GENERALIZATION OF SCHWARZ-PICK LEMMA
TO INVARIANT VOLUME
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1. Introduction. In this paper we give an extension of (6, Theorem 1),
using a similar method of proof, to every homogeneous Siegel domain of second
kind which can be mapped biholomorphically into a Kihler manifold of a
certain class ¢ (Theorem 1). Then by a well-known result of Vinberg,
Gindikin, and Pjateckii-Sapiro (10) that every bounded homogeneous domain
D, contained in a complex euclidean space CV, can be mapped biholomorphi-
cally onto an affinely homogeneous Siegel domain of second kind, the theorem
follows for D (Theorem 2). (6, Theorem 1) is a generalization of the Ahlfors
version of the Schwarz-Pick lemma in C! (1) to invariant volume for a star-like
homogeneous bounded domain in C¥;see also (4). In § 3 we give the inequality
for a special non-symmetric Siegel domain of second kind using an explicit
form of T'p(z, Z) due to Lu (7). This domain is of interest because its Poisson
kernel is not harmonic (with respect to the Laplacian corresponding to the
Bergman metric of the domain).

The Siegel domain S of second kind was introduced by Pjateckii-Sapiro in
(8). It is given by

S=[t=(@u):2€ Cu€c CrandImz — F(u,u) € V],

where V is a convex cone in real euclidean space R", containing no entire
straight lines, and F(u, v) is a V-hermitian form from C™ X C™ into C" such
that (i) F(u,v) = F(v,u), (ii) FQwui+ uns, v) = NF(u1, v) + uF(us, v),
N\ u € CL (iii) F(u, u) € V,and (iv) F(u, u) = 0if and only if # = 0. Note that
F is a bilinear form for n = 1. S is affinely homogeneous if it is homogeneous
under the group of affine transformations of S onto itself, that is, given
21, 22 € S there is an affine automorphism a of S such that az; = 2.. Any
affinely homogeneous Siegel domain of second kind is a homogeneous Siegel
domain of second kind.

2. Generalization of Schwarz-Pick lemma. We extend (6, Theorem 1)
to the class of homogeneous Siegel domains .S of second kind. First we construct
an increasing sequence of homogeneous subdomains whose union is .S. Let ¢ be
a fixed pointof V. By convexity, the pointst/v (v = 1,2,...) are elementsof V.
Set

1) S=[k=(@GuwcC™y—t/y—Fuu) V] (z=x+iy).
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Then S, is a domain and it is easy to see that S, C S,S, CS,;1 (v = 1,2,...).
Furthermore, we have the following result.

LemMa 1. 8, C S (v = 1,2, ..0).

Proof. We note that S, is the closure of .S, C C**" relative to the topology
in ¢, and hence S, = S, U 8S,, where a5, is the boundary of S, which lies
in (finite) C*™. Let ¢ € S,. Then there exists a sequence {{*} (@ = 1,2,...)
in S, such that {* — ¢, {* = (28, u®), 2 = x* + 1y Since {* € .S, by definition
of S,, y* — t/v — F(u*, ux) € V for all a. Letting « — o0, we have y — t/v —
F(u, u) € V, provided the V-hermitian form F(x, v) on C™ X C™ into C" is
continuous. However, for fixed v = vy and u = u,, F(u, vy) and the complex
conjugate F(u, v) are linear maps from C™ into C* over the complete field C!
of complex numbers. Since C™ is finite-dimensional and Hausdorff (see 9, p. 22,
Theorem 3.4), F(u, v9) and F(u,, v), and hence F(u,, ), are continuous. Thus,
F(u, v) is a separately continuous bilinear mapping of C™ X C™into C* and by
(9, p. 88, Corollary 1 to Theorem 5.1), it is continuous.

From y —t/v — F(u,u) € V follows y —¢t/(v + 1) — F(u, u) € V +
t/v(v + 1). However, it is easy to see that V 4 v, C Vif v, € V. In fact, for
any v € V the open segment \v + (1 — N)oo C V (0 < X < 1) (9, p. 38). For
AN=1% L@@+ 19) €V, and hence v +v, € V or V 4+ vy C V. Since v, =
t/vb+ 1) eV, y—1t/(v+ 1) — Flu,u) € V which implies that ¢ € S,
and 8, C S,41.

By (1), ¢ € S implies that there exists » such that ¢ € S,. Hence,

US,=1lmS, =S
1

V>0

Also the map ¢’ = ¢’(¢) taking S onto S, is the translation
(2) "=z + it/v, u = u,

and hence is biholomorphic so that .S, is homogeneous.

By a well-known theorem of Pjateckii-Sapiro (8), the Siegel domain of
second kind is biholomorphically equivalent to a bounded domain D. Let
n = n(¢) be the mapping of S onto D. Since under any biholomorphic mapping
the boundaries of domains correspond, .S, maps onto a domain D, such that
D, C D,41, where D, = D, U dD,° 9D,° being that part of the boundary of
D, which corresponds to 4S5,. Since n maps.S onto D, it follows that Uy D, = D.
Also, D and D, are homogeneous, and

3) 7 =9yt

is a biholomorphic interior mapping of D onto D, which takes 5 into ' = 7’(3).
Since from (2) and (3) the Jacobian J,(y") = 1, the Bergman kernel function
of D transforms by

KD,,("I’) 7_7’) = KD(nv 7—’)
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(3) and the invariant I, = Kp/Tp by
(4) ID(n,y ﬁl) = ID(nv T-I)'

Here, T, = T'p(n, %) is the determinant of the Bergman metric tensor of D.
Since D and D, are homogeneous, I is constant on D and K ,, becomes infinite
on 4D, (6).

Let w = w({) be a biholomorphic mapping of S into a Kdhler manifold A
with metric given by

(5) do? = gpdurdw®,  gn = ga(w, W) = det(gs),

where w is a local coordinate of a point on A. Under the inverse mapping of .S
into A, to (5) corresponds the hermitian form,

Gogdiod(P,
on S, where

Gs((, §) = det(Gaz) = ga(w, W)|Ju ()2

J»(¢) being the Jacobian of the mapping w = w({).

Let 2 be the class of Kiahler manifolds A with metric given by (5) which
satisfy the following conditions. The components of the Ricci curvature
tensor, 7,5 = — 02 log ga/dw*9w?, satisfy the boundedness conditions

(6) '—raﬁuaaﬂ = 07 det(—ra;—;) = &a.

Let ¢, be a boundary point of S which is a ‘“point at infinity”’ of C*t™
(2, Chapter I) and let 5., be a boundary point of D which is an image of ¢_.
Then for every such point 5, we assume that

@) lim Gp(n, )/To(n, ) = L(n.) < 1,

LRSI
where Gp(n, 7) is the corresponding function on D to Gs(¢, §). The class. ¥ is
not empty.

LeMMA 2. The class A contains a homogeneous Kihler manifold A, admitting
the Bergman metric dsa, with metric given by

(8) dop® = kdsa?,

where k is a constant such that

(9) 0 <k = min[l, (laIp™)~"],

I and In invariants of D and A, respectively, and N the complex dimension of A.

Proof. Let A be a homogeneous manifold with metric given by (8). Then A
is a Kihler manifold. Let w = w(y) be a biholomorphic mapping of D onto
B C A. Then dsp?(w, W) = dsp?(n, 7) for n € D. From (8), ga(w, w) =
ENTA(w, w). By a well-known property of the kernel function, K z(w, @) =
Ka(w, w), w € B, or IgTg(w, w) = IzTa(w, W) = Ink~Nga(w, w), where I
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is an invariant of B and Iy = Ip. Since Gp(n, 7) = ga(w, W)|J,(n)|? and
Tp(n, @) = Te(w, w)|Jyp(n)|? we have

Gp(n, %) _ ga(w, ) R

Ton, ) ~ Tatw,w) = © 121
If & is chosen to be any positive number such that & < InI,™!, then (7) holds.
In order that the metric (8) satisfies the boundedness conditions (6) for the
Ricci curvature tensor, it is necessary and sufficient to take 2 =< 1. This
completes the proof.

An extension of (6, Theorem 1) to domains S is given by the following
theorem:.

THEOREM 1. Let S be a homogeneous Siegel domain of second kind. If w = w({)
maps S biholomorphically into a Kdihler manifold A € 24, then

(10) g (w, w)|[J, () * = Ts(s, §).
Proof. Let n € D. There exists v so that n € D,. Set
U= lOg GD(nr 7-7): Vv = log TD,,("]; 77), Vv =U-— Vp-

Define ¥(n,) = log L(n,). Set E = [ € D,: ¥() > 0]. Since T'p, is a
relative invariant of D,, by (6, Lemma 1) it is infinite on 9D, whereas Gp is
continuous on D so that ¥(y) = —o on 4D, Let 0D, = dD, — dD,° be
the set of boundary points of D, which correspond to the set of boundary
points {¢{.} of S. By (7), ¥(3,) =< 0 at each n, € dD,”. This implies that
E C D, and E C D,\U 3D, Also, E is open since ¥ is continuous on D,.
Let O be any non-empty component of E. Since O is bounded, it is compact.
By definition, ¥ is an upper semi-continuous real function on D,, since at

each 7, € dD,” we have

T _ =1 Gon @) _ 7 Go(n, %) _

o ) = s i) = a O T ) — )
and

lim ¥(y) = lim ¥(y)

N->N0 NINw

exists for all 5o € D, U 4D,°. Thus, ¥ has a maximum at, say, 7* € O and
¥(n*) > 0. Since ¥ () < 0on dD,, v* € D, N\ E, and hence to O. The same
procedure as in the proof of (6, Theorem 1) now yields the inequality

Gp(m, @) = Tp,(n, )
on D,. By (4),

Tp,(n, %) = Kp,(n,1)Ip, ™ = Kp,(n, 1)Ip™t = Kp(ny, i) Ip7,
where 7, corresponds to # under the inverse mapping to (3). Hence,

(11) Gp(n, 1) £ Kp(ns, 7)Tn(n, 7)/Kp(n, 7).
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Let » — o0 in (11). From the continuity of K, on D and the biholomorphy of
the map (3), lim,_ oK p(ns, 7,) = Kp(n, %) so that from (11),

GD(nv 7_’) é TD("’: ﬁ)

on D. Inequality (10) follows by mapping from D onto S and using the
formula Gs (s, £) = ga (w, ®)|J(5)]%

Since every bounded homogeneous domain D C C¥ can be mapped biholo-
morphically onto an affinely homogeneous Siegel domain of second kind (10),
we have the following result.

THEOREM 2. If a bounded homogeneous domain D can be mapped into a
Kahler manifold A in 4 under a biholomorphic mapping w = w(z), then for any
g2 €D,

gA(w: ’ID)IJw(Z)P é TD<zr é)-

3. Example. Let
S=Spma=1[3=(Z, U V):i(Z*—=2Z) — 3(UU*+ V*V) > 0] (Z*=Z')

in the space CYN of N = p(m + n + p) complex variables; here, Zisa p X p
matrix of complex numbers, U is a p X m matrix of complex numbers, and V'
is an # X p matrix of complex numbers.

This domain is an affinely homogeneous Siegel domain of the second kind
which is non-symmetric for # # 0, and has the Bergman kernel function

Ks(3,3) = cdet[ii(Z* — Z) — L(UU* + V*V)]-(mtnt2w)
and
T5(33) = [10m + n+ 2p) P+ det(3i(2% — Z) — H(UU* + V*P)J-on,

where ¢ = Kg(3, 3) at the point § = (¢, 0, 0) in S (7). Therefore, the in-
equality in Theorem 1 becomes

ga(w, W)|Jw(3)[?
< [3(m + n + 2p)Pmnt) det[34(Z* — Z) — 2(UU* + V*V)]-mintom

for a biholomorphic mapping w = w(3) of S into a Kihler manifold A € ¢ of
dimension N = p(m + n + 2p).
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