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Cubic Twin Prime Polynomials are Counted
by a Modular Form

Lior Bary-Soroker and Jakob Stix

Abstract. 'We present the geometry behind counting twin prime polynomials in F,[T] in general.
We compute cohomology and explicitly count points by means of a twisted Lefschetz trace formula
applied to these parametrizing varieties for cubic twin prime polynomials. The elliptic curve X> =
Y(Y - 1) occurs in the geometry, and thus counting cubic twin prime polynomials involves the
associated modular form. In theory, this approach can be extended to higher degree twin primes,
but the computations become harder.

The formula we get in degree 3 is compatible with the Hardy-Littlewood heuristic on average,
agrees with the prediction for g = 2 (mod 3), but shows anomalies for g =1 (mod 3).

1 Introduction

One of the most exciting open problems in number theory is the twin prime conjec-
ture, predicting infinitely many twin primes, i.e., pairs (n, n + 2) with both n, n + 2
being primes. There is nothing special about the difference being 2 or about pairs,
and indeed, one can easily state a general conjecture for k-tuples of the form n + h;
for a fixed set of shifts h; < hy < --- < hy. Applications often necessitate a quantitative
version of the twin prime conjecture. Hardy and Littlewood made a precise quanti-
tative conjecture in [HL23, §5 Theorem X ]', which essentially means that the events
that ‘n is prime’ and ‘n + 2 is prime’ are independent up to a precise correlation factor
6(0,2) ~1.32032363169.. . ..

Conjecture 1.1 (Hardy-Littlewood Prime Tuple Conjecture) Leth = (hy,...,hi) €
7* be a k-tuple of pairwise distinct integers. Then in the limit x — oo,

1 1
(1) —#{x<n<2x:n+hy,...,n+hyareprime} = S(h)——(1+0(1)),
x (logx)k

where, with v, (h) denoting the number of residues covered by hy, . .., hy modulo p, we
have

S(h) = H M'

p prime (1 _pil)k
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I'This is actually not a theorem but a consequence of Hypothesis X of [HL23].
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Note that a local obstruction occurs if there is a prime p with v,(h) = p. Then the
conjecture trivially holds, because both sides of (1.1) are zero. If there are no local ob-
structions, the singular series & (h) can be shown to converge to a positive constant.

There have been many attempts to solve this conjecture that, in spite of failing, pro-
duced exciting results. In his seminal work, Brun [Brul9] was the first to apply sieve
methods to the twin prime problem and showed that the sum of reciprocals of twin
primes converges. Brun also showed that there are infinitely many pairs (n,n + 2)
with at most 16 prime factors. Chen [Che66] gave the state-of-the-art result in this
direction, proving that there exist infinitely many primes p such that p+2 is a product
of at most 2 primes. In their famous theorem about arithmetic progression of primes,
Green and Tao [GrT08] and Green, Tao, and Ziegler [GTZ12] tackled the easier prob-
lem when one more degree of freedom is added. More recently, Zhang [Zhal4] made
a breakthrough by showing that there exist infinitely many prime pairs with bounded
distance. The bound was improved by Polymath [Poll4], and later Maynard [May15]
generalized Zhang’s result to k-tuples for any fixed k > 0. See the survey paper [Gral5]
for more details.

The objective of this paper is to give more evidence for the Hardy-Littlewood
prime tuple conjecture by studying its function field analog. For a finite field Iy we
take the set My 4 = {f( T) € Fy[T] ; monic of deg(f) = d} as the analog of the
interval [x,2x) with ¢¢ = #M,, playing the role of x ~ #{x < n < 2x}. The goal is
now, to give, for a k-tuple of pairwise distinct polynomials & = (hy, ..., hi) € Fg[T]
with deg h; < d, precise asymptotics in the limit g% — oo for

n(d,q;h) =#{f € Mg q; f +hy,... f + hy areirreducible}.

If we fix h, this only makes sense with fixed g and d — oo, and this case should be
considered an analog of Conjecture 1.1 for the field F (T'). If h = (0, 1), or if we expect
some uniformity in 4, then we can also ask for the asymptotics for d fixed and g - oo.

Hall [Hal06] proved that for any fixed g > 3 there exist infinitely many d’s and
f € My 4 such that f and f + I are prime. This proof is elementary and extends to
k-tuples with scalar shifts if g is sufficiently large with respect to k and using the Rie-
mann hypothesis for curves. The sequence of d’s in Hall’s proof grows exponentially
fast and hence is very sparse. Adapting Maynard’s result to function fields, Castillo
et al. [Casl5] extended Hall’s result, for sufficiently large fixed g, to any d in an ex-
plicit arithmetic progression and gave a lower bound on the number of pairs of the
right order of magnitude. However, this method seems to fail when the shift is not a
monomial.

Another approach taken in recent studies is to let ¢ — oo and control 7(d, g; h)
as an application of the Lang—Weil bounds. This direction proved successful, as the
analogue of the Hardy-Littlewood prime tuple conjecture was completely resolved;
see Bender and Pollack [BeP09] for pairs in odd characteristic, the first author [Barl2]
for general tuples in odd characteristic. Carmon [Carl5] applied the method of the
first author in even characteristic and established the following for all cases in the limit
g — oo, with error term E(d, g;h) <qx g~/

(12) n(d,g;h) = L&, (W) (1+ E(d, g h)).
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Note that the size of the error term depends on the tuple / only through its degree
bound d. We discuss the function field analog &,(h) of the Hardy-Littlewood sin-
gular series in Section 2.

One may naively expect a square root cancellation, namely a bound for the error
term of the form

E(d,q;h) «< q 9%,

Some results give better error terms than (1.2) on average [KRGI16], based on vari-
ance computations [KeR14] and equidistribution results by Katz [Katl2a,Katl2b]. See
[HM17] for a geometric interpretation of [KeR14]. The asymptotic formula (1.2) has
inspired more work; see [ABRI15, BaB15, BSF18, Entl4]. The downside of (1.2), is that
the error term is not small enough for us to see the “arithmetic”, due to the dependence
on h. Pollack [Pol08, Appendix] computed that

&y(h) =1+0(g™),

sointhelimit g — oo, the events that the f+h; areirreducible are indeed independent.

In this paper we give an exact formula for 7(d, q; h) when d < 3 and h = (0,1).
The case of d = 1is trivial and left to the reader. The case d = 2 is straightforward,
using Weil’s bounds on exponential sums. We use the technique of the present paper
to deduce the d = 2 case in Example 3.2 as (3.3):

7(2,4:(0,1)) = 4*-

1 {1 — (2= (1)@ D2y . g1 if gis odd,
4

1-2g7" if q is even.

For d = 3, the formula depends on whether or not the characteristic is 3. If 3 | ¢, we
get a polynomial formula, while if 3 4 g, our formula involves the number of rational
points in the reduction of the elliptic curve & with Weierstraf3-equation

X =Y(Y-1).
Recall that if 3 } g, the curve & has good reduction, and by the Hasse bound
(1.3) lg+1-#&(Fy)| <2/q.

Theorem 1.2  Let q be a prime power. Then we have

. 1-qg1-3q72 ifg=0 (mod 3),

) _1l3 - 2
(1.4) 71(3,q,(0,1))—§q~ 1+(cz-3)-q7' =297 ifg=1 (mod3),
l1-qgt'-2q972 ifg=2 (mod 3),

1+g-#&(Fy))

where ¢, :=
1 Vi

, S0 that 0 < cé <4 by (L3).

We will discuss the comparison with the prediction by the analog of the Hardy-
Littlewood conjecture in Section 2.

Remark 1.3  Since every elliptic curve over Q is modular, there is a newform fz(q)
associated with the elliptic curve & with Weierstral-equation X* = Y(Y —1). The
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newform can easily be determined being the only newform of weight 2 and level 27
(see the database [LMFDB, Elliptic Curve 27.a4]),

fe(@) = anq" =q-2q" - q" +59° +44'° - 79" + 0(q™).

n>1

This means that for all prime numbers p not divisible by 3 we have, by the Eichler-
Shimura congruence relation,

a,=1+p—#&(F,) = ap + s
where a, 8, are the eigenvalues of Frobenius, i.e., the roots of
T - a,T+p=0.

Forboth A = a,, or 8, the sequence (A™),, belongs to the 2-dimensional vector space
V of all sequences (b, ) m satisfying

hm+1 = apbm _pbm—b

Moreover, due to the relations among the various Hecke operators, for 3 + p the co-
efficients of fz(q) satisfy the recursion apmn = a,apm — papm- for all m > 1; see,
for example, [Ser73, SVIL5.4]. Hence, (apm ), and (apm-1), (the latter suitably in-
terpreted as 0 for m = 0) also belong to V. It follows easily that for g = p™ and all
m21,

1+q-#8(Fy) = (ap)™ + (Bp)™ = 2apm — apaym = 2a4 — apag)p.

2

In conclusion, the term ¢ p

in Theorem 1.2 can be computed as

21

Cq 1 (2“4_“P“q/p)2

as a combination of g-expansion coefficients of the newform fz(q).

The geometric description of the parametrizing variety and thus also the computa-
tion of its cohomology can be adapted easily to the case of general scalar shifts h € Fj.
The resulting fomula involves the cubic twist &}, /IF, of the elliptic curve & ®71/3] F,
over I, given by

hX? =Y(Y -1).
We set
l+q—#éah(IFq)
Cgh'=—""—"—
Vi

sothat 0 < cé)h < 4 by (1.3). Note also that ¢, ; only depends on h modulo cubes: the
class of b in Iy /(I ).
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Theorem 1.4  Let q be a prime power. For all h € Fg, h # 0, we have

7(3,4;(0,h)) =
1-qg'-3q72 ifq=0 (mod 3),
1(13 1+ (cz-3)-q7' =297 ifq=1 (mod 3)and hisa cubeinT,,

l+cg-con-q ' -89 ifqg=1 (mod 3)and h isnotacubeinF,,
1-gqg'-2g72 ifg=2 (mod 3).

On average over all i € F%, we obtain the predicted asymptotic up to O(g~?) in
the error term:
1-qg'-3¢72, ifq=0 (mod3),
-1,,% m(3,4; (0, h)) = érf A1-g'-6q7% ifqg=1 (mod3),
‘1 1-q'-297% ifg=2 (mod3).

b

Method The proof of Theorem 1.2 will be given at the end of Section 5.3 when
enough of the geometry and cohomology of the problem have been explained. It then
follows by combining the twisted Lefschetz trace formula of Proposition 3.1, which
reduces the counting to the problem of determining the effect of Frobenius and the
twisting 3-cycle on cohomology, with the explicit computation of the respective traces
that is completed in Proposition 5.10.

We will study the IF,-variety parametrizing pairs of algebraic elements over I,
of general degree d such that the respective minimal polynomials differ by 1. We
count these pairs by means of the Lefschetz trace formula in étale cohomology. This
strategy is applicable in principle for all d, but we succeed in pursuing it only for d < 3,
because here we manage to compute the respective cohomology as a representation.
To summarize, the geometry for d = 3 is as follows.

Theorem 1.5 Let q be a prime power and 3 + q. Roots of Cubic twin prime polynomial
pairs in F [ T] are parametrized by a variety that is an ¥ -form of a variety which is an
A'-bundle over the complement of an explicit divisor on an explicit hyperelliptic surface.

Proof This is the geometric content of Section 4. The hyperelliptic surface is covered
by E x E for the elliptic curve E : X* = Y(Y —1), and the divisor to be removed is
T + H, in the notation of Section 4. ]

Outline In Section 3 we recall how to count rational I ;-points of a Galois-twisted
variety and describe the variety U, over F; that enumerates twin prime polynomial
pairs of any degree d over ;. In Section 4 we analyse its geometry in the case where
d = 3 with special emphasis on the action of a 3-cycle 7. Section 5 is devoted to the
computation of (total) étale cohomology with compact support as a virtual represen-
tation in a Grothendieck-group of Galois representations together with an action by
7. In the penultimate Section 5.3 we then evaluate the trace of the twisted Frobenius
and derive the formula of Theorem 1.2.
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2 The Singular Series for Function Fields

Since we are interested in studying the number of prime polynomials of fixed de-
gree d as a function of the number of elements in the field g, we denote by 7;(q) =
n(d, g;(0)) the number of primes of ;[ T] of degree d. We would like to express the
Hardy-Littlewood singular series for the function field F,(T),

G,(0,1))= ] ((I—ZN(P)_I) :H(i)nd@

p prime of Fy[T] I_N(p)—l)Z d>1 (1_q—d)2

as the value of a convergent power series S(u) € Q[[u]] in u = q~'. Here S(u) will
be independent of g and thus is uniquely determined if it exists. This can be done
as follows. First, for g = 2 we have a local obstruction at places of degree 1, hence
G,((0,1)) = 0. Therefore, we assume from now on that g > 3.

Lemma 2.1 Forall d > 1there is a polynomial Py(u) € Q[u] such that for all prime
powers q,

Pi(q ") =ma(q)-q".
Moreover, we have |P;(t)| < 1 for all complex |t| < 1.

Proof This follows from Gauf’s formula 774(q) = % Y4 u(k)g?*. Concretely, we
have X
Paw) = 5 3 u(ut 4,
k|d
The estimate is trivial, because there are at most d summands. [ |

Lemma 2.2 'The following power series is convergent for |u| < 1/2:

2-2%
AMu):=) ueu - Q[u]).
k>2
For all 0 < ty < 1/2 there is a constant ¢ = c(to) such that |A(t)| < c - |t] for all complex

|t] < to.
Proof Th iesi ion of les1=2u)-2log(1-u)
roo e power series is an expansion o —
in |u| < 1/2, hence its radius of convergence is 1/2.
The existence of a constant c(¢) and the estimate follow, because A(u)/u is con-
tinuous and thus bounded on the compact ball of radius ¢,. ]

, which is holomorphic

Since A(u?) is divisible by u?, the following sum formally converges:

S(u) = exp( 3 Palu) - Mu)) € QlLu]).

d>1

Proposition 2.3 The power series S(u) converges for |u| < 1/2. For all prime powers
q = 3, we have

$(q7) = &,4((0,1)).
In particular, the product defining the function field singular series converges absolutely.
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Proof It suffices to show that the sum of holomorphic functions ¥ 451 Py(u) - A(u®)
converges uniformly on any ball of radius t, < 1/2. This follows at once from the
estimates in Lemmas 2.1 and 2.2.

In order to find the value S(q '), we instead compute its logarithm, as follows:

logS(a™) = X Pa(a™) - A(q ™) = X ma(qyq - 202 ) = 2logL-477)

-d
d>1 d>1 q
1-2q71 1-2q74 | ma(a)
=) ma(q) log| — ) =log|[ [ 7—3
2 (<1—q-d)2) El((l—q—d)z)
=1log&,4((0,1)). [ |

Remark 2.4 In order to analyse S(u) at u = 1/2, we use P;(u) = 1and split the
factor corresponding to d = 1 by writing

_ 2 k(1 1 2 k d
S(u) =(1-2u) -exp( > (2 (E_ﬁ) +—)u ) -exp( > Py(u)-A(u ))

k>1 k+1 d>2

The factor exp(¥ 4, Pa(u) - M(u?)) converges for u < 1/1/2, and the middle factor
can be dealt with at u = 1/2 by Abel’s theorem on converging power series on their
radius of convergence. Hence the series S(u) converges at u = 1/2 and takes the value
S(1/2) = 0 there. This agrees with G,((0,1)) = 0.

Remark 2.5 It is not difficult to calculate the low degree terms of the power series
S(u). For all m > 1, we have in Q[[u]], by truncating all of the power series in the
definition, that

m 1 m [1+%J 2 _ zk v
S(u)=Y f( AP 7ud(k_l)) +O(u™).
o | im K
Concretely, using SageMath, we obtain
S(u) = 1-u—2u"—u® —2u* +2u° + 6u” +7u® +13u° + 20" + 320" + 41" + O (u®).

Remark 2.6 When analysing the asymptotic g — oo for fixed d, then of course the
primes of degree > d do not pose any constraints in the heuristic. Consequently, the
correlation factor &, ((0,1)) should skip these primes. If we use the truncated power
series

S(u) = S4(u) + O(uth),
with a polynomial S;(u) of degree < d, then it is easy to see that primes of degree
greater than d do not influence S;(u). Moreover, in order to take into account the

translation invariance for h = (0, 1), we should rather truncate modulo u“. Hence, we
propose to compare the actual count with the truncated series (q/d?) - S4_1(q7}):

d
71( d,qg; (0,1)) = % : Sd_l(q_l) : (1+ E(d,qg; (0>1)))-
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Here are the predictions and error terms accordingly:

d prediction q n(d, g;(0,1)) E(d,g;(0,1))

1 g q 0

2 =) =0() (-2 g +0(q7?)
=1(4) L(1-q") 0
=3(4) L(1-3¢7) 247 +0(q7?)

3 4(-q7"-29) =0(3) $(1-q7-34) 47+ 0(q)
=1(3) %3(1-(63—3)01‘1—261‘2) (2-¢3)g'+0(q7?)
=2(3) $(1-q7'-2q97) 0

Thus, ifd =3and g #1 (mod 3), then (1.4) is consistent with square root cancellation
in (1.2). When g =1 (mod 3), the coefficient of g! varies with q. We will now argue
that at least on average among those ¢ this coefficient is again —1. There are unique
angles 9, € [0, 7] such that ¢; = 2cos(9,). Since & is a CM-curve, its L-function
can be expressed in terms of a Hecke character following Deuring [Deu53]. In this
case, Hecke [Hecl8] already showed that for primes split in the field of multiplica-
tion, here Q(v/~3) = Q({3), the distribution of angles is uniform with respect to the
measure %d 9; see Section 2.4 of the survey by Sutherland [Sul7] for more details and
references. Hence, the value of cfz on average is

1 m 2 B
;[0 4cos(9)d9 =2,

and the average value of the coefficient of ¢! becomes again -1.

3 Parametrizing Irreducible Polynomials
In this section we describe the geometry of the parametrizing varieties of twin primes.

3.1 Rational Points of Twists

Let F, be an algebraic closure of F,. Let Xo/F, be a variety and denote by X =
Xo %7, F,, or by the usual notation, X0, the base change to F;. The F,-linear geo-
metric g-Frobenius map F: X — X raises coordinates (defined over Fy, i.e., coordi-
nates of X;) to g-th powers. Hence, the set of IF;-rational points of Xj is the set of
Frobenius fixed points of X,

Xo(Fg) = {x € X(Fy) ; F(x) = x},

and counted by the Lefschetz trace formula in étale cohomology with compact sup-
port for £ # p as

2dim X

(D #Xo(Fy) =tr(FIHI(X, Q) = 3 (1) 'tr(FIH(X, Qe)).
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For background on étale cohomology and a proof of the Lefschetz trace formula, we
refer the reader to [FK88].

Forms of X, over IF; are obtained by Galois descent via a twisted Galois action on
X by means of a continuous 1-cocycle 0 = a,

a: Gal(F,/F,) — Aut(X/F,)

with values in the Gal(F,;/F;)-module Aut(X/F,); see, for example, [Sk01, §2]. Being
a cocycle means for all o, 7 € Gal(F,/F,) that ag, = a, o d(a,). Equivalently, the
map

0 +— a,0 € Aut(X/F,)

defines another Galois action on X. The a-twist of X, /F is defined as the quotient of
X by the twisted Galois action and is here denoted by X, /F,. Let ¢ € Gal(F,/F,) be
the arithmetic g-Frobenius map ¢(z) = z4. The 1-cocycle a is uniquely determined
by its value & = a(¢). The Frobenius of X arising from the new F,-structure X, is
nothing but F, = aF. It follows that IF;-rational points of the twist are described by

(3.2) Xa(Fy) = {x € X(Fy); Fa(x) = x} = {x e X(Fy); F(x) = oc_l(x)}
and counted as
#Xa(Fy) = tr( aF|H (X, Qp)).
3.2 Twisting Varieties of Polynomials
Monic polynomials of degree d:
fT) =T+, T '+ +ag T +ay
with coefficients a; € F,; are parametrized by d-dimensional affine space as
f=(an....aq2) € AY(F,).

We have a finite branched S;-cover s: A% — A%,

s(x1,...,x4) = ( -o(x),..., (—1)d0d(§)) = iIi[:(T—xi)

whose coordinates are given by the elementary symmetric polynomials in x =
(%15 +5%4),

Ur(&) = Z Xiy oo Xi,

1<ip<<i,<n

The ramification locus of s is given by the vanishing locus of the discriminant

A, = '];[‘(x,‘ -xj) €Z[ay,...,aq) € Z[x1,. .., x4,
i#]

that is the locus of polynomials with multiple roots.
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We consider the twist? of A? by the 1-cocycle T determined by its value on Frobe-
nius being the d-cycle
(@) =(123...d) € S,
with respect to the permutation representation
Sa —> GLq(F,) — Aut(A?).

As described in (3.2), rational points of the twist are those points x = (x;,...,x4) in
A“(F,) invariant under the twisted Frobenius (with indices considered modulo d):

(AY) (Fg) = {x e AY(Fy) s x! = xjp foralli=1,...,d}.

Being S;-invariant, the cover s becomes a cover s,: (A%), — A?. Rational points of
the twist outside of the discriminant locus map under s to polynomials whose roots
are all distinct and cyclically permuted by g-Frobenius, hence exactly to irreducible
polynomials. Every unramified point f € A?(F,) in the image of the map

Si (Ad)T(Fq) — A (Fq)
has d preimages, because each preimage in (A?).(F,) is determined by its x; € Fy,
which can be any of the d distinct roots of the irreducible polynomial f.

3.3 Parametrizing Twin Prime Polynomials

Let M be the IF;-vector space with generators

XbeoosXds Y1005 Vd> 2

and the only relation 61 (x) = 01(y). The corresponding projective space
P(M) = Proj(Sym*® M)

is the hyperplane V(0i(x) = 6i(y)) in P24, the projective space with homogeneous
coordinates

In P(M) we consider the subvariety
X=V(a(x) = 02(), -+, 0a1(x) = 041(p), 0a(x) = 0a(y) + (-2)?) SP(M).
On the distinguished open z # 0, we map a point [x: y:1] to the pair of polynomials

d d
F)=1(r-x), gD =1(r-y)
i= j=
by means of which the defining equations for X take the simple form

g(T) = f(T) +1.
Let Ay (resp. A,) denote the discriminant in terms of the tuple of variables x (resp.
»)- Let U ¢ X be the open

U=Xn{A,-A,-z#0},

2Because of the general theorem Hilbert 90, H' (Fy, GL;) = 1, the twisted A4 is isomorphic to A%,
This fact leads to good asymptotic formulae for the number of irreducible polynomials in Fy4[X] of
degree d.
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i.e., the locus where the description is by separable polynomials.

We let S; act diagonally on M by permuting blockwise both tuples of variables
x and y, keeping z fixed. This induces actions on P(M), X, and U, respectively. It
follows from Section 3.2 and the notation introduced there that rational points of the
twist U, are

Ur(Fg) = {(x15...,ya) € F;d ; f and g are monic, irreducible and g(T) = f(T)+1}.
Therefore, we have proved the following proposition as a consequence of (3.1). Recall

that we denote by Ug, the base change U xp, F,.

Proposition 3.1 The number of twin prime polynomial pairs in F4[ T of degree d is

m(d, g (0,1)) = 3 - #U(Fy) = Jrtr( 7F|HI (Ug,, Q).

We are left with the task of understanding H? (Uz , Q¢) as an S; x Gal(F,/F,)-
q
module. Since we are only interested in a certain trace, it suffices to determine coho-
mology in a Grothendieck group of virtual representations.

Example 3.2 'We compute the case d = 2 using the above notation along the strategy
for the d = 3 case to be treated in Section 4. The variety X is given in P* by the
equations

X1+ X2=)Y11 )2,
X1x2 = 1y — 2.
Using a = x1 — ¥2, b = x5 — 2, ¢ = y1 — ¥2, and z we can express these as
a+b=c and ab=-2%

so that the complement of * 5 := [1:1:1:1:0] in X forms an A!-bundle over the smooth
conic

P!~ Y = V(2% + ab) c P
The open U = X n {(x; — x2) (31 — y2)z # 0} is the preimage in this A!-bundle of
V= Yﬂ{(a—b)(a+b)z%0}.
In coordinates [a:b:z], this removes the following set of points D from Y:
+ If the characteristic is 2, the points D = { P}, P, P;} with
P =[0:1:0], P,=1[1:0:0], Py =[1:1:1].
» If the characteristic is not 2, the points D = {P;, P, Q+, Q_, R, R_} with

P, =[0:1:0], P, =[1:0:0],
Q. = [11:4], Q - [-1:- 1],
R, =[1: - 1:1], R_=[-1:1:1].

Here i denotes a square root of —1, possibly in a quadratic extension of .
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The involution 7 defined by x; <> x5, y; <> y; actsvia a — —a and b — —b, hence the
points Py, for k = 1,..., 3, are fixed while the points with index + are swapped. The
action of Frobenius on these points is only nontrivial for Q., swapping these points,

if ~1is not a square in IF, i.e., if the Jacobi-symbol (’71] = (-1)(@D/2 equals -1 (here
q is odd).
In summary, we can evaluate the trace formula of Proposition 3.1 as

(33) 7(2.q:(0,1)) = itr( TFH; (Uz,, Q0)) = iq.tr( TFH: (Vs Qr))
- iq.(tr(THH*(pﬁE,@e)) - tr(F|H* (D5, Qr)) )
1
= Zq'<1+q—#DT(Fq))
_ lqz.{l—(Z— [?])q‘l if q is odd,
4 1-2q7" if q is even.
4 Geometry

We keep the notation of Section 3.3 but specialize to d = 3. Moreover, we consider
variables

x = (%0, X1, %¥o) and = (0, Y15 Yoo)

in order to simplify notation when dealing with symmetries. The reader is advised to
consult Figure 4.7, which provides a visualization of the construction.

4.1 Linear Projection

Recall that M is the IF;-vector space spanned by x, X1, Xco» Y05 ¥1> Yoo» Z Subject to the
relation 01(x) = 01(y). We introduce the subspaces M 2 N 2 L with L generated by
the images of x; — y; for all i, j € {0,1, 00} and N generated by L and the image of z.
The space L has a basis a, b, ¢, d given by the matrix entries of

a b Yoo = X1 Xeo =21
c d Xo—¥» Yo—x1)°

Lemma 4.1 We will need the following descriptions with respect to the basis a, b, ¢, d:

Xoo = Yoo =d —c¢ Xeo —Yo=a-C Xo—y1=b

X0~ Yoo =d -0 Xo—Yo=a-b Xo—)1=¢

X1 — Yoo = —0a X1 —yo=—d x1-yn=b+c-a-d
Yo—y1=b+c—-d Yo —Yo=a—d

Xeo —X1=a+d-c yo—y=b+c-a

Xoo —Xo=b—c¢ Xo—x1=a+d-b>b

Proof This is elementary; for example, recall that 01(x) = 01(y), hence

Xeo =Yoo = Yo+ Y1 —Xo—X1=d —c.
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Moreover, the symmetry x; <> y; for i = 0,1, oo translates to the involution
a<«—b and c<«—d.

This helps deducing other linear combinations from known ones. |

In each step of M 2 N 2 L, the dimension drops by 1 and the induced rational
maps
P(M) --»P(N) --»>P(L)
are each defined outside one point. More precisely, let
>y = [1:1: -+ :1:0]

be the point in P(M) ¢ P where all linear coordinates in N vanish; then linear
projection is a geometric line bundle (Zariski-locally isomorphic to P(N) x A!),

P(M) \ xp > P(N).

The equations for X ¢ P(M) allow the following manipulations: under the as-
sumption 0;(x) = 0;(y) for i = 1,2, a quick calculation shows that we have

(4.1) 03(x) = 03(y) + 2
= (T-yo)(T=y)(T - yeo) =2° + (T = x0)(T - 2:)(T = xex))
= (%o = ¥0) (XYoo = 1) (Xoo = Yoo ) = 2°
— (a-c)b(d-c)=2".
Moreover, we find
(4.2) det(‘;f;):(yoo—xl)(yo—xl)—(xoo—y1)(xo—)’1)
= Yoo Yo = %1(Yoo + Y0) + X{ = ¥I = XooXo + Y1(Xeo + Xo)
= 02(2) —02(x) + (x1+ y1) (o1 (x) - 01(2))
= 02(2) - 02(x).
Hence, we define Y € P(N) by the equations
Y:=V((a-c)b(d-c)=2",ad - bc=0) CP(N).

Proposition 4.2 The restriction of the linear projection P(M) -» P(N) to Y is a
geometric line bundle

pry: XN xy — Y.
Proof This is immediate from computations (4.1) and (4.2). [ |

4.2 A Torsor

We now analyse the second linear projection pr; : P(N) -» P(L), which in coordi-
nates [a:b:c:d:z] is defined outside of the point

*n = [0:---:0:1].
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Because ¢ Y (the cubic equation fails), the second linear projection restricts to a
finite map

j=pryly: Y > Z:=V(ad-bc=0)cP(L).
The quadric Z is isomorphic to P! x P! by the isomorphism
P'xP' — Z
([uv] [res]) —(28) = (5) - ().

For later use we also record the inverse map as

(4.3) [u:v] =[a:c] =[b:d], [r:s] =[a:b] =[c:d].
The map j: Y — Z has the structure of a ramified ps-torsor on Z defined by the
equation

22 =(a-c)b(d-c).

The ps-action is given by z — (- z for { € p3. In the bihomogeneous coordinates
[u:v],[r:s], the equation for the torsor becomes

22 = (ur—vr)us(vs —vr) =uv(u —v) -rs(s - r).
This allows us to read off the branch locus as
S={0,1,00} x P'UP" x {0,1,00} ¢ P! x P!
and that j induces an isomorphism
(4.4) jlr: Te= 7 (S)rea — S

of § with the reduced preimage in Y of the branch locus.
4.3 Symmetries and Automorphisms of the Projective Line

We consider the symmetric group S; as the group of permutations of the set {0,1, oo }.
It acts naturally on variables x (homogeneous linear coordinate functions) by the right
action

(4.5) a*(x,-) = ngl(i)

and similarly for - Since we let z be fixed by S3, we obtain induced S;-actions on
L € N ¢ M and furthermore on

X\*xy—Y— 7

There is also a natural S3-action on P! by projective linear transformations permuting
the subset {0,1, 00} ¢ P'(F,) accordingly. For example, the 3-cycle 7 = (0loo) acts
on a parameter A for P! as

1
4.6 () = —.
(46) W=
Since counting cubic twin prime polynomials requires control of the effect on coho-
mology of the 3-cycle 7, we compute its effect on geometry more explicitly in coordi-

nates.
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Lemma 4.3 The 3-cycle T = (0lco) acts on X, Y, and Z = P! x P!, respectively as
T([X0:X1:X00 1 Y05 Y17 Yoo 12]) = [Xoo %01 X1 Yoo : Y0 i y1:2],
(4.7) t([a:b:c:diz]) = [-c: —d:a—c:b-d:z],
t([uv], [r:s]) = ([-viu—-v],[r:s]).

In particular, T acts on Z by T x id for the natural action of T on P,

Proof This follows from (4.5) and Lemma 4.1:

75(a) = 7" (Yoo — X1) = Y1 — X0 = —C,
7°(b) =177 (X0 = Y1) = X1 — Yo = —d,
T°(c)=1"(%0— Y1) =X — Yo =a—,
7°(d) =1 (o —x1) = Yoo — X0 = b —d.

For Z ~ P! x P, we use rational parameters (see (4.3)),

u a b r a ¢
48 A=toal2 _r_a_c¢
(48) v ¢ d “ s b d
for the two factors P':
™(a) -c —v 1
A — = = = =75(A ,
™() a-c¢ u-v 1-) =)
(a) -c

— = — = U. u
B ey " —a ¥

4.4 Enter the Elliptic Curve

The cubic curve E given by the cubic equation
E={w’=uw(u-v)}
is a branched p3-torsor (with { € y3 acting by w — (w)
m E - P, n( [uviw]) = [uv].

The curve E is an elliptic curve unless p = 3 when it is rational. In any case, there
are unique I, -rational points Py, P}, Pos € E(IF,) with 71(P;) = i for all i € {0,1, c0}.
These points all lie on the line w = 0:

Py =[0:1:0], P;=[1:1:0], Po =[1:0:0].

Proposition 4.4  Let p # 3, and consider E as an elliptic curve with Py as the 0 for the
group law.

(i) P, and P, are 3-torsion elements with P, = 2P;.
(if) Translation by Py defines an isomorphism 1g: E — E of order 3:

te([uviw]) = [~viu—viw],

lifting T: P! — P!, the action by the 3-cycle T = (0lco) defined by (4.6).
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(ili) The us-torsor E — P! ramifies exactly in {Py, Pi, Ps }, i.€., we have a finite étale
covering
m: EN{ Py, Py, Poo} —> P~ {0,1, 00}.

Proof (i) The line w = 0 intersects E in the divisor Py + P; + P, thus P, = —P;
with respect to the group law with Py = 0. The map 7: E — P! is totally ramified in
0,1, co. Hence, for all i, j € {0,1, 00}, the divisor 3(P; — P;) is a difference of fibres
and thus linearly equivalent to 0. It follows that with respect to the group structure
on E, we have 3P, = 3P, = 0 and P, = 2P,.

(ii) The points Py, Py, P are ps-invariant. Therefore, yi3 acts via automorphisms
of E as a group and translation by P; commutes with the action by y3. Hence, there is
a unique commutative square

EL>E

bk
]Pl 7 > ]P;l

Since g permutes Py ~ P; ~ P, ~ P, the induced map 7 does likewise with
0 ~» 1 ~ 0o ~» 0 and thus agrees with 7 acting by (4.6) on P".

We now determine the formula for 7. The Weierstraf3-equation of the elliptic
curve E has the form

y -y=x

with x = —w/u and y = v/u. In these coordinates Py = [0:1:0] becomes the point at
infinity. Addition with P; = (0,1) in x y-coordinates takes the form (see [Sil09] group
law algorithm 2.3 for formulas)

X 1 -W u-v
te([uviw]) = 18(x,y) = ( -—1- *) = (7, ) =[-viu—-viw].
Y Y v v
(iii) This is clear: by the Riemann-Hurwitz formula, there is no ramification left.

We now consider a second copy of E with coordinates [r:s:¢] and equation
£ =rs(r—-s).
The ps-torsor j: Y — Z is dominated by the (branched) 3 x y3-torsor
axa Y i =ExE-—P'xP'~Z
by means of the map j': Y’ - Y in [a:b:c:d:z]-coordinates
(4.9) J([u:viw], [ris:t]) = [ur:us:vrivs: — wt].

This identifies Y with the quotient by the antidiagonal ys-actionon Y’ = E x E, i.e.,
with respect to { € y3 acting by

([uv:w], [ris:t]) — ([uzv:{w], [res:¢7't]).
We let 7 act on E x E by
ri= 1 xid = (([uviw], [ris:t]) — ([-viu—viw], [ris:t])).
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Corollary 4.5 Letp #3. Themap j: Y' — Y is T-equivariant.

Proof This follows from (4.7), (4.9), and Proposition 4.4((ii)). |

The reduced preimage in Y’ = E x E of the branch locus is

T = 7™M (T)rea = (mx 7)™ (S)red = {Po, P1, Poo } x EUE x {Py, Pi, Pos } € E x E.
4.5 The Open Part

We are ultimately interested in twists of
U=X~{A:-A,-z=0}.
Because of Lemma 4.1, we set
Vi=Y\V((b-c)(a+d-c)(a+d-b)(a-d)(b+c-d)(b+c—a)z=0),
and immediately obtain the following corollary from Proposition 4.2.

Corollary 4.6  'The linear projection P(M) -> P(N)) restricts to a geometric line bun-
dlepry: U — V.

The image of V € Y in Z ~ P' x P! can best be described in terms of rational
parameters A and y; see (4.8). The locus z = 0 is the preimage of S. The locus A, = 0
is given by the equation

0=A,=(b-c)(a+d-c)(a+d-b)=(us—vr)(ur+vs—vr)(ur+vs—us)

which adds the following divisors outside of S:

{u=2}, {ﬂ:$}, {pt: —%}

In addition, for A, = 0 we obtain

{M:%}> {u=1-1}, {#:%}-

These are the graphs I, € P! x P! ~ Z of all the automorphisms ¢: P! — P! for all
o € 3 with respect to the action recalled in Section 4.3. We set

r=U T,

0€eS3

Now V is the preimage under j: Y — Z of the open W := Z\ (SuT). We furthermore
set
H= U H,, with Hy = j7 (Ty)reds
0€S3

and similarly H" and H/, as reduced preimages of H and H, under j: ExE - Y.

Lemma 4.7 Forall o € S3, we have

t(Hy;) =Hypv and  1(Ty) = Ty

Proof This is a consequence of abstract nonsense on graphs. ]

https://doi.org/10.4153/CJM-2018-018-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2018-018-9

1340 L. Bary-Soroker and J. M. Stix
4.6 Intersections of Components

For the curves C = S,T, T, H, T', and H' we denote by C, the subvariety of points
that lie in at least two components. For a point P € Ty \ S, we set

np:=#{c;Pely}.
Moreover, we set as reduced subvarieties

I, = U P.

Pelp\S, np=n

Although the individual P might not be defined over Iy, their union with a fixed
number np is.

Lemma 4.8 In rational parameters A,y of Z = P* x P, we have the following de-
scription of IF ;-rational points:

— . J{-L3.2h x{-1,1,2} forp+#2,3
FZ(Fq)_{Q forp=2,3,
(-0 -Gy x{-G-G} forp#3,
%]

1“3(]Fq):{ for p =3,

=, |@ forp#3,
Folta) = {{(—L )} forp=3,

andT,(F,) =@ forn=4,5andn >7.
Proof If P = (Ao, po) € Iy N Ty with 0 # o7, then 0'(Xo) = po = 0(Ao). Hence,
Ao, and therefore pg are fixed points for non-trivial elements of the natural S; action

on P!, The fixed points are easily listed and catalogued according to the size of the
stabilizer as given in the lemma. ]

In the same way we define np := [{0 ; P € H,}| for a point P € Hy \ T and set as
reduced subvarieties

H,= U P
PeHo\T, np=n

Since H, = j (T, ), we find np = njcpy forall P € Hy \ T; in particular,
Hy = j7(Tn).
Lemma 4.9 Let p # 3. Then, in terms of coordinates & = z[(vs), A = ufv, u = r/s,
H3(Fy) = {-1, -G, -G} x {33, -3} x {-G, -G}
The induced action of TF on H3(F,) has no fixed points.

Proof The fibres above (A, u) with A, u # oo are roots of

E=AA-1)-p(-p).
Evaluating for (A, ) € {~{3,—(%} x {~(3,—(3} results in each case in the equation
& = —1, hence the description of Hj as given in the lemma.
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The points A = =3, —(? are the fixed points for 7 acting on P!. The action on ¢ is

as follows: @

. 1 (z) z v 1
T(9)= (vs) (u-v)s Eu—v - E/\—l'

For A = (3, - (2, the factor 1/(A - 1) equals —A € p3. If (¢, A, i) is a fixed point under
7F, then

(&Au) = 7F(& A p) = 7(E9,A9, ) = (ZATE9, A9, ).
Hence, A1 = A, i.e., (3 € I, hence also &7 = §, and therefore equating the first coordi-
nate yields A = -1, a contradiction. ]

Summary

Here is a diagram summarizing the varieties and maps considered above. Note that

P(M) 2 X~\xy =) U

!

!

!

! Pry Y =ExE > Vv T'uH
! .

‘ j

¥

P(N) 2 Y X 2 1% TuH
!

\ J

\

P(L) 2 Z ~ P'xP! 2 w SuT

Figure I: Diagram of varieties used to describe U.

the 3-cycle 7 = (0loo) acts in a compatible way on the diagram, including compati-
bility with the torsor structures.

Cohomology

Cohomology with Values in a Grothendieck Group

The 3-cycle 7 = (0loo) generates the alternating group As € S;. We consider co-
homology by formally taking the alternating sum as an object in the Grothendieck
group of A3 x Gal(F,/F,)-representations with Q,-coefficients: for any variety over
IF, with Az-action, we set

HY (=) = 2 (=)' He(5,,Qo)]

as a virtual A3 x Gal(F,/F,)-representation. Here we denote by [-] the class of a
representation in the Grothendieck group. Recall that the cohomology of A! agrees
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with the inverse of the Tate twist
HY(A) =] H?(A%q>@e)] =[Q.(-1)],

moreover, since the generator in degree 2 is the fundamental class, it has trivial 7-
action.

Lemma 51 H;(U)=[Q,(-1)]- (Hi(Y)-H:(S)-H;(H~T)).

Proof The constructible decomposition VU (H\ T)u T = Y shows
HE (V) = H{(Y) -H(T) -H{(HN T).
Since T ~ S by (4.4), we are left to prove
H; (U) = [Q.(-D)] -HI (V).

This holds more generally for any geometric line bundle, and the argument is recalled
for the convenience of the reader. The assertion is local with respect to a constructible
decomposition of the base V. We can therefore assume that the bundle is trivial. Then
the Kiinneth formula yields

H{(U) = HI (A" x V) =H(A") - HZ (V) = [Qe(-1)] - HI(V). u

We denote the y3-invariants on cohomology for the antidiagonal y3-action on E x
E by
4

H:(ExE)* = Y (1) HL((E x B)s,, @) "],
i=0
and similarly for p3-stable and 7-stable locally closed subvarieties defined over IF,.
Since the torsor action commutes (resp. is Galois conjugated) with the action by A3

(resp. Galois action by Gal(FF;/F,)), we obtain a well defined object in the Grothen-
dieck group.

Lemma 5.2 We have the following identities:
(i) If p#3 thenH;(Y) =HI(E x E)#.
(ii) Ifp =3, then H}(Y) = HX (P! x P!).

Proof (i) Let p # 3. The ps-torsor Y' = E x E — Y is finite étale outside the set
of fixed points Tj. (Note that having ramification only in codimension 2 is no con-
tradiction, since Y is not regular in the branch points of j': Y — Y.) Thus, pullback
identifies HY (Y ~ Ty) and H (E x E \ T)#>. We therefore have

HX(Y)=H (YN Ty) +H!(Ty) =H(Ex E~ Tg)** + H:(Tp)
=H!(E x E)** —H(Ty)" + H:(Tp) = HX (E x E)*.

(ii) Let p = 3. The us-torsor Y — Z is now purely inseparable, and the claim
follows from topological invariance of étale cohomology. |

Let us abbreviate for all o € S5 the smooth part of the divisor H, as part of the
divisor H u T (this is actually an irreducible component, but we don’t need that) by

H? = H, \ (T UHy).
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Similarly, T? denotes the smooth part T, \ (SuTy) of T, as a component of S U T.

Lemma 5.3 We have the following identities:
(i) Ifp # 3, then

HI(HN\T) = 3 HI(Hg) + ) HI(Hy).

0€eS3 n>2

(if) If p =3, then
H{(HNT)= ) HI(Tg) + 3 HI(Ty).

0€S3 n>2

Proof (i) This is obvious from the constructible decomposition

H~T= U H’u U H,.

0€S3 n>2
Assertion (ii) follows by the same argument applied to ['\ S using that HY (H\ T =
H} (T \ S) by topological invariance of étale cohomology. [ |
5.2 Cohomology of the Elliptic Curve

Let p # 3. The elliptic curve E/F, is the base change E = & ®y[/3] ®F; of the smooth
integral model over Spec(Z[1/3])

&={Y(Y-2)Z =X} Py 5.

The generic fibre &y is an elliptic curve over Q with CM by Z[(3]. First, we con-
sider cohomology of the geometric generic fibre as y3 € Aut(&’)-module and as
Gal(Q/Q)-module. For this purpose, we recall some CM-theory for the convenience
of the reader. Complex uniformisation yields

&(C) = C/Z[E],

which follows from CM by Z[ (3], since Q({3) has class number 1, and hence all lat-
tices with an action by Z[ (3] are isomorphic to Z[{3]. This computes

Z[5:] ©Qp ~ H'(65,Qy)

as ys3-module. It follows that after fixing a faithful character y: p; — @:, we have
1-dimensional eigenspaces for r = 1,2

H(y") c H'(65, Q)
on which 3 acts by character y”, and
H'(65, Q) = H(y) ® H(y?)

Now o € Gal(Q/Q) either fixes the eigenspaces H(y") if 0({3) = {3 or interchanges
the summands if 6({3) = {3'. This means that there are characters (these are the
Hecke characters of Remark 2.6)

a, B Gal(Q/Q(()) — Q,
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such that Gal(Q/Q({3)) acts by « on H(y) and by 8 on H(y?). We rename the
eigenspaces as

H,=H(y) and Hg=H(y?),
with the bar indicating that on this summand y; acts via y = y*.
Note that if we take the inverse y3-action, i.e., by precomposing with { ~ (!, then
we have
Hl(g’@,@e) =H, @ Hy,

according to the bar-convention for indicating the character by which y3 acts.

Lemma 5.4  Let ys act antidiagonally on & x &. Then

H'(ég > 6p Q)" =

Q, fori=0,
0 fori=1,3,andi>5,
Qe(-1) @ (Hy © ) © (Hg 0 Hp) 0 Q1) fori =2,
Qe(-2) Jori=4,

as Gal(Q/Q({3))-representation.

Proof This follows from the Kiinneth formula together with the discussion above
for H' and the well known and y3-invariant Ho(é”@, Q) = Q, and Hz(é”@, Q) =

Qe(-1). u
For p # 3, ¢, the Galois representation of the geometric generic fibre
p: Gal(Q/Q) — GL(H' (65, Q)

is unramified in p, hence there is a well defined action of Frobenius p(Frob, ). Cospe-
cialisation induces an isomorphism for all i,

Hi(éa@)@e) = Hi(Eﬁq,@e)
compatible with action of Frobenius by p(Frob, )¢ and F, where g = p°.

Proposition 5.5 Let p # 3, and let a,  be the eigenvalues of Frobenius p(Frob,) on
Hl(Eﬁq)@e). Then we have for q = p°,

tr( TF|H; (Ex E)*) = (1+ )* + (& + B)* = q(1+ (2))-

Moreover, for q with (_73) = -1, we have a® + 3¢ = 0.

Proof First, since 7 acts on the abelian surface E x E by translation with (P, 0), it is
part of a connected group of endomorphisms and, by homotopy invariance, it acts as
identity on cohomology. We may therefore ignore 7.

If [_73] = -1, then F interchanges H, and Hg, and consequently

tr( F|(Hq ® Ha) ® (Hg ® Hp)) = 0.
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With F also p(Frob,) interchanges H, and Hpg, hence its trace on HI(EE,@E) van-
ishes and a = —f3. Moreover, e must be odd, so that in this case
a’+p°=0.

The trace of F on the remaining cohomology (see Lemma 5.4) is easily computed as
(1+ q)? from which the claim follows.

If (‘73) =1, then F preserves the two eigenspaces and acts by a matrix

ol
(7 )
on Hl(EFq ,Q,) that ,without loss of generality, has eigenvalue «® on H, and eigen-
value 3¢ on Hp. It follows that
tr( F|(Hq ® Ha) @ (Hg ® Hp)) = o®® + p*°.
Since a3 = p, we find the following using Lemma 5.4:

tr(TF[HI(ExE)™) = (1+4) +a2 + B = (1+ )+ (a* + ) —q(1+ (2) ). m

Corollary 5.6 Let p # 3, and let q = p®. With c, as in Theorem 1.2, we have
* u _ 2 . 2 _q1_ (=3
tr( TF|H(Ex E)**) = (1+q)* +¢ (cq 1 [ . J ).
Moreover, for q with (_73] = -1, we have ¢4 = 0.

Proof This follows immediately from Proposition 5.5 and the definition of

cg = (a®+B°)/\ /4. [ |
5.3 Traces of Frobenius

If T permutes varieties defined over I, then cohomology becomes an induced mod-
ule with respect to at least the 7-action. But then 7F has trace 0 on these parts. We
will make use of this observation repeatedly in what follows.

Lemma 5.7 tr(zF|HZ(S)) =3(1+q).
Proof We compute
tr(TF|HZ(S))
—u(Fl Y HI(P'x (i) + HI({i} x ")) — tr(zF|H(S0))

iE{O,l,oo}
= 3. te(TF| HX (1)) + tr(zF| ind® H (P')) - tr(rF|ind H’ ({0,1, 00}))
=3-tr(FIH{(P")) =3(1+9q),

because 7 acts trivially on cohomology of P". ]

Lemma 5.8 We have the following traces of Frobenius:
() Ifp #3andn>2, thentr(zF|H(H,)) = 0.
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(if) If p =3, then
0 forn#6,
1 forn=6.

(o n) -

Proof (i) By Lemma 4.8 we have only to consider n = 2 and n = 3. By the
Lefschetz trace formula, these traces of Frobenius are the T7F-fixed points of H,, (Fq).
For n = 3, Lemma 4.9 shows that there are no fixed points. For n = 2 this is obvious,
because any fixed point of H, (F,) lies over a fixed point of I, (F, ). The description
of I, (FF,;) shows that there are none since 7 acts on Z as 7 x id and thus permutes the
entries {1/2,2, -1} in the first coordinate cyclically, see Lemma 4.3.

(ii) By Lemma 4.8 we have only to consider n = 6. Here there is a single point that
is clearly TF-invariant. u

Lemma 5.9 We have the following traces of Frobenius:

(i) Ifp#3andn>2, thente(rFIH(H\T)) =0.
(ii) Ifp=3 thente(rFIH;(H~T)) = 1.

Proof The sum of cohomologies of H? (resp. of T?) yields induced modules with re-
spect to the T action compatible with Frobenius, because T permutes the components
without fixed points; see Lemma 4.7.

(i) We can compute by Lemma 5.3((i)) and Lemma 5.8((i)):

tr(rF| B (H N T)) = tr( 7F| ZH;(Hg)) + St 2F|H: (Hy,)) = 0.

n>2

(ii) Analogously, we can compute by Lemma 5.3((ii)) and Lemma 5.8((ii)):

w(tFH (N T)) =t oF| L H (D) + Y wr(tFHI(T,) 1.

n>2

Proposition 5.10 We have the following traces of Frobenius:
(i) If p # 3, then

tr( TF|H; (U)) :q(q2+q(c2—2— [_613] ) —2).

(ii) If p = 3, then
tr(F|H:(V)) = q(q* —q +3).
Proof By Lemma 5.1 we have in both cases
tr(zF|H: (U))
= tr(7F|H(A")) - (tr( TF|H:(Y)) —tr( tF|H (H~ T)) —tr(TF|H§(s)))

:q-(tr(TF|H:(Y))_3(1+q)_{§) iii )

Here we also used Lemmas 5.7 and 5.9.
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(i) We compute further by Lemma 5.2((i)) and Corollary 5.6 that
tr(rF|H;(U)) = q( tr(vF|H: (E x E)**) - 3(1+q))

:q((1+q)2+q(c2—l— [_;] ) —3(1+q))

“aea(2-[ 7)) )

(ii) We compute further by Lemma 5.2((ii)), that
te(eFIH (U)) = q((1+q)* -3(1+q) -1) = (4> -9 - 3). m

Proof of Theorem 1.2 'The formula for cubic twin prime polynomial pairs now fol-
lows immediately by combining Proposition 3.1 with Proposition 5.10, and by noting

[;3]:(&): 1 ifg=1 (mod3),
q 3 -1 ifg=2 (mod 3),
by quadratic reciprocity, and ¢, = 0if g = 2 (mod 3) as in Corollary 5.6. ]

5.4 General Scalar Shift

We now count prime polynomial pairs with difference h € Fj beyond the case h = 1.
The corresponding parametrizing variety is the open Uy = X, n {Ax - A, -z # 0} in
the cubic twist

X5, = V(02(2) - 02(y), 0a(x) - a3(y) - h2)*) € P(M)

of the variety X = X; parametrizing prime polynomial pairs of degree 3 and shift 1.
In the following, we will decorate the notation with an index / for the corresponding
twisted geometric object.

The geometric description of U}, is analogous to that of U. We have a geometricline
bundle Uj, — V},, due to translation invariance. There is a compactification V}, € Y},
and a ps-torsor jj,: Y, — Z, given in bihomogeneous coordinates [u:v],[r:s] for
Zy = Z = P! x P! by the equation

hz’ =uv(u—v)-rs(s—r).

The branch locus of the torsor jj, is still S, = S.

Let E/FF, be the elliptic curve {w’> = uv(u — v)} as before, and let ht> = rs(r - s)
be the equation of its cubic twist Ej, /Fy. The arithmetic of the y3-cover j': ExE — Y
necessary to compute cohomology (as virtual A3 x Galp, -representation) is twisted to
the torsor j},: Y, = E x E, - Y}, given by

Jn(luviw], [ris:t]) = [ur:us:vrivs: — wt].

Let a, 8 be the eigenvalues of p-Frobenius on HI(EE,Qg), and let g = p® as usual.

Then there is a cube root of unity ¢, with { = 1if and only if / is a cube in F, such
that

(ae’ q.(((xe)—l — (Zﬁe
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are the eigenvalues of g-Frobenius on Hl(Ehﬁq, Q¢). The Lefschetz trace formula
shows

(o + B¢ =1+ q-#E,(Fy) = /4" cqn>
with ¢q = ¢4, if h is a cube in F;. We get that

(“2e+<‘2 2e
(5.1) qﬁ = cqn-cq— ({+0%)
~ cé -2 if his a cube, hence { =1,
- cqh-Cq+1 if hisnotacube, hence { #1.

For q = p® not divisible by 3, we will need the trace tr(7F|H; (E x Ej,)**), which
we compute as in Proposition 5.5. If (}:) = —1 and with the notation of loc. cit. used
analogously, we have

tr( F|(Hq ® Hy) ® (Hp ® Hg)) = 0.

If [‘73) = 1, we have to take into account that the second factor of E x E}, is twisted,

hence the eigenvalues of Frobenius are multiplied by cubic roots of unity as explained
above. We obtain

tr( F|(Hqy ® Ha) @ (Hp ® Hp)) = (o + B>
Consequently, the analogue of Corollary 5.6 based on (5.1) is
(5.2) tr(7F|H;(E, x E)*)
=(1+q)* +tr( F|(Hy ® Hy) ® (Hp ® Hp))
(1+q)> if (2) =1
=1(1+q)P+q-(c2-2) if{f]zlandkisacube,
(1+q)*+q-(cqn-cq+1) if (’73] =1land h is not a cube.

For the point counting we also need tr( 7F|H; (Hs,4)), which is best computed,
as in Lemma 4.9, by counting the 7F-fixed points of

Hy(Fq) = (&5 h& = -1} x {0, -5} < (=05~ 33

Here F acts as g-Frobenius, and 7 fixes the second and third component, while in the
first component, we have (for A = —(3, —(? the factor 1/(A — 1) equals -1 € u3)

1
(&) =&——=-A¢L
P8 = =
Therefore, (&, 1, u) € Hs ,(F,) is fixed by 7F if and only if
(&4 p) = 7F(& A, p) = 7(ST, A9, ) = (ZATE9, A9, ).

If TF-fixed points in H3,h(?q) exist, we must have A9 = A, i.e., (5 is fixed under

;3) . In this case, the tu-

q-Frobenius. That means (3 € F} and furthermore 1 = ( 7

ple (&, A, p) is a fixed point if and only if
§/E(E) =-A
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Since h&* = —1, this happens if and only if 4 is not a cube in [F3. In that case, we have
three values of &, each determines a unique suitable value for A, and y can be arbitrary
in {~(3,—(2}. This shows:
o (=3
0 if (7] -1,

(5.3) tr( TF|H; (Hs,5)) =40 if (‘73] =1and h is a cube,
6 if (‘73] =1and A is not a cube.

Proof of Theorem 1.4 For 3 | g, twisting U to U}, has no effect on the point count
because the relevant y3-torsor is purely inseparable. So in this case the formula follows
from Theorem 1.2.

For 3 } g, we compute as in the proofs of Theorem 1.2 and of Proposition 5.10
based on (5.2) and (5.3):

7(3,4; (0, h)) = ~tr(zF|HZ(Uy))

(W (eFIHE (Yi) = (B HE (Hy s Ty) = u(7F|HL(9)))

O [ O [ \©

-(tr(eFIHZ (By x E)*) = tr(eF| HE (H3,)) = 3(1+ q))

P -q-2 if[’f):—l,
==-1q°+q-(c;-3)-2 if[‘f) =1and h is a cube,
g +q-cqncqg—8 if[‘f):landhisnotacube. ]
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