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ON THE RANGES OF CERTAIN FRACTIONAL
INTEGRALS

P. G. ROONEY

1. Introduction. Suppose 1 < p < o0, u is real, and denote by L, , the
collection of functions f, measurable on (0, ), and which satisfy

(1.1) T2 Y R TN Y

Also denote by [X] the collection of bounded operators from a Banach space X
to itself. For v > 0, Rea > 0, Re 8 > 0, let

—v(£+a—1)

12) Ui ®) = T [ @ = 0,

and

(13)  Ueaa V) = 25 [ @ = w2000

where £ and 7 are complex numbers. I, o ¢ and J, g , are generalizations of the
Riemann-Liouville and Weyl fractional integrals respectively, and conse-
quently we shall refer to them as fractional integrals. There is a vast literature
of these fractional integrals, particularly for » = 1 and v = 2; see [6] for an
excellent summary, and [2] for many applications.

In particular, it is essentially known, and we shall prove below, that if
u/pv < Re &, I, a6 € [Luy), and that if u/pv > —Ren, J, .4 € [Lup]. Hence
if —Ren < u/pr < Reé, one can ask, for what values of the parameters
appearing is it true that J, g.n(Lup) 2 Irat(Luyp), OF Ihat(Lup) 2 Top.0(Lusp).
If it transpires that there are parameter values for which either or both of
these inclusions are true, it is then natural to ask whether the operators
Jvpm) Ty and (I,a,:)"" T, 8,0 belong to [L,,], for these parameter values,
and to investigate their general characters.

The objective of this paper is to answer the questions posed in the previous
paragraph. Kober has answered them in a number of special cases. Specifically
in [6] he answered them for u = v = 1, p = 2, while in [7] he answered them
forv=1,¢t=1,72=0, p =1 and p = p — 1. Although his restrictions to

= 1 and a particular value of u are inessential and can be removed by changes
of variable, the other restrictions cannot be so removed. Further, our methods
will be quite different from Kober’s.

Received November 19, 1971. This research was supported by the National Research Council
of Canada, grant no. A4048.

1198

https://doi.org/10.4153/CJM-1972-130-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-130-9

RANGES OF FRACTIONAL INTEGRALS 1199

We shall apply our results, as Kober did in [6], to the study of the product
of two Hankel transformations of different orders and considerably extend the
known results. In particular, we obtain a substantial extension of certain of
the results of Muckenhoupt and Stein in [8], and also an extension of the
classical results on the boundedness of the Hilbert transformation of odd
functions. Yet another application of the results is to the study of the range
of the Hankel transformation.

In section two we prove some lemmas which we will need later about the
spaces L, ,, while in section three we prove a number of results outlining the
basic properties of the fractional integrals, and in section four we give a defini-
tion of the Mellin transformation and compute its effect on the fractional
integrals. The results of sections three and four are essentially known; indeed
almost all of them are in [6] for u = » = 1. However we include them both for
completeness and for later reference, and give very brief proofs.

To answer the questions posed earlier we must introduce an auxiliary
operator. This we do in section five, and using our main tool, multiplier
operator theory, we find its boundedness and other properties. Section six
yields the answers to our questions; for example, using the auxiliary operator
defined in the previous section, we show that if

—Ren < u/pr < Ret and Rep = Reaq,

then
JV,B,ﬂ(Lu,p) DIvai(Lyp) and (Jyg,9) " User € [Lup).

In section seven we show that the range of validity of these results can be
extended by extending the operators in question, and we find explicit formulas
for the extended operators. Sections eight and nine are devoted to the applica-
tions mentioned earlier, while in section ten we indicate some further problems
to be studied.

2. Properties of the spaces L, ,. In this section we find some properties
of the spaces L, , which will simplify a great deal of our later work.
Definition 2.1. If f € L, ,, and —00 < ¢ < 00, let
(2.1) (Cunf ) (1) = e*f(e").
LeEMMA 2.1. C,, s an isometric isomorphism of L, , onto L,(—o0, o).

Proof. C,, is obviously an algebraic isomorphism, and

| icapora” = [ [ easeoral”

[ J, x““|f<x>l”dx]w = 11 llnpr

HCuaf 1o
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Definition 2.2. Denote by Cp the collection of functions continuous on
(0, ) and vanishing outside some closed interval [a, b] where 0 < ¢ < b < 0.

LemMa 2.2. Co is dense in L, , for any p and any p satisfying 1 < p < o0,

Proof. Let f € L, , and € > 0. Since the continuous functions with compact
support are dense in L,(—0c0, o), there is a continuous function G and a
number R > 0 so that G(x) =0 if |x| > R, and ||C.,f — G|, < e. Let
g = C., 'G. Then g is clearly continuous, g vanishes outside (¢—%, ¢®), and

Hf - g”#m = ||Cn,pf_ GH < €.

Lemma 2.3. Suppose f € Lujps 0 Lyy py, where 1 £ p, < 0, 4 =1,2 and
e > 0. Then there is a g € Cy so that

f— glluini <& i=1,2.
Proof. Choose R > 1 so that

([ + [ ora]™ <5, =12

Let m = max(sup x#1~1, sup x*2~1), where the sup is taken over (R™!, R). We
may suppose p1 < ps, and we choose g, continuous and vanishing outside
(R™1, R), so that

where K = min(e/(2m!/72), ¢/ 2m/P1(R — R~1)®2—?0/P1#2)) Then

1f = el <5 [ I‘R_lxuz-—llf(x) _ g(x)l”*dx]l/m

JR
€ Ups B ” 1/p2
<Smm| [ 15 - gl
R-1
< % + m'"K

<e€

=&

and using Hoélder’s inequality if p1 < ps,
€ L R 1/;m
f = gllmm < 5 +m /m[ fR_l | fx) — g(x)l‘”dx]
P R 1/p2
< 5 + mllm[ f 1 lf(x) . g(x)l”dx] (R _ R—l)(m—m)/mm
R-

< % + mlll’lK(R _ R—l)(m—m)/mm

=e

as was to be shown.
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3. Properties of the fractional integrals. In this section we derive the
basic boundedness properties of I, : and J, g,,, and derive some of their other
properties. The boundedness comes as a corollary to the following lemma.

LeMMA 3.1. Suppose k is measurable on (0, ) and

A= | 4P R (x)]|dx < o0.
0
For f € Ly, let

E) &) = [ /npoi,

Then (Kf )(x) exists for almost all x, K € [L,,], and ||K|| £ A.

Proof. This follows by elementary changes of variable from a well-known
theorem on convolutions; see [11; p. 97, Lemma §].

CoroLLARY 3.1. If u/pv < Re&, I,a: € [Luyl. If wp/pvr > —Ren,
Jv,ﬂ,n € [Ln,p]-
Proof. For I, .z, take

ki) =% M
T pxrEeD (xv — 1)e1/T (@), & > 1,

and for J, g, take
o1 — x) /T (@), 0 < x < 1,
k(x) = {O, x> 1,
in Lemma 3.1.

Our next results establish the main elementary properties of the fractional

integrals.

LEmMaA 3.2. If f € Ly, g(x) = f(x'), h(x) = f(x71), then
3.1) (Tyaef ) @) = (Irae8) (%), if u/pv < Re§,
and
(32) Jvpaf ) &) = (J1png) (%), of u/pv > —Ren.
Further, if u/pv < Re ¢, then
(3.3) Tyt ) (27Y) = (Jya,h) (x).

Proof. The proof follows by elementary changes of variables.
LEMMA 3.3. If f € Lyp, g € Lyuy, and u/pv < Re &, then

[ G @005 = [ 160 Vo) @),

where n = & — wu/v.
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Proof. The result is clear by an elementary use of Fubini’s theorem.

LEMMA 3.4. I, 45 is one-to-one on L, , if u/pv < Re £ and J, g, is one-to-one
on Ly, if u/pv > —Ren.

Proof. From (3.1), (3.2), and (3.3) it suffices to prove the result for I1, £,
and this follows from a well-known result on the Laplace transformation;
see [12, Chapter 2, Theorems 12.1 and 6.2].

4. Mellin transformation. In this section we give a definition of the
Mellin transformation, state a lemma giving its principal properties, and then
we deduce the action of the Mellin Transformation on the fractional integrals.

Definition 4.1. Let f € L, ,, where 1 < p = 2, and let
(4.1) (AMf ) ((w/P) + 1t) = (Cunf )" (1)

The transformation .# will be called the Mellin transformation. (Here F is
the Fourier transform of F, defined by

F@) = f e'"™Fu)du if F € LiN L,
and by continuity on L,(—00, ) when 1 < p =< 2.)

The reason for denoting the variable of Af by (u/p) -+ 4t is that often, for
example if f € Cy, the integral

fm Y (x)dx, s =0+ it
0

exists for ¢ = u/p, and in that case it equals (Af ) (u/p + it) a.e. Indeed
the integral often exists for an interval of ¢-values including ¢ = p/p, and
in that case the integral is a holomorphic function of s for Re s in the interior
of the interval. The main properties of the Mellin transformation are summed
up in the following lemma.

LemMa 4.1. If 1 < p £ 2,.4# is a bounded linear transformation of L, , into
Ly (—0,). If p = 2, M is unitary if Ly(—oc0, 00 ) has measure dt/2x. If k
satisfies the hypotheses of k of Lemma 3.1, and K 1s as defined in that Lemma,
then

MKf) =ME)M(f).

Proof. The first two statements follow by elementary changes of variables
from well-known results about the Fourier transformation, and the third by
changes of variable in the result (FxG)" = FG; see [11, 2.1.9].

CoroLLARY 4.1. () If f € Lup, 1 = p < 2, u/pv < Re &, then
M(Lyaef)(s) = (DE— /v)/TE+a— (s/9))(Af)(s), Res = u/p;
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(i) If f € Lupy 1 S p £ 2, u/pv > —Ren, then
M(Trpaf)(s) = (Tl + (5/%))/Tn+ B+ (/»)))(Mf)(s), Res = u/p.
Proof. This follows from Lemma 4.1, using the &’s of Corollary 3.1.

5. An auxiliary operator. In this section we develop the theory of an
auxiliary operator needed to prove our main results. For this we make use of
the multiplier operator theory of Fourier transforms. We first introduce and
study the function we will use as a multiplier.

Definition 5.1. We define m,(a, b, ¢, d) (m, for short) by
my(a, b, ¢,d)(s) = {T(a + (s/v))T B — (s/v)}/{T(c+ (s/»))/T(@— (s/n)},
where s = ¢ + 4t is a complex number.
LeEmma 5.1.
(5.1) |my (o + it)| ~ |t|ReC@+O~(etan
as || — oo, uniformly in o for o in any bounded interval, and
(5:2) (@/dym,(c + it) = m,(c + ){ (Re((a+b) — (c + d)))/t+ O )} /v,
as |t] — 0.
Proof. From [4, 1.18(6)]
T+ iy)] ~ (2m)ely[==1/2er191%, as [y] - oo,
uniformly in x for x in any bounded interval, and (5.1) follows. Also
@/dtym, (o + it) = 1m,(oc + it){¥(a + (o + 28)/v) — ¥ — (o + 1t)/v)
—ylc+ (o +t)/v) +¥(@ — (o + it)/v)} /v,
where ¢(2) = I'(2)/T(z). But from [4, 1.18(7)],
¥(z) =logz — (22)~' 4+ O(|z|™?) as |g| — o0 in |argz| £ 7 — 6.
Hence if x and y are real

Y(x + 1y) = log(x + 4y) — 2(x + 9))™* + O(|x + 4y[™?)
=logiy —i(x — 1/2)/y + 0(y™?) as [y| > o,
and thus (5.2) follows.

TueoreM 5.1. If Re(a 4+ b) = Re(c + d), and neither Rea + (¢/v) nor
Re b — (a/v) s zero or a negative inieger, then for 1 < p < ©,m,(c + it) is an
L, multiplier.
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Proof. Since m, is analytic and Re(e 4 0) = Re(c + d), it follows from
(5.1) that m,(¢ + i) is bounded on —ow < f< . Also from (5.2),
(d/dt)ym,(c + 1t) = O(|t|™*) as |{f — o0, and hence from [9, Chapter 4,
Theorem 3], m, (¢ + ) is an L, multiplier for 1 < p < 0.

Definition 5.2. We denote the multiplier operator generated by m, (¢ + 1t)
by T,(a, b, ¢, d;v) (T, for short), where ¢ and b satisfy the hypotheses of
Theorem 5.1. We define H,,(a,b,¢,d;v) (H., for short) by H,, =

(Cup) ™y 1pChp

LEMMa 5.2. If a, b, ¢, and d satisfy the hypotheses of Theorem 5.1, then
G) T, € [Ly(—o0,0)],1 < p < 0, and
(ii) for F € Ly(—w0,0),1 < p £ 2,

(5.3) (T,F)* @) = m,(c + ) F ).

If in addition, Re(e + b) = Re(c + d), and mneither Rec + (o/v) nor
Red — (a/v) is zero or o megative integer, then T, is o one-to-one mapping of
L,(—0o0, 00) onto tself, and

(5.4) (Ts(a,b,¢,d;v)) = (T,(c,d, b, a;v)).

Proof. (i) is immediate from the definition of 7%,. (ii) is immediate for
p = 2 from [9, Chapter IV, 3.1] and then follows immediately for 1 < p < 2
from the fact that both sides represent a bounded transformation of
L,(—o0,00) into L, (—o0, o), coinciding on a dense subset of L,(—0o0, o).

From (5.3), we have for p = 2 that

T,(c,d,b,a;v)T5(a,b,c,d;v) =1,

and thus by continuity for 1 < p < 0, so that, under the hypotheses, 7, is
a one-to-one mapping of L,(—co, o) onto itself.

COROLLARY 5.2. If a, b, ¢, and d satisfy the hypotheses of 1heorem 5.1 with
o = u/p, then

(i) Hup € [Lupl, 1 <p < 0,

(i) for f € Ly, 1 < p =2,
(5.5) (M H,of )(s) = m,(s)(AMf )(s), Res = u/p.

If in addition Re(a + b) = Re(c + d), and neither Rec + (u/pv) nor
Red — (u/pv) is zero or a negative integer, then H, , is a one-to-one mapping of
L, , onto itself, and

(5.6) (Hup(a,byc,d;v))™t = H,,(c,d, a, b;v).

H, , depends explicitly on p and p, but actually this dependence is not as
essential as it appears, as the following theorem shows.
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THEOREM 5.2. Suppose m,(s) has no poles in the strip 1 < Re's < o3, and
suppose f € Ly; piy t = 1,2, where 1 < p; < 0 and oy < wi/ps < 9. Then

Huynf =Hupf ae
Proof. Suppose first that f € Co, and let

F(s) = f "7 (x)do.
0
Clearly F is entire. Now

Cm,mHm,mf = Tu1/mCu1.mf'
Clearly C,, p.f € Ly(—00, ), and hence from (5.3)

(Tm/mcm,mf)/\(t) = mV(,U'/P + il) (Cul,ﬂlf)A(t)~

But C,, ,.f is clearly also in L;(—o0, c0) and hence

Cond )@ = | e Cuf ) = [ eormrstg gy

—c

— J;wx(nllpx)+it—v(x)dx _ F((MI/PI) + ”)

Hence from [11, Theorem 48],

(Cur i Hyy puf ) () = lim %‘I‘_R e_iulmv«lll/pl) + i) F((u1/p1) + it)dt,

Roo ~

the limit being in the topology of L,(—00, ). But then there is a sequence
{R,}, with lim R; = o0, such that

(Cor iy zuf)(”) = lim _f e "m, ((u1/p1) + ”)F((MI/PI) + it)dt

Jj—>oo

almost everywhere on (—o0, o), or

(oY) = lim ol [ s, (/) + i (/1) + )

J-0
(u1/p1)+1iR;
= lim ——f x ‘m,(s)F(s)ds,
oo 271 (1/p1)—iRj

almost everywhere on (0, ).
Similarly

(Cuz,mH#z »mf )(“) lim —“f v—mtm ((#2/?2) + "t)F((I‘-2/?2) + 'Lt)dt

R0 2

1

i g ¢ (/) 80P (/) + i)
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the limits being in the topology of Ly(—o0, o). But then there is a subsequence
{S;} of {R;} such that

S; )
(oY) = Tim s [ Wt (/) + i) (/) + i

jooo 4T

almost everywhere on (—, o), or

Sj )
(Hf V&) = tim 5= [ o079, (s 2) + ) F (/) + it

oo 4T j
(w2 /p2)+1i8;
. —Ss
= lim Q—f x ‘m,(s)F(s)ds,
oo 4TV o (uy fpa)—1i8;

almost everywhere on (0, co0).
Hence, since {.S;} is a subsequence of {R;}, we have for almost all x,

(5.7) (Hulvmf)(x) - (an,mf)(x)
_ lim_l_ [ f(m/p1)+iSj B (Mz/pz)+sz]x_sm (5)ds.
[¢

Josw 20 u1/p1)—1i8; (B2 /p2)—1S;

If pi/p1 = we/ps, the right hand side of this equation is zero, and
(Huypof ) (%) = (Hyy pof ) (%) a.e. If p1/p1 5= uo/pe, let v be the rectangle with
vertices (u1/p1) = 4S; and (ue/p2) == 1S;. Then since v is contained in the
strip o1 < Re s < a9, m,(s) is holomorphic in this strip, and F is entire,

fx_smy(s)F(s)ds =0,
Y
from which (5.7) can be written

(Huypuf ) (%) — (Hiug pof ) (%)

i 1 12 /D2 S
= lim ——.f 7 m, (0 + 1S;)F(o + 1S;)do
joseo LETY Jpyypy
12 /D2 S
— im0 — iS)F(o — iSj)da].
k1/p1

But these last two integrals tend to zero as j — . For, from Lemma 5.1,
m (o & 4S;) is uniformly bounded in ¢ on the interval of integration, as
obviously is = since x > 0, and F (¢ & ¢S;) — 0 as j — o by the Riemann
Lebesgue lemma since f € Co. Hence

(Hm.mf)(x) = (Huz,mf)(x) a.e.

Now if f € Ly p, M Ly, p,, then by Lemma 2.3, there is a sequence {g,} of
functions in C, such that ||f — gllus: =0, 72 =1,2. Then ||Hy ,f —
H,, 52l — 0, and hence there is a subsequence {n;} such that
limy e Hyuy p18n; = Hupf a-e. But [|Hyy py f — Hus po8nilluz o — 0, and hence
there is a subsequence {#n,'} of {n;} such that lim;,, Hy, p,@n;s = Hyy pof a.€.
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But since g,;» € Co, Hyy p1&n;s = Hyy pogajr a.e. and hence

Hul.mf = lim,,, Hm,mgnj’ = lim,, Hyy 0280y = Hyy o f  ace.

6. Main results. In this section we answer, in the theorem below, the
questions posed in the introduction. We first prove a preliminary lemma.

LEMMA 6.1. Suppose —Ren < u/pv < Re ¢, where 1 < p < 0. Then (i)
if Ref < Rea,and f € L, ,

(6.1) JvpaHHup(n+ B, &, &+ a;v)f = Laef, ae.,
and (ii) if Rea = ReB,and f € L, ,,
(62) Iv,a,EHu,p("lr E + o, n + 6: Ey V)f = ]v,ﬁ,nfr a.e.

Proof. 1t suffices to prove (6.1) and (6.2) for f € Co. Choose u, so that
—Ren < wo/2v < Re & Then if Re 8 = Req,

P+ B+ (s/»)ITE — (s/7)
T+ (s/v)TE+a— (/7))

so that m,(np + B, & 1, £ + «)(s) is holomorphic in the strip —» Ren <
Re s < v Re ¢, indeed in the strip —» Re(n + 8) < Res < » Re ¢, and thus
by Theorem 5.2,

HM.P(" + By Ey M, E + o V)f = Hu.o,?(" + Bv Ev m S + a, V)f a.e.

Hence to prove (6.1), it suffices to show
JogaHu2(n + B, 6m i+ a;v)f = Iaif ae.
But from Corollaries 4.1 and 5.2, if Re s = uo/2
M(T s 8,0Huo,2(n + B, &1, &+ a; v)f ) (s)
Tt /)
T+ B8+ (s/»)

T — (/) B
= TG dac o) ) = (A L)),

m,(n+ B, &, &+ a)(s) =

my(n + B, &, & + o) (s) (Af ) (s)

and (6.1) follows.

Similarly, if Rea < Re B, m,(n, £ + a, 7 + B, £)(s) is holomorphic in the
strip —vRen < Res < vRef indeed in the strip —v Ren < Res <
v Re(¢ + ), and thus by Theorem 5.2,

HM.P(TIY E + ay 7’ + .B! E; V)f = Hno,2(7’1 S _*_ «, 77 + 6y E; V)fy

and (6.2) follows from this using the Mellin transformation and Corollaries 4.1
and 5.2 as did (6.1).

THEOREM 6.1. Suppose —Ren < p/pv < Re &, where 1 < p < 0. Then

(i) if ReB = Reaq, JopnLup) 2 Ioae(Luy) and v )My € [Lusl;
and

(ii) #f Rea = Re§, IV.a.E(Ln,p) =2 Jv,ﬁ.ﬂ(LM,p) and (IV,a.E)—IJV.ﬁ.ﬂ € [Ly ]
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In the respective cases (Jyg.0) U, sand (I, o), 5, are one-to-one. If further
Rea = ReB, both (Jup.5) " Lvar and (Iya) ", g,n map L., onto itself; both
are unitary on Ly 2 if a = Band & = 7+ (u/v).

Proof. Suppose ReB = Rea, and let f € L,,. We must show that
Laef € Jopgn(Lup). But letting g = Hyp,(n 4 B, & 0, &£ + o; v)f, then from
Lemma 6.1 and Corollary 5.2, g € L,,, and Lo :f = Jug g € Jop.n(Lusp).
Further, from Lemmas 6.1 and 3.4

(JV,ﬂ,n)_lIv,a,E = Hu,p('fl +B6,&mE+ a; V) € [Lu,zl]-

Suppose next Rea < Refp, and let f€ L,,. We must show that
Josaf € I,4:(Lyp). But letting h = Hy,,(n, & + a,n + B, & v)f, then from
Lemma 6.1 and Corollary 5.2, & € L,,, and J, g,/ = Lyath € I, 4:(L,,).
Further, from Lemmas 6.1 and 3.4

(Iv,a,f)_ljv,ﬁ,n = F,p(nv Et+oa,n+ 6, ¢ V) € [Lu,p]-

That (J, 8,4)" Yy e:and (I,a,:) "', s, are one-to-one follows from Lemma 3.4;
that they are onto follows from Corollary 5.2, for as shown above

(JV,ﬂ,n)_IIV,a,E = HI‘,P(G/y b,c,d;v)

witha =9+ 6,0 = §c=nd=E(+a,andRe(e + ) = Re(¢ + 9+ 8) =
Re(¢ + 7 + @) = Re(c + d), and similarly

(IV,a.S)—lfv,ﬂ,n = M,zz(aly v, d,d; V)
with

a,=n7bI:£+a’C,:n+67dl=£1

and
Re(a’ + ') = Re(( + n + a) = Re(t + 7+ 8) = Re(c' + &').
Ifa =Band & =4+ u/y,
lm,(n + B, & n, & + a)(u/2) + it)|

_ ‘I‘(n + 8+ (w/2) +it)/v)T G + (u/v) — ((u/2) + it)/v))
(4 ((w/2) +i) /v G+ B+ (w/v) — ((/2) +it) /7))
=1,
so that from Lemmas 4.1 and 5.2,if f € L,

N Doaf 2 = || Huzln + B, €m0 &+ @i 0)f e

8 2 1/2
_ % J/{Hu,p<n+ﬁ,£,n,z+a;v>f><§+"‘) ‘”]
[ 1 B bV el
LS m,(n+ﬁ,z,n,£+a><§+”> (J”f)<§+”> d‘]
_ ) - u ) 2 1/2
-15=) (J//f)<—2—+n> dt] = |1f w2

and (J,5,,)" 1, « ¢ is unitary; similarly for (I, ..6)"J, 5.
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CoOROLLARY 6.1. Suppose —Ren < u/pr < Re &, where 1 < p < 0. Then if
f€L,p, and Ref = Rea, (Jug,) Usaif = Hupln+ B, &m0, &+ osv)f; if
Re a g Re By ([v,a,E)-IJv,ﬂ,nf = Hu,p("]: ‘E + a, n + 67 51 V)f

7. Extensions and representations. In this section we will extend
Ty pn) e sand (I,a,:)" 2, 6,4 Since

(]v,ﬂ,vl)—lIr,a,E = Hu,p("l +6,¢6m &+ a; V)

on L, , for —Re p < p/pv < Re, it seems natural to extend the operator by
this equation for all parameter values for which the right hand side makes
sense. However, this might lead to inconsistent results; for if f € Ly, 5, (M Ly, 54,
there is no guarantee that H,, ;. f = Hy, pf- But m,(n 4+ B, &9, & + ) (s) is
holomorphic in the strip —» Re(n + 8) < Re s < » Re &, and thus by Theorem
5.2, if u;/p, belong to this strip for ¢ = 1, 2, H,, ,,f = H,, 5.f, and thus we can
extend (J,4.,)7, ¢ consistently to L,, for —Re(np 4+ B) < u/pr < Re &.
The following definition covers the case, as well as (I, 4,:)"J, 5.9

Definition 7.1. If —Re(B + 1) < u/pv < Re &, we extend (J,5,4)7 L, ot to
Lip by (o) vae=Hupn+ B, &n, &+ a;v) and if —Ren < p/pr <
Re(t + a), we extend (I,.4,6)"" S, 5,4 to Ly, by

(Jv,ﬂ.ﬂ)—lIV.a.E = Hu,p("h Et+a,n+6,§; V)-

The properties of the extended operators are covered in the following
theorem.

Tueorem 7.1. (i) If —Re(n + B) < w/pv < Re &, (Jyp,0) " Loae € [Lupl.
It is one-to-ome if 1 < p < 2,0rif —Ren < u/py < Re & if —Ren < p/pr <
Re ¢ and Re a = Re B it is onto. It 1s unitary on L, » if —Ren < p/2» < Re ¢,
a=PBand { =17+ (u/rv).

(i) If —Ren < w/pv < Re(¢ + @), (Uya,t) " Js,q € [Luypl. It is one-to-one if
1<p=2 or if —Ren < u/pr <Re& of —Ren < p/pr < Re¢ and
Rea = Re B it is onto. It is unitary on L, o if —Ren < u/2vr < Re{, a = B
and £ = 7 + (u/v).

Proof. All the statements follow from Theorem 6.1 or Corollary 5.2 except
the one-to-one-ness when 1 < p =< 2. But from Corollary 5.2, if f € L, ,,
where 1 < p < 2and —Re(y + B8) < u/pr < Re &, then

‘/”((]v,ﬂ,ﬂ)_llv,a,if)(s) = mv("] + :37 Ey m, S + a) (S) ('-/ﬂf )(S)y Res = M/P,

and hence if (J,g,,) yaef =0, since the zeros of m, are isolated,
(AMf ) (u/p) + it) = 0 ace. and f = 0 a.e.; similarly for (I, ,a,£)"2 5,

We now give a theorem representing (I, 4,:)"J,5,n and (J,5,9) Ly ,a,t as
integral operators. First we need a definition and preliminary lemma.
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Definition 7.2. For Rea > 0, Re 8 > 0, » real, define k,(, 1, «, 8), k, for
short, by
(7.1) k(& e, B)(x)

(O FE + 74 8,8 + 1;£ 4+ n+a+ B;x7)/

B (TE4+n1+a+B8)T(—B), 0<x<1,
_ﬁ@+n+mifww+n+&l—mé+mfw

(TE+n)T@), «>1,

where F(a, b;c;2) is the Gauss hypergeometric function. Also let
(7.2) L&, o, B)(x) = k,(n, & B, ) (x7").
LEmMA 7.1. If —v Re(n +B8) < Res < vRe¢ and 0 < ReB < Re«a then
(7.3) (M k) (s)
={T+B+ (/»)TE— (/v}/{TO+ (/»)TE+a— (s/v))}
while if —v» Ren < Res < vRe(¢ + a), 0 < Rea < Rep, then
(7.4) (A1L)(s)
= (Tl + /W)TE+a— (//{Th+ B+ (s/»))TE — (s/»))].

Proof. The existence of # k, follows since clearly &,(x) = O (x*Retr+®) as
x — 0+, k,(x) = O(x"Re%) as x — 0, while from [4, 2.1.4(23) and 2.1.3(14)]
ky(x) = O(|]1 — x|Re@d—1)asx — 1,if Re(a — B) < 1, k,(x) = 0(|log|1 — x||)
asx — 1if Re(@ — 8) =1,and k,(x) = O(1) asx — 1, if Re(e — B) > 1.

Now if —» Re(n + B) < Res < v Re ¢, using [4, 2.4(5)]

(ﬁhm)=£EHmmw

_ vI'(E+n 4+ B8)
FE+n+a+B8I(—8)

1
XJ;xs+v(n+ﬁ)—1F(£+n+5’ﬁ+1;g+n+a+5;xv)dx
L+t B) ("
I+ 7T () Ju

_ T+ 9+ 8)
TE+1+a+BI(—B)

+ SR E g+ 8,1 — k4 opyx)dx

1
xﬁxwwﬁﬁ+n+@ﬁ+lﬁ+ﬂ+a+m””

TE+2+8 (7
F(E + n)P(a) 0

(T + /PNTE+a— (s/MN/IT@+ B+ (/»)TE— (/)

+ FTTRE 4+ 8,1 — k4 gx)dx
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and (7.3) follows. (7.4) follows from (7.3) by change of variables.

THEOREM 7.2. If ReB =< Rea and f € L,,, where —Re(n + B) < u/pr <
Re &, then for x > 0

@5) v [ o) ] Y

v(E+a d
=5 [h e+ 1,0 /00T
if Re B < Reaq,

@6 () L)@ = [ b as)E/n0%

If Rea = ReB, and f € L,,, where —Ren < u/pv < Re(t + ), then for
x>0

@) v [ ) sl O

—v(7 dt
=7 [T 1m0 8+ DE/O Y
if Rea < Rep

09 (Lt Tosal )6 = | Lm0 OGO v,

Proof. 1t suffices to prove (7.5) for f € Cy. For if (7.5) is divided by x»+e),
the left hand side is just I, 1,z1a((Js8,1) " sa,t)f and by Theorem 6.1 and
Corollary 3.1, I, 1 ¢+a((Jy,9) s a,¢) is a member of [L,,], while the right
hand side is a member of [L,,] by Lemmas 3.1 and 7.1. But from Corollaries
4.1 and 5.2, the Mellin transformation of the left hand side of (7.5), after
division by x*¢+ is
TE+a—(/m)/TE+a+1— (5/r)MTspn) " asf)(5)

= (PE+a—(/m)/TE+a+1— (s/MN(TH+B

+ G/NTE = /m)))/ (T + (s/v)TE+ a — (/) (A )(s)
={(Th+ B+ (/»)TE— (s/7)))/(T(n
+ /DT E+a+ 1 — (s/v))} (Af)(s),
where Res = po/2 for some u,, —Re(p + B8) < mo/2» < Ret. But from
Lemmas 4.1 and 7.1 the Mellin transformation of the right hand side of (7.5)

is the same, so that (7.5) is true a.e. However the left hand side is clearly
continuous and since, as is easy to prove,

ft(p'ulp)—llkv(t)lp’dt < 0,
0

it follows from Holder’s inequality that so is the right hand side, and (7.5)
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follows. (7.6) follows from (7.5) for it is easy to show that

(d/dx)x> &0k, (£, m, 0 + 1, B) (x/t) = v 71k, (€, 1, @, B) (v/1)  ace.

from the formulas for the derivative of the hypergeometric function.
Formulas (7.7) and (7.8) are proved similarly.

CororLLary 7.2. If ReB < Rea, and —Re(n + B) < u/vr < Re &, then
(Jy8.m) U, o can be extended to L, 1, and (7.6) remains true. If Re o < Re 8,
and —Ren < p/v < Re(t + @), (Uyar) sgq can be extended to L, i1, and
(7.8) remains true.

Proof. 1t follows from Lemmas 4.1 and 7.1 that if u/» is in the respective
ranges above, then the right hand sides of (7.6) and (7.8) represent operators
in [L, 1], and thus defining the respective extensions by (7.6) and (7.8), our
corollary is proved.

8. Application to products of Hankel transformations. The trans-
formation we shall call the Hankel transformation, 5, ,, is defined for f € C, by

(8.1) o)) =50 [ e nero,

where A > —1. For p = 4, this is the ‘‘Hankel transformation” studied
extensively in [11, Chapter 8, §§ 4 and 5], and for p = A 4 1, it is the ‘“‘Hankel
transformation’ that plays an important role in the Fourier transformation
of radial functions. From [11, Chapter 8, §§ 4 and 5] it is easily established by
simple changes of variables that 5, can be extended to Ls, s, that it is a
unitary transformation of that space into itself, that 5#, "1 = 3, ,, and that
if f € Lo,

52 A A6 = 2O D) (g3, Res = .

The transformation that we are going to study in this section, H,, -, is
defined by

(8-3) Hp,h,'y = %p,)uw%p,)\,

where A > —1, A\ +v > —1. Clearly H,,, is the identity, but for v % 0
it is non-trivial. A special case, namely

Hyigaa

has been studied by Muckenhoupt and Stein [8, § 16], and they proved that
if A = 0, it belongs to [Lay1,] for 1 < p < 0, and our results can be con-
sidered an extension of theirs, though the results we shall obtain, when
specialized to this case, show much more. We first prove a lemma.
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LemMa 8.1. (1) If X\ > —1,v > 0, then on Ly, s,
(84) H)\,p,'y = (JQ,a,n)_1I2,a,$y

wheren = 3N —p+ 1), E=35A+p+1),a= 37
) If y < O, N+ v > —1, then on L, »,

(85) H)\,p,'y = (I2,a,‘;’)_1]2,a,m
wheren = 500+ v —p+ 1), i =30 +v+o+ 1) a= -3
Proof. 1t is clear that H,, € [Ls, ], indeed that it is unitary. From (8.2)
and (8.3) it follows thatif f € Lo, 9, A > —1, N+ v > —1
(8.6) M (Hynaf )(s)
TGOy =+ 1)+ 3OTGO A p 1) — 59)
FGA—p+ 1)+ 3)TGA+v+p+1) — 39)
But from Definition 7.1 and Corollary 4.1, the right hand of (8.6) is
'/”((JZa,n)—lI?.a.Ef ) (5)

with the values of &, 7 and «a given in (i) of the statement of this theorem, if
—(a+19) <p/2 <& and a > 0. The second inequality is obviously ful-
filled since v > 0, and the first can be written —(A\+ v —p+ 1) < p <
N + p + 1, which is fulfilled if N > —1, v > 0. Hence for f € Lo, 5, A > —1,
¥y>0

(Af)(s),Res = p.

Hypnf = Usam) Usef, ae.

where £, 7 and « are as given under (i), and (8.4) follows.
The right hand side of (8.6) is, from Definition 7.1 and Corollary 4.1,

M((I20,8)" T2p0f ) (5)

with the values of &, 4, and « given in (ii) of the statement of this Theorem,
if —9 < p/2 < £+ a,anda > 0. The second inequality is obviously fulfilled if
v < 0, and the firstcanbe written — (A + v —p + 1) < p < X\ + p + 1, which
is fulfilled if X > —1, A + v > —1, and (8.5) follows as in the case of (8.4).

This result can be interpreted in two ways. The first of these is that on
Ls,., (8.4) and (8.5) give representations of (Js ) 2e,: and (Io,a,6) " Vo,a.n
respectively as products of Hankel transformations. The second interpretation
is that (8.4) and (8.5) give us a method of extending H,,, to other L,,
spaces, namely to define it to be the right hand side of these equations for all
values of &, 7 and a for which the right hand side belongs to [L,,]. Such an
extension is clearly unique since Ly, » M L, , is clearly dense in L, ,. Of course
H, , o can be extended to the same spaces by defining it to be the identity.

It is this second interpretation which we adopt here, and reading off the
properties of the operators on the right hand side of (8.4) and (8.5) from
Theorem 7.1, we obtain the following theorem.
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TaEOREM 8.1. If N> —1, A+ ~v > —1, H,\, can be uniquely extended,
using (8.4) and (8.5), to L, , for all p and p satisfying

At rv—pt+ ) <wup<N+p+1 1<p<oo,
and the extended operator, which we continue to demote by H,,., satisfies
H,»y € [Luy). The operator is one-to-one if (a) 1 < p = 20r (b) v > 0, and
—(y—p+ D <pp<y+p+tlLo()y<O0and —(y+AX—p+1)<

w/p < W+ v+ o+ 1). Incases (b) and (c) the mapping is onto. It is unitary
on L, s 1f u = 2p.

Specializing to the case considered by Muckenhoupt and Stein [8] we obtain
the following results.

CoROLLARY 8.1.1. If A > — 3§, Hay1 211 can be extended to Ly , for all p and p
satisfying —p < p < 2N+ 1)p. It is one-to-one if 1 < p =2 0r 0 < p <
N+ Dp, and if 0 < p < (2N + 1)p the mapping is onto.

Two other cases can be noted. Let H, denote the Hilbert transformation of
even functions and H_ the Hilbert transformation of odd functions. It is well-
known that H, is the Fourier sine transformation of the Fourier cosine trans-
formation, while H_ is the Fourier cosine transformation of the Fourier sine
transformation; that is, since

Joi(x) = 2/mx) 2 cosx, and Ji(x) = (2/7x)V?sin x,
H, =%ﬂ%,%%%,_% =Hi_ 31, and H_ =3f%,_%.9f%,% = Hi

2, z:%v—l’

and specializing Theorem 8.1 to these cases, the following corollary is obtained.

CoroLLARY 8.1.2. (i) If —p < u < p, Hy € [L,,). Hy is one-to-one if
1<p <2000 < pu<p. In the latter case Hy is onto.

) IfO0 < p < 2p,H_ € [L,,). H_1s one-to-oneif 1 < p < 20r0 < p < p.
In the latter case H_ is onto.

That Hy € [L,,] for —p < u < p is a known result due to Hardy and
Littlewood [5]. However that H_ € [L,,] for 0 < u < 2p seems new, the best
previous result being that H_ € [L,,] for 0 < p < p, due to Babenko [1].

9. The range of the Hankel transformation. In this section we shall
apply the results of the previous section to the study of the range of the
Hankel transformation.

It is easy to show that if + < p < A\ 4 1, then 5%, is a bounded operator
from Ls,, to Le,, for 1 = p = 2. Indeed from [10, Theorem 7.31.2] and
(13, § 3.31(1)]

I73(&)| £ Ky min(x—?, 20) £ Kyl

if 3 =p =N+ 1,and thusif f € Ly, 4,

(ol < K [ 27 @ = Kol oo
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and £, , is of strong type (1, ). As already remarked, it is also of strong
type (2, 2), and thus by the Riesz-Thorin convexity theorem [14, Chapter 12,
Theorem 1.11], it is of strong type (p, ') for 1 £ p < 2. However, it is also
well-known that the range of 7, on L, ,, #,\(Ls,,) is not all of Ly, , if
1 < p < 2. In fact an easy application of the Marcinkiewicz interpolation
theorem [14, Chapter 12, Theorem 4.6] shows that if f € L,,,, where
1<p=2 g=H,0nf L =<p=\+1, then x"2?g(x) € L,,,; but not
every member of Ls,, has this property. In this section we shall show
that if £ < p £ X\ + 1, the range of 7, on L,,, is independent of . First
we need a lemma.

LemMa 9.1. Suppose A > —1, A+ v > —1, 3 Z=p=N+1,1<p =22
Then Hp,)\,‘y € [Lz,,,p], and

(91) %p,)\Jr'pr,)\,‘y = P
Proof. Since 1 < p = 2,
—A+tyv=—pt+D=p—-O+r+1)<p=2/p<20=p+r+1,

and from Theorem 8.1, H,ay € [Lo,pl. If f € Loys, HpriyHorof =
Ay \ird orindConf = H paf, and thus (9.1) holds on a dense subset of L,,,,
and thus throughout Ly, ,.

THEOREM 9.1. Suppose 1 < p < 2,3 <p =min(A+ 1, + v+ 1). Then
%p,hw (L2p,p) = %p,)\ (L2p,p)-

Proof. Clearly N > —1 and X+ v > —1, and hence by Lemma 9.1,
Hyniy € [Lopp). Let f € Ly, g = Honyf. Then by (9.1) '%P,‘Yf =
H g € Hpriy(Lo, ), and hence

‘%P,)\(LZP,IJ) g%p,)\-m(LZp.p)-

But the hypotheses of the theorem are symmetric in N and N\ 4+ v, and thus
the reverse inclusion must hold, and the result follows.

A particular case is of some interest. Denoting 7} ) by ), it follows, since
A _y is the Fourier cosine transformation, # ,, and L, = L,(0, ), that if
1< p <2, L, 00,0)) =F (L,(0,0)).

10. Further problems. There are several further problems connected with
our fractional integrals that one can study. For example one can ask when
T pinLup) 2 Loy ae(Luyp), where vy # vo, and whether (J,,5.,) s 0. is
bounded. The methods used here answer these questions efficiently; for
example, the above inclusion is true if

—nReB < u/p<viRef and RefB = Rea.

Alternatively, some authors have modified the kernels of the fractional
integrals to obtain new fractional integrals with many of the same formal
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properties, but bounded for different ranges of values of the parameters in
question; see [3], for example. We shall study some of these in a later paper,
and prove similar results for them. Applications to Hankel transformations
whose kernels are ‘‘cut’”’ Bessel functions will be made.
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