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1. Introduction. In this paper we give an extension of (6, Theorem 1), 
using a similar method of proof, to every homogeneous Siegel domain of second 
kind which can be mapped biholomorphically into a Kâhler manifold of a 
certain class J ^ (Theorem 1). Then by a well-known result of Vinberg, 
Gindikin, and Pjateckiï-Sapiro (10) that every bounded homogeneous domain 
D, contained in a complex euclidean space CN, can be mapped biholomorphi­
cally onto an affinely homogeneous Siegel domain of second kind, the theorem 
follows for D (Theorem 2). (6, Theorem 1) is a generalization of the Ahlfors 
version of the Schwarz-Pick lemma in Cl (1) to invariant volume for a star-like 
homogeneous bounded domain in CN; see also (4). In § 3 we give the inequality 
for a special non-symmetric Siegel domain of second kind using an explicit 
form of TD(z, z) due to Lu (7). This domain is of interest because its Poisson 
kernel is not harmonic (with respect to the Laplacian corresponding to the 
Bergman metric of the domain). 

The Siegel domain 5 of second kind was introduced by Pjateckiï-Sapiro in 
(8). It is given by 

5 = [f = (z,u): z e C,u € C1 and Im z - F(u, u) 6 7], 

where F is a convex cone in real euclidean space Rn, containing no entire 
straight lines, and F(u, v) is a F-hermitian form from Cm X C™ into Cn such 
that (i) F(u, v) = F(v, u), (ii) F(\ui + (JLU2, V) = \F(uu v) + IJ.F(U2, V), 

X, M G C\ (iii) F(u, u) Ç 7 , and (iv) F(u, u) = 0 if and only if u = 0. Note that 
F is a bilinear form for n = 1. S is affinely homogeneous if it is homogeneous 
under the group of affine transformations of S onto itself, that is, given 
Zu z2 6 S there is an affine automorphism a of 5 such that azi = z2. Any 
affinely homogeneous Siegel domain of second kind is a homogeneous Siegel 
domain of second kind. 

2. Generalization of Schwarz-Pick lemma. We extend (6, Theorem 1) 
to the class of homogeneous Siegel domains S of second kind. First we construct 
an increasing sequence of homogeneous subdomains whose union is S. Let t be 
a fixed point of V. By convexity, the points t/v {v = 1, 2, . . .) are elements of V. 
Set 

(1) s, = [f = (*, u) e Cn+m: y -t/v - F(u, u) € V] (z = x + iy). 
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Then Sv is a domain and it is easy to see that Sv C S, Sv C Sv+i {v = 1, 2, . . .). 
Furthermore, we have the following result. 

LEMMA 1. Sv C Sv+i (v = 1, 2, . . .). 

Proof. We note that Sv is the closure of Sv C Cn+m relative to the topology 
in Cn+m, and hence Sv = <S„ U d5„, where dSv is the boundary of Sv which lies 
in (finite) Cn+m. Let f G £„. Then there exists a sequence {fa} (a = 1, 2, . . .) 
in 5 , such that fa —> f, f« = (za, ua), za = xa + iy \ Since fa G Sv by definition 
of S„, ya — /A — T7^", ua) G F for all a. Letting a —* oo, we have y — t/v — 
F(u, u) G F, provided the F-hermitian form 7̂ (w, z/) on Cm X C™ into Cw is 
continuous. However, for fixed v = v0 and u = u0, F(u, VQ) and the complex 
conjugate F(u0, v) are linear maps from Cm into Cn over the complete field C1 

of complex numbers. Since Cm is finite-dimensional and Hausdorff (see 9, p. 22, 
Theorem 3.4), F(u, v0) and F(UQ, V), and hence F(tio, v), are continuous. Thus, 
F(u, v) is a separately continuous bilinear mapping of Cm X Cm into Cn and by 
(9, p. 88, Corollary 1 to Theorem 5.1), it is continuous. 

From y — t/v — F(u, u) G V follows y — t/(v + 1) — F(u, u) G V + 
^AO* + !)• However, it is easy to see that V + v0 C V if z>o G F. In fact, for 
any 0 G F the open segment Xi; + (1 - \)v0 C F (0_< X < 1) (9, p. 38). For 
^ = h h(v + yo) G F, and hence y + ^0 G F or V + v0 (Z V. Since v0 = 
t/v(v + 1) G F, y - VO + 1) - ^(«, «) 6 F which implies that f G S„+i 
and S„ C -SWi-

By (1), f G 5 implies that there exists v such that f G 5„. Hence, 

CO 

U 5 , = lim 5„ = 5. 

Also the map f' = f ' (f ) taking 5 onto 5„ is the translation 

(2) 2' = z + i//V, w' = u, 

and hence is biholomorphic so that Sv is homogeneous. 
By a well-known theorem of Pjateckiï-Sapiro (8), the Siegel domain of 

second kind is biholomorphically equivalent to a bounded domain D. Let 
V — 17(f) D e the mapping of 5 onto D. Since under any biholomorphic mapping 
the boundaries of domains correspond, Sv maps onto a domain Dv such that 
Dv C Dv+i, where Dv = DV\J dDv°, dDv° being that part of the boundary of 
Dv which corresponds to dSv. Since rj maps 5 onto D, it follows that U i° Dv = D. 
Also, D and Dv are homogeneous, and 

(3) 7,' = r t fV1 

is a biholomorphic interior mapping of D onto Z>„ which takes rj into 7/ = rjf (77). 
Since from (2) and (3) the Jacobian Jv(y

f) = 1, the Bergman kernel function 
of D transforms by 

KD,W,ï') =KD(v,rj) 
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(3) and the invariant ID = KD/TD by 

(4) InW,v') =lD(l,rj). 

Here, TD = TD(rj} fj) is the determinant of the Bergman metric tensor of D. 
Since D and Dv are homogeneous, ID is constant on D and KDv becomes infinite 
on dDv (6). 

Let w = w(j") be a biholomorphic mapping of 5 into a Kâhler manifold A 
with metric given by 

(5) da2 = gapditPdwfi, gA = gA(w, w) = det tes) , 

where w is a local coordinate of a point on A. Under the inverse mapping of 5 
into A, to (5) corresponds the hermitian form, 

GaiiFd?, 
on S, where 

Gs(f, f) = det(Ga?) = g*(w, w)\Jw(ï)\\ 

Jto(f) being the Jacobian of the mapping w = w(f). 
Let J ^ be the class of Kâhler manifolds A with metric given by (5) which 

satisfy the following conditions. The components of the Ricci curvature 
tensor, rap = — d2 log gA/di^dw^, satisfy the boundedness conditions 

(6) -ra-&uaUV ̂  0, d e t ( - r ^ ) ^ &. 

Let fœ be a boundary point of 5 which is a "point at infinity" of Cn+m 

(2, Chapter I) and let rjœ be a boundary point of D which is an image of fœ. 
Then for every such point rjœ we assume that 

(7) ïfoï GD(V,r,)/TD(r,,r,) = L(VJ f£ 1, 

where Gz>(??, 77) is the corresponding function on D to G5(f, f). The class J f is 
not empty. 

LEMMA 2. 77&e classa contains a homogeneous Kâhler manifold A, admitting 
the Bergman metric dsA, with metric given by 

(8) do-A2 = kdsA
2, 

where k is a constant such that 

(9) 0 < k ^ min[l, (IAID-1)-»], 

ID and I A invariants of D and A, respectively, and N the complex dimension of A. 

Proof. Let A be a homogeneous manifold with metric given by (8). Then A 
is a Kâhler manifold. Let w = w(rj) be a biholomorphic mapping of D onto 
B C A. Then dsB

2(w, w) = dsD
2(r), rj) for rj £ D. From (8), £A(^, W) = 

kNTA(w, w). By a well-known property of the kernel function, KB(w, w) ^ 
KA(w, W), w £ B, or IBTB(w, w) ^ IATA(W, W) = lAk~NgA(w, w), where / ^ 
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is an invariant of B and IB = ID- Since GD(r],rj) = g&(w, w)\Jw(rj)\2 and 
TD(v, v) = TB(w, w)\Jw(rj)|2, we have 

GD(y,fj) = g&(w,w) < kNj j - i 
TD(r},rj) TB(w,w) ~ D A 

If k is chosen to be any positive number such that k rg I/±ID~l, then (7) holds. 
In order that the metric (8) satisfies the boundedness conditions (6) for the 
Ricci curvature tensor, it is necessary and sufficient to take k S 1. This 
completes the proof. 

An extension of (6, Theorem 1) to domains 5 is given by the following 
theorem. 

THEOREM 1. Let S be a homogeneous Siegel domain of second kind. Ifw = w (f ) 
maps S biholomorphically into a Kàhler manifold A G J^ , then 

(io) g^w, w)\jw(t)\2 ^ rs(f,f). 
Proof. Let 77 G D. There exists v so that rj G Dv. Set 

U = log GD(V, rj), Vv = log TDp(v, rj), * = U- V,. 

Define ^r(rjœ) = logL(rjœ). Set E = [rj £ Dv: ^(77) > 0]. Since TDv is a 
relative invariant of Dv, by (6, Lemma 1) it is infinite on dDv whereas GD is 
continuous on D so that ^(77) = - 0 0 on dDv°. Let dDv

œ = dDv - dDv° be 
the set of boundary points of Dv which correspond to the set of boundary 
points {fœ} of S. By (7), ^(77 J ^ 0 at each 77̂  G dD™. This implies that 
E C Dv and E C Dv U dD^. Also, E is open since ^f is continuous on Dv. 
Let 0 be any non-empty component of E. Since 0 is bounded, it is compact. 

By definition, ^ is an upper semi-continuous real function on Dv, since at 
each rjœ G dDv

œ we have 

ii^ *(,) = i s î o g ^ ^ r ^ Î55 i o g f ^ = *oo 
and 

lim ^(77) = lim ^(77) 

exists for all 770 G £>,/ \J dDv°. Thus, \F has a maximum at, say, 77* G 0 and 
^(77*) > 0. Since ^(77) ^ 0 on dD„ rf G DVC\ E, and hence to 0. The same 
procedure as in the proof of (6, Theorem 1) now yields the inequality 

GD(rj, rj) ^ TDv(r], rj) 

onDv. By (4), 

TDv(y}> rj) = KDp(r), rj)ID~l = KDy{r], rt)ID-1 = KD(rjv, rjv)ID~ly 

where 77,, corresponds to 77 under the inverse mapping to (3). Hence, 

(11) GD(rj, rj) ^ KD(rjv, rjv)TD(r}, rj)/KD(rj, rj). 

https://doi.org/10.4153/CJM-1969-076-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1969-076-2


THE SCHWARZ-PICK LEMMA 673 

Let v —» oo in (11). From the continuity of KD on D and the biholomorphy of 
the map (3), limy^œKD(rjyi fjv) — KD(rj, fj) so that from (11), 

GD(ri, rj) S TD(rj, fj) 

on D. Inequality (10) follows by mapping from D onto 5 and using the 
formula Gs(?, f) = £A(w, W)\JW({)\2. 

Since every bounded homogeneous domain D C CN can be mapped biholo-
morphically onto an affinely homogeneous Siegel domain of second kind (10), 
we have the following result. 

THEOREM 2. If a bounded homogeneous domain D can be mapped into a 
Kàhler manifold A intf under a biholomorphic mapping w = w(z), then for any 
z e D, 

gA(w, w)\Jw(z)\2 g TD(z, z). 

3. Example. Let 

^ = Sp,m,n = [i = (Z, U, V): i(Z* - Z) - i(UU* + V*V) > 0] (Z* = Z') 

in the space CN of N = p(m + n + p) complex variables; here, Z is a p X p 
matrix of complex numbers, U is a p X m matrix of complex numbers, and V 
is an n X p matrix of complex numbers. 

This domain is an affinely homogeneous Siegel domain of the second kind 
wThich is non-symmetric for n 9e 0, and has the Bergman kernel function 

2fa(g, j) = cdet[$i(Z* - Z) - \(UU* + V*V)]-<m+n+w 

and 

T8(h1) = t i (w + » + 2p)Y<m+n+w det[Ji(Z* - Z) - i(UU* + V*V)]-<m+n+2p\ 

where c = Ks($, 1) at the point i — (il, 0, 0) in S (7). Therefore, the in­
equality in Theorem 1 becomes 

gà(w, w)\Jw(l)\2 

^ [\{m + n + 2p)]^m+n+™ det[J*(Z* - Z) - i(UU* + F* 7) ]-<"l+*+»> 

for a biholomorphic mapping w = w{i) of 5 into a Kâhler manifold A G «>f of 
dimension iV = p(m + ^ + 2p). 

REFERENCES 

1. L. V. Ahlfors, An extension of Schwarz's lemma, Trans. Amer. Math. Soc. J^S (1938), 
359-364. 

2. H. Behnke and P. Thullen, Théorie der Funktionen mehrer komplexer Verdnderlichen, 
Ergebnisse der Math, und ihrer Grenzgebiete, Band 3 (Springer, Berlin, 1934). 

3. S. Bergman, Sur les fonctions orthogonales de plusieurs variables complexes avec les applica­
tions à la théorie des fonctions analytiques, Mém. Sci. Math. no. 106 (Gauthier-Villars, 
Paris, 1947). 

4. Zur Théorie von pseudokonformen Abbildungen, Recueil Math. (N.S.) Nouv. sér. 
1 (43) (1936), 79-96. 

https://doi.org/10.4153/CJM-1969-076-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1969-076-2


674 K. T. HAHN AND J. MITCHELL 

5. B. A. Fuks, Special chapters in the theory of analytic functions of several complex variables. 
Transi. Math. Monog., Vol. 14 (Amer. Math. Soc , Providence, R. I., 1965; Gosudarstv. 
Izdat. Fiz.-Mat. Lit., Moscow, 1963). 

6. K. T. Hahn and Josephine Mitchell, Generalization of Schwarz-Pick lemma to invariant 
volume in a Kàhler manifold, Trans. Amer. Math. Soc. 128 (1967), 221-231. 

7. R. Q. Lu, Harmonic functions in a class of non-symmetric transitive domains, Acta. Math. 
Sinica 15 (1965), No. 5, 614-650. 

8. I. I. Pjateckiï-Sapiro, Geometry of classical domains and theory of automorphic functions 
(Fizmatgiz, Moscow, 1961). 

9. H. H. Schaefer, Topological vector spaces (Macmillan, New York, 1966). 
10. E. B. Vinberg, S. G. Gindikin, and I. I. Pjateckiï-Sapiro, Classification and canonical 

realization of complex homogeneous domains, Trudy Moscow Mat. Obsc. 12 (1963), 
359-388 = Transi. Moscow Math. Soc. 12 (1963), 404-437. 

The Pennsylvania State University, 
University Park, Pennsylvania; 
Mathematics Research Center, 
University of Wisconsin, 
Madison, Wisconsin 

https://doi.org/10.4153/CJM-1969-076-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1969-076-2

