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LOGARITHMIC FORMS ON AFFINE ARRANGEMENTS

HIROAKI TERAO! anp SERGEY YUZVINSKY?

1. Introduction

Let V be an affine of dimension [/ over some field K. An arrangement o is a fi-
nite collection of affine hyperplanes in V. We call o an [-arrangement when we
want to emphasize the dimension of V. We use [6] as a general reference. Choose
an arbitrary point of V and fix it throughout this paper. We will use it as the ori-
gin. If 4 is central, i.e, U= Ny, H# @, then it is convenient to choose the ori-
gin from U. Let S be the coordinate ring of V and identity S with the polynomial
ring Klz,,..., x], where z,,. .., x, are affine coordinates of V. For an integer
9,0 < p <1 consider the module of logarithmic differential p-forms Q2 () (see
2.1 for definition). We usually simply write 2° = 2”(#) in this paper. It is a
finitely generated S-module. Put 2° =0 if p<0 or p> 1 Now fix a
homogeneous polynomial f € S of a positive degree and define a coboundary oper-
ator df A on 2% = EB,,.QI’ by taking the exterior product with df. Then we have a
cochain complex, which is also denoted by Q% 0% = (0% df N\). In this paper,
we study its cohomology groups H?(2%).

Let L be the set of all nonempty intersections of hyperplanes from 4. Intro-
duce a partial order to L by reverse inclusion. The poset L is called the ntersec-
tion poset of A. Let y denote the Mobius function on L. The characteristic polynomial
of A is
(1.1) x(d, )= uvV, X"

Xel

Our main results are the Theorems 1-5 below.

THEOREM 1 (Theorem 7.1). Suppose f € S, degf = r > 0, satisfies a certain
genericity condition with respect to A. Then
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(1) the cohomology groups H* (2™) are finite dimensional for all p,
(2) the Euler characteristic (= the alternating sum of dimensions of cohomology
groups) of the complex Q% s equal to x(d, 1 — 7).

A motivation to study these cohomology groups comes from the study of
twisted de Rham complex 23 = (2%,V,), where the connection map V is defined
by

no o do;
Vi,=d+ 2 4 a~1 N+ df N,

j=1 Y

where d is the usual exterior differentiation and A; € K. In the case of complex
field the complex .Q; is closely related to the (irregular singular) hypergeometric
integrals

fef(“)U(u, A, x)du, \ -+ A du,

studied in [1] [2]. Theorems 1 and 2 can be regarded as a generalization of results
in [4, Proposition 5.10, Theorem 10.3], in which arrangements are assumed to be
in general position.

THEOREM 2 (Theorem 7.9). Suppose f, deg f = v > 0, satisfies a certain gener-
icity condition with respect to d. Then

(1) the cohomology groups H” (.Q;) are finite dimensional for all p,

(2) the Euler characteristic of the complex 2 ; is equal to x (4, 1 — 7).

The outline of the paper is as follows. In order to prove Theorem 2 out of
Theorem 1, we compare the two complexes Q% and .Q; In Section 2, for this pur-
pose, we introduce an increasing filtration 2%, (¢ € Z) to each 2’ so that the
E,-terms of the respective spectral sequences of the filtered complexes {.QZ,,} and
{(27) 2} coincide.

In Section 3, we define the cone cd of . Note that ¢ is a central arrange-
ment which is easier to handle than an affine arrangement. We introduce an im-
portant short exact sequence (3.4) involving 2 (c4).

In Section 4, we introduce the other important short exact sequence (4.1) in-
volving Gr, 2’ (o) = Q% ,/9Q% ., which enables us, together with the short exact
sequence in Section 3, to compare 2*(csf) and 2 ().

We prove, as a by-product, in Section 5, the following affine generalization of
Solomon-Terao's formula for x (4, #) [9] [6, 4.136].
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THEOREM 3 (Theorem 5.3).

lim ¥ dim(Gr,2" () z* " {tx — 1) — 1)’ = x(d, D).
-1 p.q
In Section 6, we compare the cohomology groups H’(2%(cd)) and
H’(Gr2%(d4)) by using the short exact sequences introduced in Sections 3 and 4.
We prove

THEOREM 4 (Theorem 6.9.) Suppose f € S, deg f > 0, satisfies a certain
genericity condition with respect to . Then the following conditions are equivalent for
every p;

(i) H™*'(Q%(cd)) =0,

(i) H(GrR™*(4)) = 0.

In Section 7 we prove Theorem 1 using Theorem 3. Then, we “approximate”
the cohomology groups Hp(Q:;) by H’(2%) by using a spectral sequence argu-
ment and obtain Theorem 2. Theorems 2 and 4 imply immediately

ThEOREM 5 (Theorem 7.10). If H*(Q%(cd)) =0 (p # 1 + 1), then H*(23)
=0(@ # D and dim HI(Q;) =|x(d, 1 — 1| for every f of degree r > 0 which
satisfies a certain gemericity condition with vespect to .

This theorem can be applied to (1) arrangements in general position (Corol-
lary 7.11), (2) arrangements whose cones are free (Corollary 7.12), and (3)
2-arrangements (Corollary 7.13).

2. The module 27 of logarithmic forms and its filtration

Fix an affine arrangement & in an affine /-space V over a field K. Let S be
the affine coordinate ring of V and p an integer. We first define the module of
logarithmic differential p-forms 2° = Q*(d). For each H € d choose ay € S so
that H = ker(ay). Let

Q=) =1 ay
Hed

a defining polynomial for &. Let 2°[V] denote the S-module of all global regular

(= polynomial) p-forms on V and 2°(V) the module of all global rational p-forms
on V.
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DEFINITION 2.1. The module 2° = Q°(A) of logarithmic p-forms with poles
along 4 is defined as

Q' =0"d) = {we 2’V | Qw € 2’[V] and Q(dw) € 2" [V]}.
Put 2° =0ifp<Oorp>L

Remark. The module of logarithmic p-forms was first introduced by K. Saito
[8] for an arbitrary hypersurface germ in C'. It has been used for the study of
central arrangements of hyperplanes [10] [13] [11].

In [6], Q° (o) is defined only for central arrangements. However, many results
in there remain true for affine arrangements. In fact, in many cases, one can give
practically the same proofs. The following two Propositions, which are two of such
examples, will be used later.

PROPOSITION 2.2. For each w € Q"(V), the following two conditions are equiva-
lent:

(1) @ € Q,

(2) Quw € 2°'[V] and QUday/ay) N w € Q"' [V] forall HE .

Proof. Same as Proposition 4.69 in [6]. O

ProposITION 2.3, Let 2% = @ ,2". The S-module Q* is closed under exterior
product:

Ql’ X Qll_) QP‘HI
Proof. Same as Proposition 4.79 in [6]. [l

It is easy to see that 2 is finitely generated S-module containing 2°[V].
Also 2°(d) =S and 2'(d) = A/QR'[V]. When & is not central, the
S-modules 27 are not naturally graded but we can introduce a natural increasing
filtration on them. Let B € Q°[V]. If each coefficient of B is a polynomial of de-
gree at most ¢ — p then we say that the total degree of B is < ¢ and write tdegB
<gq letw€ 9”1t follows from the definition that w can be written in the form
w=pB/Q where B € 2'[V]. Let n=deg Q =| 4 |. We may formally consider
the degree of 1/Q as — # and say that the fotal degree tdegw < q if tdegB < ¢
+ n. For example, if [=1, @ =x(x — 1), and w = dr/xz(x — 1), then tdegw
<gqgforg=—1.
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DEeFINITION 2.4. Total degree introduces on increasing filtration on 27 for
q € Z by

QL. =0 () = {we Q| tdegw < ¢).
Define K-vector spaces for ¢ € Z by
Gr,Q" = Gr,2"(d) = Q% /2% ..

If & is central, then 2% is a graded by the total degree, i.e., there exists a de-

composition
Q=0 9
9€Z
with
r_ P
R_L,= D 2,
¢ <q

The space Q: = Q:(d) is called the homogeneous part of Q7 of tdegree q.

DEFINITION 2.5. Let f € S. Define maps
df A\ : 2" — ™

by sending w € £2° to df N\ w. This map is well-defined because of Proposition
2.3. We obtain the cochain complex

dfA dfAn df A
T, grar A,

Q" =0"d) = @\ df N
DeFINITION 2.6. Suppose f € S is a polynomial of degree » (> 0). Let ¢ € Z.
The cochain complex 2% has a subcomplex 2%, = Q% (o) which is defined by

* % afn AfA _pi1 afn arn
2.,= Qs«z(ﬂﬁ) e > Qciro-nr L > 2.,—0.

Then this provides an increasing filtration of the cochain complex Q% For each
q € Z, define the complex

Gr, 2" = Gr, Q" () = Q%,/0%,_.

If o is central and f is a homogeneous polynomial of degree (> 0), then the
cochain complex 2 has a subcomplex 2, = 2. (f) which is defined by

dafn » afn p+1 dfAn arn

* — * e e e ... I
Q=0T ey T 2,0,
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Then
Q=@ Q.

7
7 <q

Next consider a slightly different cochain complex .Q;.

DeFiTION 2.7 Let Ay € K for each H € . Define maps V,: 2° — Q"

da
Viw =do+ X z—2ANow+df Ao, we
Hed (297
where d is the exterior differentiation. This map is well-defined because Q% is
closed with respect to exterior product and exterior differential. We obtain the
cochain complex

QL= Qb ) L @t g

Observe that while df A is an S-linear operator, V, is only K-linear.

DeFINITION 2.8. Let f € S have degree » (> 0) and let ¢ € Z. Then we can
define an increasing filtration of the cochain complex .Q?; in the same manner as
in the case of .Q* in Definition 2.6. In other words, subcomplexes (Q’;)Sq =
(%) <,(d) are defined by

* Vr » Vs p+1 Vs Vs !
(Qp) <q: > R gvo-nr > R v+ > »0R.,— 0.

For each q € Z, define the complex
Gr, Ry = Gr,Qy (d) = (25) £, /(27) <.

The following observation is easy but important:

LEMMmaA 2.9.

Gr,2; = Gr,2%, ¢q€Z.

q

Proof. Note that df A is the part of the highest degree in the definition of V,
because f > 0. The result is now obvious from definition. ]

Remark. This shows that the spectral sequences of these two filtered com-
plexes share the same E,-term. If the both spectral sequences degenerate at
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E,-term, then we have H*(2%) = H"(2}),

3. Splitting of Q" for central arrangements

Only in this section, let 4 denote a central (I + 1)-arrangement in V. Let x,,
Z,...,Z be linear coordinates for V.

First we need to recall the S-module D(sf) dual to £'(«) (see [6, 4.1]). Let
Derg (S) be the (free) S-module of all derivations of S over K. Then

D(d) = {6 € Derg(S) | 6(Q) € QS).

While D(#) can be defined in the same way for all arrangements in the case of
central arrangement D(4) has a very important element O, called the Euler de-
rivation and defined by

!
6, = > z,0/0z,
i=1

Let 1 < p < [ There exists an S-bilinear map (called interior product)
(> D) X Q°(d) — Q77 ()
with the following properties (see [6, 4.73, 4.74))
(1) €8, w, A wy =<8, w) A w,+ (— D’w, A<B, vy,
(2) <0, df> = 6(f)

for all 0 € D(A), fE S, w, € R° (), and w, € (). We will often use the
properties (1) and (2) without reference.

Now assume that & contains the hyperplane H, = ker(x,) and let p be an in-
teger. Define two S-module homomorphisms

¢, 2> Q"7 and §,: Q" — "

» 4T,

via ¢5(@) = (= 1)*7b, @ and §,(w) = (— 1)’ =

N w. We will often omit

the indexes from the notation.
The following equalities can be checked easily ((3.2) is sometimes called H.
Cartan’s homotopy formula):

(3.1) #*=0,06"=0,
(3.2) $0 + 0¢ = idgp.
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The equalities (3.1) and (3.2) imply in particular that the following sequence is
split exact

[
(3.3) 0K - Q"> K""—0
where K’ = ker(5,,) and the splitting can be given by the restriction of ¢,,, to
Ki?+l
Clearly both mappings ¢ and 0 preserve the (total degree) grading Q' =
® ,2) where Q7 is the homogeneous part of tdegree g of 2°(d). Thus K’ =

@qK: is a homogeneous submodule of 2’ and (3.3) produces for every g the exact
sequence of linear spaces

4
(3.4) 0— K/ —Q/—K)"—0.

Now fix a homogeneous polynomial f € S of degree # (» > 0) and consider the
cochain complex * = (Q*, df N\) defined in the previous section. Clearly 0
commutes with df A whence K* = (K*, df A) is a subcomplex of %=
(.Q*, df N\) and (3.3) generates the exact sequence

35) = HK"—H (K" - H Q> H"KH > HTEKH— -

PROPOSITION 3.1. For every p the commecting homomorphism 71: H”*(K™) —
H”(K™) in (3.5) is the action of f = (— 1)*7'#f on the S-module H* (K™).

Proof. Let w € K*, df Nw =0, and [w] is the class of w in H*(K™).
Since ¢ splits the homomorphism 6 : 2°~' — K’ one can view 7([w]) as the class
of df N\ ¢(w). Now we have

df A ¢(@) = (= 1)"7df A {0, 0> = (— 1)’ (b, df A 0> + (b, df> )
= (—D""0,(Ho = fo

which completes the proof. O

Finally let f € S be a homogeneous polynomial of degree 7. Recall that df A
is homogeneous of degree + 7 with respect to the grading by total degree and that
the complex 27 is the direct sum of the complexes £, where Q) consists of the
linear spaces .Q:j,(,_,),. Similarly K* = EBqKq* and (3.5) generates for every ¢ the
analogous exact sequence of the cohomology spaces of complexes .Q,,* and Kq*:

(36) - —H(K')—>H(K})—H QH—H"(K))—>H""(K})— .
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4. Restriction of forms to affine arrangement

In the rest of the paper & is an affine l-arrangement in an affine space V
over a field K. Let x,, .. .,x; be affine coordinates. Let ¢V be an affine (I + 1)-
space with coordinates x,, X, ..., Z;. Regard V as an affine hyperplane of ¢V de-
fined by x, = 1. Let S° = Kl[x,, x,,.. ., x,] be the coordinate ring of cV.

For each g € S define the homogenization of g as

g =z g(z,/x,,...,2,/7,)
where deg g is the degree of g. Clearly gh € S° and is homogeneous of the degree
g If s € S° then we put e(s) = s (x,=1). Clearly ¢: S°— S is a ring homo-
morphism and E(gh) = g for every g € S. There is a unique é-homomorphism of
the S°-module £2°(cV) to the S-module 2°(V) that maps dx; N\ -+ Adx; to itself
if none of the indexes ¢; is 0 and to O otherwise. We denote this homomorphism
also by e.

DeriviTioN 4.1, Let of = {H,,..., H,} and Q = II)_, a; be a defining polyno-
mial for &. The cone cd of & is defined as the central arrangement in ¢V given by
. c h n h
the polynomial @ = x,Q@" = z,Il;_, a;.

The goal of this section is to relate the modules of logarithmic forms on ¢4
and &. For that we put Q% = Q%(cA) and use the notation of the previous sec-
tion for the differentials and submodules of Q2*.

DerFINITION 4.2. Let w € K”*'. Call the restriction of  to & the form

o(w) = ep(w).

ProposiTiioN 4.3. (i) p(w) € 2°(A) for every w € K**".
(i) p: K" — Q"(d) is an e- homomorphism of an S -module to an S-module.
(iii) The homomorphism o is surjective.
(iv) ker p = (z, — DK"*"

Proof. (i) Let w € K**'. Clearly Qo(w) € 2°[V]. Now let i € {1,. .., n}.
Since ¢(w) € 2°(cd) we know, by Proposition 2.2, that a; divides da; A
Qc¢(w). Applying € to the coefficients of the latter form we see that a; divides
da; N\ Qo(w) which proves the statement again by Proposition 2.2.

(ii) Clear by definition of p.
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(iii) Let
n= > deiA---/\dxiEQﬂ(d).
1< ip<een<iy <1 Q ! ’

Denote by 7 the maximal degree of the polynomials f; where I = (¢y,. .., 4,) and
define f, as the homogeneous polynomial from S° of degree m such that e(f,) = fr
Now put

dr f

Ty 1 Q

where dz; = dx; A -+ A dx;,.

Our goal is to prove that € 2°*'(cd). Clearly Q°w € 2°*'[¢V] and dz, A
w=0.Leti € {1,...,n. We know, by Proposition 2.2, that e, divides the form
da; A\ @n, ie., a; divides every coefficient g; of dx; = dr; N - A dxj“1 in this
form. This implies that a? divides g,h. Notice that g,h is a linear combination over
K of the coefficients f; of @7. Let us compare g,h with the respective coefficient g,
of dzy N dx; N\ --+ Adzx;  in the form da! A Qw. Notice that both g,h and ¢
are homogeneous polynomials having the same images under & and deg(g,) =
deg(g,h)‘ Thus ¢; = x(f g,h for some non-negative integer s. This implies that a:' di-
vides da:' A Qw and w € 2" (cd) by Proposition 2.2.

To complete the proof one should notice that d(w) = 0 by construction and
check that p(w) = £ 7.

(iv) Clearly (z, — DK"* < ker(p). Suppose that € K*** and p(n) = 0.
Represent ¢(n) = dx, A n, + 1, where 7, and 7, are forms without dx, and such
that Q°n, € 2¥[cV] (i = 1,2). Since p() = 0 we have by definition of o that
n, = (xr, — 1)1, where again Q“n, € 2*[cV]. On the other hand we have 1 =
0p(n) + ¢o(n) = dp(n) = 0n, = (x, — 1)0n,. One checks easily that On, €
K™ which completes the proof. ]

p+1

Remark. 4.4. For any 1 € 2°(d) represent it as in the proof of (iii). Let ¢ =
m — n + p. Then we have tdegn < ¢ and the proof of (iii) shows that there exists
w € K™ such that p(w) = 7.

CorOLLARY 4.5. Consider the structure of S*-module on S given by e. Then for
every p, Proposition 4.3 defines the isomorphism of the following S-modules

Q') = K™ Qs S. d
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We will also need a graded version of Proposition 4.3. Recall the increasing
filtration in 2.4 -+ C Q%L (d) C QL . (d) C - - C Q°(d) where Q% () =
{we Q' () |tdeg(w) < g}. Also recall the associated graded module
GrQ’ (d) = @ ,Gr 2" () where Gr,2" () = Q2 (4)/ 2% ,_ ().

Now fix p € {0, 1,..., I} and ¢ € Z and denote by 7 the standard projection
Q;q(d) — Gr, .Qp(.szﬂ) Clearly the restriction of o defines a linear map KM1
Qiq(d) that we still denote by p. Put ¢ = 7o : Kf“ - Gqup(szﬁ).

ProrosiTiON 4.6.  The following sequence is exact
(4.1) 0— K5 K5 Gr 2 (4) — 0.
Proof. The surjectively of o follows from Remark 4.4. It suffices to prove
that kero—onf_“. Clearly on” Ckero. Let n €Ekero, ie, plp €
<q (). Then by the surjectivity of ¢ and Proposition 4.3 (iv) there exist
g <gq,nE K;i“, and 7" € K’ such that n — n = (x,— 1" If 5, is the

homogeneous component of 1” of maximal degree then 1 = x,n, which completes
the proof. L]

5. A formula for the characteristic polynomials of affine arrangements

Use the same notation as in the previous section. Let p and g be integers. By
(3.4), we have

(5.1) dim 2! (¢sf) = dim K™ + dim K.
Also, by (4.1), we have
(5.2) dim Gr, 2’ (¢) = dim K" — dim K.

Since 2%(c) is doubly graded, we can naturally define the Poincaré series
Poin(Q2*(cs) ; z, y) in two variables by

Poin(Q*(cd) ; z, y) = Z (dlmQ (c))x'y

Similarly we can define Poin(K™; z, ) and Poin(Gr2™(«) ; z, y):
Poin(K™; x, y) = Z (dim KD x'y’,
(5.3)
Poin(GrQ*(d) ; z, y) = Z (dim Gr,2° () zy

https://doi.org/10.1017/5002776300000533X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300000533X

140 HIROAKI TERAO AND SERGEY YUZVINSKY

PRrOPOSITION 5.1.

Poin(Gr2* () ; z, ) = 1 — 2) (1 + ») 'Poin(R*(coA) ; z, ).

Proof. By (5.1) we have
Poin(Q*(cd) ; 2, ) = 1 + y HPoin(K™; z, y).
By (5.2) we have
Poin(Gr2™ () ; z, y) = (y™" — 2y HPoin(K™; z, v). ]

The following result is essentially due to Solomon-Terao [9] [6, Proposition
4.133, Theorem 4.136}:

TueoreM 5.2. (1) W(ed ;x, D) = Poin(Q*(c.szﬂ) i, a-n=1 _;)— 1> has o
pole at x =1,
(2) Wled ;1,0 = xled, 1). 0

Remark. In [6], the results are stated in terms of pdegree instead of tdegree.
This is why they appear slightly different.

The following result is the affine generalization of Theorem 5.2. It contains
Theorem 3 in the Introduction.

(1l—on—1

TreoreM 5.3. (1) ¥(d; x, D := Poin(GrQ*(ﬂ) iz, p

) has
pole at x = 1,
(2 Td;1,0=yx4,0.
Proof. Sety =z '(t(1 — 2) — 1) in Proposition 5.1. Then we have
U(d; z, ) =Poin(GrQ™ () ;z, 27 (t(1 — ) — 1))
= t—fTPoin(Q*(cﬂ) ;X x"f(t(l —r-—1))
=z(t— 1D Wd; z, 1).

Since x(cd,t) = (¢ — 1)y (d, ®) (e.g,, [6, Proposition 2.51, Definition 2.52))
Theorem 5.2 completes the proof. ]
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6. Relations between cohomology of affine arrangement and its cone

Use the same notation as the previous section. Fix a polynomial f € S of de-
gree v > 0. Letfh € S’ be the homogenization of f. As in (3.3), the exterior multi-
plication by dfh defines a complexes (K*, dfh A) = K* for the cone c¢d. Also
the exterior multiplication by df defines another complex (2*(d), df A) =
2%(d) as in 2.5. The goal of this section is to relate the cohomology of these com-
plexes.

PROPOSITION 6.1.  The homomorphisms 0 define a homomorphism of the complexes
K*— Q*(d) that decreases dimension by 1.

Proof. It suffices to prove that p commutes with the differentials. Let w €
K”*' Notice that e(w) = 0. Using this we have

0@f° AN w) =epldf A w) =e((—D™"0,(fVw + df° A p(w))
=¢e(df) A p(w) = df A p(w)

that proves the statement. O
COROLLARY 6.2.  We have the short exact sequence of complexes
-1
6.1) 0—K*S K*% 0%) — 0. O

COROLLARY 6.3.  We have the following exact sequence of modules

= HPUEY S BN — BHY(QF(A))
(6.2) el s
*"HHZ(K*) _)al+ (K*)‘—’ D

COROLLARY 6.4. Comsider the complex 2% (cd) = (Q%(cd), df" N) and sup-
pose that H** (2% (cd)) = 0 for some p. Then H* (2™ (o)) = 0.

Proof. Put H' = H'(K™) for every i. It follows from (3.5) and Proposition
3.1 that the action offh on H™*'is surjective. Since H?*' is a graded module and
" is homogeneous of positive degree this implies that H**' = 0. Since H**? is
also a graded module and x, has a positive degree the action of z, — 1 on H™? s
injective. Now the result follows from the exact sequence (6.2). O
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The rest of the section concerns cohomology of a complex containing more
subtle information about 2% ().

Fix an integer ¢ and recall the complex Gr, (#) = Gr, from Definition 2.6.
Denote by Gr™ the direct sum of the complexes Gr: for all ¢. Then it follows from
Proposition 6.1 that the differentials commute wih ¢ whence (4.1) defines the
short exact sequence of complexes

(6.4) 0—K*3K*— Gr*— 0.
The sequence (6.4) induces the exact sequence of cohomology
(65) . HP+1(K*) _ﬂ’) HP+1(K*) _ HD(GI_*) _ HIH'Z(K*) i’) Hﬁ+2(K*) .

Now we need certain information about the annihilator Ann(H?) of the
S°-module H” = H?(K™). Define

Dy(csd) = {6 € D(coA) | O(x,) = O}.
PROPOSITION 6.5. Let € D,(csl). Then 6(f") € Ann(H”) for every p.

Proof. Let w € K’ and df " A @ = 0. Then we have
0=1406,df" Nw)=0"w—df" A <8, w.

Since 6 € D(cd) then n = <6, w> € Q" *(cd). To prove the result it suffices to
check that 7 € K*7') ie., dz, A 7 = 0. We have

dz, A\ <6, w> = 0(x)w — <0, dxy \ @
that is O since (xy) = 0 and w € K”. ]
It suffices for our purposes to use only a particular case of Proposition 6.5.
For any X € L(c)\{0} put 7y = yey, @y Besides for any nonzero vector

a € cV denote by 9, the derivation of S° that is the differentiation in the direc-
tion of a.

COROLLARY 6.6. For any nonzero X € L(cd) and nonzero vector a € X N H,
we have 740,f" € Ann H”.

Proof. Due to Proposition 6.5 it suffices to check that mxd, € Dy(cd). The
check is straightforward. ]
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DEFINITION 6.7. A polynomial f is & -transverse if for every X € L(cd) the
restriction of its homogenization fh to X has no critical points outside the origin.

Note that this is a generic condition for f with a fixed positive degree.

LEMMA 6.8. Suppose that f is oA-transverse. Let Do(cd)fh ={0(f"]6e
Dy(cd)} and S, = {g € S"| g(0,...,0) = 0).

(1) Let I, be the ideal of S° gemerated by f© and Dy(csd) f". Then the radical of
I, is equal to S5.

(2) Let I, be the ideal of S° generated by x, and Do(cxﬂ)fh. Then the radical of
I, is equal to S;.

Proof. (1): We can assume that the field K is algebraically closed by passing
to its algebraic closure if necessary. Let I = I, and V(I) the set of zeros of I. By
the Nullstellensatz it is enough to show that V(I) is contained in {0}. Take arbit-
rary v € V(I) and find the maximal X € L(ce) such that v € X. Suppose X #
0. Then due to Corollary 6.6, nxaafh € [ for every vector a € X N H,. Since
7,() # 0 we have 9,f"(v) = 0. Since f is #-transverse, the restriction of f” to
X cannot have a critical point at ». This is a contradiction.

(2) The proof is similar. O

Now we are ready to prove one of the main results of the paper. The follow-
ing theorem is Theorem 4 in the Introduction.

THEOREM 6.9. Let f be d-transverse. Then the following conditions are equiva-
lent for every p;

(i) H (@ (cd)) =0,

(i) H(Gr™ =o.

Proof. Consider the exact sequences (3.5) (taking into consideration Proposi-
tion 3.1) and (6.5). Since H"™ (K™ is a graded S°-module and both fh and x, are
homogeneous of positive degrees, each of the conditions (i) and (ii) implies that
H" K™ =0. Put Z= U jepeeum I where H= H""*(K™). It suffices to prove
that f* € Z if and only if z, € Z.

Suppose I € Ass(H) and f* € I By Proposition 6.5, D,(ce) f* < I. Since
fh € I, Iis a prime ideal containing I, in Lemma 6.8 (i). Thus I contains S; and,
in particular, x,.

Now suppose I € Ass(H) and x, € I Using reasoning similar to the above
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and applying Lemma 6.8 (ii) we conclude that I contains S} and, in particular, fh.

g

7. Results on H(2%) and H’ (Q;)

Use the same notation as the previous section.
The following theorem contains Theorem 1 in the Introduction. Recall the de-
finition (1.1) of the characteristic polynomial x («, £).

THEOREM 7.1. Suppose f € S, deg f = r > 0, is A -transverse. Then

(1) the cohomology groups H Q™) and H?(Gr™) are finite dimensional for all p,

(2) the Euler chavacteristics (= the alternating sum of dimensions of cohomology
groups) of the complexes Q™ and Gr™ are both equal to x (4, 1 — 7).

Proof. (1): We only need to show that H?(Gr™) is finite dimensional. Thanks
to the exact sequence (6.5) it is enough to prove that the kernel and the cokernel
of the multiplication map of x,: H*(K*) — H*(K™) are both finite dimensional.
Recall H” (K™) is annihilated by D,(c)f" by Proposition 6.5. Thus both the ker-
nel and the cokernel are annihilated by x, and D,(c#)f". By Lemma 6.8, the
radical of the ideal generated by x, and Do(cd)fh contains S;. This shows (1).

(2): Let Ef’q be the spectral sequence associated with the filtered complex
{qu}. Then E/* = HHq(Gr:,) = 0 except for finitely many pairs (p, @) by (1).
So we have

> (= 1? dim H*(Gr™)
?

i

(= 1D"dimEM =3 (- D" dim E}*
ba b.q

=2 (- D"dim EX* = X (— 1)’ dim H*(2%).
ba »
Therefore it is enough to prove the statement for Gr™. Recall Poin(Gr2*(d) : z, y)
from (5.3) and set y= — &~ . Then we get
Poin(Gr2*(d) : z, — x™") = ¥ (dim Gr, 2"z (— z ™"’
P
=X 2" 2 (= 1)’ (dim Gr,yy (1, 2"
m ?

=3 (— 1" dim H* (Gr}).
m b

On the other hand, recall
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(1 — o —1>

U(d;x, 1) = Poin(GrQ*(d) 1z, p

from Theorem 5.3. Set t= (1 — 2" A —2 ' in ¥(«; z, #) and take the limit
of x— 1. Then, applying Theorem 5.3, we have
x(d, 1= =lm¥(d;z, 1 —2"7)A— 27" =limPoin(GrQ™(d) : 2, — 27

z—1 z—1

= % dim H?(Gr™). U]

The following condition (for central arrangements) was introduced, without
name, in [7, Definition 5.4]:
DEerINITION 7.2. Let pd denote the projective dimension over S. If
pd 2°(dA) < pfor0< p <1,

then we say that o is tame.
The following result is well-known (e.g., see [7, Theorem 5.8]):

TueoreM 7.3. Let S = Clxy, x,,...,x,] be a polynomial ring. Let
dy d;
606" —%— -

be a cochain complex of finite S-modules. Suppose that each coboundary map d is
S-linear. Assume that each cohomology group H “(€) is finite dimensional over C. If
a nonnegative iteger q satisfies

pd€’ <1+ p—gq forallp,
then HY (") = 0. O

THEOREM 7.4. If & is tame, then we have H*(Q%) =0 (p # D) and dim H' (™)
=|x(d, 1 — 9| for every A -transverse polynomial f of degree r > 0.

Proof.  Since the cohomology groups H’(2%(#)) are finite dimensional and
the differential df A is S-linear, we can apply Theorem 7.3 to conclude
H?(Q™) =0 (p # I). Apply Theorem 7.1. U

DeriNITION 7.5. The affine arrangement is called free if the S-module
Q' () is a free S-module.
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Remark. In [6], the definition of free arrangement is given only for central
arrangements. We can show that an affine arrangement & is free if and only if its
localization o= {H € o | X € H} is a (central) free arrangement for all X €
L(d). We can also show that 27 () = ALQ'(d) for all p if o is free.

The following is corollary from Theorem 7.4:

COROLLARY 7.6. If an affine I-arrangement & is free, then we have H*(2%) =0
D+ D and H(Q) = | x(d, 1 — P | for every d-transverse polynomial f of degree
r > 0. [

We also have the vanishing of the three lowest cohomology groups for any
affine arrangements:

PROPOSITION 7.7. Let f be an arbitrary &-transverse polynomial of a positive de-
gree. Then

1) H'@H =0 i >0,

@ H@H=0 i 1>1,

3) H'@% =0 if 1>2

Proof. Same as the proof of Proposition 5.15 in [7]. L]

CoroLLARY 7.8. If A is an affine l-arrangement with | < 3, then we have
H @Y =0@+1) and dmH' Q™) =|x(d, 1 — P | for every d-transverse
polynomial f of degree v > Q. 1

Next we finally get results concerning the dimensions of cohomology groups
of the complex Q’;. The following theorem contains Theorem 2 in the Introduction.

THEOREM 7.9. Suppose f € S, deg f = v > 0, is d-transverse. Then

(1) the cohomology groups H® (.Qi) and H® (Gr.Q;) are finite dimensional for all p,

(2) the Euler characteristics (= the alternating sum of dimensions of cohomology
groups) of the complexes .Q; and Gr.Q$ are both equal to x (4, 1 — 7).

Proof. Recall H’(Gr,2%(d)) = H’(Gr, 2} (4)) from the Remark to 2.9.
Thus we can prove this by the same method as in the proof of Theorem 7.1. ]
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The following theorem is Theorem 5 in the Introduction.

THEOREM 7.10. Let f be an o -transverse polynomial of degree v > 0. If the cone
cd of A satisfies H (Q%(c)) =0 for all p # 1+ 1, then H (23) =0 for all
p #+ | and dim H I(Q’;) =|x(d, 1 = )| for every d-transverse polymomial f of de-
gree v > 0.

Proof. Since H*(2%(cd)) = 0 for p # 1+ 1, we have Hp(Grq.Q*(d)) =0
for p # I, ¢ € Z by Theorem 6.9. Since H"(Gr,2*(#)) = H’(Gr, 27 (4)) from
the Remark to 2.9, the spectral sequences of filtered complexes {qu} and
{(Q}) <} are both E;-degenerate. Therefore dim H’(2%) = dim H’(2}). ]

The following result is one of the main results in [4]:

CoroLLARY 7.11. If A is in gemeral position (for the definition, e.g., see [6, De-
finition 5.19)), then H'(23) = 0 (p # I) and

!
aim H'©@p) =1 x@, 1-n1=3(," )¢
1=0 ]

for every - transverse polynomial f of degree v > 0.

Proof. When o is in general position, its cone ¢4 is a generic arrangement
(for the definition, e.g., see [6, Definition 5.22]). We have H* Q™ (cd)) =0 @p+1
+ 1) by Proposition 5.12 in [7]. The characteristic polynomial x (4, D of & is
directly computed. J

CoroLLARY 7.12. If A is an affine l-arrangement such that its cone cd is free
with its exponents (for the definition, e.g., see [6, Definition 4.25)) {1, b, b,, . . .,
b} then H'(23) =0 (p # ) and

1
dmH'(2p) = x4, 1 =P | =1 (&, + ¢
i=1
for every A - transverse polynomial f of degree v > 0.

Proof  Since cd is free, we have H*(2*(c#)) = 0 (p # 1 + 1) by Corollary

7.6. Also its characteristic polynomial x (c, #) is equal to (f — 1) II._, (t — b,).

Therefore x (4, ) = Hle (t — b,) by [6, Proposition 2.51, Definition 2.52]. Apply
Theorem 7.10. ]
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COROLLARY 7.13. If o is a 2-arrangement, then H® (.Q?;)) =0 #* 2) and
dim H*(Q3) = x4, 1— 1|

for every A - transverse polynomial  of degree v > Q.

Proof. 1f [l = 2, then ¢4 is a central 3-arrangement. Apply Corollary 7.8 and
Theorem 7.10. U

ExaMPLE 7.14. Let an affine arrangement o be defined by

1 i
Q=N 0@+ &—-1 O @+z) IO (-—uz).
i=1 i=1 i=1 1<i<j<l 1<i<i<l!
Then ¢4 is a Coxeter arrangement of type B,,, whose exponents are {1,3,5,...,

21+ 1}. Therefore c¢d is free (e.g, [6, Theorem 6.60]. By Corollary 7.12,
H’ Q%) =0+ D and

1
dmH'(23) =T Qi+ 1+ ¢)
i=1

for every 4 -transverse polynomial f of degree » > 0.
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