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1. Preliminaries

Let S = Ao • • • An be an »-simplex and Aik the foot of its altitude from
its vertex At to its opposite prime face St; 0, G the circumcentre and cen-
troid of S and Ot, G{ of St. Representing the position vector of a point P,
referred to 0, by p, Coxeter [2] defines the Monge -point M of 5 collinear
with 0 and G by the relation

(1) (n-l)m = (n+l)g = ngi+a{,

so that the Monge point Mi of 5,- is given by

(2) (n—2)mi = ng{—2oi.

If the M + 1 vectors at are related by

(3) 2«,a, = 0, 2«, = «,

and Of be given by

(4) o^^W ft**). 2«i=l»
Aih is given by

(5) = -2«i

= 2(-Pici-ui)ai-
Since^4,ft lies in S,-,

(6) M,- = Pi'S.Cj-^u, = p{-(u-ut), i.e. /),- = u.

If T,- be a point on MtAih such that

t The former editor wishes to apologise for the delay in publication of this paper.
* This paper was written at the Indian Institute of Technology, Kharagpur, but revised at

the University to Sydney under the direction of Professor T. G. Room. The treatment by vec-
tors is all due to him.
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\2~\ A. special simplex

{n-l)tt = (n^2)

= nS<2o<+a,.+wjo< (w< = u/ut)

i.e.

(8) (n-Vim-ti) = .(2-vt)Oi

That is, A/T< is parallel to oot or normal to St at 7",. Or, the normals to the
prime faces S{ of S at their points Tt concur at M. In fact, this property of
M has been used to prove by induction [3] that an S-point S of S lies at M.
Thus M = S,Mi = Si or

(9) m = s, mi = s,.

2. Special simplex

If the diametric opposite Bf of a vertex A( of the simplex S lie in its
prime face Sit S is said to be special [1], and denoted by (S^), with At,
Sit AfAih as its special vertex, face and altitude.

From (3) then follows that

(10) Ufbt = « , ( -« , ) = 2 « , a , , ut = 2 % = «-«< = «/2-

Hence, from the relations (1), (5) —(9), we get

(11)

(12)

(13)

(14)

Thus follows

(»— l)s

s

(n-l)s

= ngi— (—*i) =

= aih+bt = 2o,,

= '«.

= (n-2)Si+aih.

THEOREM 1 (see Figure). An n-simplex S becomes special, (5,), if
and only if (i) its special altitude is twice the distance of its circumcentre from
its special face St and (ii) the foot Ath of the same lies on its circumhypersphere
as the symmetric of the diametric opposite Bt of its special vertex At w.r.t. the
circumcentre Ot of St; an alternative condition is that (iii) its S-point lies
in St on the join of the centroid G{ of St to Bt and on that of the S-point of S(

to Aih dividing them in the ratios — 1 : n, 1 : (n—2) respectively.

3. 3(/i+l)-point-sphere

(a) With every simplex S is associated its 3(»+l)-point-sphere (0')
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homothetic to its circumhypersphere (0) w.r.t. its centroid G[Z] and its
S-point 5, the homothetic ratios being — 1 : n and 1 : n respectively.
(0') passes through the » + l centroids G( of its prime faces S,- through the
n-\-1 points P( on the joins of S to its vertices At such that

(15) = (ft—l)s+at,

and through their n+1 projections Q{ in St.
0' being its centre, such that

t is a diameter of (0'),

(16) no' = (»— l)s.

Thus Gt and the S-point St are the pair of homothetic centres of the
(n—2)-sphere section (0,) of (0) by S( (circumscribing St) and the (3»)point-
sphere (Nf) of Sit the homothetic ratios being 1 : (1—n) and 1 : (»—1)
respectively, so that

(17) (n-l)ni=(n-2)si+oi,

where N( is the centre of (2V,-).
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[4] A special simplex 21

Now, if S becomes special, (Sf), the foot Aih of its special altitude
lies on (Of) by Theorem 1 (ii) and therefore S lies on (N() by the relation
(14). Thus follows

THEOREM 2. The S-point of a special simplex lies on the (^point-
sphere of its special face.

(b) If Oih be the projection of 0' in S,, QiOihGt is a diameter of the
(«—2)-sphere section (Oih) of (0') by S< such that

(18) 2o a

and from (16) we have

(19) noih= (n-l)s+ot.

Now from (11), (14) —(19) we have

(20) n(Pi-o') = a,

(21) («-l)(s-n,.)=a,s-o1

(22) noih = {n~\)nt+aih

(23) «(?<-<>.») = noih-ngt = o^Si.

Thus follows

THEOREM 3 (see Figure). The ratio of the radius of the (n—2)-sphere
section (Oih) of the 3(n-\-l)-point-sphere (0') of a special simplex (St) by its
special face S,- to that of the (3n)-point-spkere (Nf) of S< is equal to (n— 1) : n,
and the foot Aih of its special altitude lies at the external centre of similitude
of (Oih) and (N<).

4. Doubly special simplex

(a) If the foot Aih of the altitude of a special simplex (S,-) from its ver-
tex Aj other than At also lie on its circumhypersphere (0), the simplex
becomes doubly special, and is denoted by (Sif), with AtAj and its opposite
(«—2)-face SSi as its other special elements.

If S be the S-point of (Sti), S,- of its special face 5,, and Tt a point on
SjAj,, such that

(24) (« - l ) f ,= (»-2)

we have, as in (13),

(25) s = t,.

Thus follows

THEOREM 4. An n-simplex S becomes doubly special (Su), if and only
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if the joins of the S-points Mt, Mt of its special faces S(, Stto the feet A^, Aih

of its respectively special altitudes meet at its S-point in its special (»—2)-
face in such a way that AihAth is parallel to MtMt and equal to (»—2) times

(b) If Am, Am, Tu, Tit be the projections of Aa, Aih, S(,S, inSti

and Sti be its S-point, then Am Am are the feet of the altitudes of So

S, to it, and, by Theorem 4, Tt,Aihi, TjtAm meet at the S-point S of (Sit).

By definition of S-points (§ 1) we have

(26) (»-3)sw = (n-2)tt,-am = (n-2)t,,-aiM,

(27) (n-l)s = (n-2)tu+aiM = (n-2)t,,+aIM,

and therefore

(28) (n-l)s = (n-3)s,.,+2u,,, 2uit = aittl+am.

Thus follows

THEOREM 5. The S-point of a doubly special n-simplex (Sti) lies on the
join of the S-point of its special (n—2)-face Sw to the midpoint of the segment
between the feet of the altitudes of its special faces to Sit and divides the same
in the ratio 2 : («—3).

(c) If Gti, Oi} be the centroid and circumcentre of SiS, and Gif the mid-
point of AtAjt we have by Coxeter's definition of Monge point (§ 1)

(29) (n-l)s = (n+l)g = (n-l)gil+2g»,

(30) (n-3)sti=(n-l)gtt-2oa.

From (28)-(30) we have

(31) 2(uM-oo) = (n-l)(8-gu) = 2g«.

Here we may observe that 0, Gi} project in Sif into Ou, UH. Thus follows

THEOREM 6. The join of the midpoint of the special edge of a doubly
special n-simplex {Su) to its circumcentre projects in its special (n—2)-face
S^ into the same length parallel and equal to (n—1)/2 times that of its s-point
to the centroid of S(j.

(d) If AtAj of (S,7) be normal to S{i, (S(i) becomes biorthocentric [3]
with biorthocentre Hit (say); at this point its two special altitudes concur with
its special bialtitude h(i to AfAf in such a way that hif meets Sif at

(32) Aihi = Uij = Am.

Thus Theorem 5 becomes

THEOREM 7. / / the simplex (Sif) be also biorthocentric, with the common
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perpendicular secant hit of its special edge and (n—2)-face S o as its special
bialtitude, its S-point lies on the join of the S-point of Sif to the foot therein of
hti and divides the same in the ratio 2 : (»—3).

5. (n—l)ply special simplex

(a) We may consider an r-ply special simplex having r special vertices
and therefore r special faces opposite them in the above manner for all
values of r > 2. But r = n—1 (n > 3) forms an interesting case and we
develop its theory as follows.

Let the n—1 vertices of an »-simplex S other than Ak, Al be all special,
let S be denoted by (S*1), and let AkAt and its opposite («—2)-face Skl be
called its principal elements. Thus, from Theorem 1 (iii) follows

THEOREM 8. An n-simplex S is (n—1) ply special (Skl), if and only if its
S-point lies on its principal edge; the n—1 joins of the feet of its n—1 special
altitudes to the S-points of its corresponding special faces then concur on the
Principal edge

(b) If Gkl be the centroid of Skl, from (3), (10) we have for (Skl)

(33) 2{utmt+utal) + {n-l)gtt = 0,

(34) 2(wt+«,) + (»-l)w = 2M, or 2(%+«l) = (3-w)w,

and therefore

(35) ( » - 3 ) r w = ( » - l ) * M >

where

(36) («,+«,)rw = «*«*+«,«,.

Again, similar to (30) we have

(37) (n-^)skl=(n-l)gkl-2okl.

Hence follows

THEOREM 9. The join of the circumcentre 0 of an (n-l)ply special
n-simplex (Skl) to the centroid Gkl of its principal (n—2)-face Skl meets its
principal edge AkAt in a point Rkl such that Gkl divides ORkl in the ratio
(«—3) : 2 and Rkl projects into the S-point Skt of Skl which then lies on the
projection of AkAx in Skl.

COROLLARY. The circumcentre of an (n-l)-ply special n-simplex lies
in its principal (n—2)-face, if and only if n = 3. (That is, a tetrahedron is
doubly special, if and only if one of its principal edges is a circum-diameter,
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and consequently its Monge point lies at the midpoint of its opposite princi-
pal edge [1].)

(c) By relation of the type (31), the join of the S-point S of any sim-
plex to the centroid Gkl of any (»—2)-face Skl is always parallel to that of
the midpoint of its opposite edge A k Al to its circumcentre 0 and therefore
perpendicular to AkAx. That is

(38) («*-*i) • (s~gkl) = 0.

Now let (S*1) be biorthcentric (§ 4d) such that AkAl is perpendicular
to Skl and therefore to every line therein, in particular to the join of Gkl to its
S-point Skt. That is,

(39) (**-«,) • (««-«•«) = 0.

Through AkAl then passes a unique plane normal to Skl meeting it in a
point Ukl (say). That is, every point on AkAx projects in Skl into Ukl which
then coincides with Skl by Theorem 9, so that SS t , is normal to Skl.

Again from (38) — (39) we have

(40) («»-«i) • (*-««) = 0.

Hence follows

THEOREM 10. / / the (n-l)ply special n-simplex (S*1) be also biortho-
centric with its principal edge AkAt perpendicular to its principal (n—2)-face
Skl, its S-point and that of Skl lie at the feet of its special bialtitude hktto AkAt,
and consequently the S-points of its 2 non-special faces lie on their respective
altitudes to Skl.

Thanks are due to Professor T. G. Room for his kind directions, and to
Mr. R. K. Datta (student at the Indian Institute of Technology, Kharagpur)
for tracing the figure.
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