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D-SPACES AND RESOLUTION

ZINEDDINE BOUDHRAA

ABSTRACT. A space X is a D-space if, for every neighborhood assignment f there
is aclosed discrete set D such that | Jf(D) = X. In this paper we give some necessary
conditions and some sufficient conditions for a resolution of atopologica space to be
a D-space. In particular, if aspace X is resolved at each x € X into a D-space Yy by
continuous mappings fyx: X — {x} — Yy, then the resolution is a D-space if and only if
UJ{x} x Bd(Yy) isaD-space.

1. Introduction. Unless explicitly stated, no separation axioms are assumed. A
neighborhood assignment for a space (X, T ) isafunctionf: X — T such that x € f(x).
A space X isaD-spaceif, for every neighborhood assignment f thereisaclosed discrete
set D such that Jf(D) = X, [3]. As noted in [1], the property of being a D-space is a
delicate covering property; for instance, it is not known whether each Lindel of Ty space
isaD-space.

A fundamental operation in the construction of topological spaces is resolution. It
will be shown that the resolution of a D-space X at each x € X into a compact space Yy
isalways a D-space.

The main result of this article is Theorem 2.8 where we establish a necessary and
sufficient condition for aresolution of an arbitrary topological space X to be a D-space.

2. Resolutions of D-spaces. All spaces considered in this section are T;. Suppose
that X isatopological spaceand {Yy : x € X} aretopological spacesand, for eachx € X,
fx: X — {Xx} — Yy is acontinuous mapping. For each open set U, C X such that x € Uy
and each open set W C Yy welet

Ux @ W= ({x} x W) UJ{{X'} x Y 1 X' € Uyn it (W)}
Thecollection {U,®W : x € X} isabasisfor sometopology onZ = J{{x} x Y : x € X}.
We call Z the resolution of X at each x € X into Yy by the mapping fx.

LEMMA 2.1. Let Z be a resolution of X and V' be an open cover of Z. Let xg € X
and suppose that Yy, is compact. Then there is an open set Uy, such that xo € Uy, and
Uy, @ Yy, iscovered by finitely many elementsof V.

For a proof, see the fundamental theorem of resolutions [3].
THEOREM 2.2. If X isa D-space and each Yy is compact, then the resolution Z of X
isa D-space.
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PrROOF. Let F:Z — Tz be a neighborhood assignment for Z. For each (X,yy) in
{x} x Yx choose abasic neighborhood U, @ W, of (x, yx) suchthat Uy @ W, C F(X, Yy).
By compactness

Ux @ Wy ... U™ @ Wpe cover {x} X Y.

Let Vi =ML, Ul. By an argument similar to the proof of Lemma 2.1 we have
, , Ny Ny .
Ve @ Yy = J{{X} X Yoo 1 X € Wi} C U U, @ Wy C© U F(X. )
i=1 i=1

DefineG: X — Tx by G(x) = V, andlet Dy beaclosed discrete set suchthat X = | J G(Dy),
that isX = [J{Vx : X € Dx}.

LetDz = {(x,}}) :i=1,....ng,x € Dx}. If (x,y) isin Z, then thereis xy € Dx such
that x € Vy, and hence

(X.Y) € Vig ® Y, C le F(%0.Y,,) € UF(D2)

that is, Z = UF(Dz) and it remains to prove that D7 is a closed discrete set. For this
purpose, we show that Dz has no cluster points.

Let (x,y) beapoint in Z. First we assume (X, y) = (x, Y,) € Dz. Then x belongs to the
closed discrete set Dx. Let H be an open set in X such that H N Dy = {x} and choose a
neighborhood W of yj sothat yi, # Wfori #j. Then (HNf,{(W)) NDx = {x}Nf (W) =
0. 1t followsthat U{{x'} x Y, : X € HNf, (W)} N Dz = and

(H®W)NDz = ({x} x W) N Dz = {(x )}

That is (x, y) = (x, ) is not acluster point of D.
If (X,y) € Z— Dg, then either x ¢ Dx and hence

(x.y) € X—=Dx) @ Yo = J{{X} X Yy : X € X—Dx} € Z—Dy.

orx e Dyandy#y, fori=1,..., N In this case we choose a neighborhood W of y

sothat WN {yk, ..., y} = () and a neighborhood H of x so that Dx N"H = {x}. Then

(H® W) N Dz =0 and again (x, y) is not acluster point of D.

DEFINITION 2.3. LetZ bearesolution of X at each point x € Xinto Yy by the mapping
fy. Let BAd({x} X Y) bethe boundary of {x} x Yy inZ, and let my: {x} x Yx — Yy bethe
projection map. The subset Bd(Yy) = nX(Bd({x} X YX)) is called the boundary of Y.

Therefore, y € Bd(Yy) if and only if for every neighborhood Uy of x and for every
neighborhood W, of y, we have Uy N f -1 (W) # 0 [3].

LEMMA 2.4. Let Z be a resolution for X. Suppose that for each x € X either
Bd(Yx) = {bx} or Bd(Yy) = (). Let Q be the set of x € X for which the boundary is not
empty. Suppose that for every neighborhood Uy of x and every neighborhood W, of by,
(UX N f;l(be)) U {x} isan open set. Then Q is homeomorphic to a closed subspace of
Z.
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PrROOF. Let Qz = {(x,by) : x € Q}. Let (X,yx) € Z — Q. Either x Z Q, hence
Bd(Yx) = 0, or x € Q and yyx # by. In either case there are neighborhoods U, and W,
such that Uy N 1 (W) = 0. Thus (x,y) € Ux @ W, = {x} x W, C Z — Q.

Therestriction f of the projection 7: Z — X to Q7 is a continuous bijective map onto
Q withinverse

f71x):Q — Qs xi— (X.by).

Let G = (Uy ® W) N Qz be abasic open set. Then

UL W) NQ) U {x} if b, € W, (hencex € Q)

MO =] Ut 2wy n e if by # W,

in either case f(G) isopenin Q.

COROLLARY 2.5. If for each resolved point x, Bd(Yy) = {bx} and for every neigh-
borhoods Uy and W, of x and by the set (U, M f,-%(Wh,)) U {x} is open, then X is
homeomorphic to a closed subspace of Z. In particular, if Z is a D-space then X is a
D-space.

COROLLARY 2.6. Assume that we resolve only isolated points of X. If Z isa D-space
then X isa D-space.

PrROOF. Let Ix bethe set of isolated points of X; then Bd(Yy) is empty whenever xis
inlx. Thus X — Ix = Q isaD-space. The result follows from the following proposition.

PROPOSITION 2.7. If X = X; U Xp, with X; and X, D-spaces and X; closed, then X is
a D-space.

With less effort, one can show that the resolution of a Lindeldf space X into compact
spaces is always Lindelof; the proof is a simple application of Lemma 2.1. However,
there is no analogue to the following result for Lindel 6f spaces.

THEOREM 2.8. The resolution Z of a space X at each point x into a space Yy is a
D-spaceif and only if J{{x} x Bd(Yy) } isa D-spaceand for eachx € X, Yy isa D-space.

ProOF. Let Q = {x € X : Bd(Yyx) # 0} and let F:Z — Tz be a neighborhood
assignment for Z. For each x € Q and by € Bd(Yy) we choose a basic neighborhood
Uy © W, such that (x,by) € Ux @ Wb, C F(x.by). Let A= U{{x} x Bd(Y)}. Define
Fa:A— Taby Ta(x, by) = (Ux@Wp,)NA. Since AisaD-space, thereisaclosed discrete
set Do C A such that A = J{[a(d) : d € Da}. We note that D, is indeed closed in Z
since Ais a closed subset. To simplify our notation, we let

0 = U{f3 *(Wh,) N Ug : (d. by) € Da},
Wy = U{Wbd 1 (d.by) € DA}, and
7. Z — X be the projection map.
Thus Z — U{Ug ® Wh, : (d. bg) € Da} isequal to

U{{d} x (Ya—W) 1 d € (Da) — 0} UUJ{{X'} x Yy : X € X— (0U(DA)) }.
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For eachd € m(Da) — 6 welet By = {d} x (Yg — Wy). Define
Fg:Bg— Tg,. (d.y) — BgNF(d.y)

gnd let §; C By be aclosed discrete set such that By = [J{4(S) : s € S}. Finally, welet
8= {S : d € n(Da) — 6}. Clearly,

B=|J{By:d e n(Dp)— 0} CJ{F(s) :s€§}.
Thus it remains to cover the subset of Z given by
T=U{{X} x Yy : X € X— (Un(Dn))}-
For this purpose we note that
X — (U m(Da)) C X —Q={x € X:Bd(Y) = 0}.
For eacha € X — (§ U n(Da)) we define
Fa:{a} x Ya— Tiayny, by (@ Y) — F(a,y) N {a} x Ya.
Let R, be aclosed discrete subset of {a} x Y, such that
{a} x Ya={Ta(r) : r € Ra}.

Put R=U{Ra:a e X— (0Un(Da))}. Clearly, T C U{F(r) : r € R}.

Let D = Da U SU R. We shall prove that D has no cluster points, hence D is aclosed
discrete set with Z = | F(D).

Let (x,y) be an arbitrary point in Z. We divide the proof into two cases.

CASEL X ¢ 60U m(Da).

Inthiscasex € X— (AU w(lSA)) and hence (x, y) € T. Aswe noted before, x must be
in X— Q and hence Bd(Yy) isempty. Therefore there are open sets G, and Vy, containing x
andy such that GxNf, (Vy) = . In other words, (x, y) € Gx®Vy = {x} x V. Sinceeach
element of DA U Sisof the form (d, ) for somed € Q, the open neighborhood Gy ® Vy
does not intersect DaUS Thus G, ® Vy intersects at most R. Since G, ® Vy C {x} x Y4,
we have (Gy® Vy) N R=(G® Vy) NRy. But R, hasno cluster pointsin Z, hence thereis
an open set H containing (. y) such that HN (Gx ® Vy) "Ry isat most {(x. y)}. It follows
that (x, y) ishot acluster point of D.

CASE2. X € OU 7(Dp). .
If xisin 6 then x € f;1(Wh,) N Ug for some (d, by) € Da, thus

(X Y) € Ug @ Wh, = {d} x Wh, UJ{{X} x Yy : X € 5 (Wh,) N Up, }-

From the definitions of B and T we obtain, (Ug @ W,,) N (BUT) = (). SinceSC B and
R C T wehave (Ug @ Wh,) N (SUR) = (). Therefore (Ug @ Wh,) ND = (Ug @ Wh,) N Da.
Now the result follows from the fact that D is a closed discrete subset of Z.
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Therefore we may assumex =d € 7r(I5A) — 6. Let us divide the rest of the proof into
two sub-cases.

(i) y € Bd(Yy): then (x,y) € Aand (x.y) = (d.y) € Uy @ Wh,,. But if d # d’ then
(d.y) € U{{X} x Y : X' € Ug Nfg(Wh,)} and hence x € Uy Nfg1(Wh,) C 6 which
contradicts x € m(Da) — 8. Therefore (x.y) = (d.y) € Ug ® Wy, and the rest of the
argument is exactly the same as the one used in the previous paragraph.

(ii) y ¢ Bd(Yy): we choose aneighborhood of (x,y) = (d.y) of theform (Gy @ Vy) =
{d} x Vy C {d} X Yy i.e, Gy ﬂf&l(Vy) = .

The open neighborhood (G4 ® Vy) does not intersect D for: if (a, 3) € DaN(Gy®Vy),
then o = d and 3 = by for some by € Bd(Yq) and Gy N f31(Vy) would be non empty
sinceby € Vy.

The neighborhood (G4 ® Vy) does not intersect R for: if (d,7) € (Gq @ Vy) N R, then
(d.7) € RC Twouldimply d € X — (§Un(Dp)).

Therefore (Gg ® Vy) N D = (Gy ® Vy) NS= (Gy ® Vy) NS, and the fina conclusion
follows from the fact that §; is aclosed discrete subset of Z.

For the converse, we observe that both {x} x Y, and J{{x} x Bd(Yy)} areclosedin
Z; hence they are D-spaces.

Resolutions of each point into an arbitrary space by constant mappings are important
and they are the source of several famous spaces[3].

COROLLARY 2.9. Let Z be a resolution for X by constant mappings. Then Z is a
D-spaceif and only if X isa D-space and for each x, Yy isa D-space.

PROOF. Suppose that fy(y) = by. If Ix is the set of isolated points of X, then by
Lemma 2.4

X—lIx > {(x.by) : x € X—Ix} = [J{x} x Bd(Yx).
The result follows from Proposition 2.7 and Theorem 2.8.

COROLLARY 2.10. Assume that we resolve only isolated points of X. Then Z is a
D-gpaceif and only if X isa D-space and for each x, Yy isa D-space.

PrROOF. Theresolutionisindependent of the mapping fx sinceweresolveonly isolated
points.

ExaMPLE. Theresolution of aLindelof space X at each point x into aLindel of space
Yy need not be Lindelof even if |J{x} x Bd(Y) is Lindelof.

Let X = (0,1) regarded as a subspace of the Sorgenfrey line. We observe that a
resolution Z is discrete if and only if each Yy is discrete and has empty boundary.
For each x € X, choose an integer ny large enough so that (x — ~,x+ &) C X. Let
Y= {x+ 5 1i=01,.. .}

Letlo=(0,x— n—lx)u[x+n—1x.1), and for k > 1welet

he= [X_ nﬁi—l’x_ nxik)u[)ﬁ nxik'X+ nﬁi—l)'
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Therefore we have a sequence {1} of pair wise digjoint open setswith Ul = X — {x}.

Definefy: X—{x} — Yy by fy(l) = x+ 47 Clearly f, iscontinuous. Lety = x+ ¢ €
Yy. Choose e small enough sothat I [X—e. X+ex) = 0. ThusfL({y})N[X—ek, X+e) = 0
andy £ Bd(Y). By the above remark Z is discrete.

We note that, if Z is Lindeldf then the set of x € X for which the boundary is empty
need not be countable:

Let X be the set of ordinals < ws, the first uncountable ordinal, and let Y,, be a one
point space. For each x # w; welet fy: X — x — X — x be the identity map. Clearly Z is
Lindel6f and the boundary is not empty only if X = w;.

We say that a subset Y of a space X is countably located in X if every subset F of Y
that isclosed in X is countable [2].

PrROPOSITION 2.11. Let Q be the set of x in X for which the boundary is not empty,
and assumethat for eachx € Q the space Yy iscompact. Theresolution Z of X is Lindel of
if and only if

1. Each Y is Lindelof

2. U{x} x Bd(Yy) is Lindelof

3. (X— Q) iscountably located in X.

ProoOF. If Z is Lindelof, then certainly |J{x} x Bd(Yyx) and {x} x Yy are Lindelf.
Suppose that (X — Q) is not countably located in X. There is an uncountable closed set
Fin X suchthat Q C X — F. For each x € Q, let U, be a neighborhood of x such that
U CX—F.LetU; ={Us®@ Yy : x € Q}. Thesat T = (X — |J Uy) is uncountable and

Z—-H{Ux@Yx:ixe QF =J{{xX} x Y : X € T}.

Since T C (X — Q), we can choose for each x € T and each y, € Yy neighborhoods VY
and W, suchthat Vi N, 1(W,) = 0. Let Uy = {Vx @ W, }. Clearly U; U{Uy : x € T}
isan open cover of Z which has no countable subcover.

Let U be an cover for Z. For each x € Q, there is a neighborhood Uy of x such that
Ux @ Yy is covered by finitely many elements of U. Since J{x} x Bd(Yy) is Lindelof,

the open cover {Uy ® Yy : x € Q} has a countable subcover {Uy, @ Yy 11 =1....}.
Therefore, [J{x} x Bd(Yx) is covered by countably many elements of U and, at most, it
remains to cover

U{{x/} % Yy X € x-qui}.
Since X—Q iscountably located, (X—|J Uy ) iscountable. Thus, for eachx € (X—{J Uy,)
we cover {x} x Yy by countably many elements of U. It follows that Z is Lindel of.
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