BULL. AUSTRAL. MATH. SOC. 90C33
VOL. 32 (1985), 251-260. 49727

ON THE IMPLICIT COMPLEMENTARITY PROBLEM
IN HILBERT SPACES

G, Isac

We consider in this paper the implicit complementarity
problem imposed by gquasi-variational inequalities and
stochastic optimal control. The principal result is an
existence theorem for the implicit complementarity problem

in Hilbert spaces.

1.

We consider in this paper the implicit complementarity problem in
infinite dimensional spaces.

Let <E,E*> be a dual system of locally convex spaces and let
K CE be a convex cone.

We denote by X* the dual cone of K, that is,
K*={u ¢ E¥Y|<g,u> 20 ; ¥ €K} and if f: K-+ E*, g : K »E are
given, then the implicit complementarity problem with respect to f and
g 1is,

find z, € F such that
(I.c.P.)

g(xo) € K, f'(xo) € K* and @(xo),f(xo)>= 0.

If g(z) =x ; ¥ x € K we have the complementarity problem (C.P.)
(or the explicit complementarity problem (E.C.P.)).
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The extensive literature on complementarity prcblems is motivated
by interesting applications in areas as : Optimization Theory,
Structural Mechanics, Lubrication Theory, Elasticity Theory, Economical
Equilibrium Theory, Equilibrium Theory on Networks, Mathematical
Economics Variational Calculus and Stochastic Optimal Control.

The complementarity problems, till now, have been intensively
studied in finite dimensional spaces, but not much in infinite dimensional
spaces.

We can find the principal results on complementarity problems in
infinite dimensional spaces in, [11, [2]1, (91, ([151, [17-18]1, £19-21],
221, [25]1, (28], [311.

The implicit complementarity Qroblem was imposed by some special
problems in Stochastic Optimal Control and it was considered by
Bensoussan, Lions, Dolcetta, Mosco and Pang in [3-7], [13], (161, (271,
£29-301.

It is well known that the theory of explicit complementarity
problem is strongly supported by the fixed—-point theory.

Recently, in our papers [2(0-2]] we proved, that the theory of
coincidence equations on convex cones gives an unified study of the
explicit and implicit complementarity problem.

Now, in this paper we consider the implicit complementarity
problem in Hilbert spaces and we prove that a generalization of Banach's
contraction theorem to coincidences, implies an interesting existence

theorem for implicit complementarity problems.

2.

et (E,l 1) bYbe a Banach space and consider, D C E a closed subset.

We say that G: D =+ F is a proper mapping if the inverse image
of any compact subset of G(D) under G is compact.

The following coincidence theorem is fundamental for our principal
result.

THEOREM. [Coincidence]

Let (E,0 1) be a Banach space and consider D C E a closed
subset.

Assume that the continuous mappings F,G: D » E satisfy the
following assumptions:
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1) G <s proper,
2) F(p) cG(D),
3) there exists a constant O < p < 1 such that

IF(x) - F(y)l <o I G(x) - G(y)l , ¥ z,y e D.

Then, there exists x, € D such that F(x,) = Glx,).

253

Horeover, 1f F or G is one to one then the coincidence point

x, 1is unique.
Proof. From (2) there exists a sequence {xn}nel\l
= . € . - . .
G(:cn+1) F(:!:n) ; ¥n €N, where x, is an arbitrary point of D

By recurrence we have,

— n —
16(x ) ~ Gl I = IF(z, _,) - Flz )l <p" 16(x,) - Glz )]
¥n € N, which implies,
n
- o - ; =
f G(:cn) G(xn+p)ﬂ < 7= 5 ||G(xo) G(xl)u ;s ¥Yn,p=1,2...

and, hence, {G(.’L‘n)} is a Cauchy sequence in £E.

n €N

Since E is complete {G(.'z:n)} is convergent and because

nenN

a proper mapping the sedquence {.'x:n}

nelN
-’Cn } .
k ken
If x, = lim xn , then from continuity and the definition of
Koo k
{3} .y we have, Flz,) =Glx,.

defined by

G is

has a convergent subsequence

If %, and X, are two elements of D, such that, F(z,) = G(x,)

and Hz,,) = (Kxz,,) then from the following relations,

IF(z,) - Flz,J)

N

16(x,) — Glx )l =0 Flx) - Fleg I < p 16(xy) - Glx, )y

the assumption that F or (G is one to one implies that x, = z,,//

p l]G(x*) - G(x**)ﬂ = p I]F(x*) - F(x**)" 3

0

REMARK. A very important class of proper mappings for practical

problems is the class of the form, G=L +{§, where L is a linear

Fredholm operator and ¢ is a completely continuous nonlinear operator
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in the case where E 1is a Hilbert space [§] .

Consider now, (H,<,>) a Hilbert space and K CH a closed
convex cone.

If f,g ¢ K - H are given, consider again the implicit
complementarity problem,

find :z:o € H such that,
(I.C.P.)

g(:co) € K, f(a:o) € K* and <g(a:0),f(xo)> = 0.

DEFINITIONS. 1) We say that f is k-Iipschitz with respect to
g if,
If(x) - 7yl < kl glx) - gy)l ; ¥ z,y e K 5 (k eJR’(}{ 0.
2) The mapping f is called c-strongly monotone
with respect to g if,
<flx) - fly), glx) — g(y)> = e lg(z) - g(y)|12 ; ¥ x,y € K ; where

e e.ﬂ?+\{0} .

THEOREM. 1. Let (H,<,>) be a Hilbert space and K C H a closed
convex cone. If f,g : K ~H satisfy the following assumptions:
1) f 1is k-Lipschitz with respect to g,
2) f 1is e-strongly monotone with respect to g,
3) g 1is a continuous proper mapping and g(K) =K ,
2
4) k7 <2 ¢,

then there is a solution Y, € K of problem (I.C.P.).
Moreover, if g <is one to one on K, then the solution Y, 18 wique.

Proof. since K is a closed, convex subset in H then for any

Y € K there is an unique element ¢(y) € X such that,

(1) : Ne(y) — gly) + fly)l <lz-gly) + fly)l ; ¥2 ¢K .
Consider the function V¥ : [0,1] + 1?+ defined by,

y(a) = %0 gty) - Ffly) - (1 - N ¢(y) - 2zl 2, where 2z is an element in K.

Obviously, Y is a C’l—function and we have,
Y (A) = <gly) - fly) - (1 - N dy) - Az, ¢(y) - 2>.
since §y) is the unique element satisfying (1) we have,
2) - y (0} >0

and considering the function Y for any 2 € K, from (2) we obtain,
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(3> : gyl - ;' (y) - oly), d(y) - 2> 20 : ¥ z€ K.
Consider now, Yo 99 € K, so that ¥y # Yy and substituting in (3),

¥y by y; and 2z Dby ¢(y2) we have,
(4) - <g(y1) - f‘(yl)— ¢(y1), ¢(y1) - d>(y2)> 20
and also, substituting y =y, and 2= ¢(y1), we obtain,
(5) - <g(y2) - f(yz) - 4>(y2) 5 ¢(y2) - ¢(y1)> 2 0.
By addition from (4) and (5) changing the signs in (5) we get,
<g(y1) - f(yl) - g(yz) + -f(yZ)’ ¢(y1) - ¢(y2)> 2
2 <¢(y1) - ¢(y2), ¢(yl) - ¢(y2)> = "¢(y1) - ¢(y2)“

which implies,

in

180y,) - 6y 1% < Kgly,) - Fly)) - 9lyy) + Flyglstlyy) — 4(y)> 1| <

< ﬂg(yl) - f(yl) - g(yz) + f(yg)ll.llcb(yl) - ¢(y2)ll
and finally,
6) 16(y,) - oy, 0% < Ufty ) - Flyy) - gly,) + gly, M.
From assumptions 1), 2) and formula (6) we obtain,
16(y,) - 4y )12 < 1F(y,) - Fly % +1gGy) - gty N? -

~2<fly,) - Flyy) glyy) - g(yp)> <K lgly,) - gly,h°

+ gty ) - g(y2)||2— 2elgly,) - g(yg)ﬂz .

Hence we have the formula,

s Voty,) - o(y, 1% < 0F + 1 - 2e1 1gty,) - gly ) 2

Observe now that we can suppose

2

(8 : K2 <20 < k% + 1.

Indeed, if 2c¢ 2 k2 + 1, we can change ¢ to ey > 0 in definition 2),

such that k2 < 201 < k2 + 1, since if f 1is c-strongly monotone, it is

also c¢,-strongly monotone with respect to g.

1
2 2
Hence, assuming formula (8), we put 8 =Kk + 1 - 2¢ and we obtain
that ¢ is a B-contraction with respect to g (since 0 < g < 1J.

Also, ¢ is a continuous mapping (since g is a continuous
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mapping) and we can use the coincidence theorem for ¢ and g. Thus

there is an element Yy, € K such that ¢(yo) = g(yo).
If we now put Yy = Y, in formula (3) we get,
9) : <f(yo), z - g(yo)> 20 ; ¥3 €K
which implies (since 0 ¢ K),
(10) : <f(yo) > g(y0)> <0 .
Since K is a cone, 2g(y0) € K and if we put 2z = 29(y0) in
(9) we obtain,
(11) : <f(y0) > g(yo)> >0
and hence, <f(yo) > g(yo)> = 0.
To finish the first part of the proof, we must prove that

f(yo) € K*,

Indeed, let & € K be an arbitrary element and since g(yo) € K,
we have x + g(yo) € K and substituting 3 =X + g(yo) in formula (9),
we obtain <f(yo), x>20 ; ¥z €K, that is, f(yo) € K*,

Assume now that g 1is one to one on K and consider two solutions

yo and y, of problem (I.C.P.).

The definition of problem (I.C.P.) and assumption 2) imply,

0 2 <fly )sgly,)> - <flys)sgly,)>- <fly,hglyd>+ <fly),g(ys)>=

= <fly) - Flyd » aly) - gly)> 2 ¢ lgly) - gly 1

and hence it is necessary to have yo = y*.// 0

COROLLARY 1.Let (H,<,>) be a Hilbert space and XK C H a closed,
convex cone. If f,g : K~ H satisfy the following assumptions:

1) f <is k-Lipschits,

2) f 1is e-strongly monotone,

3) k2 < 2¢,
then the explicit complementarity problem (E.C.P.) associated with f
has a wunique solution.

We say that g : K ~ H is expansive if, there exists p 2 1
such that,

ple — yl < Mg(x) - gyl ; ¥ x,y € K.
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COROLLARY 2. ILet (H,<,>) be a Hilbert space and KC H a
closed convex cone. If f,g : K +H satisfy the following assumptions:
1) g 1is a continuous, proper expansion such that g(K) =K,

2) f 1is c-strongly monotone with respect to g and k-Lipschita,

3) k2 < 2a,

then there exists a wnique solution of problem (I.C.P.).
Proof. 1t is sufficient to observe that
if(x) - Fly)l s%—llg(x) - gy < k 1g(x) -gly)y s ¥y K.//

An interesting case for applications is the case of accretive
mappings, introduced by Kato [23] and Browder ([11] and intensively
studied by Browder [10-12], Crandal and Pazy [14], Minty [24] ., Webb [33],
Schéneberg [ 321, etc.

The study of accretive mappings is motivated by its applications
to nonlinear functional equations and to evolution equations.

If (E,1 ) is a Banach space, D CE a subset and h : D »E,
then h is said to be accretive, if and only if,

lz -yl <0(x-y) + A(h(z) - h(y)) iy, for all =z,y e D
and A z0.

Also,U : D +E is said to be pseudo-contractive, if and only if,
for all x,y e D and all X >0 we have,

lz -yl <1(1+ 2)(x-y) - (Ulx) - Uyl.
An interesting study of pseudo~contractive mappings is[24].
A known result of Kato and Browder [I71] is that if g = Id - U,
where U : F > E, then U is pseudo-contrative if and only if g is

accretive.

COROLLARY 3. Let (H,<,>) be a Hilbert space and K CH a
closed convex convex cone. If f,g : K ~ H satisfy the following
assumptions:

1) g 1is a continuwous, proper mapping such that, ¢(K) =K,

2) g-pI 1is accretive for some p > 0 on K,

3) f 1is c-strongly monotone with respect to g and k-Lipschitsz,

4) k2 < 2e p2,

then problem (I.C.P.) has a solution Y,

Moreover, i1f p = 1, then the solution Y, is wnique.
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Proof. 1Indeed, in this case we have,
17(z) ~ FN < Eugle) - gun ;Y ay e K,
since assumption 2) implies
e -yl s I(x-y) +0 2 (glx) - px - gly) + oyl =

= 0—1 lglz) - gy ,

and we have the corollary using theorem 1.
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