Nguyen X.-C.
Nagoya Math. J.
Vol. 103 (1986), 15-27

ON THE POWER SERIES REPRESENTATION
OF SMOOTH CONFORMAL MARTINGALES

NGUYEN XUAN-LOC

We introduce here the notion of (stochastically) differentiable process
with respect to a fixed conformal martingale and compute the remainder
term of the Taylor expansion of the given process (Definition 1 and Pro-
position 3). An a-priori estimate in the L’*norm of the above mentioned
remainder term is given and consequently a power series representation
of smooth conformal martingales is obtained (Theorem 4).

The results in this note on the one hand extend those of our previous
works on smooth martingales with respect to the stopped complex Brownian
motion (see [3]) and on the other hand can be applied to approximate the
solutions of complex Ito-diffusion equations (see Applications). Further-
more they give a positive answer to an open question raised by M. Yor
(see [5]).

Power Series representation of smooth conformal martingales with
respect to a fixed martingale

For the convenience of the reader let us recall briefly the notion of
conformal martingales and their associated Ito formula. We refer to the
original work of Getoor and Sharpe for the complete literature of the
theory of conformal martingales (see [2]). By probability system we always
mean a collection X = (2, F, (¥)).s,, P) which consists of a probability
space (£2, &, P) and an increasing family (%)),,, of sub ¢-fields of # with
the following standard hypotheses:

— (F1)is, 1s right-continuous ,

— &, contains all null sets of #.

We always denote by .#, the class of continuous complex local martin-
gales for . Thus We .#, iff its real and imaginary parts are continuous
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local martingales. In other words,

W= W, + U+ iV where W, is an % measurable complex random
(1) variable and where U, V belong to the class .#, of continuous, real
local martingales which are null at ¢t = 0.

Let .o/, be the class of continuous, real processes for 5 which are
null at ¢ = 0 and which are locally of integrable total variations.

For W,, W, e 4, the process (W,, W,), defined by complex polarization,
is the unique member of .o/, 4 i/, such that

(2) W,-W, — (W,, W,) is an element of .#,.

One finds that (W,, W,) = (W, — W,(0), W, — W,(0)) and that (W,, W,)
is linear in W,, conjugate linear in W,. It follows at once from (2) that
for an element W= W, + U 4 iV e .#, we have:

(3) W, W) =(U, Uy +(V, V) and,
{<W, Wy =(U, Uy — <KV, V) + 2KU, V>

In the following v;/e denote also by (W) (resp. (U)) the process (W, W)
(resp. <U, U)).

DeFINITION A (see [2], (5.1)). Anelement W= W, + U+ iV of 4, is
called conformal provided that:

(4) U, Uy =(V, V> and (U, V) =0.

The class of conformal martingales for the probability system 3 will be
denoted by ¢. Clearly We @ iff We ¥ and the stopped process W7 =
(W, ,.) also belongs to @ for every (&,)-stopping time 7.

Now fix an element W= W, + U + iV e #, and let L. (W) be the class

loc

of previsible complex processes C = (C,) such that (ILICS |2d<W>s> 1s locally
0

integrable. If W is furthermore conformal then:
(5) Li.(W) = Li..(U) + iLi,(U)

(notice L, (U) = Li,.(V)).
To save spaces let us denote in the rest of the paper by Cx W the

stochastic integral of an element of C = (C,) e L} (W) with respect to
(W — W(0)) and write:
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(6) C*W(t)zjzcsodWs

(instead of C-(W — W(0))(t) = J 0 C,-d(W — W(0)),) .

The notation C% W (K € N) will be used to denote the iterated stochastic
integral:

(6) CiW(@E) = CxWx--- + W(t) (the operation  is repeated K times).
Notice that if C e L%, (W) then by the continuity of the paths C¥ W also
belongs to Li,(W) and furthermore it is not difficult to see that
[1ckwpacwy, = [([1C5 Wopdwy.)-awy, + M,- W),
0 0 0
where (M,) is the local martingale given by
M, = |C"F W,p—(C" Wy ,.
The following Ito-formula for the class ¥ of conformal martingales of

Getoor and Sharpe will be used frequently in the sequel.

THEOREM B (see [2], (5.4)). Let D be a domain in C" and letZ*, - - -,
Z" € € such that

Pz, ---,Z")eD for any t >0) = 1.

If F is holomorphic in a neighbourhood of D, then

F(Z, - Z0) = F(ZY -, Z) + 3, ‘§F<Z;,-~-,Zz>-dzg
J=1J0 Zj

7
(7) 1 & (¢ F

= . (Z), -, Z0-d(Z7, 2%,
2 se=1Jo 92,0z, ( ) ’

(Ito formula).

Consequently if Z', -..,Z" e % and (Z’,Z*)y = 0 for all j, k (notice (Z',Z")
= 0 automatically) then under the same hypothesis on F, one has

F(Z, -, 2 = F(ZY -, Z) + ij‘-gf—w:, ., ZD)-dZi,
j=1J0 Zj

ie., F(Z, ..., Z") belongs again to %.

DerFINITION 1. a) Let W be a fixed element of 4. A conformal
martingale ¢ = (¢(s)) of % is said to be n-times differentiable with respect
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to W (abbrev. n-times W-differentiable) provided that there are n elements
¢ e Li (W) (1<i<n) such that:

gD — gD(0) = gD x W (1<i<n — 1).

b) A conformal martingale ¢ € ¥ is said to be smooth with respect to
W if it 1s W-differentiable infinitely many times.

Remarks. 1) It is implicitly stated in the formula (8) of the Defini-
tion 1 that ¢ e® for i=1,2,---, n — 1.

2) The particular case, where W = (B;,,) is chosen to be the com-
plex Brownian motion stopped at the stopping time T, was introduced in
an earlier work [3] and a smooth martingale (with respect to W = (B;,,)
is called in [3] a locally analytic processes.

LEmma 2. a) Let W be a fixed conformal martingale and let n be an
integer then the process:

(9) W = (W@ — WO)"
belongs to € and furthermore, for every integer 1 < k < n we have
(10) W =nn—1)-(n — EYWe0)5W

(see (6) and (6') for the definition of 5w
b) Let ¢ = (4(t)) be a (n + 1) times W-differentiable martingale then ¢
can be written as follows:

(11) 6 =30 + 332 VW + W,

Proof. (a) Since (W, W) = 0, it follows from Ito-formula (7) applying
to f(2) = z" that:

W) = nW" '« W(@).

From the above equality (10) can be obtained easily by iteration.
b) Suppose first that n = 0, then (11) says nothing else than the
definition of W-differentiable martingale, 1.e.,

B0 = 40 + [ $2)-dW,.

Now suppose that (11) is true for n = & and that ¢ is a (k + 1)-times W-
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differentiable martingale then we have:

(12 80 = 90 + 5, 2O Wiy + oL .

On the other hand since ¢ can be written as follows:
$(s) = ¢M(0) + (6“1 = W)(s),

thus the last term of the right hand side member of (12) turns out to be:

(DX W) = (0) + 79« MEW(Q)
= gD W) + %> % WD)
— ?%Q' Wk(t) + ¢(k+1)(k>;1)W(t)

by (10). Hence (11) is also true for n = k + 1. g.e.d.

Remark. Notice that ¢®(0) (0 < k < n) is & ,-measurable hence they
behave like a constant in the stochastic integration procedure and that if
v e L, (W) then so is 4« W.

Let We @& be a fixed conformal martingale and let (W) = (KW),) be
the continuous increasing process associated with W. For ¢>0 let us
define the stopping-time z(f) as follows:

inf {s > 0: (W)y(w) > &}

t o) =
o(t, ) {+ oo if the set of s such that (W) (w) > ¢ is empty .

ProposiTioN 3. a) Let ¢ = (¢(2, -)) be a (n + 1)-times W-differentiable
conformal martingale with derivatives ¢V (1 < i < n + 1). Suppose further-

more that E(|¢(z(t, -))[)) < + oo, for some fixed t > 0, then for every t, < t:

E(g(t, NP = B(g(elts, WP + [ dtu-- [ EQ(ets, NPy
(19 + 35 Bttt HpES

— B E(gc0, p- E= BV DD qwy <

b) Consequently if ¢ is a W-smooth conformal martingale such that
E(¢(z(t, -)) < + oo, then the two following conditions are equivalent:
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a8 T B, B VB awy <<t oo,

(15) 53 E(80Ge(t W)L < o

Proof. a) Let 0<t,<t,
E(gz(@, NI — 1g(z(to, DI F ccear)
=B([ " 166, AW F )

- E( j N s, ) lzdsls’f,(,o,.)) :

LA Yo
On the other hand since {v; z(f, ») = o} = {w; (W), <t} and since
‘[i |6'(z(s, -))[ds on t < (W,
[ et -Dlds =1 (-
oran A P& W= g, pds on 6, < Wy <,

0
to

0 on (W). <t
we have, by iterating on E(|¢'(z(s, -))]P),
E(g(e(t, NP) — E(glelts NP
= 5([ 196, Drds; t < <W>.)
+ E([7 1606, Dids; & < Wy < 1)
= [ B(g(s, Dds — B(g(eo, I,V (Wy)i (W <D
= B(g(etto DO — 1) + [ dt [ B, P,
— E(l¢g'(c0, I — 1, V(WD) (WH. < t)
— B([| dtig(co, Fdstt, — 1,V (W) Wy < 1,).

The last term of the right-hand side is:

[ dtB(geo, It — 8V W) (W <)

— B(|¢(eo, P Em DYDYy <),

Thus by iteration again on E(|¢*(z(Z,, -))[) and so on we get finally (13).
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b) Suppose that (14) (resp. (15)) is true, by letting n to + oo in (13)
we get (15) (resp. (14)). q.e.d.

THEOREM 4. Let ¢ = (¢(t, -)) be a W-smooth conformal martingale such
that for every couple reals t > t,>0:

E(¢(z(t, )P < o and,

.
S E(1g0(eo, NP ET IV 10 = 4 o0) < oo,

Then ¢ (resp, ¢V (i = 1,2, ---)) admits a power series representation of the
following form:

For every t > 0:

¢Mt»—(0)+2¢(0)Wm>
(17)

where the convergence of the right-hand side of (15) is to be in L*-
norm

(resp. for i =1,2,-.-:
§Oelt, ) = 400, ) + 3 E0 W,
b) Let ¢ = (4(t, -)) be a W-smooth conformal martingale such that
53 B(jg0(e0, ap Em TRV o0, ) = 4 0) < oo,
then for any t > 0:
(18) §ett, ) = 900, ) + 33 2% (O )W:t ,  as P.

Proof. a) By Lemma 2, ¢ = (4(z(¢, -))) has the following Taylor ex-
pansion:

wu»-w>+zww)wm+&ma»

where

R, (z(t, ) = 70 % W(z (2, -)).

Let us estimate the L>norm of the rest process R,.,(z(t, -)):
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7(Ly+) n
(R (elt, DF) = B([[ 197 5 Wi, d(W),)
(19 ;

- E(j :A(",>w]¢"*‘ L WE(e(s, -) ds)

By a computation similar to that used in the proof of Proposition 3, a),

[3

we get by iteration on the terms E(|g"*! & W[(e(t, -)) (0 <i < n):
E(R,.(ctt, P = B([[ 1675 Wit Ddts; (6, ) < + oo
+E([ig E WG, Dt Wt ) < et ) = +oo)
= B([ o Witete, -9)de,
—E([ 167 Wit Dty ot ) < oo, ot ) = + o)
= [dt["dt, .- ["B(gm a6, NP
i})(r ag [ a,,

(I ¢tk We(s, )ds; t, < (W), < tm)).

Hence,

(20) Emm@m»mgmw%w)mf+nf

Using the condition (16) we can apply Proposition 3 and we get the
following by putting ¢t = 2¢, in (15):

lim E(R,..(<(t, D) < lim (g (e, DD L7 = 0

b) By localization the local martingale ¢ = (¢#(¢)) with the sequence
of (Z.,.,)-stopping time (T,), where

T, = inf {t > 0: |¢(z(t, -))* > n}

we have by the part a):

ﬂﬂ)Aﬂ”wmmz¢W ) Wiy e in L2

m—oo 1=0

The desired formula (18) comes out by letting n — + oo. g.e.d.
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Remarks. 1) In the case where z(t, -) < 4+ o a.s., i.e, (W), > ¢, the
condition (14) in Proposition 3 is automatically satisfied and hence (13)
becomes:

E((e(t, D) = B(dlelty DD + S E((t, p) 7 0

+ [Ldt o [ EGoets, HPs

Thus we re-fined here known results of Caroli-Walsh (Lemma 9.13, [4]) and
also that of M. Yor (Theorem 1.1, [5]). Furthermore our result answers
also an open question raised by Yor in the above mentioned paper (see
the remark following Theorem 1.1).

2) Instead of a computation on the expectation if we compute on paths
of the increasing process (R,,)... then we could obtain the following
formula which gives rise to an estimation sharper than (20),

¢ tn t1
<Rn+l>r(l,-) == jo dtn jo dt”_,‘ : 'j‘o <¢n+l>f(8,-)ds

— §]|¢n+1 % W (co, ) - (t — <V;/'>w\/to) Kewscty + Mo

where M = (M(¢, -)) is a process of the form > M!-t'/i! in which M* are
local martingales.

Applications

1) Approximation of the solution of a complex Ito-diffusion equation.

Let B = (B,) be the complex Brownian motion, i.e. B is a special
conformal martingale of the form B, = U, + iV, where U = (U,) and V
= (V,) are two independent 1-dimensional Wiener processes for the given
probability system > = (2, Z, (¥ )0 P). Consider the complex Ito-
diffusion equation:

60 = 90) + [ @', 4(s))-dB,
where the process a' = (a'(-, ¢(s))) is supposed to belong to L .(B).

@1

If the equation (21) has a unique solution ¢ = (¢(s)) then we can inspired
from our Definition 1 to say that the diffusion ¢ admits o' as its 1 de-
rivative.
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Suppose now that the process a' = (a'(-, ¢(s))) is itself the unique
solution of a complex Ito-diffusion equation of the type:

@, 4O) = @', 4O) + [ @, @, §s))dB,

then the process a* = (a*(-, a'(-, #(s)))) is called the 2"¢ derivative of ¢.

By iteration we say that the solution ¢ = (4(s)) of the equation (21)
is smooth if it has derivative (a) of arbitrary order which can be defined
recursively as the unique solutions of the following sequence of diffusion
equations:

30 = 40 + [ @, 96)-dB,
@ @, 40) = @, 9O) + [ @, @, §)-dB,

al(c, g0) = a'C, $O) + [ a**i(-, (-, 5))-dB,.

It turns out that if the solution ¢ = (¢(s)) is smooth then it is also B-
smooth in the sense of Definition 1 and furthermore ¢ = a* (i =1,2,---)
and (B}, = 2t. Hence by Theorem 4, ¢ admits the following power series
representation:

#(t) = $(0) + ;: L”'(O)B; as. P,
(23) ooF

where (¢?(0)) is a sequence of & ,measurable functions such that
a®(0) = a'(0, ¢(0)) and a®(0) = a*(0, a’'(0)) (i = 2,3, - - -).

On the one hand we can approximate in the L*norm the solution ¢ = (4(t))
of (21) by its Taylor expansion > 7_,(a?(0)/i!)- B and on the other hand
the rate of convergence for the approximation procedure could be con-
trolled by the following inequality:

hm E(Rnn(t)) g hm E (L%LI(?),IZ‘A) . (2t)"“ ,

in which the limit in the right hand-side should be zero by (15).

n—oo N0

2) Power series expansion of finely holomorphic functions.
Let U C C be a finely open and finely connected subset of the complex
plane C, i.e., U is a fine domain. A complex function f: U— C is said
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to be finely holomorphic (see [1]) if for any x ¢ U there is a compact fine
neighbourhood K, C U of x such that (f|K,) € R(K,). Recall that R(K,)
is the algebra of functions whose elements can be uniformly approximated
by a sequence of functions holomorphic in the neighbourhoods of K,.
Following [3] we will denote by #,(U) the algebra of finely holomorphic
functions in U. In our previous works (see [3]) we showed that there is
a fine complex differential 9,: s#,(U)— #,(U), such that for any f e #,(U)
and for any x € U there is a compact fine neighbourhood K, of x:

f(Brn) = fB) + [ 3f(Bz,)-dBr. s Pr(xeK),

where K’ is the fine interior of K, and where T is the exit-time of
K.

(24)

Since d,f = 0,05 ) e #A(U) (I = 12,8, ---) it follows from (24) that the
process ¢ = (f(Br,,) is smooth with respect to W = (B;,,) and its i" de-
rivative is equal to (8%f(B;,,). Since P*(T >0) =1 for any xc K’/ and
since (B, >, = T'At, we have z(t,w) = T(w) A\ t. By a known result on
bounded derivation of the algebra R(K,) (see [6]) there is a constant ¢ such
that |3,/(y)| < c-||f|lx for every fe #(U) and ye K’/ (i =1,2, ---), conse-
quently the condition (16) of the Theorem 4 is satisfied for f(B;,,). The
processes f(Br,,) and 3%,f(B;,,) (i =1, 2, ---) admit power series represent-
ations, thus we recover some results of [3].

3) Singularities of smooth conformal martingales.

Let ¢ = {¢#(?); t > 0} be a continuous complex process adapted to (F,),s,
with parameter set ]0, + oo[. ¢ is said to be smooth with respect to We &
off the time “t = 0" provided that for every real ¢, > 0 the shifted process
60, = {¢(t + )}y 1s smooth with respect to the process W(4,) =
{W( + t)}i»o which, by hypotheses, is conformal for the probability system
S =@, F,(F )iz P). A process ¢e ., is said to have an isolated
zero at time 't = 0” provided that

P($(0) =0) =1 and P(4() = 0) = 0 for any t>0.
The proof of the following theorem is similar to that of Theorem 7 in [3].

THEOREM 5. Let We % be a fixed conformal martingale with only iso-
lated zero at 't = 0” and let ¢ = {$(t)},., be a smooth process off the time
“t = 0" with respect to W. Then one of the following three cases must
oceur:
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a) The process ¢ can be extended to a smooth process with respect to
W on the whole interval [0, + oo[. In this case ¢ is said to have a W-
removable singularity at the time “t = 0.

b) There are m complex numbers c,, ---, ¢,, where m is a positive
integer and c,, #+ 0 such that the process,

¢ - iciW_i ’
i=1

can be extended to be W-smooth on [0, 4+ oo[. In this case ¢ is said to
have a W-pole of order m at time 't = 0”.
c) for each 0 > 0 the set,

{(¢(o, 1); (o, t) € 10,6[}

is dense in the complex plane C. In this case ¢ is said to have a W-
essential singularity at time “t = 0”.

Remarks. 1) Note that since we have only to study the process near
the time “t = 0” thus by localization we can suppose without loss of
generalities that the process satisfies the condition (16) of Theorem 4.

2) Our result generalizes that of Walsh in [7] in the sense that if
the conformal process is smooth of the time ‘¢ = 0 then we can classify
its pole at “t = 0.
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