by 2.24. Clearly then, x,,(X) = w.

By [11, 6.10], Y is connected and hence X is not compact. Since X is a
Lindelof Fy-set in the normal space Y, X is not pseudocompact and
therefore there exists an infinite discrete family {U,:n € w} of nonempty
cozero-sets of X, and for all n € w, there exists a nonempty zero-set Z, of
Y, and hence of X, such that Z, ¢ U,. Then Z = U, <, Z, is a zero-set of
X by 2.25.

We show next that x(Z, X) > w. Suppose {G,:n € w} is any countable
collection of open sets in X containing Z. Since each Z,, is closed and each
U, N G, is open in the connected space Y,

Z, U, N G,

Pick y, € (U, N G,) — Z,. Then U,e, (U, N G, — {y,}) is a
neighborhood of Z that contains no G,,.

(b) The next example shows that a pseudocompact space can have
uncountable (nowhere dense) zero-set character (cf. 2.7 and 4.2). In [8,
17. 1 (¢) ], van Douwen proves that if

OR) = {p € BR — Rip & clgg 4

for all closed discrete subsets 4 of R}
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and if Y = R U ®(R), then Y is pseudocompact. The set N is a zero-set of
R and R is z-embedded in Y, and hence there exists a nowhere dense
zero-set Z of Y such that N = Z N R. We show that x(Z, Y) > w. Let
{G,:n € N} be any countable collection of open subsets of Y containing
Z. For each n € N, pick

1 1
Yn € (G,,ﬁ (H_E,H‘FE))_N

Foreachy € Z — R,

y & clggr {y,;n € N}

and hence y has a neighborhood U, in Y such that
U, N {y,n € N} = 0.

Then

1

1
Uyez-r U, U Uyen (G, N (’1 T + 5) = {m})

contains Z but contains no member of {G,:n € N}.

3. Collectionwise normality and paracompactness. In this section we
show that if the regular closed pseudocharacter and the closed discrete
character of a space X are both countable, then X is collectionwise normal
(cf. 3.2) and that an isocompact space with countable closed discrete
character is paracompact. We also show that the statement “every perfect
space with countable closed discrete character is normal” is independent
of ZFC.

Aull has proved the following theorems:

3.1. THEOREM ( [2, Corollary 4] ). ¢"(X) = w if and only if X is perfectly
normal.

3.2. THEOREM ( [2, Theorem 8)]). If x(X) = w, then X is collectionwise
normal.

We will show that we can weaken the hypothesis of 3.2.

3.3. THEOREM. If ¥'(X) = x(X) = w, then X is collectionwise
normal.

Proof. Let {Fz:{ < x} be a discrete collection of closed subsets of X.
Let

https://doi.org/10.4153/CJM-1984-004-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-004-1

CLOSED SETS 49

J = {£ < k:Fy — I(X) # B}.

By 2.19, |J] < w. Since X is normal by 3.1, there exists a pairwise disjoint
collection {Ug:¢ € J } of open subsets of X such that Fy € Ugforall§ € J.
For £ € J, let

Ve = Us = Upse Fp
and for all £ & J, let Vy = Fg. Then {Vgé < k} is a pairwise disjoint
collection of open sets with Fy C V¢ for all £ < .

The hypothesis of 3.3 cannot be reduced to Y(X) = xq(X) = w. In
fact, the statement “If Y(X) = x.(X) = w, then X is normal” is
independent of ZFC. To prove this, we first show the following (which
appears with a stronger hypothesis in [18, 3.1]).

3.4. THEOREM [MA + 71 CH]. If ¥(X) = Xd(X) = w, then X is
paracompact.

Proof. In [22, Corollary 3], Weiss proves that, under MA + 1 CH, a
countably compact perfect space is compact. Then X is the union of a
compact set and a set of isolated points and is therefore paracompact.

We next give an example of a nonnormal space X for which

Ye(X) = Xea(X) = .

The example, due to Wage [21], is based on Ostaszewski’s space
constructed in [15] under the set-theoretic hypothesis

3.5. THEOREM [ |. There exists a nonnormal space X such that

Yeo(X) = Xed(X) = w.

Proof. The space X constructed in [21] is perfect, countably compact,
first countable and nonnormal. By 2.19, x.4(X) = w.

A space X is isocompact if every closed countably compact subspace of
X is compact. For example, real compact spaces [11, SH.2], spaces with
various weak covering properties (e.g. weakly 8f-refinable spaces [3] ), and
spaces with a Gs-diagonal [5] are all isocompact.

3.6. ProrosITION. If X is isocompact and if x.q(X) = w, then X is
paracompact.

Proof. By 2.19, X — I(X) is a closed countably compact subspace of X
and is therefore compact. Then, as in the proof of 34, X is
paracompact.
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3.7. CorROLLARY. If X is a Moore space and if x.q(X) = w, then X is
metrizable.

4. Countably compact and pseudocompact spaces. For the remainder of
this paper we assume that all spaces are Tychonoff. For f € C*(X) we
denote by f# the continuous extension of / to BX. We denote X — X by
X*.

Although pseudocompact spaces need not have countable zero-set
character (see 2.26 (b)), zero-sets in a pseudocompact space do have a
countable base for their cozero-set neighborhoods (4.2).

4.1. PROPOSITION. Let X be a space and let f € C*(X). Thenclgy Z(f) =
Z(fP) if and only if % is a base for the cozero-set neighborhoods of Z(f) in
X.

Proof. 1f clgy Z(f) = Z(fP), then by 2.7, B is a base for the
neighborhoods of clgyZ(f) in BX. Let Z(f) C P where P is a cozero-set
of X. Since Z(f) is completely separated from X — P, there exists B € %s
such that

clgy Z(f) € B € BX — clgx (X — P).

Then B N X € %rand Z(f) c BN X C P.

Conversely, suppose there exists p € Z(fﬁ) — clgxy Z(f). Let Zbe a
zero-set neighborhood of p in X which misses Z(f). Then Z(f) c X — Z
but for all B € %, B N Z # 0.

4.2. THEOREM. A space X is pseudocompact if and only if for all f €
C(X), %y is a base for the cozero-set neighborhoods of Z(f) in X.

Proof. Let X be pseudocompact and let f € C(X). By 4.1, it suffices to
show that

clgx Z(f) = Z(f).
Suppose, on the contrary, that

p € Z(ff) — clgy Z()).

Let Z be a zero-set neighborhood of p in BX such that Z N Z(f) = 0. We
may pick, recursively, for all n € N, x,, and U, such that U, is an open set
in X, p & clgy U,, and

11
Xne UnCCI U”C(f\-l(_;’;l_) ﬁZﬂX)— Uj<nCl l]j
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Then {U,:n € N} is an infinite locally finite collection of open subsets of
X, contradicting the assumption that X is pseudocompact.

Conversely, assume that X is not pseudocompact and let D = {x,:n €
N} be a copy of N that is C-embedded in X [11, 1.21]. Define /:D — R by
f(x2,) = 1/nand f(xy,—1) = 0, and let 4 = {x,,:n € N}. There exists g
€ C*(X) such that gD = f. Since A N Z(g) = 0 and since 4 is
C-embedded in D and hence in X, 4 and Z(g) are completely separated in
X. Therefore there exists a zero-set Z of X with4 € Zand Z N Z(g) = 0.
Then Z(g) € X — Z but for all n € N,

11
gl(—-—,—) NZ#49
n' n

and thus %, is not a base for the cozero-set neighborhoods of Z(g) in
X.

4.3. COROLLARY. 4 space X is pseudocompact if and only if for all f €
C(X),

clgy Z(f) = Z(f5).

The preceding corollary is no doubt reasonably well known. (That clgy
Z(f) = Z(fﬁ) in pseudocompact spaces is a consequence of [11, 8.8 (b) |,
but no proof of the converse in the literature is known to the author.)

Our next result is a characterization of countably compact spaces
analogous to that of 4.2 for pseudocompact spaces.

4.4. THEOREM. A space X is countably compact if and only if for all f €
C(X), %y is a base for the neighborhoods of Z(f) in X.

Proof. Assume that for all f € C(X), %y is a base for the neighborhoods
of Z(f) in X. By 4.2, X is pseudocompact. Suppose now that X is not
countably compact and let A = {x,:n € N} be an infinite closed discrete
subset of X. Since X is completely regular, by 2.16 there exists a pairwise
disjoint collection {P,:n € N} of cozero-sets of X with x,, € P, for all n
€ N. Let

Z = MNuyeN (X = P,).
There exists f € C*(X) such that Z = Z(f). We show next that
CIB/\/A N CIBX Z(f) #* ﬂ

Suppose, on the contrary, that 4 € P and Z(f) € P’ where P and P’ are
disjoint cozero-sets of X. Then {P N P,:n € N} is an infinite discrete
family of open sets of X, contradicting that X is pseudocompact.
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Hence there exists p € clgy A N clgy Z(f) and therefore for all n €
N,

11
f‘(f—,—) NnA+0.
n n
Then Z(f) € X — A but X — A contains no member of %, contradicting
the assumption. The converse is given by 2.7.

We note that if X is normal, then any base for the cozero-set
neighborhoods of a zero-set Z is a base for the neighborhoods of Z. A
consequence of 4.2 and 4.4, then, is the well-known fact that a
pseudocompact normal space is countably compact.

The next result gives sufficient conditions for the converse of 2.7.

4.5. PROPOSITION. If X is normal, (X) = w, and I(X) = 0, then X is
pseudocompact if and only if x,(X) = w.

Proof. Suppose X is not pseudocompact. Let {U,:n € w} be an infinite
discrete collection of nonempty open subsets of X. Pick x,, € U, and let Z
= {x,:n € w}. Since Y(X) = w, Z is a closed Gy and thus a zero-set of X,
but x(Z, X) > w by 2.17.

5. Zero-sets and a'-closed sets in BX. There are at least two questions
concerning the relation between zero-sets of X and zero-sets of BX: (1)
When is clgy Z a zero-set in BX if Z is a zero-set of X? (2) When does clgy
Z(f) = Z(fP) for f € C*(X)?

Answers to these two questions have been given by several authors: We
gave an answer to (2) in 4.1, Rudd in [16] has given several conditions
equivalent to clgy Z(f) = Z(fP), and in [20, Lemma 5], Terada has shown
that if X is realcompact, then clgy Z(f) is a zero-set of BX if and only
if

X(Z(f), X) = w.

([20] is concerned with the question of when BX is Oz for an Oz-space X
(see Section 6 for the definition of an Oz-space). Neighborhood bases for
regular closed subsets of X play a role in [20]. For example, if one
defines

Xre(X) = sup{x(4, X): 4 is a regular closed subset of X},

then [20, Corollary 1] can be phrased as follows: For a normal space X, SX
is Oz if and only if x,«(X) = w.)
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We are interested here in a question which is more general than (1): If a
subset F of X is the intersection of <a zero-sets of X, is clgy F the
intersection of <a zero-sets of SX? We need the following definitions: We
say that a subset S of a space X is well-embedded in X if S is completely
separated in X from every disjoint zero-set of X [14, 6.1]. For example, it is
known that every zero-set, every C-embedded subset, and every pseudo-
compact subset of X is well-embedded in X.

Let a be an infinite cardinal. A subset 4 of X is a-open in X if A is the
union of <a cozero-sets of X, and 4 1s a-closed if X — A is a-open. (Thus
an w)-open set is a cozero-set, and an w-closed set is a zero-set.) A subset
A of Xis a Gy-set in X if A4 is the intersection of <a open sets in X. (Hence
a G, -setin X is a Gg-set in X.)

The results below will be applied in [19].

Our first lemma generalizes the well-known fact that every closed Gg-set
in a normal space is a zero-set. The simple proof is omitted.

5.1. LEMMA. Every closed Gy-set in a normal space X is a-closed in X.

5.2. THEOREM. If F is a well-embedded sutset of a space X, then the
Jollowing are equivalent:

(a) clgy Fis o -closed in BX.

(b) F has a cozero-set base of cardinality =a for its cozero-set
neighborhoods.

Proof. (a) = (b). If clgy Fis at-closed in BX, then
Y(clgy F, BX) = «
and hence, by 2.13,
x(clgy F. BX) = a.

Since BX is normal, clgy F has a cozero-set neighborhood base {Q::¢ < a}
in BX. We will show that {Q; N X:{ < a} satisfies (b). Let F C P, where
P is a cozero-set of X. Since F is well-embedded in X, there exists £ < «
such that

ClﬁxFC Q‘S C IBX* ClB)((X“ P).

Clearly then, F € Q: N X C P.
(b) = (a). Let {Ps:¢ < a} be a cozero-set base for the cozero-set
neighborhoods of Fin X. By 5.1, it suffices to show that

ClBX F = ﬂ§<a(,8X - Cl,BX (X — Pg) ).
Since F is well-embedded in X,
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ClBXF C Ne<a (BX — CIBX (X — Pg) ).

Now suppose p & clgy F. Let Z be a zero-set neighborhood of p in BX
which misses F. There exists £ < « such that

FcP,cX—2Z,
and hence p & clgy P. Then

P E Necq (BX — clpxy (X — Py)).

5.3. CoroLLARY. If F is a closed subset of the normal space X, then the
Jfollowing are equivalent:

(a) clgy Fis o -closed in BX.

(b) x(F, X) = a.

5.4. CorOLLARY. If Fis a closed subset of the normal space X, then clgy F
is a zero-set of BX if and only if x(F, X) = w.

6. Extremally disconnected spaces. A space X is extremally disconnected
if every open subset of X is C*-embedded in X [11, 1H.6], and X is an
F-space if every cozero-set of X is C*-embedded in X [11, 14.25]. Clearly if
X is extremally disconnected, then X is an F-space. It is known [11, 6M.1
and 14.25] that X is extremally disconnected (resp. an F-space) if and only
if BX is extremally disconnected (resp. an F-space).

In this concluding section we will show that an extremally disconnected
hereditarily normal space X is close to being discrete. The additional
hypotheses needed are a mild cardinality restriction and the requirement
that x,,(X) = w.

We need the following results:

6.1. THEOREM ( [7, 9.3]). If X is locally compact and nonpseudocompact,
then X* is not extremally disconnected.

6.2. PrOPOSITION. If X is an F-space and if Z is a nonempty nowhere
dense zero-set of BX, then Z is not extremally disconnected.

Proof. If Z is a nonempty nowhere dense zero-set of BX, then BX — Zis
a nonpseudocompact locally compact subset of X = B(8X — Z). Hence
by 6.1, Z = (BX — Z)* is not extremally disconnected.

6.3. ProprosITION. If X is a normal F-space, and if Z is a nonempty
nowhere dense zero-set of X with x(Z, X) = w, then Z is not extremally
disconnected.

https://doi.org/10.4153/CJM-1984-004-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-004-1

CLOSED SETS 55

Proof. By 5.4, clgy Z is a nonempty nowhere dense zero-set of SX and
therefore clgy Z = BZ is not extremally disconnected by 6.2. Hence Z is
not extremally disconnected.

6.4. PROPOSITION. If X is normal and hereditarily extremally disconnected
and if xn(X) = w, then X is an almost-P-space.

Proof. 1If X is not an almost-P-space, then there exists a nonempty
nowhere dense zero-set Z of X. Since x(Z, X) = w, Z is not extremally
disconnected by 6.3, contradicting that X is hereditarily extremally
disconnected.

A space X is Oz if every open subset of X is z-embedded in X. Clearly
every extremally disconnected space is Oz. X is cellularly Ulam-
nonmeasurable if every cellular family in X has Ulam-nonmeasurable
cardinality. In [4, 5.12], Blair has proved that every Oz almost-P-space of
Ulam-nonmeasurable cardinality is discrete. The proof in [4] is actually of
the following stronger result:

6.5. THEOREM ( [4, 5.12]). If X is a cellularly Ulam-nonmeasurable O:
almost-P-space, then X is discrete.

6.6. THEOREM. If X is a cellularly Ulam-nonmeasurable extremally
disconnected hereditarily normal space with xn,(X) = w, then X is
discrete.

Proof. By [9, 6.2 G(c) ], X is hereditarily extremally disconnected and by
6.4, X is an almost-P-space. The result then follows from 6.5.

6.7. Examples. We give examples to show that none of the hypotheses of
6.6 can be omitted. (None of the spaces described below is discrete.)

(a) In view of 2.7, the ordinal space w; satisfies all of the hypotheses of
6.6 except that w; is not extremally disconnected.

(b) Bw satisfies all of the hypotheses of 6.6 except that it is not
hereditarily normal.

(c) The space X of 2.22 (c) satisfies all of the hypotheses of 6.6 except
that { p} is a nowhere dense zero-set of X with x(p, X) > w. Note also
that since X is perfect, the hypothesis x,,(X) = w cannot be omitted, even
if X is perfectly normal.

(d) Let X = D(pn) U {p} where D(p) is the discrete topology on pu, the
first Ulam-measurable cardinal, and where p € «D(p) — D(p). X is an
extremally disconnected hereditarily normal [4, 4.8] P-space and hence
X(X) = w. Thus the hypothesis that X is cellularly Ulam-nonmeasurable
cannot be omitted.
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6.8. Remark. Note that (d) is an example of a space which is extremally
disconnected and hereditarily normal but not perfectly normal. The
referee of this paper has asked if there exists such a space of
nonmeasurable cardinality. This question is related to one asked by Blair
in [4, 4.2(a) ]. He defines a space X to be weakly perfectly normal if every
subset of X is z-embedded in X and asks if there is a weakly perfectly
normal space of nonmeasurable cardinality which is not perfectly normal.
By [4, 4.11], if a space is extremally disconnected and hereditarily normal,
then it is weakly perfectly normal, and hence an affirmative answer to the
referee’s question would answer Blair’s question. In [4, 4.4], Blair observes
that an affirmative answer to his question is implied by the existence of a
weakly perfectly normal space of nonmeasurable cardinality which is not
realcompact. While < does imply the existence of such a space ( [4, 4.10] ),
the question, without extra set-theoretical assumptions, remains open.
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