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CLASSICAL ORTHOGONAL POLYNOMIALS AS MOMENTS

To Gian-Carlo Rota, a true friend, and an inspiration

MOURAD E. H. ISMAIL AND DENNIS STANTON

ABSTRACT. We show that the Meixner, Pollaczek, Meixner-Pollaczek, the con-
tinuous q-ultraspherical polynomials and Al-Salam-Chihara polynomials, in certain
normalization, are moments of probability measures. We use this fact to derive bilinear
and multilinear generating functions for some of these polynomials. We also comment
on the corresponding formulas for the Charlier, Hermite and Laguerre polynomials.

1. Introduction. The umbral calculus of the last century was an attempt to treat
polynomials as if they were monomials. For a given sequence of polynomials fpn(x)g
this means that one can take an identity involving fxn : n = 0Ò 1Ò 2Ò   g then replace xn

by pn(x) provided that we develop a calculus to interpret the resulting identity. In the
1970’s Rota popularized the umbral calculus by putting it on solid foundations and by
showing its significance in combinatorics and special functions, [26], [19].

In this paper we consider linear functionals La whose n-th moments are orthogonal
polynomials, and which have the integral representation

hLa j f i =
Z 1

�1
f (x) dñ(x; a)Ò(1.1)

for some measure dñ(x; a) that depends upon a parameter a. Thus

hLa j xni = pn(a)
In particular, we give explicit measures dñ(x; a) whose moments are various classes of
classical orthogonal polynomials. A summary of such polynomials is given in Section 6.
Other authors also used representations of polynomials as moments. Karlin [20] used this
in his research on total positivity. Rahman and Verma [25] observed that the continuous
q-ultraspherical polynomials are multiples of the moments of a probability measure. We
generalize their result to the Al-Salam-Chihara polynomials in Theorem 3.1.

The integral representation (1.1) for La can allow for simple evaluations of generating
functions. For example, if

G(t) =
1X

n=0
rn(b)tn(1.2)
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is the generating function for any set of polynomials rn(b), then

Z 1

�1
G(xt) dñ(x; a) =

1X
n=0

pn(a)rn(b)tn(1.3)

We will use (1.3) extensively to find bilinear generating functions, when pn = rn. (This
is called the Poisson kernel if pn is orthonormal.) However (1.3) can used for any set
of polynomials rn(b), once the measure dñ(x; a) is known. For example, it is easy to
give an integral representation for a bilinear generating function for q-ultraspherical and
p-ultraspherical polynomials.

In [18] we used the fact that the moments of the measure of the Al-Salam-Carlitz
polynomials [1] are the continuous q-Hermite polynomials to derive bilinear and multi-
linear generating functions for the continuous q-Hermite polynomials. In Section 4 we
similarly use the results of Section 3 on Al-Salam-Chihara polynomials to give a direct
evaluation and an extension of the Poisson kernel of the Al-Salam-Chihara polynomials.
We also derive a very general multilinear generating function for the Al-Salam-Chihara
polynomials. This extends our earlier results [18] on continuous q-Hermite polynomi-
als because the Al-Salam-Chihara polynomials are a two parameter extension of the
continuous q-Hermite polynomials.

In Section 5 we point out that the continuous q-ultraspherical polynomials are Al-
Salam-Chihara polynomials. We then combine this fact with our multilinear generating
functions of Section 4 to establish multilinear generating functions for the continuous
q-ultraspherical polynomials. In particular we show how the results of [16] and [6]
imply an earlier result of Gasper and Rahman [13]. In Section 5 we give a new in-
tegral representation for the continuous q-ultraspherical polynomials as moments. This
integral representation is then used to derive a bilinear generating function for the contin-
uous q-ultraspherical polynomials. As a byproduct we obtain a transformation formula
(Theorem 5.5) expressing a sum of two 4û3’s as a combination of different 4û3’s. This
transformation is of independent interest.

In Section 2 we consider the functional

hMaÒbÒc j f i :=
(1 � c)�a�b�1Γ(a + b + 2)

Γ(a + 1)Γ(b + 1)

Z 1

c
(1 � x)a(x � c)bf (x) dx(1.4)

It turns out that the moments of MaÒbÒc are essentially the Meixner polynomials. We also
obtain generating function results for the Meixner-Pollaczek and Pollaczek polynomials
in Section 2.

In Section 3 we prove (see Theorem 3.1) that the moments of the functional for the
big q-Jacobi polynomials are Al-Salam-Chihara polynomials. In this case the functional
LaÒbÒc is defined by

hLaÒbÒc j f i =
Z 1

�1
f (x) dñ(x; aÒ bÒ c)(1.5)

The measure ñ(x; aÒ bÒ c) is
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ñ(x; aÒ bÒ c) =
(aqÒ bqÒ cqÒ abqÛc; q)1

aq(qÒ cÛaÒ aqÛcÒ abq2; q)1

(xÛaÒ xÛc; q)1
(xÒ bxÛc; q)1

(1.6)

ð
1X

n=0
[aqn+1èaqn+1 (x) � cqn+1ècqn+1 (x)]Ò

where èu(x) is a unit mass at x = u. We follow the notation in [12].
The measure ñ in (1.6) is normalized so that its total mass equals one.
After this work was completed Ismail, Rahman and Suslov [17] found other proofs

of the results in Section 4 and showed that it leads to a new and very promising theory
of double series by transforming them to sums of two single series. The proofs in [17]
are more technical than the ones given here.

The notion of the q-integral is useful in understanding and motivating identities
involving q-series. The q-integral is defined by

Z a

0
f (u) dqu := a(1 � q)

1X
m=0

qmf (aqm)(1.7)

Z b

a
f (u) dqu :=

Z b

0
f (u) dqu �

Z a

0
f (u) dqu(1.8)

It is clear that integration with respect to ñ of (1.6) amounts to q-integration. In fact
our representation of the Al-Salam-Chihara polynomials as moments provides a new
q-integral representation for the Al-Salam-Chihara polynomials. This q-integral repre-
sentation has proved to be very useful here and elsewhere [17].

2. Orthogonal moment functionals. In this section we give functionals whose
moments are the Hermite, Laguerre, and various Meixner families of polynomials. We
also use (1.1) to derive new generating functions. We explain how these polynomials are
related to the umbral product of Roman and Rota [26].

We now consider functionals whose moments are orthogonal polynomials. A theorem
of Boas [9, p. 74] asserts that given any sequence of real numbers fãng there exists a
signed measure ã with finite moments such that

ãn =
Z 1

0
xn dã(x)

Thus any sequence of orthogonal polynomials is a sequence of moments for a certain
functional.

Let La and Mb be functionals so that frn(a)g and fsn(b)g,

rn(a) := hLa j xniÒ sn(b) := hMb j xniÒ(2.1)

are orthogonal polynomials. Roman and Rota [26] defined the product of two linear
functionals L and M acting on polynomials of binomial type by

hLM j pn(x)i :=
nX

k=0

0
@n

k

1
AhL j pk(x)ihM j pn�k(x)i(2.2)
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If hL j f i =
R1
�1 f (x) dï(x) and hM j f i =

R1
�1 f (y) dñ(y) then the product (2.2) becomes

hLM j f i =
Z 1

�1

Z 1

�1
f (x + y) dï(x) dñ(y)(2.3)

The problem is to characterize the pairs frn(a)g and fsn(b)g so that fhLaMb j xnig
is a sequence of orthogonal polynomials in a for infinitely many b’s or vice versa. Al-
Salam and Chihara [2] solved an equivalent problem and their results show that such
rn’s and sn’s have to be among the Hermite, Laguerre, Charlier, Meixner, Meixner-
Pollaczek or the Al-Salam-Chihara polynomials. For the rest of this section we consider
the first five cases. We give the functionals for the Hermite and Laguerre polynomials,
show that the Charlier, Meixner and Meixner-Pollaczek polynomials are moments of a
gamma distribution on [aÒ1), a beta distribution on [cÒ 1] and a beta distribution on
[c1Û2Ò c�1Û2]. The Al-Salam-Chihara polynomials are moments of the measure of the big
q-Jacobi polynomials, as we shall see in Section 3.

HERMITE AND LAGUERRE POLYNOMIALS. It is clear that

1pô
Z 1

�1
e�(y�a)2

yn dy =
1

Γ(1Û2)

Z 1

�1
e�y2

(a + y)n dy

=
[nÛ2]X
k=0

0
@ n

2k

1
Aan�2k(1Û2)k =

[nÛ2]X
k=0

n! an�2k

22kk! (n � 2k)!


Therefore
1pô

Z 1

�1
e�(y�a)2

yn dy = (2i)�nHn(ia)(2.4)

Thus the Hermite polynomials are moments. In fact it is this property that Slepian [27]
used to prove the Kibble-Slepian formula. For example, the Poisson kernel follows from

1X
n=0

Hn(ix)Hn(y)
(2i)n n!

tn =
1pô

Z 1

�1

1X
n=0

e�(u�x)2 Hn(y)(tu)n

n!
du

=
1pô

Z 1

�1
e�(u�x)2

e2uyt�t2u2
duÒ

after completing squares in the argument of the exponential.
The Laguerre polynomials fn! Lã

n (x)g are moments of an explicit functional

n! Lãn (x) = x�ãÛ2
Z 1

0
ex�uun+ãÛ2Jã(2

p
xu) duÒ n = 0Ò 1Ò    ;ã Ù �1Ò(2.5)

[29, (5.4.1)]. The Hille-Hardy formula [29, (5.1.15)]

(2.6)
1X

n=0

n! tn

Γ(ã + n + 1)
Lãn (x)Lãn (y) = (1 � t)�1 exp

"
� t(x + y)

1 � t

#
(xyt)�ãÛ2Iã

�2
p

xyt
1 � t

�
Ò

follows from (2.5) and the generating function [29, (5.1.16)]

1X
n=0

tn

Γ(ã + n + 1)
Lãn (x) = et(xt)�ãÛ2Jã(2

p
xt)(2.7)
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through the use of Weber’s second exponential integral [30, (13.31.1)]

Z 1

0
exp(�p2t2) Jó(at) Jó(bt)t dt =

1
2p2

exp
�
�a2 + b2

4p2

�
Ió
� ab

2p2

�
(2.8)

The Hille-Hardy formula is the Poisson kernel for Laguerre polynomials.
The Laguerre polynomials fn! Lã

n (x)g for x Ú 0 are moments of positive measures
for all n. To see this replace x in (2.5) by �x then replace Jã by Iã. The resulting integral
converges since [30, (7.23.3)]

Iã(x) ³ (2ôx)1Û2exÒ x ! +1

THE MEIXNER POLYNOMIALS. Consider the functional MAÒBÒc whose moments are

ñn =
(1 � c)�A�B�1Γ(A + B + 2)

Γ(A + 1)Γ(B + 1)

Z 1

c
(1 � x)A(x � c)Bxn dx(2.9)

The Euler integral representation [10, (2.1.10)] implies that

ñn = cn
2F1(�nÒB + 1; A + B + 2; 1 � 1Ûc)(2.10)

Setting
B = �a � 1Ò A = å + a � 1Ò(2.11)

and using the explicit formula for Meixner polynomials [11, (10.24.9)], we have proven
the following theorem.

THEOREM 2.1. If Re a Ú 0 and Re a + å Ù 0, the n-th moment of the functional
Må+a�1Ò�a�1Òc is the Meixner polynomial, ñn = cnmn(a;åÒ c)Û(å)n .

The referee pointed out that Theorem 2.1 is in Karlin’s interesting paper [20]. Karlin
[20] also noted the results for Laguerre, ultraspherical, Charlier, and Meixner poly-
nomials. Karlin used the fact that the orthogonal polynomials under consideration are
moments and applied this fact to obtain total positivity results for kernels generated by
polynomials orthogonal on a half line. We thank the referee for this information, ac-
knowledge Karlin’s priority, apologize for the oversight, and highly recommend reading
Karlin’s paper to the reader.

If we put more restrictions on a, c, and å, then the functional in Theorem 2.1 is
positive definite. This forces certain determinants to be positive [9, p. 14], and leads to
another result of Karlin’s, namely that if c Ú 1, �å Ú a Ú 0, and n ½ 0, then

detfmj+k(a;åÒ c)ck+jÛ(å)k+j : 0 � jÒ k � ng Ù 0

The Meixner polynomials have the generating function [11, (10.24.13)]

1X
n=0

tn

n!
mn(x;åÒ c) = (1 � t)�å�x(1 � tÛc)xÒ jtj Ú min(1Ò jcj)Ò(2.12)
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and satisfy the orthogonality relation [11, (10.24.11)]

(2.13)
1X

k=0

ck(å)k

k!
mn(k;åÒ c)mj(k;åÒ c) = n!(å)nc�n(1 � c)�åénÒjÒ å Ù 0Ò 0 Ú c Ú 1

We shall assume 0 Ú c Ú 1.
From (2.12) and Darboux’s asymptotic method [29] we see that

mn(x;åÒ c) ³ c�nΓ(�x + n)
(1 � c)å+xΓ(�x)

Ò x 6= 0Ò 1Ò    Ò n !1Ò(2.14)

while

mn(x;åÒ c) ³ Γ(å + x + n)
Γ(å + x)

(1 � 1Ûc)xÒ x = 0Ò 1Ò    Ò n !1(2.15)

In (2.12) we replace x by y and t by tu then apply Lå1+x�1Ò�x�1Òc1 to the variable u. When
x 6= 0Ò 1Ò    this gives

(2.16)
1X

n=0

cn
1tn

(å1)n n!
mn(x;å1Ò c1)mn(y;åÒ c)

=
(1 � c1)1�å1 Γ(å1)
Γ(�x)Γ(x + å1)

Z 1

c1

(1 � u)x+å1�1(u � c1)�x�1(1 � tu)�å�y(1 � tuÛc)y du

Interchanging integration and summation can be justified from (2.14) and (2.15).
After the change of variable u = c1+(1�c1)v we identify the integral on the right-hand

side of (2.16) as an Appell function F1, [10, (5.7.6)]. The result is [10, (5.8.5)]

1X
n=0

cn
1tn

(å1)n n!
mn(x;å1Ò c1)mn(y;åÒ c)(2.17)

=
(1 � tc1Ûc)y

(1 � tc1)å+y
F1

 
�xÒ �yÒ å + yÒ å1;

(1 � c1)t
c � c1t

Ò (1 � c1)t
1 � c1t

!


Although (2.17) was derived under the assumptions Re y Ú 0, Re y + å1 Ù 0 and
0 Ú c1 Ú 1 the first two conditions can be relaxed by analytic continuation of the left-
hand side of (2.17) taking into account (2.14) and (2.15). The right-hand side of (2.17)
can be analytically continued through standard analytic continuation of the F1 function
in [10, 5.8]. In the case å = å1 the F1 in (2.17) reduces to a 2F1 multiplied by an algebraic
function, [10, (5.10.1)]. The result after replacing t by tc is

(2.18)
1X

n=0

(cc1t)n

(å)n n!
mn(x;åÒ c1)mn(y;åÒ c)

= (1 � tc1)y(1 � tc)x(1 � tcc1)�x�y�å
2F1

 �xÒ �y
å

þþþþþ t(1 � c)(1 � c1)
(1 � tc)(1 � tc1)

!

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Observe that (2.18) is symmetric in the pairs (xÒ c1) and (yÒ c). Also note that the right-hand
side of (2.18) is positive when x and y are nonnegative integers and cÒ c1Ò tcÒ tc1 2 (0Ò 1).
It is also positive for x Ú 0, y Ú 0 and cÒ c1Ò tcÒ tc1 2 (0Ò 1). In the latter case we require
the argument of the 2F1 to be in [0Ò 1). Formula (2.17) is due to Meixner [22].

If in addition to å = å1 we also require c = c1 then (2.13) shows that (2.17) will be
the Poisson kernel for the Meixner polynomials, up to a constant factor.

THEOREM 2.2. The Meixner polynomials satisfy the connection relation

(2.19)
(1 � tc1Ûc)y

(1 � tc1)å+y

1X
x=0

cx
1(å1)x

x!
F1

 
�xÒ �yÒ å + yÒ å1;

(1 � c1)t
c � c1t

Ò (1 � c1)t
1 � c1t

!
mn(x;å1Ò c1)

= tn(1 � c1)�å1 mn(y;åÒ c)
PROOF. This follows from (2.13) and the bilinear generating function (2.17).
It is clear that the sum on the left-hand side of (2.19) represents integration with

respect to a discrete measure, hence (2.19) can be viewed as an integral equation. In
particular the case å = å1 and c = c1 provides an integral equation whose eigenfunctions
are Meixner polynomials. The integral equation (2.19) can be expressed as an integral
equation with a symmetric kernel when å = å1 and c = c1. The completeness of the
Meixner polynomials in the L2 space weighted by their orthogonality measure shows
that the Meixner polynomials are the only eigenfunctions of the integral equation (2.19)
and one can identify the eigenvalues from (2.19).

Theorem 2.1 has a curious implication. Assume that a sequence of polynomials
fpn(y)g are orthonormal with respect to a functional L whose moments are given in
Theorem 2.1, and let

p0(y) := 1Ò pn(y) =
nX

j=0
CnÒjyj(2.20)

Then

énÒk = L
�
CkÒkykpn(y)

�
= CkÒk

nX
j=0

CnÒjñk+jÒ

which may be rewritten as

nX
j=0

0
@n

j

1
A(�1)j

2F1(j � nÒ x � n + 1; 2 � 2n � b; d)2F1(�k � jÒ �x; b; d)(2.21)

=
k! d2k(x � k + 1)k(b + x)k

(b)2k(b + k � 1)k
énÒkÒ 0 � k � n

The Charlier polynomials fcn(x; a)g are a limiting case of the Meixner polynomials,
[11, (10.24.16)]

lim
å!1

å�nmn(x;åÒ aÛå) = cn(x; a)
This means that generating functions for Charlier polynomials will follow as limiting
cases. It also follows by direct calculation that cn(�ã � 1; a) is a multiple of the n-th
moment of the weight function (x � a)ãea�x on [aÒ1). The details are omitted.
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THE MEIXNER-POLLACZEK POLYNOMIALS. They are defined as [11, (10.22.21)]

Pï
n (x;û) :=

(2ï)n

n!
einû

2F1(�nÒ ï + ix; 2ï; 1 � e�2iû)(2.22)

They also called Pollaczek polynomials on an infinite interval [11], [29] and the Meixner
polynomials of the second kind [9]. We shall follow the terminology in [7].

It is clear from (2.12) and (2.22) that the Meixner-Pollaczek polynomials can formally
be written as Meixner polynomials. In (2.17) set

å = 2ïÒ å1 = 2ï1Ò �x = ï1 + iòÒ �y = ï + iëÒ c = e2iûÒ c1 = e2iû1 (2.23)

This is equivalent to considering the functional

hL j f i =
(c�1Û2 � c1Û2)�A�B�1Γ(A + B + 2)

Γ(A + 1)Γ(B + 1)

Z c�1Û2

c1Û2
(c�1Û2 � x)A(x � c1Û2)Bf (x) dx

After replacing t by tei(û�û1) in (2.17) we get

1X
n=0

n!
(2ï1)n

tnPï1
n (òÒ û1)Pï

n (ëÒ û)

= (1 � tei(û1�û))�ï�ië(1 � tei(û1+û))�ï+ië(2.24)

ðF1

�
ï1 + iòÒ ï + iëÒ ï � iëÒ 2ï1Ò �2it sinû1

eiû � eiû1 t
Ò �2it sinû1

e�iû � eiû1t

�


Here again the case ï = ï1 reduces the F1 to a multiple of a 2F1 and we get

1X
n=0

n!
(2ï)n

tnPï
n (òÒ û1)Pï

n (ëÒ û)

= (1 � tei(û1�û))�ï�ië(1 � tei(û�û1))�ï�iò(2.25)

ð(1 � tei(û1+û))iò+ië
2F1

 ï + iòÒ ï + ië
2ï

þþþþþ �4t sinû sinû1

(1 � tei(û�û1))(1 � tei(û1�û))

!


The orthogonality relation for the Meixner-Pollaczek polynomials is

Z 1

0
Pï

m(xÒ û)Pï
n (xÒ û)

(2 sin û)2ï�1

ô e�(ô�2û)xjΓ(ï + ix)j2 =
(2ï)n

n!
émÒn(2.26)

Therefore (2.25) with û = û1 is the Poisson kernel for the Meixner-Pollaczek polynomi-
als. The special case û = û1 of (2.24) is due to Rahman [24, (5.2)]. Rahman also noted
(2.25).

THE POLLACZEK POLYNOMIALS. These polynomials are defined by [11, (10.21.10)]

Pï
n (cos íÒ aÒ b) :=

(2ï)n

n! 2F1(�nÒ ï + ih(í); 2ï; 1 � e�2ií)Ò(2.27)

where

h(í) :=
a cos í + b

sin í =
ax + bp
1 � x2

Ò x = cos í(2.28)
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They satisfy the orthogonality relationZ ô

0
Pï

m(cos íÒ aÒ b)Pï
n (cos íÒ aÒ b)e(2í�ô)h(í)(sin í)2ï

þþþΓ�ï + ih(í)
�þþþ2(2.29)

= 21�2ïô Γ(2ï + n)
n!(ï + a + n)

émÒn

Note that (2.22) and (2.27) indicate that x and û in (2.22) are now replaced by h(í)
and í in (2.27). Thus (2.24) and (2.25) can be translated to generating functions for the
Pollaczek polynomials. In order to find the Poisson kernel for the Pollaczek polynomials
we have to incorporate the term a + n +ï which amounts to taking a linear combinations
of the left-hand side of (2.25) and its derivative with respect to t.

3. Al-Salam-Chihara polynomials. The big q-Jacobi polynomials are [12, (7.3.10),
p. 167]

Pn(x; aÒ bÒ c; q) = 3û2

� q�nÒ abqn+1Ò x
aqÒ cq

þþþþ qÒ q
�
(3.1)

Using (1.5) their orthogonality relation is [12, (7.3.12)],

hLaÒbÒc j PnPmi =
(qÒ bqÒ abqÛc; q)n(�ac)�nqn(n�1)Û2

(abqÒ aqÒ cq; q)n(1 � abq2n+1)
émÒn

In this case we have

ñn
(qÒ caÒ aqcÒ abq2; q)1

(aqÒ bqÒ cqÒ abqÛc; q)1
q�n =

(qÒ aqÛc; q)1an

(aqÒ abqÛc; q)1
2û1

� aqÒ abqÛc
aqÛc

þþþþ qÒ qn+1
�

(3.2)

�cn+1(cqÛaÒ q; q)1
a(cqÒ bq; q)1

2û1

� cqÒ bq
cqÛa

þþþþ qÒ qn+1
�


To simplify the right-hand side of (3.2) we appeal to the three term transformation
formula in [12, p. 64, (4.3.5)], namely

(3.3)

2û1

�AÒB
C

þþþþ qÒZ
�

+
(BÒ qÛCÒCÛAÒAZÛqÒ q2ÛAZ; q)1

(CÛqÒBqÛCÒ qÛAÒAZÛCÒCqÛAZ; q)1
2û1

�AqÛCÒBqÛC
q2ÛC

þþþþ qÒZ
�

=
(ABZÛCÒ qÛC; q)1
(AZÛCÒ qÛA; q)1

2û1

�CÛAÒCqÛABZ
CqÛAZ

þþþþ qÒBqÛC
�


In (3.3) we choose A, B, C and Z as

A = aqÒ B = abqÛcÒ C = aqÛcÒ Z = qn+1(3.4)

The result is the three term relation

(3.5)

2û1

� aqÒ abqÛc
aqÛc

þþþþ qÒ qn+1
�

+
(abqÛcÒ cÛaÒ 1ÛcÒ aqn+1Ò q�nÛa; q)1

(aÛcÒ bqÒ 1ÛaÒ cqn+1Ò q�nÛc; q)1
2û1

� cqÒ bq
qcÛa

þþþþ qÒ qn+1
�

=
(abqn+2Ò cÛa; q)1
(cqn+1Ò 1Ûa; q)1

2û1

� 1ÛcÒ q�n�1Ûba
q�nÛc

þþþþ qÒ qb
�

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This leads to the following more compact form of (3.5)

(3.6)

2û1(
aqÒ abqÛc

aqÛc

þþþþ qÒ qn+1
� an(aqÛc; q)1

(aqÒ baÛcq; q)1

+
cn(1 � cÛa)(cqÛa; q)1
(1 � aÛc)(bqÒ cq; q)1

2û1

� cqÒ bq
qcÛa

þþþþ qÒ qn+1
�

=
an(aqÛcÒ cÛaÒ abqn+2; q)1

(abqÛcÒ aqÒ 1ÛaÒ cqn+1; q)1
2û1

� 1ÛcÒ q�n�1Ûba
q�nÛc

þþþþ qÒ qb
�


Therefore (3.2) reduces to

ñn =
(aq)n(bqÒ cqÒ abqn+2; q)1

(1ÛaÒ cqn+1Ò abq2; q)1
2û1

� 1ÛcÒ q�n�1Ûab
q�nÛc

þþþþ qÒ qb
�


The q-analogue of the Euler transformation is (III.3) in [12, p. 241]

2û1

� 1ÛcÒ q�n�1Ûab
q�nÛc

þþþþ qÒ qb
�

=
(1Ûa; q)1
(bq; q)1

2û1

� q�nÒ abqÛc
q�nÛc

þþþþ qÒ 1Ûa
�
(3.7)

This further simplifies ñn to the form

ñn = anqn (cq; q)n

(abq2; q)n
2û1

� q�nÒ abqÛc
q�nÛc

þþþþ qÒ 1Ûa
�
(3.8)

The Al-Salam-Chihara polynomials, [5], [7], [8], are

pn(xÒ t1Ò t2) = 3û2

� q�nÒ t1eiíÒ t1e�ií

t1t2Ò 0
þþþþ qÒ q

�

=
(t1e�ií; q)ntn

1einí

(t1t2; q)n
2û1

� q�nÒ t2eií

q1�neiíÛt1

þþþþ qÒ qe�ií

t1

�


The second equality follows from a 3û2 transformation and the q-analogue of the Pfaff-
Kummer transformation [8]. In order to relate the ñ’s to the Al-Salam-Chihara polyno-
mials we make the parameter identification

a = t1eiíÛqÒ c = t1e�iíÛqÒ b = t2e�iíÛq(3.9)

Hence ñn = pn(cos í; t1Ò t2).

THEOREM 3.1. The moments of the probability measureñ(x; aÒ bÒ c) are the Al-Salam-
Chihara polynomialsfpn(cos í; t1Ò t2)gwhere aÒ bÒ c and t1Ò t2Ò í are related through (3.9).

It is important to observe that Theorem 3.1 is equivalent to the q-integral representation
(see [12, p. 19])

pn(cos í; t1Ò t2)(3.10)

=
(t1eiíÒ t1e�iíÒ t2eiíÒ t2e�ií; q)1

(1 � q)t1eií(qÒ e�2iíÒ qe2ií; q)1

Z t1eií

t1e�ií

(qxeiíÛt1Ò qxe�iíÛt1; q)1
(xÒ t2xÛt1; q)1

xn dqx
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Let us now integrate certain functions against the measure ñ(x; aÒ bÒ c) with respect
to which the big q-Jacobi polynomials are orthogonal. The simplest function is the
q-analogue of the binomial theorem

f (x) =
(ïx; q)1
(ñx; q)1

=
1X

n=0

(ïÛñ; q)n

(q; q)n
(ñx)n(3.11)

On one hand we have

LaÒbÒcf =
1X

n=0

(ïÛñ; q)n

(q; q)n
ñnpn(cos í; t1Ò t2)

On the other hand we can explicitly evaluate LaÒbÒcf . This implies

(3.12)
1X

n=0

(ïÛñ; q)n

(q; q)n
pn(cos í; t1Ò t2)ñn

=
Z 1

�1

(ïx; q)1
(ñx; q)1

dñ(x; aÒ bÒ c)

=
(aqÒ bqÒ cqÒ abqÛc; q)1
(cÛaÒ abqÛcÒ abq2; q)1

(
(ïaqÒ abqÛc; q)1

(ñaqÒ aqÒ abqÛc; q)1
3û2

� añqÒ aqÒ abqÛc
ïaqÒ aqÛc

þþþþ qÒ q
�

� c(ïcqÒ cqÛa; q)1
a(ñcqÒ cqÒ bq; q)1

3û2

� qñcÒ cqÒ bq
ïcqÒ cqÛa

þþþþ qÒ q
�)


We next combine the above 3û2’s into a single 3û2 by applying the transformation [12,
(4.3.1), p. 63]

3û2

�AÒBÒC
DÒE

þþþþ qÒ DE
ABC

�
(3.13)

=
(EÛBÒEÛC; q)1
(EÒEÛBC; q)1

3û2

� DÛAÒBÒC
crDÒBCqÛE

þþþþ qÒ q
�

+
(DÛAÒBÒCÒDEÛBC; q)1

(DÒEÒBCÛEÒDEÛABC; q)1
3û2

�EÛBÒEÛCÒDEÛABC
DEÛBCÒ aEÛBC

þþþþ qÒ q
�


With the parameter identification in (3.13) as

DÛA = abqÛcÒ B = aqÒ C = añqÒ BCÛE = aÛcÒ(3.14)

so that
A = ïcÛbÒ B = aqÒ C = añqÒ D = ïaqÒ E = añq2cÒ(3.15)

we obtain

(3.16)
(ïaqÒ aqÛc; q)1

(aqÒ ñaqÒ abqÛc; q)1
3û2

� abqÛcÒ aqÒ aqñ
ïaqÒ aqÛc

þþþþ qÒ q
�

+
(ïqcÒ cÛa; q)1

(1 � aÛc)(cqÒ ñqcÒ bq; q)1
3û2

�ñqcÒ cqÒ bq
ïqcÒ cqÛa

þþþþ qÒ q
�

=
(cÛaÒ ñcaq2Ò ïaqÒ qaÛc; q)1
(ñqcÒ cqÒ aqÒ ñaqÒ abqÛc; q)1

3û2

�ïcÛbÒ aqÒ ñaq
ïaqÒ añcq2

þþþþ qÒ qb
�

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Thus we have established the generating function

1X
n=0

(ïÛñ; q)n

(q; q)n
ñnpn(cos í; t1Ò t2)(3.17)

=
(bqÒ ñacq2Ò ïaq; q)1
(abq2Ò ñqcÒ ñaq; q)1

3û2

�ïcÛbÒ aqÒ añq
ïaqÒ añcq2

þþþþ qÒ bq
�

=
(t2e�iíÒ ñt21Ò ït1eií; q)1

(t1t2Ò ñt1e�iíÒ ñt1eií; q)1
3û2

�ït1Ût2Ò t1eiíÒ ñt1eií

ït1eiíÒ ñt21

þþþþ qÒ t2e�ií
�


Formula (3.17) is in Suslov’s unpublished notes [28] and we acknowledge his priority.
The special case ï = tt2 and ñ = tÛt1 leads to the known generating function [2], [5], [8]

1X
n=0

(t1t2; q)ntn

(q; q)ntn
1

pn(cos í; t1Ò t2) =
(tt1Ò tt2; q)1

(teiíÒ te�ií; q)1
Ò(3.18)

via the q-analogue of Gauss’ theorem, [12, (II.8)].
It is worth mentioning that the special case ï = ñq = tq of (3.17) is

1X
n=0

pn(cos í; t1Ò t2)tn =
(t2e�iíÒ tt21; q)1

(1 � tt1eií)(t1t2Ò tt1e�ií; q)1
(3.19)

ð3û2

� qtt1Ût2Ò t1eiíÒ tt1eií

qtt1eiíÒ tt21
þþþþ qÒ t2e�ií

�


Since pn is the n-th moment of ñ(x; aÒ bÒ c) and ñ has compact support, then

1X
n=0

z�n�1ñn =
Z 1

�1

dñ(u; aÒ bÒ c)
z � u

z Û2 sup pfñg(3.20)

This gives a direct evaluation of the Stieltjes function (the right-hand side of (3.20)) for
the big q-Jacobi polynomials. The result is

Z 1

�1

dñ(u; aÒ bÒ c)
z � u

=
(t2e�iíÒ t21Ûz; q)1

(z � t1eií)(t1t2Ò t1e�iíÛz; q)1
(3.21)

ð3û2

�qt1Ût2zÒ t1eiíÒ t1eiíÛz
qt1eiíÛzÒ t21Ûz

þþþþ qÒ t2e�ií
�


The relationship (3.21) is in [14] but the present proof is much more elementary.
The Al-Salam-Carlitz polynomials fVã

n (x; q)g have the generating function

(xw; q)1
(wÒ ãw; q)1

=
1X

n=0

(�w)n

(q; q)n
qn(n�1)Û2Vã

n (x; q)(3.22)

Clearly we can identify the right-hand sides of (3.22) and (3.18) by choosing t2 = 0 and
adjusting the remaining parameters. The Vã

n ’s are also moments and their multilinear
generating functions will follow as special cases of this work.
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4. Poisson kernel and multilinear generating functions. In this section we use
the results of Section 3 to find the Poisson kernel and multilinear generating functions
for the Al-Salam-Chihara polynomials.

We evaluate the action of LaÒbÒc on xk(ïx; q)1Û(ñx; q)1 in two different ways and
generalize (3.17). The calculations are similar and the result is

(4.1)
1X

n=0

(ïÛñ; q)n

(q; q)n
pn+k(cos í; t1Ò t2)ñn

=
(aqÒ bqÒ cqÒ abqÛc; q)1
(cÛaÒ abqÛcÒ abq2; q)1

(
akqk(ïaqÒ abqÛc; q)1
(ñaqÒ aqÒ abqÛc; q)1

3û2

� añqÒ aqÒ abqÛc
ïaqÒ aqÛc

þþþþ qÒ qk+1
�

�ck+1qk(ïcqÒ cqÛa; q)1
a(ñcqÒ cqÒ bq; q)1

3û2

� qñcÒ cqÒ bq
ïcqÒ cqÛa

þþþþ qÒ qk+1
�)


Recall that the relation between a, b, c and t1, t2, eií is as in (3.9). We cannot simplify
the above combination because we do not have a suitable analogue of (3.16).

We now come to the Poisson kernel of the Al-Salam-Chihara polynomials. Set

ã = s1eiûÛqÒ å = s2e�iûÛqÒ ç = s1e�iûÛq(4.2)

THEOREM 4.1. The Al-Salam-Chihara polynomials have the bilinear generating func-
tion

1X
n=0

(t1t2; q)n

(q; q)ntn
1

tnpn(cos í; t1Ò t2)pn(cosû; s1Ò s2)(4.3)

=
(s1e�iûÒ s2e�iûÒ tt1s1eiûÒ tt2s1eiû; q)1
(s1s2Ò e�2iûÒ ts1ei(í+û)Ò ts1ei(û�í); q)1

ð4û3

� s1eiûÒ s2eiûÒ ts1ei(í+û)Ò ts1ei(û�í)

qe2iûÒ tt1s1eiûÒ tt2s1eiû

þþþþ qÒ q
�

+
(s1eiûÒ s2eiûÒ tt1s1e�iûÒ tt2s1e�iû; q)1
(s1s2Ò e2iûÒ ts1ei(í�û)Ò ts1e�i(í+û); q)1

ð4û3

� s1e�iûÒ s2e�iûÒ ts1e�i(í+û)Ò ts1ei(í�û)

qe�2iûÒ tt1s1e�iûÒ tt2s1e�iû

þþþþ qÒ q
�


PROOF. In (3.18) replace t by tx and apply LãÒåÒç to both sides of the resulting equality.
The result is

1X
n=0

(t1t2; q)n

(q; q)ntn
1

tnpn(cos í; t1Ò t2)pn(cosû; s1Ò s2)(4.4)

=
(s1e�iûÒ s2e�iûÒ tt1s1eiûÒ tt2s1eiû; q)1
(s1s2Ò e�2iûÒ ts1ei(í+û)Ò ts1ei(û�í); q)1

ð4û3

� s1eiûÒ s2eiûÒ ts1ei(í+û)Ò ts1ei(û�í)

qe2iûÒ tt1s1eiûÒ tt2s1eiû

þþþþ qÒ q
�

� e�2iû(s1eiûÒ s2eiûÒ tt1s1e�iûÒ tt2s1e�iû; q)1
(1 � e�2iû)(s1s2Ò qe2iûÒ ts1ei(í�û)Ò ts1e�i(í+û); q)1
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ð4û3

� s1e�iûÒ s2e�iûÒ ts1e�i(í+û)Ò ts1ei(í�û)

qe�2iûÒ tt1s1e�iûÒ tt2s1e�iû

þþþþ qÒ q
�


After some simplification this implies (4.3) and the proof is complete.
In this generality the 4û3’s in (4.3) can not be combined into a single basic hypergeo-

metric function because they are not necessarily balanced. Recall that a r+1ûr is balanced
if the product of the numerator parameters times q equals the product of the denominator
parameters. On the other hand it is easy to see that the 4û3’s are balanced if and only if
s1s2 = t1t2.

THEOREM 4.2. If s1s2 = t1t2 then

(4.5)
1X

n=0

(t1t2; q)n

(q; q)ntn
1

tnpn(cos í; t1Ò t2)pn(cosû; s1Ò s2)

=
(tt1s1eiûÒ tt2s1eiûÒ ts1s2eiíÒ ts2

1eií; q)1
(tt1t2s1ei(í+û)Ò ts1ei(í�û)Ò ts1ei(í+û)Ò ts1ei(û�í); q)1

ð8û7

 
s2

1ts2ei(í+û)ÛqÒ s1
p

qts2ei(í+û)Û2Ò�s1
p

qts2ei(í+û)Û2Ò t2eiíÒ t1eiíÒ s1eiûÒ s2eiûÒ ts1ei(í+û)

s1

q
ts2Ûqei(í+û)Û2Ò �s1

q
ts2Ûqei(í+û)Û2Ò tt1s1eiûÒ tt2s1eiûÒ ts1s2eiíÒ s2

1teiíÒ s1s2þþþþ qÒ ts1e�i(í+û)
�


PROOF. Formula (2.10.10) in [12, p. 42] is

(4.6)

8û7

� AÒ q
p

AÒ �q
p

AÒBÒCÒDÒEÒFp
AÒ �

p
AÒAqÛBÒAqÛCÒAqÛDÒAqÛEÒAqÛF

þþþþ qÒ A2q2

BCDEF

�

=
(AqÒAqÛDEÒAqÛDFÒAqÛEF; q)1

(AqÛDÒAqÛEÒAqÛFÒAqÛDEF; q; q)1
4û3

� AqÛBCÒDÒEÒF
AqÛBÒAqÛCÒDEFÛA

þþþþ qÒ q
�

+
(AqÒAqÛBCÒDÒEÒFÒA2q2ÛBDEFÒA2q2ÛCDEF; q)1

(AqÛBÒAqÛCÒAqÛDÒAqÛEÒAqÛFÒA2q2ÛBCDEFÒDEFÛAq; q)1

ð4û3

�AqÛDEÒAqÛDf ÒAqÛEFÒA2q2ÛBCDEF
A2q2ÛBDEFÒA2q2ÛCDEFÒAq2ÛDEF

þþþþ qÒ q
�


Choose

A = s2
1ts2ei(í+û)ÛqÒ B = t2eiíÒ C = t1eiíÒ D = s1eiûÒ E = s2eiûÒ F = ts1ei(í+û)

in (4.6) to replace the combination of 4û3’s in (4.3) by an 8û7 taking into account that
t1t2 = s1s2. The result is (4.5) and the proof is complete.

Theorem 4.2, in its present form, was proved independently in [6] and [16]. When
t1 = s1 and t2 = s2 the generating function (4.5) becomes the Poisson kernel for the
Al-Salam-Chihara polynomials since their orthogonality relation is

Z ô

0
pm(cos í; t1Ò t2)pn(cos í; t1Ò t2)

(e2iíÒ e�2ií; q)1 dí
(t1eiíÒ t1e�iíÒ t2eiíÒ t2e�ií; q)1

(4.7)

=
2ô(q; q)nt2n

1

(qÒ t1t2; q)1(t1t2; q)n
émÒn
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One can generalize Theorem 4.1 by multiplying (3.18) by xk, replace x by xt then act
with LaÒbÒc. This leads to our next result.

THEOREM 4.3. We have

1X
n=0

(t1t2; q)n

(q; q)ntn
1

tnpn(cos í; t1Ò t2)pn+k(cosû; s1Ò s2)(4.8)

= (s1eiû)k (s1e�iûÒ s2e�iûÒ tt1s1eiûÒ tt2s1eiû; q)1
(s1s2Ò e�2iûÒ ts1ei(í+û)Ò ts1ei(û�í); q)1

ð4û3

� s1eiûÒ s2eiûÒ ts1ei(í+û)Ò ts1ei(û�í)

qe2iûÒ tt1s1eiûÒ tt2s1eiû

þþþþ qÒ qk+1
�

+(s1e�iû)k (s1eiûÒ s2eiûÒ tt1s1e�iûÒ tt2s1e�iû; q)1
(s1s2Ò e2iûÒ ts1ei(í�û)Ò ts1e�i(í+û); q)1

ð4û3

� s1e�iûÒ s2e�iûÒ ts1e�i(í+û)Ò ts1ei(í�û)

qe�2iûÒ tt1s1e�iûÒ tt2s1e�iû

þþþþ qÒ qk+1
�


Note that (4.5) and (4.8) will look more symmetric if we replace t by tÛs1.
Our next result is a multilinear generating function for the Al-Salam-Chihara polyno-

mials and was motivated by our earlier result in [18] for continuous q-Hermite polyno-
mials.

THEOREM 4.4. If aq := t1eií, bq := t2e�ií, cq := t1e�ií then the Al-Salam-Chihara
polynomials have the multilinear generating function

1X
n1ÒÒnm=0

mY
j=1
fïnj

j

(a2j�1a2j; q)nj

(q; q)nj (a2j�1)nj
pnj (cos íjÒ a2j�1Ò a2j)gpn1+ÐÐÐ+nm(cos íÒ t1Ò t2)(4.9)

=
(bqÒ cq; q)1

(cÛaÒ abq2; q)1

mY
j=1

(
(aqïja2j�1Ò aqïja2j; q)1
(aqïjeiíjÒ aqïje�iíj ; q)1

)

ð2m+2û2m+1

� aqÒ abqÛcÒ aqï1eií1Ò aqï1e�ií1Ò    Ò aqïmeiímÒ aqïme�iím

aqÛcÒ aqï1a1Ò aqï1a2Ò    Ò aqïma2m�1Ò aqïma2m

þþþþ qÒ q
�

+
(aqÒ abqÛc; q)1
(aÛcÒ abq2; q)1

mY
j=1

(
(cqïja2j�1Ò cqïja2j; q)1
(cqïjeiíj Ò cqïje�iíj; q)1

)

ð2m+2û2m+1

� bqÒ cqÒ cqï1eií1Ò cqï1e�ií1 Ò    Ò cqïmeiím Ò cqïme�iím

cqÛaÒ cqï1a1Ò cqï1a2Ò    Ò cqïma2m�1Ò cqïma2m

þþþþ qÒ q
�


PROOF. Rewrite (3.18) in the form

(4.10)
(a2j�1ïjxÒ a2jïjx; q)1
(ïjxeiíjÒ ïjxe�iíj; q)1

=
1X

nj =0

(a2j�1a2j; q)nj

(q; q)nj (a2j�1)nj
pnj (cos íjÒ a2j�1Ò a2j)ïnj

j xnj 

Multiply (4.10) for j = 1Ò 2Ò    Òm then apply LaÒbÒc. The result is (4.9).
Note that we may replace x in (4.10) by xcj then apply LaÒbÒc. The result will replace

pn1+ÐÐÐ+nm (cos íÒ t1Ò t2)

https://doi.org/10.4153/CJM-1997-024-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1997-024-9


GENERATING FUNCTIONS 535

by

pc1n1+ÐÐÐ+cmnm(cos íÒ t1Ò t2)

The û functions will get more involved and become q-analogues of the Wright functions
but we do not really gain anything with this degree of generality. Another variation is
to make q in (4.10) depend on j, that is replace q by qj. This leads to multibasic series
identities. Yet another variation is to multiply by xk before acting with LaÒbÒc. Here again
there is nothing conceptually new.

Finally we mention a similar case when the number of a’s is odd. In this case we
multiply (4.10) for j = 1Ò 2Ò    Òm, multiply the result by

(a2m+1ïm+1x; q)1
(ïm+1x; q)1

=
1X

nm+1=0

(a2m+1; q)nm+1

(q; q)nm+1

ïnm+1
m+1xnm+1

then apply LaÒbÒc.

5. Continuous q-ultraspherical polynomials. The continuous q-ultraspherical
polynomials fCn(x;åjq)g have the generating function [12, (7.4.1)]

1X
n=0

Cn(cos í;å j q)tn =
(tåeiíÒ tåe�ií; q)1

(teiíÒ te�ií; q)1
(5.1)

Their orthogonality relation is [12, (7.4.15)]

Z ô

0
Cm(cos í;å j q)Cn(cos í;å j q)

(e2iíÒ e�2ií; q)1
(åe2iíÒ åe�2ií; q)1

dí(5.2)

=
2ô(åÒ åq; q)1

(qÒ å2; q)1

(å2; q)n(1 � å)
(q; q)n(1 � åqn)

émÒn

Comparing (3.18) and (5.1) we find

Cn(cos í;å j q) =
(å2; q)n

(q; q)n
å�ne�iní pn(cos í;åeiíÒ åe�ií)(5.3)

This means that we can translate every generating function in Section 3 and Section 4 to
a generating function for the Cn’s. For example (3.19) becomes

1X
n=0

(q; q)n

(å2; q)n
Cn(cos í;å j q)tn =

(åe�2iíÒ åteií; q)1
(1 � teií)(å2Ò te�ií; q)1

(5.4)

ð3û2

� qteiíÛåÒ åe2iíÒ teií

qteiíÒ åteií

þþþþ qÒ åe�2ií
�


Another example is (4.3) with

t1 = åeiíÒ t2 = åe�iíÒ s1 = å1eiûÒ s2 = å1e�iûÒ
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which yields

1X
n=0

(q; q)n

(å2
1; q)n

Cn(cos í;å j q)Cn(cosû;å1 j q)tn(5.5)

=
(å1Ò å1e�2iûÒ tåei(í+û)Ò tåei(û�í); q)1

(å2
1Ò e�2iûÒ tei(í+û)Ò tei(û�í); q)1

ð4û3

�å1e2iûÒ å1Ò tei(í+û)Ò tei(û�í)

qe2iûÒ åtei(í+û)Ò åtei(û�í)

þþþþ qÒ q
�

+
(å1Ò å1e2iûÒ tåei(í�û)Ò tåe�i(í+û); q)1

(å2
1Ò e2iûÒ tei(í�û)Ò te�i(í+û); q)1

ð4û3

�å1e�2iûÒ å1Ò tei(í�û)Ò te�i(í+û)

qe�2iûÒ åtei(í�û)Ò åte�i(í+û)

þþþþ qÒ q
�


When å1 = å the 4û3’s in (5.5) combine into an 8û7 and the result is

(5.6)
1X

n=0

(q; q)n

(å2; q)n
Cn(cos í;å j q)Cn(cosû;å j q)tn

=
(tåei(í+û)Ò tåei(û�í)Ò tåei(í�û)Ò tåei(í+û); q)1

(tå2ei(í+û)Ò tei(í�û)Ò tei(í+û)Ò tei(û�í); q)1

ð8û7

 å2tei(í+û)ÛqÒ åpqtei(í+û)Û2Ò �åpqtei(í+û)Û2Ò åÒ åe2iíÒ åe2iûÒ åÒ tei(í+û)

å
q

tÛqei(í+û)Û2Ò �å
q

tÛqei(í+û)Û2Ò åtei(í+û)Ò åtei(û�í)Ò åtei(í�û)Ò åtei(í+û)Ò å2þþþþ qÒ te�i(í+û)
�


The kernel (5.6) was evaluated by Gasper and Rahman in [13]. Their form of the right-
hand side is different but one can transform our answer to theirs by using the two term
transformation (2.10.1) in [12] connecting two very well-poised 8û7’s with the choices

a = å2tei(í+û)Ò b = e = åÒ c = åe2iíÒ d = åe2iûÒ f = tei(í+û)

Note that (5.5) is a special case of (4.5) because (4.5) has three free parameters among
t1, t2, s1, s2 but (5.5) has only one free parameter, the parameter å.

We now introduce another measure whose moments are the continuous q-ultraspher-
ical polynomials.

THEOREM 5.1. Let

ó(x;åÒ u) =
(åÒ åu�2; q)1
(qÒ u�2; q)1

1X
n=0

(qÛåÒ qu2Ûå; q)n

(qÒ qu2; q)n
å2nèqnu(5.7)

+
(åÒ åu2; q)1
(qÒ u2; q)1

1X
n=0

(qÛåÒ qu�2Ûå; q)n

(qÒ qu�2; q)n
å2nèqnÛu

Then Z 1

�1
yndó(y;åÒ u) =

un(åu�2; q)n

(q; q)n
2û1

� q�nÒ åu2

q1�nu2Ûå
þþþþ qÒ qÛå

�
(5.8)
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PROOF. It is clear that the left-hand side of (5.8) is

un (åÒ åu�2; q)1
(qÒ u�2; q)1

2û1

�qÛåÒ qu2Ûå
qu2

þþþþ qÒ å2qn
�

(5.9)

+u�n (åÒ åu2; q)1
(qÒ u2; q)1

2û1

� qÛåÒ qu�2Ûå
qu�2

þþþþ qÒ å2qn
�


In (3.3) we make the choices

A = qÛåÒ B = qu2ÛåÒ C = qu2Ò Z = qnå2Ò(5.10)

and the expression in (5.9) simplifies to the right-hand side of (5.8).

COROLLARY 5.2. We have

Z 1

�1
yn dó(y;åÒ eií) = Cn(cos í;å j q)(5.11)

PROOF. Denote the right-hand side of (5.8) by rn(í). Then

1X
n=0

rn(í)tn =
1X

n=0

nX
k=0

(åu�2; q)n

(q; q)n
untn (q�nÒ åu2; q)n�k

(q1�nu2ÛåÒ q; q)n�k

�q
å
�n�k



Therefore

1X
n=0

rn(í)tn =
1X

n=0

nX
k=0

(åu2; q)n�kuk�n

(q; q)n�k

(åu�2; q)k

(q; q)k
tnuk

=
"1X

k=0

(åu�2; q)k

(q; q)k
uktk

#"1X
n=0

(åu2; q)nuk�n

(q; q)n
tn
#


Using the q-binomial theorem (3.11) we get

1X
n=0

rn(í)tn =
(åtu�1Ò åtu; q)1

(tuÒ tu�1; q)1
Ò

and the corollary follows from (5.1).

We note that (7.4.2) and (7.4.4) in [12] show that the expression (5.9) equals
Cn(cos í;å j q) which also equals the right-hand side of (5.8) with u = eií. The proof
given here makes this work as self-contained as possible.

Let

LåÒí(f ) =
Z 1

�1
f (y) dó(y;åÒ eií)(5.12)

Our next result is a bilinear generating function for the continuous q-ultraspherical
polynomials. It follows from (5.1) when we replaceå, í and t byå1,û and yt, respectively,
then apply LåÒí.
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THEOREM 5.3. The continuous q-ultraspherical polynomials satisfy

1X
n=0

Cn(cos í;å j q)Cn(cosû;å1 j q)tn(5.13)

=
(åÒ åe�2iíÒ å1tei(í+û)Ò å1tei(í�û); q)1

(qÒ e�2iíÒ tei(í+û)Ò tei(í�û); q)1

ð4û3

� qÛåÒ qe2iíÛåÒ tei(í+û)Ò tei(í�û)

qe2iíÒ å1tei(í+û)Ò å1tei(í�û)

þþþþ qÒ å2
�

+
(åÒ åe2iíÒ å1tei(û�í)Ò å1te�i(í+û); q)1

(qÒ e2iíÒ tei(û�í)Ò te�i(í+û); q)1

ð4û3

� qÛåÒ qe�2iíÛåÒ tei(û�í)Ò te�i(í+û)

qe�2iíÒ å1tei(û�í)Ò å1te�i(í+û)

þþþþ qÒ å2
�


THEOREM 5.4. The continuous q-ultraspherical polynomials have the bilinear gen-
erating function

1X
n=0

Cn+k(cos í;å j q)Cn(cosû;å1 j q)tn(5.14)

= eikí (åÒ åe�2iíÒ å1tei(í+û)Ò å1tei(í�û); q)1
(qÒ e�2iíÒ tei(í+û)Ò tei(í�û); q)1

ð4û3

� qÛåÒ qe2iíÛåÒ tei(í+û)Ò tei(í�û)

qe2iíÒ å1tei(í+û)Ò å1tei(í�û)

þþþþ qÒ å2qk
�

+e�ikí (åÒ åe2iíÒ å1tei(û�í)Ò å1te�i(í+û); q)1
(qÒ e2iíÒ tei(û�í)Ò te�i(í+û); q)1

ð4û3

� qÛåÒ qe�2iíÛåÒ tei(û�í)Ò te�i(í+û)

qe�2iíÒ å1tei(û�í)Ò å1te�i(í+û)

þþþþ qÒ å2qk
�


PROOF. Multiply (5.1) by yk then apply the procedure that led to (5.13).
It is clear that the left-hand side of (5.13) is symmetric if the ordered pairs (íÒ å) and

(ûÒ å1) are interchanged. Imposing this symmetry on the right-hand side of (5.13) leads
to the surprising transformation formula which is of independent interest. We shall state
this as a theorem.

THEOREM 5.5. The following combination of 4û3’s is invariant under the exchange
(íÒ å) ! (ûÒ å1)

(5.15)

(åÒ åe�2iíÒ å1tei(í+û)Ò å1tei(í�û); q)1
(qÒ e�2iíÒ tei(í+û)Ò tei(í�û); q)1

4û3

� qÛåÒ qe2iíÛåÒ tei(í+û)Ò tei(í�û)

qe2iíÒ å1tei(í+û)Ò å1tei(í�û)

þþþþ qÒ å2
�

+
(åÒ åe2iíÒ å1tei(û�í)Ò å1te�i(í+û); q)1

(qÒ e2iíÒ tei(û�í)Ò te�i(í+û); q)1

ð4û3

� qÛåÒ qe�2iíÛåÒ tei(û�í)Ò te�i(í+û)

qe�2iíÒ å1tei(û�í)Ò å1te�i(í+û)

þþþþ qÒ å2
�

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We conclude this section by stating a multilinear generating function for the continu-
ous q-ultraspherical polynomials.

THEOREM 5.6. We have

(5.16)
1X

n1ÒÒnm=0

mY
j=1
ftnj

j Cnj (cos íj;åj j q)gCn1+ÐÐÐ+nm(cos í;å j q)

=
(åÒ åe�2ií; q)1
(qÒ e�2ií; q)1

mY
j=1

² (tjåjei(í+íj)Ò tjåjei(í�íj); q)1
(tjei(í+íj)Ò tjei(í�íj); q)1

¦

ð2m+2û2m+1

� qÛåÒ qe2iíÛåÒ t1ei(í+í1)Ò t1ei(í�í1)Ò    Ò tmei(í+ím)Ò tmei(í�ím)

qe2iíÒ t1å1ei(í+í1)Ò t1å1ei(í�í1)Ò    Ò tmåmei(í+ím)Ò tmåmei(í�ím)

þþþþ qÒ å2
�

+
(åÒ åe2ií; q)1
(qÒ e2ií; q)1

mY
j=1

² (tjåjei(íj�í)Ò tjåje�i(í+íj); q)1
(tjei(íj�í)Ò tje�i(í+íj); q)1

¦

ð2m+2û2m+1

� qÛåÒ qe�2iíÛåÒ t1ei(í1�í)Ò t1e�i(í+í1)Ò    Ò tmei(ím�í)Ò tme�i(í+ím)

qe�2iíÒ t1å1ei(í1�í)Ò t1å1e�i(í+í1)Ò    Ò tmåmei(ím�í)Ò tmåme�i(í+ím)

þþþþ qÒ å2
�


PROOF. In (5.1) replace í and t by íj and tj; respectively, j = 1Ò    Òm, multiply the
results and apply LåÒí. We obtain (5.16).

6. Remarks and summary. The q-analogue of (2.2) is

hLM j pniq =
nX

k=0

(q; q)n

(q; q)k(q; q)n�k
hL j pkiqhM j pn�kiqÒ(6.1)

where fpn(x)g is any Eulerian family of polynomials, [3], [15]. When L and M have
the representations

Lf (x) =
Z 1

�1
f (x) dï(x)Ò M f (x)

Z 1

�1
f (y) dñ(y)Ò(6.2)

then
hLM j f iq =

Z 1

�1

Z 1

�1
f (xy) dï(x) dñ(y)(6.3)

The product functional (6.3) was used in the previous sections when we repeatedly
applied certain functionals with different parameters.

It is clear that the products of functionals in (2.3) and (6.3) correspond to convolutions
of measures and as such they are very natural. It is also clear that the products (2.3) and
(6.3) correspond to additive and multiplicative algebraic structures. It was observed in
[23] that in many orthogonal polynomial systems what is designated as a variable may
not be the “natural” variable. So we denote the natural variable by s and the polynomials
variable by x and write x = x(s). A mapping s ! x(s) from the complex plane into itself
defines a grid or a lattice on a subset S of the complex s plane on which the mapping is
one-to-one. The functional products (2.3) and (6.3) correspond to the linear grid x(s) = s
and the q-linear grid x(s) = qs, respectively. These are the simplest grids. The grid
used is also related to a comultiplication of a bialgebra. The linear grid corresponds to
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x ! x 
 1 + 1 
 x while the q-linear grid corresponds to x ! x 
 x. It will be useful
to find the comultiplication associated with the quadratic grid x(s) = s2 + cs and the
q-quadratic grid x(s) = (qs + q�s)Û2. The former will give an umbral calculus for the
Wilson polynomials and Wilson divided difference operators while the latter will give
an umbral calculus for the Askey-Wilson polynomials and the corresponding divided
difference operators.

It is worth noting that Slepian [27] essentially used the Rodrigues formula for Hermite
polynomials and the fact that the Fourier transform of a Gaussian is another Gaussian to
derive the multilinear generating function known as the Kibble-Slepian formula, [21],
[27]. In the case of Laguerre polynomials, formula (2.5) also follows from

xãe�x =
Z 1

0
e�u(xu)ãÛ2Jã(2

p
xu) duÒ ã Ù �1Ò(6.4)

by successive differentiation, [30, (3.2.5)] and the Rodrigues formula for the Laguerre
polynomials.

We conclude with the list of classical orthogonal polynomials given in this paper
which are moments. For each polynomial we give the (non-normalized) measure dñ(x),
the monic orthogonal polynomials pn(x) for the measure, and the coefficients ãn and ån

in the three term recurrence relation

pn+1(x) = (x � ãn)pn(x) � ånpn�1(x)Ò(6.5)

for pn(x), [9, p. 215].
Hermite polynomials: ñn = Hn(ia)Ûin, dñ(x; a) = e�(xÛ2+a)2

dx on (�1Ò1),

pn(x) = Hn(xÛ2 + a)Ò ãn = �2aÒ ån = 2n

Laguerre polynomials: ñn = n! Lãn (�b), dñ(x; bÒ ã) = b�ãÛ2e�b�xxãÛ2Iã(2
p

xb) dx on
(0Ò1). Here pn(x), ãn, and ån are unknown.

Laguerre polynomials: ñn = n! Lãn (ib)Û(ã + 1)n,

ãn = 1 +
ib(2 � ã)

(ã + 2n � 2)(ã + 2n)
Ò

and

ån =
nb2(ã + n � 2)

(ã + 2n � 3)3(ã + 2n � 2)


pn(x) and dñ(x) are given in [31].
Meixner polynomials: ñn = cnmn(aÒ åÒ c)Û(å)n , dñ(x) = (1� x)å+a�1(x� c)�a�1dx on

[cÒ 1],

pn(x) =
n!(1 � c)n

(å + n � 1)n
P(å+a�1Ò�a�1)

n

�2x � 1 � c
1 � c

�
(Jacobi polynomials)Ò

ãn = c +
(c � 1)

�
(å � 2)a � 2nå � 2n(n � 1)

�
(å + 2n � 2)(å + 2n)

Ò
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and

ån =
(c � 1)2n(å + n � 2)(n � 1 � a)(å + a + n � 1)

(å + 2n � 3)3(å + 2n � 2)


Al-Salam-Chihara polynomials: ñn = pn(cosí; t1Ò t2), dñ(x) is given by (1.6) where
(3.9) holds, pn(x) = Pn(x; aÒ bÒ c; q)(aqÒ cq; q)nÛ(abqn+1; q)n (big q-Jacobi polynomials),
for ãn and ån see [12, Example 7.10, p. 186].
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