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In this paper we state some sharp maximum principle, i.e. we characterize the
geometry of the sets of minima for supersolutions of equations involving the k-th
fractional truncated Laplacian or the k-th fractional eigenvalue which are fully
nonlinear integral operators whose nonlocality is somehow k-dimensional.
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1. Introduction

Bony’s sharp maximum principle [6] describes the propagation of minima for super-
solutions of degenerate elliptic operators in all the directions that can be reached
through the so-called subunit vectors that characterize the operator. In this paper
we show that in the nonlocal context, for some fully nonlinear degenerate operators
with nonhomogenous diffusion, this is even more true.

We shall investigate two families of operators that we now introduce: given a
direction ¢ € RY and a function u : RY — R, smooth enough, let

Ig’u

—-C, / v r8) tulz—rf) —2ulz) | (1.1)

7—1+25

where s € (0,1) and C; is a normalizing constant such that Zeu(z) — (D?u(z)§, )
as s — 17. The so-called k-th fractional truncated Laplacian is defined by

T, u(x inf Teuw 1.2
fu@ = levk;& (12)
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where V;, denotes the family of k-dimensional orthonormal sets in RY | while the
k-th fractional eigenvalue, is given by

Tru(z) = inf sup  Zeu(x). (1.3)
dim V=k cev, |gl=1 X

As it was already pointed out in [4, 5], these operators do not satisfy the strong
maximum principle in the sense that there exists nonnegative supersolutions that
reach their minimum. More precisely, if  is an open subset of RY and k < N, then
there exist nonnegative viscosity supersolutions u € LSC(RY) of

Z,u=0 inQ, (1.4)
or of

Zru=0 1in €,
verifying the conditions

IrgnuzO and UNQ#0D,
where U = {z € RY : u(x) > 0} is the positivity set of u.

The main purpose of this paper is to give a characterization of U, for both classes
of operators.

Let us point out that if &k = N in (1.2)—(1.3), or if the infimum is replaced by the
supremum in (1.2), then the corresponding operators satisfy the strong maximum
principle, in which case the alternative claim UNQ =0 or U NQ = Q holds, see
[4, theorem 4.3 and proposition 4.7] for details.

Before describing the results we obtain, we wish to mention that we are in the
context of nonlocal viscosity solutions, classical references for the definition of vis-
cosity solutions are [1, 7]; see also [5] for a discussion on the notion of viscosity
solutions for operators (1.2) and (1.3). It is important to underline the fact that
for those operators the nonlocal diffusion is along k one-dimensional sets. Nonlocal
operators with nonlocality in subdimensional sets have been considered in other
contexts; in particular, Bass and Chen in [2], using a probabilistic approach, prove
some Holder regularity results for solutions of equations involving operators that
are sums of operators like (1.1) along N orthogonal directions. Interestingly the reg-
ularity of the solution holds even if Harnack’s inequality does not. Instead Endal,
Ignat and Quiros in [9] consider the heat equation for a very large class of diffusion
terms that include nonlocal operators such as those of Bass and Chen.

We now describe the sharp maximum principle we obtain in the case of the
nonlocal truncated Laplacians (1.2). We will prove in theorem 2.1 that if U is the
positivity set of a supersolution of (1.4), then U satisfies the following geometric
condition Gq,y k-

DEFINITION 1.1.

U satisfies Gouk < Q\U # 0 and Yz € Q\U there exists {fi}le eV st
x4+78¢U VreR, i=1,... k.
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Furthermore, the ‘vice versa’ is true in the sense that for any  and U, open
subsets of RV, satisfying Ga,u,i it is possible to construct a supersolution whose
positivity set coincide with U, see theorems 2.3 and 2.5. These two properties
somehow reflects the fact that the diffusion is along & orthogonal lines.

In order to give a better understanding of this geometric condition, we show in
theorem 2.7 that, if OU is smooth, condition Ggq y; implies that the sum of the
largest k principal curvatures at any point € Q N OU is non negative.

In the case of the operator (1.2), i.e. k-th fractional eigenvalue, the geometric
condition of the positivity set is Go v k-

DEFINITION 1.2.

U satisfies Go,uk < Q\U # 0 and Yo € Q\U there exists V linear space s.t.
(1) dimV =k
(i) x+v ¢ U YveV.

Mutatis mutandis the results are the same as for Z, . This condition, which is in
fact stronger than Gq v 1, as it will be seen later, is different in nature because even
though the operator is defined only through one-dimensional integrals and so with
one-dimensional diffusion, the sets involved in the propagation of the minimum are
k-dimensional affine spaces.

Also, if OU is smooth, Gy implies that the (N — k)-th principal curvature is
nonnegative. Furthermore, when k = N — 1, Gg~ ¢y y_1 implies that the connected
components of U are convex sets, see theorems 3.5 and 3.6.

It is inevitable to compare the results that hold in the nonlocal case with those
obtained for the differential operators to which these operators tend when s goes
to 1. It is easy to see that, under reasonable conditions on the function w, Z, u
converges pointwise to P, (D?u) := A (D?u) + ... + Ay (D?u), while Zyu converges
to A\g(D?u), where \1(D?u) < A\o(D?u) < ... < Ay (D?u) denote the eigenvalues of
the Hessian D?u arranged in nondecreasing order. Among other things, for these
very degenerate elliptic operators, some characterizations of the positivity set were
given in [3].

Remarkably, the conditions on the principal curvatures of QU, which are implied
by Gq,ukr or by Go uk, are the same in the local case and in the nonlocal case.
But differently from the local case, see [3, theorem 11], the statement of theorem
3.6 cannot be reversed. There exist open sets, with convex connected components,
for which Ggn 7 y—1 is not true. A very simple example is given by the union of
disjoint open balls in RY.

With a different aim, but with a similar point of view, Del Pezzo, Quaas and Rossi
in [8] have introduced a notion of fractional convexity and they define the s-convex
envelope through Zyu, in similarity with the result of Oberman and Silvestre [10].

2. The case of 7,

Let U and  be open subsets of RY. Since Go.u,k is trivial if U = (), henceforth we
shall assume that U is nonempty.
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THEOREM 2.1. Assume that u € LSC(RY) is a bounded and nonnegative (in RY)
viscosity supersolution of

T,u=0 inQ

such that mingu = 0. Then its positivity set U = {33 cRY : wu(x) > O} satisfies
Go.u,k-

Proof. Let zg € Q\U. Then u(xg) = 0. We test u from below at xo by

n(z) = {O if |m—?vo| <= (2.1)

u(x) otherwise.

From the inequality
I;g_l/)n(i’?o) <0

we infer that, for any n € N, there exists an orthonormal frame {&1(n),...,&(n)}
such that

2 lu(zo 4+ 7&(n)) + w(zo = & (M))] X (1 400)(T)

k
Y / i dr <
0

)

S|

i=1

where X(L 1o0) denotes the characteristic function of the interval ( , F00).
Up to a subsequence we can further assume that

lim &(n)=¢& fori=1,...,k

n—-4oo
and that {&,...,&} € V.

Using Fatou’s lemma in (2.2) we obtain

kT u(xg + 7€ (n u(xg — 7€ (n 1 T
Z/L}Ejgf[ ot 760 ot GOy

Since for any 7 > 0 we have x 1 +00)(T) = X(0,400)(T) a8 m — 400 and
u(zg £7&) < 1imJirnfu(x0 +7&(n)),

by lower semincontinuity, then we infer from (2.3) that

+oo

Xk: / u(wg + 7&) + u(zo — Tfl)
0

N
=
=
=

¢ 7—1+2s
=1

Moreover, u > 0 in RY by assumption, hence by (2.4) we conclude that
wlzo+7&) =0 VreR, i=1,...,k

that is 29 +7& ¢ U forany 7 € Rand any i = 1,..., k. O
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REMARK 2.2. Theorem 2.1 excludes the existence of bounded supersolutions u €
LSC(RYN) of

T, u =0 in  bounded domain
such that

m&nuzo and >0 in RV\Q.

Conversely, any open subset U satisfying Go, v, coincide with the positivity set
of a supersolution u of the equation (1.4).

THEOREM 2.3. Assume that U is an open set satisfying Go ui. Then there exists
a nonnegative and bounded (in RY ) supersolution u € LSC(RN) of

Z,u=0 inQ
such that

. o _ N .
ngnu—o and U= {zeR" : u(z)>0}.
Proof. Let us define u € LSC(RY) by

u(z) = xu(z).

It is clear that U = {z € RN : u(x) > 0}. Moreover, since Q\U # () by definition
of Gq,uk, it holds that ming u = 0.

To prove that u is a viscosity supersolution, let xg € Q. If g € QN U, then
u(xzp) = 1. Since U is open, the function u is in fact constant in a neighbourhood
of . Hence, for any ¢ € RV, with |£| = 1, Zgu(zg) is well defined and

+oo
u(zo + 78) + u(xg — 7E) — 2
Zeu(wo) = Cs / 1+2s dr <0

0

considering that 0 < u(z) < 1 for any x € RY. Then we infer that the inequality
T, u(xo) <0

holds in classical, and so in the viscosity, sense at zop € QN U.
Assume now that xg € Q\U, so that u(xo) = 0. In this case u can be discontinuous
at xo depending on whether zo € Q N AU or not.
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To check that the inequality Z, u(xo) < 0 holds in the viscosity sense, let ¢ €
C?(Bs(p)), 6 > 0, be such that

o(rg) =0 and o(x) < u(z) Vo € Bs(xo). (2.5)

Consider the function

_ Jp(x) if x € Bs(xo)
Vie) = {u(x) otherwise.

Using the hypothesis Gquk, there exists an orthonormal frame {5_1,...,§_k},
depending on xg, such that

u(zo+75) =0 VrER, i=1,... k. (2.6)

Thus, by (2.5)-(2.6), we conclude

0
k k
_ oz + 7&) + (w0 — sz)
Toplen) <Y Tewien) = G ) [ FRTTE r<o. O
i=1 0

i=1

REMARK 2.4. As a consequence of theorem 2.1 and of the proof of theorem 2.3, if
u € LSC(RY) is a nonnegative and bounded (in R”) viscosity supersolution of

then the characteristic function yy of its positivity set U = {x eRYN ¢ u(z) > O}
is in turn viscosity supersolution of the same equation, that is

Ioxv <0 inQ.

Next theorem provides the existence of a Lipschitz continuous entire supersolu-
tion with a prescribed positivity set U satisfying the property Gr~ 1.

THEOREM 2.5. Assume that U is an open and bounded subset of R that satisfies
Gr~ p- Then there exists a nonnegative and bounded viscosity supersolution u €

Lip(RY) of
Zyu=0 inRY (2.7)
such that U = {z € RN : u(z) > 0}.
Proof. We define
u(z) = dist(z, RV\U).

Clearly u is bounded and Lipschitz in RY. Moreover, since U is open, u(z) > 0 if,
and only if, z € U.
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To check that u is a viscosity supersolution of (2.7), let zo € RY and let ¢ €
C?(Bs(xp)), § > 0, be such that

u(zg) — p(xg) =0 < u(x) — p(x) Va € Bs(xo). (2.8)

Setting

_Jel(x) if € Bs(wo)
V@) = {u(x) otherwise,

we have to prove that Z, 1 (zo) < 0.
We choose yo € RV\U, depending on z¢, such that

¢(x0) = u(zo) = |0 — Yol - (2.9)
Moreover, by the definition of u, we have
o(r) <u(z) < |r—y| Vo€ Bs(xo), y € RN\U. (2.10)

Using (2.9)—(2.10) with z = y 4+ z9 — yo and setting ¢(y) = ¢(y + x0 — yo), we then
obtain

d(y) < d(yo) Yy € Bs(yo) N (RV\D). (2.11)

Since yo € RV\U, by the assumption Ggx 7, there exists an orthonormal frame
{El, . ,Ek} such that

Yo+76&¢U VreER, i=1,...,k (2.12)
Then, from (2.11) and (2.12), we have
d(yo + 7)) + d(yo — 7)) — 20(yo) <0 VT €10,8), i=1,...,k.

The above inequality implies that

dr

//\
o

7—1-‘,—25

zk:/éqﬁyow + (g0 — 7E) — 26(y0)
0

=1

Moreover, since ¢(yo & 7&) = (¢ + 7&) for 7 € [0,5) and i = 1,..., k, we obtain

dr <0. (2.13)

M=

7-1+25

i=1

/5 (o +7E6) + plwo — 76) — 20(x0)
0

Now, we use the inequality
u(z) < |z —y| VreRY, y e RMN\U
with the particular choice x = xo & 7&; and y = yo & 7&; to infer that

U(l'() :t ng) < |£L'0 — y(]‘ = U(IEO) VT S [0,+OO), Z = ]., . .,k.
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Thus,
+o0 _ _
Z / u(zo + 7€) + u(leg_ 7&) — 2u(xo) ar < 0. (2.14)
T s
i=1 %
The conclusion
T, p(x0) <0
easily follows from (2.13) and (2.14). O

REMARK 2.6. The assumption U bounded in the statement of theorem 2.5 has been
used only to guarantee that u(z) = dist(x, RNV\U) was bounded. In this way, the
maps

u(z + 78) + u(r — 7€) — 2u(x)

T SESE (2.15)

are integrable outside the origin, for any direction ¢ and any z € RY.

In the case U unbounded, using the Lipschitz continuity of u, the integrability
of (2.15) far away from the origin, is still true, independently of &, provided s > %

Another possibility to deal with general U and without the restriction s € (%, 1),
is to replace u(x) = dist(xz, RV\U) by

u(z) = min {dist(z, RN\U), 1} .

The details are left to the reader.

Let u be a viscosity supersolution of

Z,u=0 inQ (2.16)

and suppose that the relative boundary QN OU of its positivity set U is smooth.
Then, denoting with

k() <... < ky_1(x)

the principal curvatures of 2 N AU at x, one has
EN—k(z)+ ...+ Kny_1(x) =20 Ve e QnoU.
This geometric property is a consequence of theorem 2.1 and the following

THEOREM 2.7. Let U be an open set verifying Go u,, and assume that QN OU is a
C?-hypersurface. Then

k
D kn_i(x) =0 YzeQnal. (2.17)
i=1
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Proof. Let xg € N OU. By assumption, and by an orthogonal transformation, we
may assume that zo = 0 and that for some r > 0

UNB,={r€ B, : anx > f(a")}, (2.18)
where x = (2/,z) and
JeC3 B, [0)=0, Df()=0. (2.19)

Moreover, the principal curvatures of QN OU at zy =0 are the eigenvalues of

D2f(0").
Since Gq,y, holds and xp = 0 € Q\U, then there exists {él}le € Vi such that
& ¢ U VTER, i=1,...,k. (2.20)

We claim that <fi,eN> =0 for any ¢ = 1,...,k, where ey = (0',1).
If not, then @z, eN> #0 for some i€ {1,...,k}. Replacing & with —¢; if
necessary, we can further suppose that <£¢, e N> > 0. Since

f(7&) =o(r) asT—0,
we infer that for any 7 positive and small enough
T<f_i,€N> > f (T@) .
Thus, using (2.18), we have that for any 7 positive and small enough
& EeU

which contradicts (2.20).
Since <§Z-, eN> = 0, we can write

& = (£,0). (2:21)

Moreover, {fi, .. ,f;ﬂ} is an orthonormal frame in RV-1.
Consider now, for ¢ = 1,..., k, the functions

gi(r) = f(r&) 7€ (-r,1).
Using (2.18)—(2.19)—(2.20)—(2.21) we obtain that
gi(T) 2 0=g(0) V7€ (-rr).
Hence for any i =1,...,k

g¢(0) = (D*f(0)&;.&}) = 0,

from which we conclude that

k k
Z kN _i(To) = sup {Z <D2f(0/)£i,£i> ¢ {&1,..., &} orthonormal set in RN_I}
1=1 i=1

>3 (D*r0)E.&) > 0. O

i=1
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3. The case of Z,

As it was mentioned in the introduction, for the operator Z; the right condition
on the positivity set is Go u,, see definition 1.2. We start the section giving an
example of a bounded open set U C R? which satisfies the condition Grs 2, but
not Ggs 2. Such an example can be easily generalized to RY and k < N.

EXAMPLE 3.1. Let
U=U,UU,,

where Uy and U, are the two unit and open balls defined by

Uy = {(z,y,2) eR® : 2® +y* + 2% <1}

Us = {(z,y,2) €R® : 2%+ (y—4)* + 2% < 1}.
Let us first show that condition Ggs 75 is not satisfied. For this we consider, for ¢
positive and small enough, the point P. = (0,e,v/1 — €2) ¢ U. We claim that every
two-dimensional plane 7 passing through P. has nonempty intersection with U. This
is obvious if 7 is not the tangent plane to the unit sphere OU; = {x2 +yt+ 22 = 1}7

since P. € QU;. On the other hand, if 7 is the tangent plane to OU; at the point
P., it is not difficult to see that

(074,\/1—52_\/187&(4—5)) ennNUs

for any e positive and sufficiently small. Hence Ggs 72 is not fulfilled at P..

Now we prove that U has the property Ggs p2. Fix (29, yo, 2z0) ¢ U. If there exists
a two-dimensional linear space V C R? such that ((zo,%0,20) + V) NU = 0, then
we are done. Suppose now that for any linear space V', with dimV = 2,

((Sco,yo,Z()) + V) NU # 0.
In particular, this implies that
Ty € (—1, 1) , Yo € (O,l) U (3,4) , R0 € (—17 1). (31)

Otherwise, it is obvious that there exists a two-dimensional linear space W such
that

(20,90, 20) + W)NU = .

By symmetry, we suppose in the following that yo € (0,1). A similar argument,
with obvious changes, holds in the case yo € (3,4). We can pick V in such a way

((ﬁo,yo, ZO) + V) n U1 = @

We then have that ((xo,y0,20) + V) NUs # 0. Note that ((xo,yo,20) + V) NUs is
a disc and that

dlSt ((‘r(]vy()azo)7 ((‘r()vy()vzo) + V) N UQ) > |(.’E(),y0,20) - (07470)| -1 > 2.
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After a rigid transformation we can also assume that (zg,yo,20) = (0,0,0), V is
spanned by e; = (1,0,0) and ex = (0,1,0) and that

((z0,Y0,20) + V)N Uz = {(2,5,0) € R® : (z—a)*+y* < p°}

for some o > 2 and p € (0,1]. Now, it is immediate to see that

1t r=y To @ r="Y
2=0 z=0

are two orthogonal lines passing through (2, yo, 20) and such that
rmNU=rynNU=0.
Since (zo, Yo, 20) ¢ U is arbitrary, we conclude that U has the property Ggs y 2.

THEOREM 3.2. Assume that u € LSC(RY) is a bounded and nonnegative (in RY)
viscosity supersolution of

Tru=0 1inQ
such that ming u = 0. Then its positivity set U = {ac eRY : u(z) > 0} satisfies

Go,u.k-

Proof. Let xy € Q\U. We proceed as in the proof of theorem 2.1 testing u from
below at xy by the sequence of function ,, defined in (2.1). Hence for any n € N,
there exists a k-dimensional linear space V' = V(n) such that

+00[u(l’0+7'£)+u($077'£)} X(l,Jroo)(T) 1
Cs sup / T2, - dr < —. (3.2)
gev, lgl=1 J T n
Choose an orthonormal basis {£1(n),...,&k(n)} of V. Passing to a subsequence, we

can also assume that

lim &(n)=¢& i=1,... k.

n——+00

Let V = span {51, . fk}. We have dim V' = k. We claim that V satisfies also con-
dition (ii) in definition 1.2. For this we shall prove that for any fixed unit vector
£ €V, then

xo+7EE U VreR. (3.3)
Let £ € V be such that |¢] = 1 and let

k
on) = Y (6n), &) o).
Note that v(n) € V =V (n) and that

lim w(n) =¢. (3.4)

n—-+o0o
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Hence, for any n sufficiently large, |v(n)| > 0. Using (3.2) with &(n) = 2. e v
we have

. */°° [ulawo + 7€(m)) + u(wo — TEEN]X(1 o) (7)
0

dr <

7-1+2s

Passing to the limit in the above inequality as n — +o0o and using Fatou’s Lemma,
u € LSC(RY) and (3.4) we obtain

+oo

/ u(xo + 7€) + u(xg — 7E) dr

7—1+25

N
o

0

The assumption u > 0 in RY yields u(zg + 7¢) = 0 for any 7 € R. Thus, (3.3) holds.
|

The proofs of the following three theorems can be obtained, with minor changes,
as those of theorems 2.3, 2.5 and 2.7, see also remark 2.6.

THEOREM 3.3. Assume that U is an open set satisfying Go v Then there exists a
nonnegative and bounded (in RY ) supersolution u € LSC(RY) of

Tru=0 1inQ
such that
ms%nu:O and U= {zeR" : u(z)>0}.
THEOREM 3.4. Assume that U is an open subset of RN that satisfies Grn yi- Then
there exists a nonnegative and bounded viscosity supersolution u € Lip(RY) of
Tyu=0 inRY
such that U = {z € RN : u(z) > 0}.

THEOREM 3.5. Let U be an open set verifying Go.u,r and assume that QN OU is a
smooth hypersurface. Then

kn—k(z) =20 VYae QnouU.

The geometric condition Gg~ 7 y_; implies the convexity of any connected
component of U, as shown in the next

THEOREM 3.6. Let U C RN be open set satisfying condition Gry yN—1- Then any
connected component of U is a convex set.

Proof. Let Uy be a connected component of U. Note that Uy is an open subset of
U since U is locally connected.

To the contrary that Uy is a convex set, we suppose that Uy is not convex, which
implies that there are two distinct points z,y € Uy such that the line segment
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[z,y] :={tex+ (1 —t)y : t € [0,1]} is not contained in Uy. This implies that [z, y] is
not contained in U. Indeed, if we suppose that [x,y] C U, then [z,y] is a connected
subset of U and intersects Uy, and therefore, Uy U [z,y] is a connected subset of
U, which yields a contradiction that [z,y] C Uy. Thus, we find that [z,y] is not
contained in U. We can choose A € (0,1) so that z := Az + (1 — X\)y € U. By the
property Gg~ y ny—1, we can choose (N — 1)-dimensional linear subspace V' of RN
such that (z +V)NU = (). Select v € RV \ {0} so that 2+ V = {p e RY : (v,p —
z) =0} and set

H={peRY : (v,p—2) >0} and H ={p € RY : (v,p — 2) < 0}.
Observe that
Up=(H"NUy) U (H NUp), (3.5)

that the right-hand side of (3.5) is a disjoint union of two open subsets of U, and
that either x € H and y € H~, or € H~ and y € H™, which assures that both
HTNUy and H~ N Uy are nonempty. Hence, (3.5) contradicts the connectedness
of Uy, which completes the proof. O

As a consequence of theorems 3.2 and 3.6, we have the following,
THEOREM 3.7. Let u € LSC(RY) be a bounded and nonnegative supersolution of
In_qu<0 inRY (3.6)

and satisfy ming~y uw = 0. Then any connected components of its positivity set is a
convex set.

REMARK 3.8. Theorem 3.7 is not true for supersolutions of
Tru=0 inRY (3.7)
when £k < N —1 and N > 3. As an example consider
U={z=(z1,...,an) eRY : 1 <af+2} <2}.

Then U has the property Ggn ) for any & < N — 2. For this it is sufficient to
consider any k-dimensional linear space V C {(0,0,x3,...,2x)} in order to fulfil
condition (i¢) of definition 1.2.

By theorem 3.3, or theorem 3.4, there exists a bounded and nonnegative viscosity
supersolution of (3.7) whose positivity set coincides with U. On the other hand, it
is clear that U is not convex.
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