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Measure theoretic techniques in
topology and mappings of

replete and measure replete spaces

George Bachman and Alan Sultan

We prove in this paper several results on lattice related

measures and images of such measures under mappings. If we apply
these to various areas of point set topology we obtain as
corollaries many known and new results -on sequential compactness,
repleteness,and measure repleteness - areas of recent considerable

interest to mathematicians.

1. Introduction

In recent papers, we were concerned with general measure extension
procedures and their applications to various areas of analysis and point
set topology. The results, which were proved for measures on pavings,
enabled one to obtain simultaneously many different types of results from a
unified point of view (see, in particular, [5, 6, 7, 25, 26]). In this paper
we study similar questions but with particular emphasis on the concepts of
outer measure and p*-measurability. In this manner we are able to obtain
many new theorems and many new nontrivial applications to the areas of
compactness, repleteness, and measure repleteness. Specifically after
defining terms in Section 2, we prove in Section 3 a general theorem on
weak convergence of measures, generalizing theorems of Alexandroff [3],
Moran [23], and Varadarajan [27]. When this theorem is applied to the
specific case of 2-valued measures, we obtain many new theorems on

different types of sequential compactness and countably compact lattices.
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In the next section we deal with mappings of measures and apply our results
to obtain new theorems on mappings of measure replete spaces, a concept
studied by several authors, including Moran [2], 22, 23], Varadarajan [27],
Mosiman and Wheeler [24], Kirk [18, 19, 201, Gardner [11], Haydon [74], and
others in some very special cases. We generalize this even further to the
concept of fully measure replete. In the final section we apply the
concept of p*-measurability and obtain a substantial generalization of
one of the main theorems of [6]. Again we are able to apply this to obtain
many new theorems on repleteness of a different character. The techniques
presented are very general and have applications above and beyond those

presented here.

2. Definitions and notations

Our definitions and notations will be the same as those in [6] and we
assume that the reader is familiar with the basic results of that paper,
in particular with Section 2 of that paper. We keep our blanket assumption
that # and X are elements of all lattices involved, and that all
measures are bounded and nonnegative. We will need the following
additional notations and concepts: if p € MR{(o, L) , then by the support
of y denoted by S(u) , we mean N{4 € L : u(4) = u(x)} . L is called
measure-replete if and only if every u € MR(0, L) has non empty support.
Since L 1is replete if and only if every u € IR(o, L) has non empty
support, that is, is fixed, we see that L-measure replete implies
L-replete: however, the converse in general does not hold. If L =12 for
some Tychonoff space X , then L is measure replete if and only if X is
measure compact in the sense of [22, p. 495] and this is true if and only
if MR(o, L) = MR(t, L) (see [2], p. 634]). If L =F a similar state-
ment holds (see [11, p. 96]). It is not difficult to see that a similar
results holds if L 1is any delta lattice.

The vague or weak topology on MR(L) is that characterized by the

following convergence of nets: M, > H if and only if j fdu -+ J fdu for
V]

all f € cb(L), where ., M € MR(L) . If L is delta normal, then the

vague topology on IR(L) coincides with the Wallman-Frink topology on
IR(L) , having, as a base for the closed sets, sets of the form

w(A) = {u € IR(L) : u(4) = 1} . This is a fairly easy consequence of the
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Portmanteau Theorem (see [26] for details). We also note that if L is
separating and disjunctive as well as delta normal, then the vague topology
on X ,wvhen X is identified with the collection of measures concentrated
at a point, coincides with the topology on X having as a base for the
closed sets the lattice L , that is, the T(L) +topology. (Again see
[26].) If X is a Tychonoff space we denote by RX the Stone-Cech
compactification of X ,and by UX , the real compactification of X . 1In
general, when we are dealing with several different latticeé, we will, for
clarity, subscript a lattice by the set from which it comes. Thus for

example FX will denote the lattice of closed sets of X ,while FY

denotes the lattice of closed sets of f . If L 1is a lattice of subsets
of X we will denote by L* the collection of subsets of X which are
p*-measurable with respect to every p € IR(o, L) . Finally we will need
one result for applications: if X is an analytic space (the continuous
image of a complete separable metric space) then o(F) c s(F) (see [16],
p. 115).

3. Measure and sequential compactness

We prove in this section some results on weak or vague convergence of
measures which generalize theorems of Moran [23], Varadarajan [27], and
Alexandroff [3]. When our results are applied to the special case of 2-
valued regular measures, we obtain as corollaries some new results on
sequential compactness and countably compact lattices generalizing several

known results.

THEOREM 3.1. Suppose u, € MR(o, L}, n=1,2,3, ..., where L
18 a delta lattice which is normal and countably paracompact. Then if
M, T M in the vague topology, u € MR(o, L)

Proof. Let v, = u, restricted to 2(L) , and vV = U restricted to

Z(L) . Since f is L-continuous, f’l(C) € Z(L) for every closed set
C < R (the real line). It follows from the definition of the integral

given in [2], p. 576, that J fdun = J fdun and that J fdy = j fdu .
Thus Un > U weakly. Since the lattice Z(L) is complement generated

(that is, completely normal in the semse of [I, 2, 3]), it follows from [3],
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p. 209, Theorem 3, that U is 0O-smooth and thus by Theorem 4.3 of [4]
that u 1is 0O-smooth, since n is the unique L-regular extension of v

to A(L)
One immediate corollary of the above theorem is:

COROLLARY 3.2, If L <s a separating disjunctive delta lattice
which is normal and countably paracompact, then <f IR(L) <is sequentially
compact, IR(o, L) is sequentially compact.

Proof. If w >y then u¢ MR(o, L) by Theorem 3.1. Since

IR(L) is sequentially closed in MR(L) (by a proof similar to the
proof of Theorem 11, p. 187 of [27]) we have that u € IR(g, L)

Taking L =1 in the case that X is Tychonoff and noting that

X
IR(L) = gx ([27], p. 212), we obtain:

COROLLARY 3.3. If BX <is sequentially compact, then vX 1is
sequentially compact.

THEOREM 3.4. If 1IR(o, L) <s sequentially compact where L is a
separating disjunctive delta norml lattice which is countabily paracompact,
then L 1s countably compact.

Proof. Suppose L is not countably compact. Then there is a

sequence of sets Bn + @ such that Bn € L and each Bn # @ . Choose an

:x:n € Bn for each »n , and consider {ux } , the sequence of measures
n

concentrated at the points xn . Then we may assume by hypothesis that

some subsequence also denoted by {ux } converges weakly to a
n
u € IR(o, L) , by the previous theorem. We have that ux (Bk] =1 for all
n
n =k ; hence, by Theorem 2, p. 180 of [3], 1im sup M, [Bk) < u[Bk] =1
n

for all % . Since u 1is g-smooth, u(ﬂBk) = 1 contradicting the fact

that an =@ . Thus L 1is countably compact.

COROLLARY 3.5, If X 1is a Tychonoff space and VX 1is sequentially
compact, then X 1is pseudocompact.

Proof. Take L =2 in Theorem 3.4 and use the fact that Z is
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countably compact if and only if X is pseudocompact ([27]}, Theorem 16,
p. 170).

It is possible to apply the above techniques to get some other
topological and measure theoretic corollaries. For this we must prove a

lemma.

LEMMA 3.6. If B, M in the vague topology, where
TR T MR{o, Ll) » then if L, semiseparates L, , and L, is delta
normal, then

(1) 1im sup u&(LZ) = u*(LQ) for all L, € L,,
(2) 1im inf ue (2)) 2 me(2)) foratz L, €L, .

(Here p* represents the outer measure and U, the inner measure

associated with p .)

Proof. We only prove (1) since the proof of (2) is similar. Since

B, > M, lim sup ua(Ll) = u[Ll] for all L, € L, . Since L, is a delta

lattice, u& is L,-regular and thus u&(Le) = inf ua(Li) where

Li:) L2 , and Ll €L But Ll semiseparates L2 , and we therefore

1
have that

u&(LQ] = inf (L)) where Ly€Ll, and L DL (*)

o *

* T
Thus ua(LZ] = ua(Ll) for any L. D L2 where Ll € Ll , and thus

1
1im sup u;(Lz] < lim sup ua(Ll) = u(Ll) for any Ll € Ll containing L2 .

Taking the infimum over such Ll we get
lim sup uc’;(Lz) =< inf u[Ll) = p* (Lz) .

the last inequality following from (*) above.

THEOREM 3.7. If L <is a separating disjunctive delta lattice of
subsets of X which is normal and countably paracompact, and i1f L semi-
geparates t(L) , then X with the vague topology is sequentially compact
if 1IR(o, L) with the vague topology is sequentially compact.

Proof. Suppose {xn} is a sequence of distinct points in X .
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Consider {ux } = A . By hypothesis we may suppose {ux } converges to a
n n

p € IR(o, L) . To complete the proof we need only show that {xn} has a
limit point x € X , for then ux is a limit point of A and therefore
U= ux since IR(o, L) is Hausdorff. Suppose A does not have a limit

point in X . Then A and all its subsets are closed; hence elements of

(L) , since the T(L) topology and weak topology coincide. Choose any

z, in A end fix it. Let B, = {xj}j;fi Then B, € T(L) , and thus

there exists a B € L such that B> B, and x, ¢ B . Since

u(B) = lim sup u, (B) =1 , we have u(B) =1 . Thus u(B') = 0 and hence
n

u*({xt}) =0 . But p*(4) = lim sup u; (4) =1 by the previous lemma, and
n

this is a contradiction since p*(4) =Y u*{:z:i} =0 .

We give some corollaries of this.

COROLLARY 3.8. If X <s a Tychonoff space and if 1 semiseparates
F , then if uX <8 sequentially compact, then X <8 sequentially compact.

Proof. Take L =7 and make use of the fact that IR(o, L) = vX
(C273, p. 215).

COROLLARY 3.9. If BX <is sequentially compact and 1 semiseparates
F, then X 1is sequentially compact.

Proof. Using Corollary 3.3 it follows that VX 1is sequentially

compact and the result follows from the previous corollary.
1

REMARK 3.10. Corollary 3.9 is known if Z separates F , that is,
if X 1is a normal space. The proof is not difficult (see [28], p. 1L3,
Theorem 8.32). However, it is also known that the result is false if X
is just a Tychonoff space. Thus, our result, which is new, represents an

intermediate result.

4., Measure replete spaces

In this section we prove some theorems on the images of measures under
certain mappings. We apply the general results to get as corollaries

several known and new results on measurecompactness and its generalizationms.
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In the next section we modify some of the proofs here and apply them to
2-valued regular measures getting a substantial generalization of Theorem
5.4 of [6], one of the main theorems for 2-valued measures in that paper.
Measure compact spaces are abundant. Any paracompact space every closed
discrete subspace of which is measurecompact, is measurecompact. This is
pro?éd in [27]. Generalizations of this have appeared in [23] and [25],
and Gardner [11] has given theorems on when a space is F-measure replete.
Measure compactness does not behave as well as realcompactness. Measure
compactness is not closed under arbitrary intersections, in contrast to
realcompactness. While realcompactness is productive, measurecompactness
is not even finitely productive, although in locally compact spaces it is
countably productive, as Kirk has shown in [19]. The first theorem we
prove is an analogue of Theorem 5.7 of [4] for arbitrary regular measures.

However, we first need a lemma.
LEMMA 4.1, Let T : X->7Y and let u € Mo, L) , where L is a delta

lattice. If T {y} is L-Lindeldf for each y € Y and
H=14, €Ll :ufa) =u@}, then {04 ) =nr(4 ), vhere A4, €H .

Proof. Suppose y € ﬂTLAa] ; ‘then T-l{y} nA, #§ forall

A, €H . let B= T‘l{y} nH. Then B is a T‘l{y} n L filter with the

countable intersection property and since Irl{y} is L-Lindeldf,
ﬂT_l{y} NA,#9 . If z¢€ T_l{y} and if z € N4, , then T(z) =y
Thus ﬂT(Aa) c T(ﬂAa) and since the reverse inclusion is trivial, the
lemma is proved.

THEOREM 4.2. Suppose T : X + Y 1is L1 - L, continuous and

2

L, - ©{L,) closed, where L, and L, are delta lattices of subsets of X

1 2
and Y respectively, and where o{L,) c s(L,) . Then if 7y} s
Ll—LindeZBf for each y € Y , then L, 18 measure replete implies Ly 18
measure replete.

Proof. Suppose u € MR{o, Ll) . Define v = uT-l . Then
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v € MR(o, L2) by Theorem 2.3 of [6]. By hypothesis, S(v) # § . Let
=fa, €L ufa) =uX} . For each 4 €H , T[Aa) = NL, where

L, € L2 . Clearly for any such L . [L) u(x) = uv(Y) . Thus

S(v) < L, for all a , and hence 5(v) € ﬂT(A ) By the previous lemma,

ﬂAa # ¢ and Ll is measure replete.

COROLLARY 4.3. If T : X~+Y 1is a continuous 2 map [that is,
T(Z) € FY for each 7 ¢ ZX) where X and Y are Tychonoff spaces and Y

i8 measure compact, then if T-l{y} 18 Lindeldf for each y € Y , then X

18 measure compact.

Proof. Take Ll = ZX and L2 = ZY

If in the above corollary we take X C Y , where X is closed, and T

to be the inclusion map, then we have:

COROLLARY 4.4 (Kirk [181). If X <is closed in a Tychonoff measure

compact space Y then X 1is measurecompact.

COROLLARY 4.5 (Kirk [18]). The product of a measure compact space

A and a compact space B 1is measure compact.
Proof. In Corollary 4.3 take X =A XB , Y =4 , Ll = ZX .
L2 = ZY , and T to be the projection map from X to Y . Since B is

compact, T is closed,as is well known. T_l{y} is trivially Lindeldf,
since it is compact.

If in Theorem 4.2 we take T to be Ll - L2 continuous, Ll - L2
closed and onto, then we may relax the condition that O(LQ) c s(Lg) .

since the measure U constructed in the proof there is necessarily L2 -

regular. This is essentially due to the remark made in the proof of

Theorem 5.1 (a) of [6]. Thus we have:
COROLLARY 4.6. If T : X +Y is a continuous closed surjection such
that T_l{y} ig Lindelof, then F -measure replete implies F -measure

replete.
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Other corollaries are easy to obtain, and we turn to the question of

the preservation of measure repleteness under direct images.

THEOREM 4.7. Let L1 and L, be lattices of subsets of X with

3

L < L3 c T(Ll) s Where L, 4is a delta normal lattice and either L is

3
delta and o(Ll) Cs(Ll] > or L, semiseparates L, . Let L,c L, be

lattices of subsets of Y such that Lh ig an L2 countably paracompact

lattice, and both L2 and Lh are delta normal, where L, semiseparates

2
Lh . Thenif T is an L3 - Ll; continuous closed surjection such that

L3 18 T-l{Lh) countably paracompact, then Ll measure replete implies

L2 measure replete.

Proof. Since Ll c L3 c T(Ll] , Wwe have, as is easily seen by a
simple restriction argument, that L3 is measure replete. Now let

v € MR(O, L2) . By Theorem 4.3 of [6], U may be extended to a
) -1 -1
v, € MR(o, Lh) . Define u, on A[T (Lh)] by wI(B) = Ul(B)

w € MR[O, T-l(Lh)] and extends to a U € MR(o, L3) again by Theorem b.3

of [6]. Since S(p) # @ and v, = u.T-l , S(Ul) # @ and hence S(v) # ¢

since S(v) DS(Ul) . Thus L, is measure replete.

COROLLARY 4.8. Let X be a normal Tychonoff space and T be a
perfect map from X onto a countably paracompact Tychonoff space Y .

Then X measure compact implies Y 1is measure compact.
Proof. In the theorem take Ll = ZX . L2 = Zy . L3 = FX s
Lh = FY . Note that since normality is preserved under continuous closed

surjections, Y 1is a countably paracompact space, being countably para-

compact and normal (see [4], p. 248), and hence Fy is a countably para-

compact ZY lattice. Clearly L2 separates Lh and hence semiseparates

Lh , and since T is perfect, L3 is T-l(Lh) countably paracompact, by

Lemma 5.3 of [6].
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If in Theorem 4.7 one takes Ll = L3 = ZX and L2 = Lh = ZY , and

notes that for open perfect mappings T(Zl) c 22 , one has:

COROLLARY 4.9. If X and Y are Tychonoff spaces and if T : X + Y
is an open perfect map, then X is measurecompact implies Y is measure-
compact.

Clearly the following is also true.

COROLLARY 4.10. If T :X~>Y <8 a perfect map from the countably
paracompact normal space X onto Y , then FX 18 measure replete implies

FY 18 measure replete.

The following theorem is an analogue of Theorem 7.l of [6] for measure
repleteness. Two special cases have been given in [I1], Theorems 3.7 and
7.4, and the proof of the following is virtually identical to the proofs
given in [71].

THEOREM 4.11. If X <s the umion of a sequence of relatively
measure replete subspaces where L 1is a delta lattice then L <8 measure

replete.

One can generalize the notion of | measure replete even further,
namely, call L fully measure replete if and only if every u € M(o, L)
has non empty L-support. Here by L-support we mean
n{z € L : p(L) = u(Xx)} . Many of the known theorems about support and
measure repleteness may now be carried over to this situation. For example
we mention that if L is delta, L is fully measure replete if and only
if M(o, L) =M(1, L) . (The proof follows the proof of Theorem 2.1 of
[271].) The following analogue of Theorem 4.2 also clearly holds. The same
proof works, and we only note that we are able to relax the conditions that

0(L2) c s(Lg] and that L2 is a delta lattice since we do not need the

measure U 1in that proof to be L2—regular.

THEOREM 4.12. Suppose T : X + Y is Ll - L2 continuous and

L - T(Lg) closed where L. is a delta lattice. Suppose T_l{y} is L -

1
Lindelof for each y €Y . Then L2 is fully measure replete implies Ll

18 fully measure replete.
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COROLLARY 4.13. If X and Y are topological spaces, and

T :X~+Y is continuous and closed, then if T—l{y} ig Lindeldf for each

y €Y, then FY 18 fully measure replete implies F_ <s fully measure

X

replete.

Proof. Take L. =F_ and L2=F

1 X Y-

We note that the analogue of Corollary 4.3 holds for fully measure
replete; however, this gives us no new information, since if L = Z then L

is fully measure replete if and only if L is measure replete, clearly,

since in this case MR(o, L) = M(og, L)

fully measure

We have noted that if L, < l,c T[Ll) » then L,

replete implies L2 fully measure replete. However if Ll c L2 and L2
is fully measure replete, then it need not follow that Ll is fully
measure replete. However we do have the following:

LEMMA 4.14. If Llc L2 and L, is delta normal, then if

2

u € Mo, Ll) and L, is L, countably paracompact, then u extends to a

1
v € Mo, L2) . Thus L2 fully measure replete implies Ll fully measure
replete.

Proof. We first observe that if v € M(Lz) there exists a

p € MR(LZ) such that v = p on L2 . To see this, form the linear
functional ¢ on Cb(LQ) given by &(f) =deu where f ECb(Lz) . By

Theorem 2.4 of [6], &(f) = J fdp , where p € MR(Lz) , and furthermore

p(4) = inf ®(f) ,where f € Cb(L2) and f2zx, . Clearly u(4) is 1less
than or equal to the sbove infimum for 4 € L, ; thus u(4) = p(4) . To
prove the theorem now suppose that n € M(O, Ll] . Then by [8, Theorem 11,
p. 2647, for example, there exists a VU € M(Lz) which extends p . By the
above there exists a p = U on L2 , where p € MR(L2) . If we can show
that p 1is 0O-smooth on L2 , then by regularity p is 0O-smooth on

0(1.2] and therefore § € M(o., L2) . Thus by hypothesis S(p) will be
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nonempty, and since S(p) 2 8(p) , S(u) will be nonempty, and it will
follow that Ll is fully measure replete. We proceed therefore to show

that p is ©-smooth on L2 . Suppose then that An + ¢ , where

A€ L, . Then by hypothesis there exist B_ € L. where A CB' + ¢ .
n 2 n 1 n n

'
n 1

p(X) = u(X) . Thus since Y 1is O-smooth p(B;Z] , hence p(An] + 0, and

Thus p(An) < p(B;L) . However p(B ) Su(B;L) since p>2yu on L. and

the proof is complete.

THEOREM 4.15. Let Ll and L, be lattices of subsets of X with

3

Ll c L3 c T(Ll) , where L3 18 a delta normal lattice. Let L2c Lh be

lattices of subsets of Y such that Lh is L, countably paracompact and

2

is delta normal. If T : X+ Y 1is an L3 - Lh continuous closed

i8 T—l[Lh) countably paracompact, then if L

Ly

surjection such that L

3 1

18 fully measure replete, L2 i8 fully measure replete.

Proof. The proof given in Theorem 4.7 works here.

We remark that using a proof somewhat similar to the proof of Lemma
4,14 we may show that if L 1is countably paracompact and delta normal,

then L is fully measure replete if and only if L is measure replete.

5. Mappings of replete spaces

In this section we modify some of the results proved in the previous
section to 2-valued measures. We get in particular a substantial
generalization of one of the main theorems of [6] for 2-valued measures.
That theorem had numerous applications to the area of repleteness and we
are able to obtain here new results not obtainable by that theorem. The

first lemma is true for arbitrary measures.

LEMA 5.1. If L <s a delta lattice, u € MR(o, L n S) , and
Sc X, thenif o(L) c s(l) and if v <is defined on o(l) by
w(B) = u(BnS), where B € o(L), then v € MR(o, L) and for any subset
E of 5, v*E) =p*E) . In particular, if u € IR{(g, L n E) , then
vt(S) =1 .

Proof. That v € MR(o, L) is clear. We have p*(E) = inf w(B) ,
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where B€¢ o(L)nS and BODE . But B =B*Nn S where B* € o(l) .
Since EC S , BDE if and only if B* 2D E . Thus

p*(E) = inf u(B) = inf W(B* n §) = inf V(B*) = v*(E) ,
where in this chain of equalities B € o(L) , B =B*nS , and B*DFE
The following lemma is very important in matters of repleteness.

LEMMA 5.2. If L 4is a separating disjunctive delta lattice and
V€ IR(o, L), then if {4} is a family of vu-thick relatively L-replete

subsets of X , then na, # $ and v is fimed at some point p € A,

Proof. Since Acx is VU-thick in X for each 0O , we may project Vv
onto each Aa . If the projection is Ua , then by construction
v, (B) =u(B*) , where B € ofL n Aa} , B*€o(l) ,and B*nA, =B . As
is well known, Ua is well defined, and since Ua € IR(O, Ln Aa) , each

Vs is fixed at a unique point Py € Aa . Thus U must be concentrated at

each Py - But L 1is separating and disjunctive and therefore U can
only be concentrated at a single point. It follows that all of the pa

are the same point p and that p € I']Aa

Before proceeding with the main result, we give some immediate

applications of the above lemma.

COROLLARY 5.3. If L 4is a separating disjunctive delta lattice of
subsets of X , with o(L) < &(Ll) , and, if {Aa} ig a family of

relatively L-replete subsets of X , then if E =M E 1is relatively

o ]
L replete. If in addition there is a lattice of subsets of E , LE' >

such that L NnEc L, c t{o(L n E)), then L, is also replete.
Proof. If E =@ , there is nothing to prove. Suppose then that

E#® . Suppose that U1 € IR(o, L n E) and that U is defined as in
Lemma 5.1. If u*(4 )

it

0 for any o then VU#*(E) = 0 contradicting

Lemma 5.1. Thus vu* (Aa) 1 for all Aoz . It follows from the preceding

lemma that U 1is fixed at a unique point p € E . Hence M is fixed at
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p . The remainder of the proof is simple, for if p € IR(o, LE] end p,
its restriction to L nE € IR(o, L n E) , since

o(LnE) =c(Ll) nEcs(l) nEcs(LnE) .
L nE regular

then pl

>

Thus py is concentrated at p and so is its unique
Since S[pe] = S(pl] # @ and since

extension p, to o(L n E)

lpetlollnE)) , S(p) #¢ and L, is replete.
As an

The above corollary generalizes Theorem 5.3 of [17].

application we have the following:
If X 1is analytie, then the arbitrary intersection

COROLLARY 5.4.
of F-replete (that is o-complete [91, [10]) spaces is F-replete.
Proof. Take L =F in Corollary 5.3.
We are now ready to present the main theorem of this section. This

theorem generalizes considerably Theorem 5.4 of [6].
X~>Y is L;_ - L2 continuous, where Ll i8 a

THEOREM 5.5. I1f T :
delta lattice and L2 18 a separating disjunctive delta lattice with
o Ll 18 a lattice of subsets of X such that

ot,) = s(L,) » then of Ly

(@) Lyc r(Li] and
(b) every u € IR(0, L;) when restricted to ofl,) s in

1r{o, Ll] , and if
(1) T'l{y} is relatively L, replete for each y € Y

and
(2) T(Ll) is relatively L, replete for each L, €L, ,

it follows that L3 is replete.
] and My its restriction to O(Ll) .

Proof. Suppose U € IR(G, L3
(whlch is Ll

= 1}

regular since Ll is a delta

and ui its extension to Li
Define UV = § T‘l on O(Lz).

lattice). Let H ={r, €L | u (z)
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Clearly v € IR(o, L,) . If L €H , then v*(r(Z))) = inf u(B) , where
B€o(L,) and BOT{L) . Thus v {r(z)) z u (z,) =1, and therefore
7(L,) is v-thick in Y . It follows from lemma 5.2 that nr{z,) # ¢, and
thus by Lemma 5.1 of [6] applied to n, , NH # @ . That is S(ul) + 9.
Thus S(ui) # ¢ , and since L3c r(Li) , S(u) #¢ .

One notes the following differences between the theorem above and
Theorem 5.4 of [6]. Firstly, we do not require that T be Ll - T(O(Le)]

closed. Secondly, we require no repleteness assumptions on Y . Finally

we weaken the condition that L3 c T(Ll) . It is not yet clear that this

theorem generalizes Theorem 5.4 of [6]. This will follow after we prove a

lemma.

LEMMA 5.6. If S € t(L*) ,where L is a separating disjunctive
delta lattice, and if o(L) € s(L) , then if L is replete, S is
relatively L replete.

Proof. If p € IR(oc, LnS) and v is constructed as in Lemma 5.1,
then U is concentrated at some unique point p . If p ¢S € t(L*) ,
then there is a B € L* such that B> S and p § B . Thus u*(B) =0 ,
whence v#*(S) = 0 , contradicting Lemma 5.1. Thus p €5 and u is

concentrated at p .

It is now easy to see that Theorem 5.4 of [6] is a corollary of

Theorem 5.5 above. For if T is Ll - T(U(Lz]) closed, indeed, even if
T is Ll - T(Lé] closed, then if L2 is replete, T(Ll) is
automatically relatively L2—replete by the previous lemma. It follows

that Theorems 5.5 and 5.7 of [6] generalize: namely we may replace the

phrases "T is L - L2 continuous" and "T is Ll - T(O(Lz)) closed"
respectively by "T is Li - L2 contimious" and "T is Ll - T{L;J
closed" respectively, and those theorems will still be true.

We give some immediate corollaries. The first corollary is a

generalization of a theorem of Isiwata [17, Theorem 5.3].

COROLLARY 5.7. If T : X+ Y is continuous, where X and Y are
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Tychonoff spaces, then if T-l{y} 18 Z-embedded and realcompact for each
y €Y, and if either

(a) 7T(Z) <is Z-embedded and realcompact for each 2 ¢ ZX s or
(b) Y 1is realcompact and T(Z) € T(G(ZY)) for each Z € 17,,

then X is realcompact.

Proof. One need only take Ll = L3 = ZX and L2 = ZY . The
hypotheses in (a) and (b) imply that T(Ll) is relatively L,-replete for
each Ll € Ll . The remaining parts of the hypothesis are readily

verified.

The next corollary generalizes a well known theorem of Varadarajan
[27, Theorem 4, p. 2177.

COROLLARY 5.8. If Y 4s realcompact and E € t1(1}) swhere EcC Y,
then E 1is realcompact.

Proof. Take X =FE , and T +to be the inclusion map., Take
L, =2,nE, L2=Z_Y , and L3=ZE' . Then (a), (b), and (1) of the
theorem are trivial. (2) follows from the fact that T(Ll) € T(Z;) for

each Ll € Ll , since E € T(Z;) .

The next corollary also seems newv.

COROLLARY 5.9. If T : X+ Y <is Baire measurable,where X and Y
are Tychonoff spaces, and the image of every Baire set of X 1i8 an inter-

section of Baire sets of Y , then if T-l{y} 18 Z-embedded and real-
compact for each y € Y , then Y realcompact implies X is realcompact.

and L, =0(Z,) . That

X)

Proof. In the theorem take Ll = L3 = O(Z

T_l{y} is relatively Ll replete for each y € Y follows from the fact

that L, o T-l{y} gives the Baire sets of T-l{y} , and since Baire
replete is equivalent to realcompact as noted by Hewitt [75]. That T(Ll]

is relatively L2 replete for each Ll € Ll follows from Lemma 5.6.
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Again one may go on combining these theorems with those in [6], [7],
to get other theorems. However this is easy and will not be done here. We
again remark however that the theorems given here allow one to work with
sets in L* , an, in general, larger class than o(L) , and allow us to

eliminate repleteness assumptions on Y completely.
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