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A FUNCTIONAL CENTRAL LIMIT THEOREM
FOR SPATIAL BIRTH AND DEATH PROCESSES
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Abstract

We give a functional central limit theorem for spatial birth and death processes based on the
representation of such processes as solutions of stochastic equations. For any bounded
and integrable function in Euclidean space, we define a family of processes which is
obtained by integrals of this function with respect to the centered and scaled spatial birth
and death process with constant death rate. We prove that this family converges weakly to
a Gaussian process as the scale parameter goes to infinity. We do not need the birth rates
to have a finite range of interaction. Instead, we require that the birth rates have a range
of interaction that decays polynomially. In order to show the convergence of the finite-
dimensional distributions of the above processes, we extend Penrose’s multivariate spatial
central limit theorem. An example of the asymptotic normalities of the time-invariance
estimators for the birth rates of spatial point processes is given.
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1. Introduction

Central limit theorems (CLTs) for interacting particle systems have a long history. Holley
and Stroock (1979) investigated large-scale behavior of certain classes of interacting particle
systems on Z? and proved that, upon being averaged over increasingly large blocks of sites,
these processes converge weakly to Gaussian processes. Kesten and Lee (1996) proved a CLT
for weighted minimal spanning trees on random points. They applied a martingale CLT to
a sum of martingale differences. One of the key points in their approach was the use of the
monotonicity property for minimal spanning trees, which was extended to the stabilization
property in Lee (1997). The stabilization property states that if a homogeneous rate 1 Poisson
process is constructed by successively adding Poisson points in annuli centered at the origin
then the local structure of the successive minimal spanning trees eventually stabilizes. The
martingale method and the stabilization property were developed to give a CLT for functionals
of lattice-indexed white noise in Penrose (2001). Let X = (X, x € Z%) be a family of
independent, identically distributed white noises. Penrose considered a family of random
variables {H (X, B): B over all the finite subsets of integer points}. For each finite subset B
of 74, H(X, B) is a function of (X,, x € B). He gave the CLT for H(X, B) as the set B
became large. Roughly speaking, his stabilization condition is that the effect on the functionals
of changing the value of the lattice system at a single site is local. Penrose (2005) established a
multivariate CLT for a general lattice system. The basic setting was similar to Penrose (2001),
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but X, was not assumed to be Gaussian, and B was over all bounded subsets in R? with zero
Lebesgue measure boundary. A novel feature of Penrose (2005) is that one more stabilization
condition was added. However, he used the assumption that the random variables H (X, B)
depend only on a finite collection of X,. Since we are mainly concerned with functionals of
spatial birth and death processes, which do not satisfy the assumption, we prove a multivariate
CLT without it by adding the third stabilization condition.

In this paper we consider spatial birth and death processes in R?, where d is a positive integer.
We identify the countable subset of points in R¢ with the counting measure 7 given by assigning
unit mass to each point, that is, 7(B) denotes the number of points in a set B € B(RY) (where
B(R?) denotes the Borel subsets of R?). In Garcia and Kurtz (2006) spatial birth and death
processes were obtained as solutions of a system of stochastic equations. The processes are
required to be locally finite, but may involve an infinite population over the full (noncompact)
type space. A key point in this paper is that we apply our CLT to the stochastic equations of
Garcia and Kurtz (2006) to obtain functional CLTs for integrals of all bounded and integrable
functions with respect to the spatial birth and death processes.

After having completed this paper, we noticed the recent paper of Penrose (2007). There is an
overlap between these two papers. Penrose considered more general processes and also handled
processes with nonconstant death rate and even with immigration. However, in Penrose (2007)
the assumption of finite-range interaction was essential, which is used to prove the existence
of the Markov processes and to prove the CLT. In this paper we do not require finite-range
interaction, instead we assume a polynomial rate of decay of dependence.

The two main theorems are stated in Section 2 and their proofs are given in Sections 3
and 4. In Section 5 we present an example of the asymptotic normalities of the time-invariance
estimators for the birth rates of spatial point processes.

2. Definitions and main results

First we introduce some notation from Penrose (2005) which we will use throughout this
paper. For x = (x1,...,x4) € R?, write |x| for the Euclidean norm of x and |x| :=
maxi<;<q |x;|. For A C R?, [ € R, and y € R¥, let A denote the scaled set {{x: x € A}, and
let 7y (A) denote the translated set {y +x: x € A}. Let 9(A) denote the boundary of A. If A is
Lebesgue measurable, write |A| for its Lebesgue measure. Let A denote the discretization of
A given by A={zez B 0(2) N A # &}, where p > V/d is a constant and B »(2) denotes
the open ball with center z and radius p.

Let R(R?) denote the collection of Riemann measurable subsets (bounded measurable
subsets of RY with zero Lebesgue boundary) of R?. Let

X=Xz z€Z%
be a family of independent, identically distributed random elements, and let
={H(X,A):1>1, Ae RRY)}

be a collection of random variables where, for each/ > 1 and A € R(Rd), H;(X,A)is a
function of (X;, z € Z%). We call H a random set function. We write H;(X, A) as H;(A)
whenever there is no possibility of confusion. For example, in this paper H;(A) = n;(IA). We
are interested in the weak convergence to a normal distribution of the family

1792 (H;(A) — E[H(A)D, [>1.
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Penrose (2005) considered the case in which H;(A) was a function of (X, z € lE‘B), where
Co is a Riemann measurable subset of R?. Hence, H;(A) depends only on a finite collection of
elements in (X, z € Z%). But the spatial birth and death processes in this paper do not satisfy
this condition. Hence, we extend the CLT to the case in which H;(A) depends on the whole
system. We add one more condition to the conditions given in Penrose (2005).

Let X, be a copy of X, and independent of the family X, where o is the origin of Z¢. Let
H ={H;(A) = H(X,A):1>1, Ae R([R?)) be arandom set function. For y, z € Z¢, write
y < z if y precedes z in the lexicographic ordering on Z¢, and write y < z if either y < z or
y=2z LetF, = \/zeZd,z<)ra{Xz}- For/ > land y € 74, define H; y(A) .= Hi(1yX, A),
where 7, X denotes the shifted family (X4, z € Z%). For any y € Z¢, define X to be the
family X with the value X, at y replaced by the independent copy X, but with the values at
all the other sites the same. Let Afy (A) = Hy (X, A) — Hp ,(X°, A).

Condition 2.1. (Stabilization conditions.) There exists a random variable Ago such that, for
any sequence {(L,, yp) | In = 1, y, € Z%) and any A € R(RY),

AL (A) S AR if liminf(ry, (,A)) = R?, Q2.1

mon n— 00

Mﬂmioynmm%@wmzw, (2.2)
mJn n— 00

where ‘X, denotes convergence in probability, and, for each A € R(RY), there exists K4 > 0

(depending on A) such that

.1

Jim 2 Y0 EIAL(A)%]=0. 23)
yeZ"
IYI=IK A

Condition 2.2. (Moment condition.) There exists y > 2 such that

sup(E[|A/_ (A))"]: Ae RRY), 1= 1, y € Z%} < o (2.4)
Theorem 2.1. Suppose that H', . .., H* are random set functions and are integrable for each
[ >1and A € RRY). Each of them satisfies Conditions 2.1 and 2.2 for some y > 2. Let the
k x k matrix (C’:})f'{,jzl be given by
of; = E[E[AL | FIEAL | 7,11,
where o is the origin in 74. Then, ifAy,..., Ax € R(Rd), we have

lim 174 cov(H,i(Ai), Hlj(Aj)) =0/ |Ai NAjl,
[—o0 J
and, as | — oo,

(™92 (H] (A1) — E[H[ (ADIDEZ, = N(o. o714 N ADE ),

where ‘2’ denotes convergence in distribution.

Remarks 2.1. (a) In Penrose (2005), Condition 2.1 contained only (2.1) and (2.2). However,
the H;(A) were required to depend only on a finite number of random elements in the family
(X., z € Z%). We do not require this restriction here.
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(b) Suppose that H satisfies, foreveryl > 1,y € R? and A € R(RY), H(X, A) = F(X,[A),
where {F(X, A): A € R(R?)} is a collection of random variables, each of which is a function
of X. If F is translation invariant, that is, F(7,(X), A) = F(X, 1,(A)), then the following
conditions imply (2.1) and (2.2). There exists a random variable A g’o such that, for any sequence
(A, e RRY:n=1,2,...},

F(X,Ap) — F(X°, Ay) > AL if liminf(A,) = R?,
n—o0
F(X,Ay) — F(X°, Ay) & 0 if  liminf(AS) = RY.
n—0oo
The result follows from the observation that
A (A) = Hyy(X, A) — H,(X°, A) = F(X, 1,(14)) — F(X°, 1,(1A)).

In this paper we take H;(A) = n;(lA), which satisfies the above conditions.

Let NV (R?) be the collection of counting measures on R?. The state space of the spatial
birth and death processes will be some subset of & (RY). All processes and random variables
are defined on a complete probability space (€2, ¥, P). The spatial birth and death process is
specified in terms of nonnegative functions A : RYx N (RY) — [0, +00)andb: RYx N (RY) —
[0, +00). Here A(x, ) denotes the birth rate and b(x, 1) denotes the death rate. If the point
configuration at time ¢ is € N (R?) then the probability that a pointinaset A C R is added to
the configuration in the next time interval of length A is approximately | 4 A(x, n) dxAt, and
the probability that a point x € 7 is deleted from the configuration in the next time interval of
length At is approximately b(x, n) At. Under these assumptions, the generator of the process
should be of the form

Afm) = /Rd(f(n +8x) — fM)A(x, n) du + /Rd(f(n — ) = f(m)b(x, mn(dx)

for f in an appropriate domain, where 8, denotes the point set which contains only one point
at x. Now we give our main theorem. For / > 1, define

1
YO 1) = W(/Rd fG)m(dx) _E[/W f(’})m(dx)D

fors > 0and f € L' (R?) N L®(RY). Suppose that there exists a measurable function a(x, y)
on R x RY satisfying

a(x,y) =sup|i(x, n+8y) — Alx, n)l.
n
Theorem 2.2. Assume that the birth rate A is bounded by some positive number L and that it

is translation invariant. Suppose that ng is a Poisson random measure on R? with constant
intensity (1. Suppose that

b
)< — 2.5
a0 = [ 2.5)
for some constants b > 0 and § > 0. Assume that there exists a positive function c(x) such
that )
M = sup / Mdy < 00, 2.6)
xerd JRE  C(Y)
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and that c(x) is bounded in a neighborhood of the origin in RY, i.e. fRd(l/c(x)1/3) dx < oc.
Then Y converges to a Gaussian process W indexed by (L' (R?) N L>®(R?)) x [0, 00) in the
sense that, for any finite collection { f1, ..., fu} of the functions in L"(R%) N L*®(RY),

YO0, YOS, ) 2> W1, W, )

asl — ooin Drn[0, 00). In addition, for each [ € L! (Rd) NL®(RY), W (f, -) has continuous
sample paths.

Remarks. (a) If inequality (2.5) is satisfied for some constant § > d, all the conditions on
c(x) can be derived from (2.5). In fact, we can take c(x) = 1 + |x|??*%. Then 1/c(x)'/3 is

integrable and
M= Sup/ c(x)a(x,y) dy
xerd JRO  C(y)
(1 + |x**)a(x, y)
verd JRE 1+ |y|2d+5
(L+ =y +yPTawx, y)
verd JR 1+ |y|2d+8 y
b(l 4 22d+5—1(|y|2d+6 + |x _ y|2d+5))
iﬁﬂé (L + P (L + [x — yPato)
up /- 22d+8—1b(1 + |y|2d+8 + 14+ |x _ y|2d+8)
xeRd JRY (I + [yPa+3) (1 + |x — y|?d+9)

/ 22a’+871b dy 4 / 22d+871b q
sup T . a8 &Y T o des &Y
verd JrRA 1+ [x — p[2d+0 rd 1+ [y[|2d+

1
— RA 1+ |y|2d+8 y

< .

I
%)
o
g=

IA

dy

IA

dy

IA

If the birth rate has a finite-interaction range, that is, a(x, y) = 0if |x — y| is bigger than some
fixed constant which does not depend on x and y, then it satisfies (2.5) for any § > 0.

(b) If c(x) is a positive function satisfying the conditions in Theorem 2.2 and a(x, y) satisfies
(2.5), then ¢(x) v 1 = max{c(x), 1} also satisfies the conditions in Theorem 2.2. In fact,
defining ¢(x) = c(x) Vv 1, we have

1 1
—dx<| —=d
Awuw3x—éuuw3x<”

/ c(a(x, y) dy < (c(x) + Da(x, y) dy
R4

and

sup
xeRd

_ < sup —
c(y) reRd JRI c(y)

< sup/ —c(x)Na(x,y) dy + supf a(~x,y) dy
cerd JRE  C(Y) cerd JRE  C(Y)

< sup/ Mdy—i— sup/ a(x,y)dy
xeRd JRY C(y) xeRd JRY
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< Q.

Hence, we can choose c(x) to be a function bounded from below by a positive number; so

1/c(x) is bounded and, hence, 1/c(x)* is integrable for all o« > %

Let E be the Schwartz space in R?. Let E’ be its dual space.

Corollary 2.1. Suppose that the conditions of Theorem 2.2 are satisfied. Define a family of
E’-valued processes {é,(l): t>0,1>1}. Forany f € E, the value ofét(l) at f is given by

1
O(fy = W(/Rd f<§>m(dx) _E[/Rd f(’})m(dx)])

Then the €O are E'-valued processes with sample paths in Dg:[0, 00) and there exists an
E'-valued process & with sample paths in Cg:[0, 00) such that €D — & weakly.

Proof. The result follows immediately from Theorem 2.2 and Theorem 5.3 of Mitoma
(1983).

3. Proof of Theorem 2.1

Let #x = \/ yezd, |y=k 0 {Xy}, where k is a nonnegative integer. Then # is the o-field
generated by all (X;),c7q.

In Penrose (2005) the H;(A) were assumed to depend only on a finite collection of X ; hence,
H;(A)—E[H;(A)] could be written as a sum of finite martingale differences. In this paper we do
not make this assumption. We write H;(A)—E[H;(A)] as the sumof H;(A)—E[H;(A) | H|ik 1]
and E[H;(A) | #k,]—E[H;(A)], where K 4 is a fixed positive number and [/ K 4 | denotes the
largest integer number less than or equal to / K 4. The second terms will be shown to converge
to 0in L2(P) and the first terms can be written as a sum of finite martingale differences. Then we
follow the steps of the proof of Theorem 2.1 of Penrose (2005) to show the weak convergence
of the first terms. The following two technical lemmas are needed in our proof.

Lemma 3.1. Let (2, ¥, P) be a probability space, and let (D,, n > 0) be a decreasing
sequence of sub-o -fields of . If & is another sub-o -field independent of Dy then

(\EVD)=6V()D

up to P-negligible sets.

Proof. It is easy to see that & V (), D, C (),(€ vV D,). We prove the other direction.
For any C € & and D € 9Dy, define a bounded backward martingale Y, = E[lcnp | &
v D,]1 = 1cE[1p | Dy], where 1¢ is the indicator function of C. Since Y,, converges to
Ellcnp | ),(€ V D,)] almost surely (a.s.) and E[1p | D,] converges to E[1p | (), D]
a.s., we have E[1cnp | (,(6 V D)1 =1cE[lp | (), Dl as., thatis, E[lcnp | (),(E V
D, )] has a version whichis & v (7),, D,-measurable. By the 77-A theorem, we can show that, for
any B € &€ vV Do, E[1p | (,(E V D,)] has an € Vv [, D,-measurable version. Therefore,
B € (), (€ v D,) differs from an € ("), D,,-measurable set by a negligible set. This completes
the proof.
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Lemma 3.2. The o-field (i, Hi is trivial, that is, each of the sets in (\;—., #x has probability
either O or 1.

Proof. The result is essentially Kolmogorov’s zero-one law.

Proof of Theorem 2.1. First we prove the theorem for the one-dimensional case. We can see
that if (2.3) is true for some K4 > 0 then it is true for any number bigger than K 4; hence, we
can choose K 4 > 0 such that (2.3) is true for K4 and

AC{xeRd

K
Ix]l < 7*‘} 3.1)

Since

1= (H)(A) — E[H|(A)])
= 72 (H(A) = E[HI(A) | #ugx D) + 1" EHA) | Hyx,] — ELHI(AD).

If we can show that the second term on the right-hand side of the above equality converges to 0
in L>(P) and that the first term converges weakly to the required normal distribution, then we
are done.

For each y € 74, let Apy(A) = ALy(X,A) = Hi(ty(X), A) — Hi(1y(X°), A) and
Ary(A) = H(X, A) — H/(X”, A). Then A;y(A) = A;—y(ty(X), A). By (2.1), there exists
arandom variable A y such that, for any sequence {(/,) > 1} and any B € ﬁ(Rd ),

Almy(B) = A, —y(1y(X), B) 5 Aso,y if liminf(r_y(,B)) = R,
n—oo

and the definition of A y in terms of 7, (X) is the same as that of Ay, in terms of X.

Firstly, we show that I=4/2(E[H;(A) | #uka] — E[H;(A)]) converges to 0 in L2(P) as
| — oo. Fixl. Forany n > [IK 4], let {yln ey y,,'fu } be the collection of all the points y € Z4
such that || y|| = n. Then

E[(E[H|(A) | #,]— E[Hi(A) | Har1D?]

mp

= ZE[(E[HI(A) ‘ Horr \/ a{xy@}}
i=1 !

I<j=i

2
—E|:H1(A) ‘ Hnt1 \/ U{Xy;n)}]) :|

1<j<i-1

my 2
= ZEKE[Hz(X, A = B A) ‘ Hosr \/ U{Xy<_n>}D }
i=1 l<j<i /

my

2
= ZE[<E|:A1,>§")(A) ‘ Hpt1 \/ U{Xy;m}]) :|
i=1

I<j<i

<D EIA, o (4)’]
i=l1

my

=D Bl _ o (r,m(X), A)’]
i=1
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=Y ElA, _,m(A)]
= ZE[(AI’},_@) (A))z]v

i=1

where the first eq}uahty follows from the martmgale groperty and the last equality is true because
the two sets {y, . Ym,, } and {— y m, ) are the same. Since

(T2 E[H)(A) | #,1: n > [[KAl)

is a backward martingale with respect to {#,,: n > [IK 4]} and converges to

,,i| a.s.,

which is equal to [—4/2 E[H;(A)] by Lemma 3.2, we have

|

IV E[(E[H,(A) | #uk ] — E[H/(A)])*]
< lim [""E[(E[H(A) | Hyx,)] = ELHI(A) | 3a))°]

n—1

= lim 1=¢ % " E[E[H(A) | #;]~ ELHi(A) | #j11])]
J=lIK4l
<1 Z D_ELA 0 (A)’]
=[lK4] i=1
1
= 2 Blalm)’,
yez4
IylI=1Ka

which goes to zero by (2.3). The first inequality follows from Fatou’s Lemma. Therefore,
1= BLH)(A) | Hyk,] — ELH(A)) — 0in L2(P).

Now we use Penrose’s idea to prove that l_d/z(Hl(A) —E[H;(A) | Hpuk,l) converges to a
normal distribution. Let {z, ..., z,,} be the set of all the points z € 74 such that ||z|| < [IK A]
is ordered by lexicographic ordering on Z? from the smallest to the largest. Then

H;(A) —E[H;(A) | Hyuk,]

nj
=Z(E[H1<A>’wa \/ o{xz,.}}—E[HmA)‘JmKA] \/ o{ij}}>
i=1

I<j=i I<j<i—1
np
- ZE[A“" (A) ‘ Hikn \/ U{Xw}}
i 1<j<i

n
=Y ElA1,(A) | Huky v Fal.
i=1
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Let D! = E[A; -, (A) | Huk, V F], and let D, = E[Aq . | #2] for each z € Z¢. Then
{Déi | i =1,...,n;} are martingale differences and the definition of D, in terms of 7,(X) is
the same as that of D, in terms of X.

Now we show that

ny 1
1743 (DL)? 5 E[E[(Aso | F,)TIIAL
i=1

Set
sup{E[|A/_ (B)|"]: Be RRY), 1> 1, y € Z} = M) < oo,

and note that

n
Hyoy=r T e X o T @),
i=1 zi€(lA) zi ¢(A) lzi—0(A)| <1
lzi =8 A)|> /I lzi—8(A)|>1

First, we show that

lim sup  |E[(DL)*1—E[(D;)*]l=0 and lim sup  |E[(DL)*I =0.
I=00  ze4) ! I=0c0  7.434) !
|zi =3 (A>T lzi—a( A)|>~1

Let {(ln.2}) | ln = 1, 2} € 74, n > 1} be a sequence such that lim,_, I, = oo, z; €
I,A, and |z} —3(l,A)| > VI,. Because {y € R¢: |y — gl < V1) C I, A, we have {y €
R?: |y| < J/I,} C I,A — z; and, hence, liminf,_ oy A — 2}) = R4, By (2.1) and (2.4),
E[(A, —z (A) — Aso)?] — 0. Now we compute

E(D} — Dy )]
= EE[A), 22 (A) | Hy,k01V For 1= ElAeo o | Fir D]
< E[(E[Aln,z;’n (A) | Hi, ka1 vV Fop 1= ElAco | Hi ka1 V Fzp
+E[Aco o | Hig,ka1V For 1 = ElAoo | Fr 17

< 2E[E[A;, o1 (A) = Acoer | Hit,ka1 vV Fur D]
+2E[(ElAcozz | Hit,ka1V Fop 1= ElAco .z | 5‘}7”])2]

<2E[A;, 2 (A) = A2 )’]
+2E[(E[Aco 2 | Hit,ka1V Fzr 1= E[Ao | E;ln])z]

= 2E[(Ay,,—z (T2 (X), A) — Aoo(Tzr (X))°]
+ ZE[(E[AOO,Z;?" | Hi, ka1 Vv ?:z?n] - E[Aoo,z;; | ?‘}7”])2]

= 2E[(A,, 2 (A) = Ao)’] + 2E[(E[Axs | G V Fol — E[Ac | FoD)7,

where §, = o{X, | 0 <y, ||y+z:?n|| >[I, K 4]} is independent of F,,. Sincez?’n el,A,by(3.1)
we have ||z} || < [1,Kal/2. Hence, if |ly + 2} | = [[n K4l then [yl = [[Kal/2 = [InKa/2],
and we have §, C H,k,/21 N o{X, | 0 < y}. On the other hand, if ||y|| > 2[/,K4] then
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Iy +er'; || = [1,K 4], and we have #;,x,) No{X, | 0 < y} C §,. Because [, — oo, we can
choose a subsequence of §,, which is decreasing. Without loss of generality, we assume that
G is itself a decreasing sequence. By Lemma 3.2, ("), $n C (), Hii, k2] is trivial; hence,
M,(Gn v Fo) = (N, Gn) V Fo = F, up to negligible sets, by Lemma 3.1. Therefore, we have
E[(E[Aw | §n V Fo] — E[As | #,1)*] — 0, by the backward martingale theorem. Now we

have E[(D}, — D»)?] — 0 and

|EL(DY )*] = El(D )*]| = |E(DY, — D )(DY + Dy )|
< (BU(DZ, — Dy )’1EI(DZ, + D )*D'/?
< 2" EL(DY — Dy D'
— 0,
where the last inequality follows from Condition 2.2 and Jensen’s inequality. Hence,

lim  sup  |EL(D!)*1—END,)*] =0,
=00 zi€lA !

lzi =9 A>T

and, similarly, we can show that

lim sup  |E[(D!)?]| =0.
[=>00 g1
|z~ A)|> V1

Now we have
Y BN - ED,) N — 0,

zi€lA
lzi—d (A>T

Y ED) -0,
zi¢lA
|zi =9 A) [>T

= > ENDL)’1— 0.
|zi =3 A) | =V1

3.2)

(3.3)

34)

Equation (3.4) holds by the moment condition and the fact that the Lebesgue measure of d A

is 0. By the ergodic theorem,

_ L
=Y (D) = E[E[(Ax | F0)°TIAL
Zi€lA
lzi—8 (A>T

and by (3.2)—(3.4) we have

ny
=3 (DL )2 L BIE[(An | F)2TIIAL
i=1

Because

[vd/2

(3.5)

nj d
LKA+ 1M
E[( max (rd/2|D§i|))y] < lVd/2E|:§ |Déi|”] < CURALFDIMy 1 s oo,

1<i<n =
i=
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we have
—d/2{ N2 —a2 2\ 117
supE[ max (I=4/2|DL ) ] < sup[E[( max (I |DZ.|)) ]] <00, (36)
/>1 Ll=i=m ! I>1 I<i<n !
=% max |D! | — 0 in probability. (3.7)

1<i<m !
Hence, by (3.5)—(3.7) and Theorem (2.3) of McLeish (1974), we have the required CLT. For
the multidimensional case, we can prove the CLT for any linear combination by the same
martingale argument as the one-dimensional case. Then by the Cramer—Wold device we can
obtain the multidimensional CLT.

4. Proof of Theorem 2.2

We will prove our functional CLT by the following steps. Firstly, we will prove the CLT
for n;(IA) as | — oo, where A is any Riemann measurable subset, and ¢ > 0. In order to
do this, we apply Theorem 2.1 to the stochastic equations of Garcia and Kurtz (2006). Note
that n;(/A) can be written as fRd 14(x/Dn(dx). Hence, by using the linear combinations
of indicator functions of Riemann measurable subsets to approximate a general bounded and
integrable function f, we can prove the weak convergence of finite-dimensional distributions
of YO(f,1). Secondly, we will prove the relative compactness of

(O n, ... YO, 1= 1}

In Garcia and Kurtz (2006) spatial birth and death processes were obtained as solutions of
a system of stochastic equations. The processes were required to be locally finite, that is, the
number of points in each compact subset was finite. But there could be infinitely many points
over the full (noncompact) space. The state space and its topology for the processes are given
as follows. We will use them in this paper.

Let F] C F, C - -- satisfy | « Fr = R4, and let ¢ be bounded continuous functions on R4
which satisfy ¢; > 0 and infycF, ck(x) > 0. Define the state space

8= {g e N(RY): /dck(x)s(dx) <00, k= 1,2,...}.
R

Assume that ¢y < ¢y < ---. Let
C={f¢e C‘(Rd): | f1 < acy for some k and a > 0},

and topologize 4 by the weak topology generated by C. Then 4§ is a separable metric space.
Here D4[0, oo) will denote the space of cadlag §-valued functions, i.e. those which are right
continuous and have left limits, with the Skorokhod (J7) topology.

In this paper we assume that the death rate is equal to a nonnegative constant by. If bp = 0,
the process is the spatial pure-birth process. Let N denote a Poisson random measure on
R4 x [0, oo)3 with mean measure dx x ds x e™" dr x du independent of 9. Here ng is the
initial point process in Theorem 2.2. Let fjy be the point process on R? x [0, 0o) obtained by
associating to each ‘count’ in g an independent, unit exponential random variable. Then the
spatial birth and death process 7; satisfies a stochastic equation of the form

n:(A) =/ 10,10x,n,01@) 1(1—5,00) (r) N (dx, ds, dr, du)
Ax[0,]1x[0,+00)2

+/ L(pot.00) (P70 (dx, dr). .1
Ax[0,00)
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The following two conditions given in Garcia and Kurtz (2006) guarantee that the integral on
the right-hand side of (4.1) exists and determines an $-valued process with sample paths in
D0, 00).

Condition 4.1. (Garcia and Kurtz (2006).) For each compact X C 4§,

sup/ ck(X)A(x, ¢)dx < oo, k=1,2,....
cex JR

Condition 4.2. (Garcia and Kurtz (2006).) If lim,_ fRd ck(X)1&, — ¢1(dx) = 0 for each
k=1,2,... then A(x, ¢) = lim,_, o A(x, &pn).

We say that N is compatible with respect to a filtration {¥;} if, for any measurable subset A
in R x [0, oo)z, N(A, [0, t]) is F;-measurable and N (A, (¢, s]) is independent of F;, where
0 <t < s. A solution of (4.1) is a process satisfying the following properties.

(1) Itis a process with sample paths in Dg[0, 00).

(ii) It is adapted to a filtration {F;} with respect to which N is compatible such that (4.1)
holds a.s. for all Borel subsets A and ¢ > 0 (allowing oo = 00).

The following theorem is a combination of Theorem 2.13 and Lemma 3.14 of Garcia and
Kurtz (2006).

Theorem 4.1. (Garcia and Kurtz (2006).) Assume that A is translation invariant and satisfies
Conditions 4.1 and 4.2, and that no is translation invariant. Suppose that there exists a
measurable function a(x, y) on R¢ x R? satisfying

a(x,y) = sup [A(x, n 4 8y) — Alx, )]
n

and that there exists a positive and bounded function h(x) such that

h )
M/ = sup / Md)} < 00.
xeRd R4 h()’)

Then there exists a unique solution to (4.1) and n; is translation invariant.

Remarks 4.1. (a) The boundedness of 4 (x) was not included in Garcia and Kurtz (2006).
However, in the proof of the above theorem in Garcia and Kurtz (2006) the finiteness of the
supremum of the product of /2 (x) and some integral was used implicitly, which cannot be derived
without the boundedness of i (x).

(b) The following inequality is Lemma 2.15 of Garcia and Kurtz (2006): for any n', n? € 8,
) = 2l = [ ateonin’ = i)
R

where [n' — 5?|(dy) denotes the total variation of n' — 5%. We will use this inequality in the
following.
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(c) In Theorem 2.2 we assume that A(x, ¢) is bounded. We set ¢ (x) to be integrable. Then
Condition 4.1 is satisfied. Moreover, we set c¢1(x) to be 1/(1 + |x|2¢*%). For each x, we can
find a number k(x) which depends only on x, such that

a(x,y) < k(x)ci(y) forally.

Then Condition 4.2 is satisfied. In fact, if lim,,_, o, fs c1(x)|&, —¢|(dx) =0,

IA(x, 8) = A(x, Gl =< /Sa(x, W — ¢1(dy) < k(x)/scl(y)lin —¢[(dy) — 0.

(d) From the proof in Garcia and Kurtz (2006), we can see that the unique solution is adapted
to the filtration generated by N and 7.

Here we only prove the theorem for a unit death rate because, for other positive constants,
the proof is the same and, for the spatial pure-birth process, the proof is similar and simpler.
Under the conditions of Theorem 2.2, A is bounded by L and sup,, /Rd a(x,y)dy < oo. Hence,
we can set 1(x) = 1. Then we have sup, /Rd (h(x)a(x, y)/h(y))dy < oo and, by Theorem 4.1
and Remarks 4.1, the stochastic equation (4.1) has a unique solution which has the same
distribution as our spatial birth and death process 7,. We can just assume that 7, is the solution
of (4.1). By Remark 4.1(d), n; is adapted to the filtration generated by N and 7. For any
set E C RY x [0, 00)3 (or RY x [0, 00)), we use N|g (or fo|g) to denote the restriction of N
(or ng) to E. Let By = ]_[;1: 1 [—%, %) be the unit cube with its center at the origin in R?. Then
By + z is the unit cube with its center at z € Z?. We define a family of independent, identically
distributed random elements X = (X,, z € Zd), where

X, = (1 (N|(Bo+z)><[0,oo)3)’ Tz (M0l(By+2)x[0.00)))

and 7_; denotes the shift operator. Let Ng be a Poisson random measure on By x [0, oo)3
independent of N which has the same distribution as N|p;[0.00)3> and let N O be the Poisson
random measure obtained from N by replacing N|pg (0,002 With No. Let 7,0 be a random
measure independent of 7o, having the same distribution as 7o| g, x[0,00), and let ﬁg be 7o with
the restriction to By x [0, 0o) replaced by 7jp.0. Let X« = (No, 7lo,0). Then X, has the same
distribution as X and is independent of (X ). Let X be the family X with X¢ replaced by X
and all other entries the same as X.

Since the function c(x) in the conditions of Theorem 2.2 is bounded in a neighborhood of
the origin in R?, without loss of generality, we assume that c(x) is bounded in By. Otherwise,
we can replace the lattice Z¢ by £Z¢ for a sufficiently small ¢ > 0.

Let {
l
D(A) = 75 1 (14) — EDp (LA))),
where | </ < oo. Forany 0 < #; < --- < t, and Riemann measurable sets Ay, ..., A,
we will use Theorem 2.1 to show that (é,(ll)(Al), o, S,il) (Ay)) converges weakly to some

multivariate normal distribution. Let H;(X, A) = n;({A), where t > 0 and A is a Riemann
measurable set in R?, and, for any z € 74, let Hi (X, A) = H(;(X),A) = n (A + 2).
Therefore,

AfL(A) = H (X, A) — H.(X°, A) = (1A +2) — 1)) (A + 2),

where n? is the unique solution of (4.1) with N replaced by N°. We have to check that
Theorem 2.1 satisfies Conditions 2.1 and 2.2.
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Lemma 4.1. Suppose that A is bounded by L and that sup fRd a(x,y)dy < oo. Then, for any
t >0, we have

sup C(X)E[/Rl ax, y)ln — n?l(dy)} = 2L+ )| sup @) e,

xeRd z€By

Proof. For any x € R", we have

E[/a(x,y)m, - n?|<dy)]

t
<E f / a(x, VI Loa,p@) —1 o @)
|: 0 JB§x[0,400)2 [0.2(y. )] [0,2(y,m5-)]
X 145,000 (r)N(dy, ds, dr, du)j|
B t
+E / / a(x, ¥) 110,5.(y,n-)1 () L(t—s,00) (r) N (dy, ds, dr, du):|
LJO JByx[0,4+00)2
B t
tE / / a (¥, ) 1jg 5 y0 )10 La—s.00 (N (dy, ds, dr, du)}
LSO J Box[0,+00)? 5—

+E f a(x, ) 1(,00)(rno(dy, dr)}
LJ By x[0,00)

+E / a(x, y) L.00)(MHd(dy, dr)}
By x[0,00)

t
5/0 /Rda(x,y)E[lk(y, ns) — Ay, nO)[le" ) dy ds

t
+2L/ / a(x, y)e "9 dyds
0 By

+EU a(x, y)no(dy)} +EU a(x, y>n8<dy)]
By By

t
5/0/a(x,y)E[/a(y,Z)lns—n?l(dZ)}e(”)dyderZ(Ler) a(x, y)dy.

Bo

By iteration, for any positive integer n, we have

E[/aoc,y)m, - n?|<dy>]

t
52<L+m>(/a<x,y>dy+f e—“—”dsff aCx, y)a(y, yr)dy; dy + - -
0 By

=" iy
+/ — ¢ dS/---[ a(x,y)a(y,y1) - a(Yn—1,Yn)dy, --- dyr dy
0 . By

+ Ry,
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where

Rn=/~-~/ a (e, a0y, 1) - a1, o)
By

t n
=" __
X/o E[/a()’nsynJrl)lnt_77?|(d)’n+l)i| e =9 ds dy,41 dyy - - dy; dy

is the remainder term. We estimate R,. Let K = sup, fRd a(x, y)dy < oo. Because

E[/a(yn, Yus)Ine — n?|<dyn+1)}

< E[/ a(Yns Ynr1) (M (dyns1) + U?(dYn+1))]

< ZE[fa(yn, )’n+1)77[(dyn+1):|
t

= E|:/ / a(yns Ynt+1) 1[0,00g1,m501 @) L —5,00) )N (dyn41, ds, dr, du):|
0 JRIx[0,+00)2

+ E[/ a(n, Yn+1) it ,00) M) N0 (dYnt1, d”)}
R4 x[0,00)

<(L +M1)/a(yn,yn+1)dyn+1

<(L+u)K,

we have

Ry, =// a(x,y)a(y, y1)---a(yn—1, yn)
By

' 0 =) 1y
< Bl [ aCyn. yn0lm = ngl(dyngr) | — e dsdynt1dyn--- dyrdy

t n
(="
sK/ e Vs [ [at, ya(y, yo) - -aGnot, yu) dya - dyidy
0 .

t
< Kn+2/ t—9)" e—(t—s) ds
0 n!

— 0 asn — oo.
Forany0 <k <n,

// aCr, V)ay, y1) - alyrs v dyg - - - dyr dy
By

1
c(Yk—1)

< /.../a(x,y)a(y,yl)"'a()’k—Zva—l)

c(yk—1)a(Yk—1, Yk)
X f dyk sup c(z)dyk—1--- dy; dy
By C(yk) z€By

https://doi.org/10.1239/aap/1222868185 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1222868185

774
M[sup ] [+ [ ateypac - atioa o
2By C(yk 2)
y f c(Yk-2)a(Yk—-25 Yk—1) Ay dys -+ dy; dy
c(yk—1) B -
X c(x)a(x, y)
=M L,?BPOC(Z) (x)/ )
k+1
<M [Zseug) c(z)] 0
and t k t k k+1
(t—ys) —(t—s) (t—5) _ t
/0 o dsS/O o ST e
Therefore,
)k+1 1
[/a(x Ve — ’7z|(dY)} <2(L + )Zm[zseug)c(z)] o + R,
and, hence,

)k+1

[/a(x y)lﬂz—ﬂ[|(dy)}<2(L+M1)Zm[ p @)
ZeDb(

1
< 2L+ pe [ sup ()] —.
Z€By c X)

Now we have

sup C(X)E[/Rd ax, yln — n?l(dy)} = 2L+ ) sup ()|

xeRd z€By
Condition 2.1 follows by the next lemma.

Lemma 4.2. Under the condition fRd (1/c(x)/3)dx < oo, we have
sup{E[(|n; — n?l(B))3]: B is a bounded measurable set in Rd} < 00.

Proof. Fixt > 0. For 0 < ¢’ <t and any bounded measurable subset B, we define
&y (B) :/ 100 x.ns 1) Lt—s,00)(r)N (dx, ds, dr, du)
Bx[0,']x[0,+00)2
+/ Lt,00) (Mo (dx, dr),
B x[0,00)

¢)(B) = L0,5.en0 1 @) Li—s,00 (N (dx, ds, dr, du)

-/B><[0,t’]><[(),-i—oo)2

+/ 1(:,00)(r)ﬁ8(dx, dr).
B x[0,00)
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Note that £,-(B) denotes the number of points in B born before and at time ¢’ that are still alive
attimer. Let Z, = |¢p — {t(,)|(B). Then Z, is increasing and Z;, = |¢; — ;tol(B) =|n— 179|(B).
Since the region B is bounded, Z, has only finitely many jumps and AZ, = Oor 1 a.s. We
have

z}= > 1z}-7 1+ 73

O<s<t

= > 3ZIAZ+ Y 3Z(AZ)P+ Y (AZ)+ 7

O<s<t O<s<t O<s<t

= Z 372 AZg+ Z 3Z_AZs + Z AZs+ Z3. 4.2)

O<s<t O<s<t O<s<t

We have Zg < no(BoN B) + 7]8(30 N B), and the right-hand side has a Poisson distribution
with mean 2 1m(By N B), where m is the Lebesgue measure. Hence, E[ZS] < SM?m(Bo N
B)* + 12u2m(Bo N B)? + 21m(By N B) < 813 + 1212 + 2u1. Now we estimate the first
term on the right-hand side of (4.2):

E[ > 3ZSZ_AZS}

O<s<t

t
=3EU zz
0

X [ 1[0, 0 ¢e,ns )1 () — 1 0 ()]
/I;HB(C)X[O,-&-OO)Z ] (O]
X 1t—s,00)(r)N(dx, ds, dr, du)i|
"o
+3E|:/ Zﬁ/ 110, (v, () 1(,_3,00)(r)1|N(dx, ds, dr, du)
0 BNByx[0,+00)?2

t
+ 3E[/ Zsz—/ , Lo, 560 31 () L —s,00) () No(dx, ds, dr, du)]
0 BNByx[0,400)

X [ 10, ¢x,n1 (@) — 1 0 4y ()]
/Bntx[O,+oo)2 [0,A(x,n5-)] [0,A(x,my)]
X L(t—s,00)(r) dx dse™" dr du]
"o
+ 3E|:/ ZS_/ 110, 1¢e.ne 1) Lt —5,00)(r) dx dse™" dr dui|
0 BNByx[0,+00)2

1
+ 3E|: / 72 / 110,001 () 15,00 (1) dix dse ™" dr dui|
0 BN By x[0,+00)

t t
5315[/ Z?/ IA(x, 15) — A(x, n0)e =) dxds:| +6LE|:/ Z2e (=9 ds]
0 B

0
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t
53/ /E[ZtZM(x,ns)—)L(x n9)1e™ ") dx ds + 6L E[Z?]

< 3EZ})Y° / / (E [1Crs n) — 2 g9 e de ds + 6LE[ZD,

Similarly, for the second term and the third term on the right-hand side of (4.2), we have

3E|: Z 3ZSAZs]

0<s<t

t
< 3(E[Z)]'3 / / (E | (x, n5) — A(x, )P/ Pe~ =) dx ds + 6L(E[Z}])/?

<3<E[Z31>”3/ /(Eu(x ne) — 2Cr, 1)) e dx ds + 6L(E[ZP])

i

and

] f /Em(x ns) — A, n)[1e "7 dx ds + 2L

0<s<t

5fot/B(EM(x,m)—A(x,n?)|3)l/36_(l_s) dxds +2L.
Now, we can estimate E[Z?]:
E[Z]] < 3(E[Z}])*° /0 t /B (BIr(x, ns) = Ax, i) e 79 dx ds + 6L(E[Z) )
+3(E[Z})"? / t / (E |2 (x, ng) — A(x, 1)) 3e= =9 dx ds + 6L(E[Z]])'/?
f /(Elk(x 1) — Ao ) e dr ds + 2L + BIZ3).

Let x = (E[z3])1/* ap = by = 3 [y [E A, 15) — Alx, n) )P~ dx ds + 6L,

and ¢ = ao /3 + E[ZO] Here x, ag, bg, and ¢ all depend on B. Now we have the inequality

x3 < agx? + box + ¢p. If we can show that ag, bg, and cg are all uniformly bounded for all B

then x is uniformly bounded for all B, that is, we have Condition 2.2.
So we calculate

t
/ / (E |A(x, 5) — A0x, n) )09 dx ds
0 JB

t
<@L /O [ hxn) = i) dxds
B

' 1/3
<@Ly’ / f (E[ / a(x,y>|ns—n§’|<dy>D 1) dx ds
1/3

< (2L)2/3/ f(— supc(z)E[/a(z,y)Ins — n?l(dy)]) e =9 dx ds

1/3
< (2L)2/3/B de/o (2(L+,u1)[sup c(y)]eSM> e (=9 ds

y€By
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t
2/3 sM/3 —(t—s)
< QL) /B o )1/3 dxf (Z(L + 1) sup c(y)) e ds

yeBy

s(zL)2/3</ o )(2<L+m)supc(y>) MR,

Y€By

which is uniformly bounded for all B, where the fourth inequality follows from Lemma 4.1.
This completes the proof.

Next, we show that Condition 2.1 is satisfied. By a similar calculation as in the proof of
Lemma 4.2, we have

t
Elln, — n°|(B)] < / / E[A(x, 1) — 26 nO)le~ ) drds + 2L + ) [ de
o Ja BNBo

t
s/ /E[/a(x,y)ms_nﬁ(dy)}e<ts>dsdx+2(L+m) . dx
NBoy

/ / —supc(z)E[ / a(z, y)ns — n?l(dy)]e_(’_” dx ds
gc(x) ;

+2(L + 1) dx
BNBy

< J}”( / —dx + / dx), 4.3)
c(x) BNBy

where Jt(l) is a constant which depends on ¢, but does not depend on B. By an argument similar
to the proof of Lemma 4.2, we can show that (E[(|n, — n?l(B))z])]/2 is less than a number «
that satisfies the following inequality:

1 1 2
2 4 "
o SaJ/—dx—i-J(/—dx—i-/ dx+</ dx)).
" c(x)1/2 "\ Jp c(x)1/? BN By BNB,

Hence, we have

2 2
0 2 0)) 1 1 / / ) )
R <</B c(x)l/? dx) +/B c(x)!/? drt BNBo dx+< BNBy " “4 4;

where 7V, 7, and J/, J/ are all constants which depend on ¢, but do not depend on B.

Let {C,} be a sequence of bounded measurable subsets of R4 satisfying liminf,, . oc C;, =
R4, We will show that {n,(C,,) — n°(C,) | n =1,2,3,...} is a Cauchy sequence in L!(P).
For any two positive integers m and n, by (4.3),

|EL(1:(Cn) — n2(Cn)) = (1:(Cm) — n2(Cu))]|
< Eln; — n1(Cp \ Co)] +Elln: — n°](Cin \ C)]

1
< J}”(f ——dx +/ dx),
CyAC,, €(X) (Cy AC)NBo

where C, AC,, is the symmetric difference of C,, and C,, which converges to & as m,n — oo.
Therefore, {n;(C,) — n?(Cn) |n = 1,2,3,...} converges in LY(P). This proves the first
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stabilization condition by Remark 2.1(b). The second stabilization condition can be proved by
the same argument.

Now we show that the third stabilization condition is true. Let A be any given Riemann
measurable subset in R?. Choose a large positive number K 4 such that sup,c4 llxll < Ka/2.
For any [ > 1 and any y € Z¢ such that ||y| > [K4, we have (IA + y) N {x € R?: ||x|| <
K 4/2} = &. Hence, for all large enough I/, we have (A + y) N By = & and

1 1
———dx < / ——dx < 1.
/1A+y c(x)!/? Ixl=1K4/2 C(x)1/2

By (4.4),
1 1
@ 2 BRI <5 3 Bl —n]lA +y)’]
yezd yezd
IylI={Ka IylI={Ka
1 (2)(( / 1 >2 / 1
< - J — dx) + —dx
14 ygd ! Aty c(x)1/? LAty c(x)1/?
IylI=IK A

2
—i—/ dx + (/ dx) )
(lA4+y)NBy (lA+y)NBy

1 @ /‘ 1 / 1
— J, ——d —F>d
1 Z t ( LAty c(x)1/2 X+ Aty c(x)1/2 x

ezd
Hy\|>lKA

)
Z g /+ C(X)l/2

yezd
IylI=K 4

21(2) 3 Z /
Bo+z+y C(x)l/z

d
ye
Iy H>IKA (Z+Bo)ﬂlA;é®

242
= dx
1d Z Z »/o+z+y C(x)l/z

IA

I /\

IA

Zd
(z+Bo)nlA;£@ ||)”>IKA
- 272 / Loy
= —5 dxX
1  iizika 2 c0)!?
(z+Bo)NIA#£D
@
2J 1
< SaKa 2 [ e
! lell=lKa/2-2 €(X)

— 0 asl — oo,
where the penultimate inequality is true because, forany x € Bo+z+y, |[x]| > [yl —lz]l—1 >

[K4/2 — 2. Hence, the third stabilization condition is true. Now we can derive the following
theorem from Theorem 2.1.
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Theorem 4.2. Assume that the birth rate A is bounded by some positive number L and that
it is translation invariant. Suppose that ng is a Poisson random measure on R? with con-
stant intensity and that there exists a positive function c(x) such that (2.6) is satisfied. The
function c¢(x) is bounded in a neighborhood of the origin in R%, i.e. f]Rd (1/c(x))dx < oo and
fRd(l/c(x)1/3) dx < co. Suppose that

supf a(x,y)dy < oo.
x JRd

Let £P(A) = (171972 (5, (1A) — E[n;(A)]), where 1 <1 < co. Forany0 <t; < --- < t,
and Riemann measurable sets Ay, ..., Ay, (5,(11) (A1), ..., Et(nl)(An)) converges weakly to a
multivariate normal distribution and the variance-covariance matrix of the limit distribution
can be given in terms of Ao, as in Theorem 2.1.

Recall that we defined Y, [ > 1, as

1
yO(f, 1) = m(/w fG)nz(dx) _E[/W f(’l—“)mdx)D

fort > 0and f € L'(R?) N L>®(RY).

We will show, by using Theorem 8.6 of Ethier and Kurtz (1985), that, for any sequence
{1,} such that [, — oo as n — o0, the sequence {Y ) (f,-): n > 1} is relatively compact in
Dg[0, 00). Let F; be the o-field generated by N|ga[0.11x[0.00)2 a0d M0IRd x[0.1]-

Lemma 4.3.

e’/ f<f> 1(1,00) (M 7o(dx, dr), t >0,
RY x[0,00) ~ \ !

is an (¥;)-martingale for any | > 1. Its quadratic variation is

/ e 2<)—‘> Lo (Mio(dx, dr), 1> 0.
R4 x[0,00) l

Proof. Let {r,: x € R?} be a family of independent unit exponentials, independent of 7o

and N. Then7jo = 3, dx,z,)- Let Zy = 1jz,~). Then

X n X
¢! / f(—) 1,00 (Nlo(dx, dr) = f(—)e’zf.
Réx[0,00)  \! o\

Because fRd | f (x/D|no(dx) is an integrable random variable, the series on the right-hand side
is absolutely convergent. On the other hand, we have

Fi S o {NIpiuo.x[0.002) V O l10} V o{Z i r <1, x € RY).

It is easy to check that e’ Z¥ is a 0{Z}: r < r}-martingale and, hence, thatitis ao{Z : r <
t, x € Rd}-martingale. Let M; denote o{Z}:r <t, x € R4}, Let 0 < s < r. Since o {no}
and M are independent, for any E € o{no} and F € M, we have

{ tzx = f t7x
fEmFZf<l)eZ’dP /EmFZf<l>E[eZz|«Ms]dP

XENo X€ENo

X S 77X
[ 2o )

Xeno
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By the m — X theorem,

{2 s

XENO

olnlvalZir<t xe Rd}] -y f(%c)eszj“.

X€ENo

Since 0 {N|gdw[0./1x[0.00)2}> T{n0}, and o {Z} 1 r <1, x € R4} are independent, we have

U{N|Rdx[0,t]><[0,oo)2} VvV of{no} Vv O’{Zf: r<t,xe Rd}:|

5 (2o

XENO

= f<§>eSZf.

x€no

ofn}vol{Z :r<t, xe Rd}]

Hence,

O {NIRd x[0,11x[0,002} V 0 {n0}

— E[E[Z f(?) 'z

VU{Zf:rft,xeRd}}‘}}}

‘7‘;}

— Z f()l—c>eSZ§.

XENQ

Now we have proved that e’ fRdx[o 00) F(x/D 1 00)(r)fo(dx, dr) is an F;-martingale. Fur-
thermore, it is a purely discontinuous martingale, so its quadratic variation is just the sum of
its squared jumps.

Lemma 4.4. Suppose that A is bounded by a constant L and that

ax, S
( y) 1_|_|x_y|2d+6

for some constants b > 0 and § > 0. Then

sup (1 [x — y|4T) E[(A(x, ny) — EIM(x, 1))y, n) — E[A(y, n)D]| < 00

x,yeRd
s,t<T

forany T > 0, where 1 v |x — y|4t® denotes max{1, |x — y|91%}.

Proof. Letx #y € RY, and let

Coy={zeR%: |z —x| <|z—yl}.
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Then Cyy is a half-space in R¢, which is closer to x than to y. Similarly, we define C yx» the
half-space in R¢, which is closer to y than to x. Let U, and U, be the o-fields generated by
the restriction of N to Cyy X [0, oo)3 and Cyy x [0, 00)3, respectively, and the restriction of 7
to Cyy x [0, 00) and Cy, x [0, 00), respectively. Let n; be the unique solution of the stochastic
differential equation (4.1) with N replaced by another Poisson random measure N’, which is
obtained by replacing N | €, x[0,00)3 by anindependent copy and keeping N ¢, | «[0,00)3 the same,

and with 7o replaced by 7, which is obtained by replacmg n0|cc x[0,00) by an independent
copy and keeping TIO|C”><[0 o) the same. Let 1} be the unique "solution of the stochastic
differential equation (4.1) with N replaced by another Poisson random measure N”, which
is obtained by replacing N |Cc «[0.00)3 DY an independent copy and keeping the restriction of
N to Cy, x [0, 00)? the same and with 7jy replaced by 7, which is obtained by replacing
’70|ch x[0,00) by an independent copy and keeping the restriction of 7o to C,, x [0, c0) the
same. Then we have

E[(A(x, ns) — E[A(x, n)) DA (y, n) — E[A(y, n:)D)]
= E[(A(x, ns) — E[A(x, n5) | Ux] + E[A(x, n5) | Uyl
— E[A(x, n) DA (y, n) — E[A(y, n:)D]
= E[(A(x, ns) — E[A(x, n5) | UxD)(A(y, n:) — E[A(y, n)D]
+ ELE[A(x, n5) | Ux] — E[A(x, n) DAy, 1) — E[A(y, n:)D]
= E[(A(x, ns) — E[A(x, n5) | UxDA(y, n:) — E[A(y, n)D]
E[E[(E[A(x, ns) | Ux] = E[A(x, n) DA (Y, 1r) — E[A(y, n)]D | Ux]]
= E[(A(x, ns) — E[A(x, n5) | UxD)(A(y, n:) — E[A(y, n)D]
+ E[(E[A(x, n5) | Ux] = E[A(x, no)D) EL(A (Y, n:) — E[A(y, n)]) | U]l
= E[(A(x, ns) — E[A(x, n5) | UxDA(y, n:) — E[A(y, n)D]
+ EI[(E[A(x, n5) | Ux] — E[A(x, ns)]D) E[A(y, n:) — E[A(y, me) | UyD) | UTI
= E[(A(x, ns) — E[A(x, n5) | UxD)A(y, n:) — E[A(y, n)D]
+ E[E[(E[A(x, ns) | Ux] = E[A(x, n) DA (Y, nr) — E[A(y, n0) | UyD) | Uil
= E[(A(x, ns) — E[A(x, n5) | UxD)A(y, n:) — E[A(y, n)D]
+ E[(E[A(x, ng) | Ux] — E[A(x, n) DAy, ne) — E[A(, 1me) | UyD)]
= E[(A(x, n5) — A(x, n,))(A(y, n:) — E[A(y, n)D]
+ E[(E[A(x, 75) | U] — E[A(x, ) DRy, 10) — Ay, 0 )],

where the fifth equality is true because U, and U, are independent, hence,

E[E[A(y, n:) | Uyl | Ux] = E[A(y, no)].

Therefore,
| E[(A(x, ns) — E[A(x, n)D(A(y, 1) — E[A(y, n)D]|
= |E[(A(x, ng) — ACx, 0) (A (¥, n) — E[A(y, n)D]]
+ | E[(E[A(x, ny) | U] — E[A(x, n) DA (y, ne) — Ay, ny )]
< 2LE[|A(x, n) — A(x, )11 + 2L E[IA(y, n,) — Ay, n))]].
Define

f(z,8) = E[|A(z, ns) — A(z, nPI].
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Note that | f(z, s)| < L for all (z, s) pairs. Then we have
f(z,8) = EllA(z, n5) — A(z, nI]

SEU a(z,zl)ms—ngudzn]
Rd

N
N E[/ / a(z, 201 1j0,3.z.ney 1) = 110,12 )1 ()]
0 JCyyx[0,00)2

X 1(s—s;,00)(r) dz1 dsie™" dr dui|

N
E[/ / a(z, 21)(o,n(z,n,, 1 (1)
0 §y><[0,oo)2

+ I[Oak(zyngl)] (I/t)) l(S—Sl,oo) (}") dZ1 dSle_r dr du:|
+ E[/ a(z, z1) 1¢s,00) (Mo (dx, dr)i|
C¢, x[0,00)
+E|:/ a(z, z1) 15,00y (Mg (dx, dr)}
C¢, x[0,00)
N
N E|:/ / a(z, 20|z, 1) — Az, 1) exp(—(s — s1)) dzy dsl:|
0 JCyy

+E / / a(z, z1) (M2, n5)) + Az, 15,)) exp(—(s — s1)) dz; dS1]
LJo Jeg,
+E [ a(z, z1) 1(s,00) (Mo (dz1, df”)]
C¢, x[0,00)

+E / a(z, z1) 1(s,00) (N (dzy, dr)]
C¢, x[0,00)

= E|:/0 / a(z, 20|z, 1) — Az, 1) exp(—(s — s1)) dzy dsli|

+2L/ a(z, z1) dz; +E[/ a(z,zl)no(dm)} +E[/ a(z,m)n/o(dm)}
< ce ce

Xy Xy

S
—2L+ m)/ a(z,21)dzy +f / a(e, 200 1. 51) exp(—(s — s1)) dzy dsi.
cs, 0 JCyy
By iteration, we obtain
f(x,s) =E[|A(x, n5) — A(x, 1)1

52(L+/L1)</ a(x, zy)dz; —i—/ / a(x, z1)a(z1, z2) dza dzg

3y

(n — 1)' /C\.) /C"x) / a(x, Zl)"'a(zn_z, Zn—l)

X a(Zp—1,2n) dzpdzy—1 - - - le) + Ry, 4.5)
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where the reminder term
l S
R, = —/ / / a(x,z1)---a(zn—1,zn) f @n, Sn) €Xp(—(s — $,))
n—1N0!J - -
X (s — s,,)”f1 dz,dzp—1--- dzidsy

(sup/ a(z, Z])dZ1> L‘/\ exp(—(s — su))(s — Sn)n—l ds,
Rd 0

Z

-

1
(n—1)!

A

! b ! ‘ n—1
= n—1)! (/;{d 1 [x|2d+3 dx) L/O exp(—(s — su))(s — sp) dsy

— 0 asn — oo.

Now we estimate the other terms in (4.5). In order to simplify the notation, we just cal-
culate the term for n = 3. Let K, = |x — y|/2n, and recall that we have defined K =
sup, fRd a(z, z1) dzp in the proof of Lemma 4.1. Since it is easy to check that

{z1 € Cxy, 22 € Cxy, 23 € €y} C{lz1 — x| = K3} U{lz2 — 21| = K3} U {lz3 — 22| > K3},

we have

1
7/ / / a(x, z1)a(z1, 22)a(z2, z3) dzz dza dzg
2 e, Jey, Jeg,

1
< —’/ a(x,m)/ a(zi, z2) a(zz, z3) dzz dzp dzg
2! Jpd R4 lz3—22|=K3

+ — a(x, z1) a(Zl,Zz)f a(zp, z3) dzzdzp dzg
2! Jpa lza—z11>K3 R4
1

+ 5 a(x,m)/ a(zpzz)/ a(za, z3) dzzdzp dzy
2! lz1—x|>K3 R4 R4

1 b
< —,/ a(x,m)/ a(zi, z2) ——3a7s 923 dzadz
2! Jre RY lz3—z2|>K3 123 — 22|

1 b
+—K/ a(x,z1) ————dz2dzy
2! R4 |z2—2z1|>K3 lz1 — x|2d+5

+ lef Ldzl
217 Jig—xizky |2 — x 240
< lw;‘lbf a(x,z1)/ a(z1,z2)dzp dzy
20 d+ &K Jra R4
+ lLK/ ae, 2 oy + ~— Y402
20 d+ KT Jpa 20 (d + 8)KIH?
3wde2

1
<
T 20 @+ oK

where wy is the surface area of the unit ball in R?. Similarly, the nth term is less than

1 nwdenfl 1 2d+8nd+8+lwden71

=DV A+ 8K (n—=D! (d+8lx — y[dH?
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Therefore, we have

o0 2(L + p1) 2d+8nd+6+lwden71 by

ElA(x, ns) = 20, )1 < Y = :
= =D @+ -yl |y — y|dH

where

o (L+M1)2d+1+5nd+1+8wa'b1(n_l
-2 @+8)n—1)!

Similarly, we can prove the same inequality for E[|A(y, ) — A(Y, n;’)l] and, hence, we have

|E[(A(x, ns) — E[A(x, ) DA (Y, n:) — E[A(y, n) D]
< 2(L 4 1) E[|A(x, ng) — A(x, n) 11+ 2(L + 1) E[|A(y, n) — Ay, n)]]
_ AL+ )b
lx — y|d
Since A is bounded by L, E[(A(x, n5) — E[A(x, n5)D(XA(y, n:) — E[A(y, n¢)])] is bounded by
4L?. This completes the proof.

Lemma 4.5. Supposethata(x,y) <b/(1+|x —y|2d+‘s), whereb > 0and § > 0 are constants.
Let f(x) be a bounded and integrable measurable function in R with respect to the Lebesgue
measure. Then, for any T > 0,

/H; d /R d ( ) (?)E[(k(x,ns)—E[)\(x,ns)])(/\(y, n) — EDAG. 10D dx dy

1
w5+ ) [, 1Fona,

where by is a constant which does not depend on f, wy is the surface area of the unit ball in
RY, and || fI| = supyega | £ (¥)].

Proof. Fix T > 0. Then, by Lemma 4.4, there exists a constant b such that

sup
>1
s,t<T

b
|E[(\(x. 15) = BIAGe, 1)) ) — B 1)D]] < m

Then we have,

1
@ / f f(f>f<X)E[(x(x,ns)—E[A(x,nsn)(uy,m)—E[A(y,m])]dxdy
R JRA l l
ld/ / MF/DISOIDL o
R4 JR4

l |x — y|dti v 1
by NIWE /DI G /D]
= — — = )|ldxd dxd
1 /\/{X—ylfl f<l> f<l> ! y+ /~/|‘x y|>1 |)C_y|d+(S A
b
< Tj// Ilfll‘f(z>
[x—y|=<1

d Lf &/ DI /D y
ol //x —y[>1 |X—y|d+5 d(l>d<l>

dxdy
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waby . @I
IIfII/ £ 0l dy + bil // I

b
- ‘||f||/ |FO)Idy +bil~ 8/ 1f @)l gy ax
—y|>1/1 |x — ¥
=—1||f||/ |f<y>|dy+b1r5/ rotf 1710 1 4

P [ ronayent [ peo

1 1
- wdblnfn(g + 5) /R £ ()] dy.

Lemma 4.6. Fixn. Fork =1, ..., n, let {Z(k'm) :m = 1,2,...} be a sequence of stochastic
processes whose paths are elements in DR[0, co) endowed with the Skorokhod topology. If, for
eachl1 <k <n, {Z (k*m)} is relatively compact in DR[0, 00) and all its limits have continuous
paths a.s., then the sequence Z™ = (Zz0™ . 7MY s relatively compact in Dgn [0, 00)
and, hence, Z-™ 4 ... 4 7 s relatively compact in D0, 00).

wybi

Proof. Forevery§ > 0, T > 0, and x € DR[0, 0o) or Dr»[0, 00), we define

w’(S,x,T):inf{max sup  |xr—x]: 0=t <-- <t <T <t,
1<i<r ti—-1=s=t<t;

min (t; —tj_1) > 5}.

I<i<r
Let X be Z™ or Z%™ for some k. Then X ™ is relatively compact if and only if

lim supP(X™| > M3) =0 and lim supP(@/'(8, X", T) > &) =0
—>U m

M3—o00 1

forany# > 0, T > 0, and ¢ > 0. The first condition can be checked easily for Z ) Now we
check the second condition for Z™). We have

W6, ZM, Ty<2 sup |z —Z™)
0<s,r<(T+1)
[t—s|<06

n
< 22 sup
k=1 0<s,t<(T+1)
|t—s|<8

k,

n
< Zz(zw/(s, z&m T4+ sup |AZ,(k"")|>
k=1 0=<t=(T+1)

<Z(4w 6, 2%M, T+ 142 sup AZE™]),
P 0<r<T+1

and supy,<74 |Ax| is a measurable function in Dg[0, c0) and continuous at any x €
CRr[0, 00). Because, for each k, all the limits of {Z (k’m)} have continuous paths a.s.,

sup  |azEm™)
0<t<T+1
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converges to 0 in distribution and, hence, in probability. Therefore, we have

n

limsupP(/(8, Z"™, L) > ¢) < Z(lim supP(a/(a, z&Em 1y s i)
"oom = N om 8n

+11msupP< sup |AZ(k m)| > f))
n

m 0<t<L

=0.

Therefore, Z™ is relatively compact.

Recall that we defined YV, [ > 1, as

1
YO 1) = W(/R fG)m(dx) _EUW fG)nz(dx)D

fort > 0and f € L'(R?) N L®(RY).
Le

t
~(1)
1 _ N(dx, ds, dr, du),
t ld/2 / /I‘de[o +o00)2 <l> [O’A(x,nk)](”) ( X \ r. u)
~(1)
L 1 N(dx, ds, dr, d
Vi ld/2/ [I‘de[0+oo)2 (l) (0.3Cx.ns 1) L10.1—s1(r)N (dx, ds, dr, du)
X
ld/2 / f<7> I[O,A(x,r;s,)](u)N(dx, ds, dr, du),
{(x,s,r,u): r>0,5>0, s+r<t}

1 X
H(l) Fo(d |
/ f< ) 1 ,00 (”)770( xv r)
' ld/z( R4 x[0,00) l (t:09)

- E[ / f(f) 1.00) (M) 0 (dx, dr)D,
R4 x[0,00) l

U(l) U(l) [0[(1)]’ V(l) V(l) E[Vt(l)]'

and

Note that fé / Ax[0.+00y2 10,21 (@) N (dx, ds, dr, du) denotes the total number of points
which are born before and at time ¢ in A: it is actually a spatial pure-birth process. We denote
by

t
/ / 110,0x, 5,1 (@) 1j0,1—51(r) N (dx, ds, dr, du)
Ax[0,400)2
the total number of points which are not only born but also die before time ¢ in A. We have
Y(l)(f, t) = (l) + U(l) Vt(l)‘

Lemma 4.7. Suppose that ) is bounded by L and that a(x,y) < b/(1 + |x — yIde‘s), where
b > 0and o > 0 are constants. Then, for each T > 0, there exist two families {yl(')(g): 0<
o<1,1>1},i=1,2, of nonnegative random variables satisfying

ElHY, — H)? | 71 <El P | F,
ELUY, —u™? | 71 <Ey >0 | 7,
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forall0 <t <T and(0 < h < o; in addition,

lim sup E[yl(i)(g)] =0
0—0

Proof. First, we estimate (H[(i)h Ht(l))z. By Lemma 4.3, ¢ H,(l) is an (¥;)-martingale and
its quadratic variation is

1/ 2r 2(x> N
- e 7| = ) jo.n(r)o(dx, dr).
19 JRd «[0,00) 7)o

Therefore,

) ) -~
E[(HY, — H)? | 7]
— ) 1 P
—e 2(t+h) E[(et+th(+)h _ et+th( ))2 | 71
— 6_2(l+h) E[(et+th(Qh _ eIHt(l) + elHt(l) _ el+th(l))2 | Jr*jt]

S 26_2(t+h) E[(ef-‘tht(i)h _ CIHI(I))2 | %] + 2e—z(l+h) E[(eth(l) _ el+th(l))2 | ?'t]

2672(t+h) X .
= l—dE|:/d ezr 2<7> 1([,t+h](r)n0(dx1 dr) ‘ ‘?;:I
R4 x[0,00)

+2(1 —e™(H")

2
—_E / f2 X 1 r+h](”)ﬁ0(dX, dr) | & | +201 - e_h)262t(Ht(1))2
ld R4 %[0, 00) [ ’

_a—h
2(1 ) / ( )ﬂo(dx)+2(1—e_h)2 ' (HY.

IA

Let
(1)( ) —© Q)/ f2( >7]0(d.x)+2(1_e Q)2 sup e2t(H(l))2

0<t<T

Then we have

E[(HY, -

I - .
O B | 71 <E o) | F

forall0 <t <Tand0 < h < o, and

B0 =210 - [ Pear+20 -0 B[ s (1]
R 0<t<T
<21 - e‘g)f F2(0)dx 4+ 8(1 — e )2 E[e?T (H)?]
R4
<2ui(l - e_g)/ £ dx + 81 T(1 — e_Q)2eZT/ F£2(x) dx.
d RA

Hence, lim,_, o sup; E [yl( )(IQ)] = :
Second, we estimate (U, +)h - U, ® )2. For each [, we define a square-integrable martingale

(l) / / ( ) 1 _ r
0,2(x,ns)] @) (N (dx, ds, dr, du) — dxe™" dr du ds)
Zi = dnz2 R X0, +00)2 ;) 0G5
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and a continuous process

Al = ld/Z// < )@(X ns—) — E[A(x, ns-)]) dx ds.

0
Ut+h

Since the quadratic variation of Z,( ) is

1 [ x\?2
[Z(I)]t — _d/ / f(—) I[O’A(x,mf)](u)N(dx, dS, dl’, du),
1 Jo Jrax[0,+00)2 " \!

)
EL(Z), -

Then

l l ! ! !
vl =z, -z + @, - AD).

we have
i -~ 1 i -~
z"M? | F1 =Bz ) — @) | 7]

=E[ZD5n — 12D, | F1)

[ L)

§hL/f2(x)dx.

d
By Lemma 4.5, let

o af Lo

E[(A(x, ny) — E[A(x, n)DA(y, n) — E[A(y, n)D]dx dy‘

< 00,

and, hence, we have

O _ 400 Lo ’
ELAY), - ADY1=E [(WZ[ [ #(5 )~ Bpace noop axas ) |
t+h pt+h
L L LG
t t R4 JRA l l

x E[(A(x, ) — E[A(x, ) DAy, ns) — E[A(y, ns)DD]dx dyds dr
< Ksh?,

and the expectation of the square of the variation of A® is

' 297 172 o
0 . " " 1
(EI:<fO | |) i|> = nlggo];(E[(Akt/Z" A 1),/2n) D 2 < Kst. 4.6)

By the Kolmogorov criterion (see (2.1) Theorem, Chapter I of Revuz and Yor (2004)),

|A(l) _ A(l)| 2
E|:< sup t—lg) :| < 00,
su<T41 1t —s|V/
sF#t
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and the expectations can be uniformly bounded by a constant which only depends on K5 and
T and does not depend on /. Now let

! !
|A§)—A§’|>2

v? (@) = 20L / P dx +20° sup —L———
R4 |f — S| /

s,t<T+1
sF#t

Then
l 1 a J i a i i a~
E[,) — B | 71 < 2EL(ZY), — ") | w1+ 2E[AY, — AP | 7]
2 aq
<Ely? () | #]

and
lim sup E[y,* (0)] = 0.
o—0

For any x, y € R?, we define ¢(x, y) = |x — y| A 1.

Lemma 4.8. Suppose that ) is bounded by L and that a(x, y) < b/(1 + |x — y|?>?*%), where
b > 0and $ > 0 are constants. Fix T > 0. Then there exists C > 0 such that

Elg* (V0. ViIa* v v 001 < cn?
forall0 <t <T+ 1and0 < h < t. In addition,
li E[(VvP)2] = 0.
hl_I)I}) SIIJP [( I )71
Proof. Fixt,h,andl. ForO <t <t+h,let

%o = | (7)
t/ = — J—
1972 J (e s e <r+s<t+h, r=0,0<s <}~ \ 1

X 10 x(x,p, )1 (W) (N (dx, ds, dr, du) — dx dse™" dr du),
1

X
= 0
14/2 {(x,s,r,u)|t—h<r+s<t,r>0,0<s<t’} )

X 1[0, a(x,n, 1) (N (dx, ds, dr, du) — dx dse™ dr du).

Then {X,, Y: 0 < ¢ <t + h} are two martingales. Let
_ 1 o )_C _ —(t—s) o (t+h—s)
By =5 f (A(x, ns—) —E[A(x, ns—)D(e ANl —e ) dx ds
TN S VEAV
t+h
- / e AL —e UFh=yqa"),

0
1 t
Bo= 1 fo /R , f(%)(ux, ns-) — ED.Ce, s D™ AT —e7 ) dxds

t
= / (e TN —e 79)dAD.
0
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Then we have
vO v =X in+ By and VP v =Y +B. =Y, +B_.
Therefore,
VL VPV VO = (Xesn + BO? AD(Yrgn + BO2 A D)
<AXE AL+ BIADIA, AL+BEAD)
<AXE, ADTA,AD+8BIAT+8BEAL (47)
By (4.6) we have
t+h 2
E[B}] = E[/ e Al - e(”h”)dAg)} :
0

t+h 2
<(- eh)zE[(f |dA§”|) }
0

< Ks(t + h)*h?
< KsQ2T + 2)*h>.

Similarly, E[B2] < K5(2T + 2)%h>.
We define two stopping times

S =inf{t': |Xy| = 1}A@+h) and S =inf{t': |Yy| = 1} A (t + D).

Because Xg = Yo = 0 and the jumps of X, and Y, are bounded by I £11/14/%, the stopped
processes X, Ay and Yg, o, are bounded martingales and

2 2 2 2
(Xz+h A 1)(Yt+h Al = XS]/\(t—i-h)YSzA(Hh)'

By Itd’s formula,
2 2
Xsl/\(t+h) YSz/\(t+h)
SiA(t+h) 5 SyA(t+h) 5
= /0 2Xs, At’*YSy\tL dX, + /(; ZXSthYSzAt’f dyy

2vy2 2 2 2 2
+ Z (X2Y2 = X2 Y2 —2Xy_ Y3 AXy —2X% Yy AYy).
t'<(t+h)A(S1VS2)
We have

XZY2 — X2 Y5 —2Xy_ Y} AXy —2X% Yy AYy
= (Xy— + AX) Yo + AY)? — X2 Y2 —2Xy Y2 AXy —2X% Yy AYy
= (AX;)?Y)_ + (AY)?X]_ + (AX)*(AYy)?

+2X,_(AYy ) AXy 4+ 2Yy_(AXy ) AYy + 4AX  AYy Xp_ Y,

= (AX)*Y]_ + (AY)*X?

where the last equality is true because X,/ and Y, have no common jumps. Since

S1A- ) S1A- )
/ 2XSI/\I/_YS2/\I/— dX[/ and / 2XS1/\Z,—YS2/\I,_ dYt/
0 0
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are martingales,

2 2
E[XS| A(t+h) YSz/\(t+h)]

SINGHD) S+
= E[/O Y5, na)- d[X]t’} + E[/O X§nan- d[Y],/}

1 SIN(t+h) 5 e:
=_E / / Y o f <—) 100, (x,n51 ()
1d [ o RY x[0,400)? NV / [0,A(x,n5—)]

x Lys.rns) (NN (dx, ds, dr, du>}

1 SyA(t+h) 5 5 X
+—E[/ / X2 f (—)10,1 )
1d 0 R X[0,400)2 S1AS / [0,A(x,n5-)]

X 1¢—p—s.1—s1(r)N(dx, ds, dr, du)]

t+h

< L(1 —e_h)/ fz(x)dxf E[Y§, 5,1 ds
Rd 0

t+h

+L(1—e*’1)/ fz(x)dx/ E[X, 5,1 ds.
R4 0

Because
E[Y§, ] < EIY2,]

1 t+h X
<i? [ Lo (7)
l 0 RY x [0, +00)> l
X 110,10, 0,01 W) L —p—s,1—s1(r) N (dx, ds, dr, du)]

<Ll —e—h)f F2(x) dx
R4
and, similarly,
EIX3, ] < EIX2,,] < L(1 — ) fR Fex,

we have ) )
E[XSl/\(t+h)Y52/\(t+h)]

t+h
<Ll —e*h)/ fz(x)dx/ E[Y5 ,,1ds
R4 0
t+h
+ LA —e—”)/ fz(x)dxf E[X5, ] ds.
R4 0
2
<2(t+hL*(1 - e_h)2</d F2(x) dx)
R

2
<2T + 1)L2</ fz(x)dx) 2.
R4
Now by (4.7) we have

A A ] 1
Elg*(V0,, vV v, v < cr?,
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where C depends only on 7. We can also prove that

lim supE[(Vh(l))z] —0.

Lemma 4.9. Suppose that (W :n € N, | € R, I = 1y and (Wizl € R, 1 > 1) are two
families of random variables such that, for each n, {Wl : 1 > 1} converges weakly to a random
variable V™ with normal distribution as | — oo and

lim sup E[(W — W)’ =0
n—00 l

Then {W;: 1l € R, | > 1} converges weakly to a normal distribution.

Proof. First, we show that {V "V} converges weakly. For any ¢ € R and any m,n € N, we
have

| Elexp(irV )] — Elexp(irV *)]| = lim | Efexp(irW,")] — Elexp(ir W,")]|
< supE| exp(it W, ™) — exp(itw,")|]
< s1llpE[| exp(ith(m))(l - exp(it(Wl(") - Wl(m))))”
= SlllpE[ll — exp(it(Wl(n) - Wl(m)))ﬂ
< Sl[lptE[|Wl(n) - Wl(m)|]
< SI;pt(E[(Wl(”) — w2

— 0 asm,n — oo.

Note that the above convergence is uniform for ¢ on any finite interval. Hence, {V '} converges
weakly. Since all the {V ™} have normal distributions, the limit has a normal distribution also.
Let V denote a random variable with the limit normal distribution. We want to show that
{W;: 1 e R, [ > 1} converges weakly to V. Fix t € R. For any n,

| Elexp(ir W)] — Ele"V1| < | Elexp(ir W;)] — Elexp(itW,")]|
+ | Elexp(it W™)] — Elexp(ir V™)]|
+ | Elexp(it V)] — E[e"" ]|
< supt (BLWi — W)")2)'/? + | Elexpe W) — Elexp(irV )]

+ | Elexp(irV )] — E[e""]].
Let! — oco. Then the second term in the last line disappears. We have

lim sup | E[exp(it W))] — E[e"" 1| < supr (EL(W; — W,")*D)'/? + | E[exp(ir V)] — E[e"V]].
!

[—o00

Since the left-hand side of the above inequality does not depend on n, we have, letting n — oo,

lim sup | E[exp(it W;)] — E[eitv]| — 0.

[—o0

This completes the proof.
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Proof of Theorem 2.2. First we prove that HO, U®, and V® are relatively compact. Using
the estimates in Lemmas 4.7 and 4.8, by Theorems 8. 6 and 8.8 of Ethier and Kurtz (1985) it
remains to show that, foreachr > 0, thefamlhes{H() [ > 1}, {U() [ > 1}, and{V() [>1}
are relatively compact. In order to do this, we show that the finite-dimensional distributions of
YO (f, t) converge weakly to multivariate normal distributions. By Theorem 4.2, if f (x) is the
linear combination of indicator functions of Riemann measurable sets in Rd, then the finite-
dimensional distributions of ¥V (£, -) converge weakly to multivariate normal distributions. If
f is a bounded integrable function, we can find a sequence {g,(x): n = 1, ...} such that g, is
a linear combination of indicator functions of Riemann measurable sets, and

sup ||gn|l < oo and lim/ |gn(x) — f(x)|dx = 0. 4.8)
n n JRd

Equation (4.8) actually implies that

lim / (gn(x) — f(x))*dx = 0.
n Rd

Now if we can show that, for any r > 0,

o[z ([, (5 e o [ (7]
([ (5 oo e[ L (5o )
=sww| ([ ((7) ~(F) Jaw

L) () en]) ]

— 0 asn — oo,

then, by Lemma 4.9, the finite-dimensional distributions of Y (1)( f,+) converge weakly to
multivariate normal distributions. We have

L)oo (2) () o)
2l L ()2 st

2
x (N(dx, ds, dr, du) — dxdse™" dr du)) i|

t X X )

+71E[</ / (f<—> —gn< ))(/\(x ns—) — E[A(x, gs_))e % dxds) }
! 0 JRrd l

X

+l_d |:(/Rd><[0,+oo)<f<l) gn(l>> 1¢,00)(r)(dx, dr)

2
—EU (f(f) gn<l))1(m)(r>n<dx dr)D } 4.9)
R4 x[0,4-00)
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In order to compute the first term on the right-hand side of (4.9), we fix ¢ and define a square-
integrable martingale with respect to its natural filtration,

) X X
X, - -])1 |
ld/2/ /Rd 0+OO)2( <l) gn<l)) [0.2.¢x.ns )1 (@) Lt —s,00) (1)

x (N(dx, ds, dr, du) — dxdse™" dr du),

where 0 < ¢’ < t. Then the first term on the right-hand-side of (4.9) satisfies

] o 0) )
ld Rdx[0+oo)2 [ gnl

X 110,10, m,0)1 () L —s5,00)(r)N (dx, ds, dr, du)

L LOG)- ()

<3L / (f@) — gu ()P dx
Rd

—0 asn—> 0

uniformly in /. By Lemma 4.5, the second term on the right-hand side of (4.9) is less
than 312wgb1 || f — gull(1/d 4+ 1/8) fRd | f(y) — gn(¥)| dy, which converges to 0 as n — 00
uniformly in /. By Lemma 4.3, the third term on the right-hand side of (4.9) is less than

3
l—dE[ /R o gn>< )1[0t(r)no(dx dr)]_ ¥ [ / (f - gn>( )no(dX)}
3
= Ml/ (f —&n) <_>

= 3#1/ (f(x) — gn(x))* dx
Rd

/\

—0 asn—> ©

uniformly in /. Therefore, we have proved that the finite-dimensional distributions of Y O D)
converge weakly to multivariate normal distributions. Since we can use similar arguments to
prove the same result as Theorem 4.2 for spatial pure-birth processes, the finite-dimensional
distributions of U converge weakly to multivariate normal distributions. By Lemma 4.3,
e'H® is an Fi-martingale, we can obtain

E[(H)?] < / F2(x) dx.

So {H(l) [ > 1} is relatively compact. Now we know that {H(l) [ > 1}, {U(l) [ > 1} and
{(YO(f,1): 1 > 1} arerelatively compact. Because YO (f, 1) = H() + U(l) V(l) {V() 1>
1} is relatively compact. Hence, H®, U"), and V® are relatively compact in Dr[0, o0). For
any sequence {l,,} such that [, — oo as n — oo, the jump sizes of H) U and v &)
are bounded by || 11/l az 0; so all the limits of H®) U and V) have continuous
paths. By Lemma 4.6, (YU (f, )} is relatively compact and the limit of (YU (f, )} has
continuous paths. So Y@ (f,-) converges weakly to a continuous Gaussian process. By
Lemma 4.6, (Y(l)(fl, Yy, Y(l)(fn, -)) converges weakly to a continuous Gaussian process.
This completes the proof.
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5. An example from spatial statistics

Ripley (1979) addressed the simulation problem by developing a Markov chain Monte Carlo
algorithm based on identifying a spatial birth and death process whose stationary distribution
gives the desired spatial point process. Baddeley (2000) provided an analogous solution to the
parameter estimation problem with the introduction of his time-invariance estimators.

Let {mg, & € ©} be a parametric family of models. Typically, ® is a subset of R, but
that is not necessary. Our problem is to estimate 6 from a single observation drawn from 7.
For each 6, let Ay be the generator of a Markov process for which g is the unique stationary
distribution. Typically, g is characterized as the unique probability measure satisfying

ngfdne =0 forall f e D(Ay). 5.1)

The domain D (Ag) of Ay is usually a subset of the bounded measurable functions. For a one-
dimensional parameter 6, we choose a function f € ﬂe D(Ap), and estimate 6 by solving

Agf(n) =0, (5.2)

where 7 is the single observation drawn from rg. Baddeley (2000) called (5.2) a time-invariance
estimating equation, and called the solution of (5.2) a time-invariance estimator for 6. Since
(5.1) holds, (5.2) is an unbiased estimating equation.

In general, for a multidimensional parameter 8, we choose a collection f;, i = 1,2,...,k,
where f; € NgdD(Ag) and k is the dimension of 6. The estimator for 0 then satisfies

Ao fi(n) =0, i=1,... k.

We must choose {f;, i = 1,2, ..., k} carefully to avoid inconsistencies among these k equa-
tions.

For spatial point processes, the relationships between time-invariance and other methods
of estimation (pseudo-likelihood and Takacs—Fiksel) have been discussed in Baddeley (2000).
Baddeley gave some general discussion on the choice of the functions f;; however, he did not
provide any systematic discussion of the properties of particular classes of functions. Kurtz
and Li (2003) considered the following two-parameter families.

Nearest-neighbor interactions model. Let the parameter 6 = (c1, ¢3), and let

miny ey [x — x|

M)(x,n)=61+62/0( ) and bg(x,n) =1

1o

be the birth rate and death rate of the spatial birth and death processes, respectively, where
c1 > 0,c1 4+ c2k > 0, k is a positive constant, p is a nonnegative function bounded by k, and 7y
is also a known positive constant. Suppose that 1 has the stationary distribution of the spatial
birth and death process. Kurtz and Li (2003) gave the conditions under which the stationary
distribution was unique. They chose the functions fj and f> in the time-invariance estimation
equations to be of the form

_ _ 1 * |xi—xj|)
fm =l 200 = s > p(—,

— 0]
i)
i,j=1,...,Inl
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where |n| denotes the total variation of n and p* is a measurable function. Then the time-
invariance estimators can be written as

(Y1 = 1/|B)Ys — Y2Y3)Y)
(Y1 — 1/|B) (Y4 — Y3Y5)

(Y1Y2 — (Y1 — 1/|B)Y5)Y,
(Y1 — 1/|B)(Y4 — Y3Y5)

1 =g1(Y1,Y2,Y3,Y4,Ys) :=

(5.3)
& =g (Y1, Y2, Y3, Yy, ¥s) :=

where B is the observation window and | B| is its Lebesgue measure, and

_lnl _nB)
Bl 1Bl

=L (M)

xen yen

1 *(lx _Y|>
= — 0 n(dx)n(dy),
|B| /B/B 10 Y
1 miny, ey U — X;|
| B| fo

e B (e
L (=
5= |B|fi <|u_xj> // <

Typically this model does not have explicit forms for the density function. Consequently,
it would be difficult to apply classical methods of estimation to these models. Kurtz and
Li (2003) considered the following problem concerning the consistency of time-invariance
estimators. Assume that the data comes by observing the point process in a finite subregion
of an infinite region. The consistency question then becomes whether or not the parameter
estimates converge to the correct value as data is collected from larger and larger subregions.
They proved the consistency. The asymptotic normality is given in Qi (2007), where the ideas
in this paper were used to prove the CLTs for the following functionals of 5:

n(B), f/f(lx y')n(dx)n(dy), /p<w>du,
BJB B to
/f ( %M)(Eﬁﬂllﬁ}m /f (
fo

As the observation window B goes to the whole space, then we can apply the delta method to
give the asymptotic normality of the time-invariance estimators in (5.3).

)n(dx) du.

) (dx) du.

https://doi.org/10.1239/aap/1222868185 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1222868185

A CLT for spatial birth—death processes 797

Acknowledgements

This paper is part of the author’s PhD thesis written under the supervision of Profes-
sor Thomas G. Kurtz, whom the author would like to thank for suggesting the problem and
helping to find its solution. I also thank the anonymous referees and the Editors for their
stimulating remarks.

References

BADDELEY, A. J. (2000). Time-invariance estimating equations. Bernoulli 6, 783-808.

ETHIER, S. N. AND KuUrTZ, T. G. (1985). Markov Processes: Characterization and Convergence. John Wiley, New
York.

GARCIA, N. L. AND KUrTZ, T. G. (2006). Spatial birth and death processes as solutions of stochastic equations. Alea
1, 281-303.

HoLLEY, R. AND STROOCK, D. W. (1979). Central limit phenomena of various interacting systems. Ann. Math. 110,
333-393.

KESTEN, H. AND LEE, S. (1996). The central limit theorem for weighted minimal spanning trees on random points.
Ann. Appl. Prob. 6,495-527.

Kurtz, T. AND L1, S. (2003). Time-invariance modeling and estimation for spatial point processes: general theory.
Res. Rep., University of Wisconsin-Madison. Available at http://www.math.wisc.edu/~kurtz/papers/shun.pdf.

LEE, S. (1997). The central limit theorem for Euclidean minimal spanning trees. 1. Ann. Appl. Probab. 7, 996-1020.

MCcLEIsH, D. L. (1974). Dependent central limit theorems and invariance principles. Ann. Prob. 2, 620-628.

MitomMa, 1. (1983). Tightness of probabilities on c([0, 1]; ¥') and d([0, 11; ¥'). Ann. Prob. 4,989-999.

PENROSE, M. D. (2001). A central limit theorem with applications to percolation, epidemics and Boolean models. Ann.
Probab. 11, 1005-1041.

PENROSE, M. D. (2005). Multivariate spatial central limit theorems with applications to percolation and spatial graphs.
Ann. Prob. 33, 1945-1991.

PENROSE, M. D. (2008). Existence and spatial limit theorems for lattice and continuum particle systems. Prob. Surveys
5, 1-36.

Qr, X. (2007). The central limit theorems for space-time point processes. Doctoral Thesis, University of Wisconsin-
Madison.

REvVUZ, D. AND YOR, M. (2004). Continuous Martingales and Brownian Motion, 3rd edn. Springer, Berlin.

RIPLEY, B. D. (1979). Algorithm AS 137: Simulating spatial patterns: dependent samples from a multivariate density.
Appl. Statist. 28, 109-112.

https://doi.org/10.1239/aap/1222868185 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1222868185

	1 Introduction
	2 Definitions and main results
	3 Proof of Theorem 2.1
	4 Proof of Theorem 2.2
	5 An example from spatial statistics
	Acknowledgements
	References

