AN INFINITE INTEGRAL INVOLVING A PRODUCT OF TWO
MODIFIED BESSEL FUNCTIONS OF THE SECOND KIND

by T. M. MACROBERT
(Received 12th August, 1953)

The formula to be established is
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where I, m, n are any numbers real or complex and R(3)>0. A similar result, involving
Bessel Functions of the First Kind, was obtained by Hanumanta Rao [ Mess. of Maths., XLVII.
(1918), pp. 134-137].

The proof is on the same lines as that of Rao. The function K, (x) satisfies the equation
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It should also be noted that, if # is not integral
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and that, if B({I +m)>0,
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Denote the integral by 7 ; then
gfb= w2 K, (¢) K., (bja)de = -71) [w‘Km(x)K,,(b/x)]w
+zl;f K, (@)K, (b/2) dx+bf S K. () K, (bj) da.
Therefore ' b 7 —lI f 2K, (x) K, (b/x) dz,
and d I +(1 -0 Y _[Twk @)K (b)) de
b 0 m n
- _}_)l:xzﬂx;,,(x)x,,(b/x)]miz—l f B K@) K., (bfo) o+ f "B K (@) K, (be) de
0

l+l{b il -u} ; f w1 {(z? +md) K, (z) - 2K, ()} K., (b]) dz,

https://doi.org/10.1017/52040618500035723 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500035723

188 T. M. MACROBERT
by (2). Hence

‘” +(1- 2l)bd I S (A)

where J= f TBNE, () K, (bfe) dx.
1]

Again %‘Z: :xth(x)K;(b/x) .
and %—g:j:x’—le(x)K;’ (bfx) da
b)) L)
Now, from (A),
%‘—;_ L 2l)bdb2+(1 —2l 42— mz)dl

and %‘ﬁ ‘” L5 2z)b%+(4 dr- )‘;bi.
Hence, after some simpliﬁcatlon, .
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Next let 1= Z ¢ b7+ ; then, on substituting in (B), the coefficient of ¢gb* is
' v=0 -

p(p=1)(p=2)(p—3)+(6 20 p(p—1)(p—2) + (7T — 61+ 12 —m2 —n) p(p - 1)
+(1 -2 +2In? +12 —m? —n?) p + (M2 ~ %) n?
=p* = 20p3 + (12 - m? —n?) p? + 2In%p + (m? - 1%)n?
=(p-n)(p+n)(p-l-m)(p—~1+m).
Thus the indicial equation gives
p=n, —n, l+m,l —m.
If ¢, =0 then all the ¢’s with odd suffixes vanish, while, for v=0, 1, 2, ...,
Cor2(p+20+2-n)(p+ 20 +24+0)(p+ W +2 -1 -m)(p + 20+ 2 -1 +m) =c,,
Hence
I=4b"P + Bb—"@ + Cb"*™ R + Db--™ 8,
where P, @, R, 8 are the generalised hypergeometric functions on the right of (1), taken in
order.
In determining the values of the coefficients 4, B, C, D, it should be noticed that the
value of the integral is unaltered if the sign of m or of » is altered. Let it be assumed that
R(n) is positive, multiply by 6" and let 6—0 ; then, if B(I £m +n)>0, from (3),

T _ 2 ["punK (2)de=B
2sinnar (1 -n) )0 ™ e

and therefore, from (4),

B=2’+2"~3F(n)l’<l+7g+n>F(l_2+n> .

https://doi.org/10.1017/52040618500035723 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500035723

A PRODUCT OF TWO MODIFIED BESSEL FUNCTIONS 189

Again, in I replace x by b/z, and it becomes
B f ® 1K, (b/7) K, (2) de.
0

From this, assuming that E (m) is positive, on multiplying by 5™~ and making b—0, it is found
that, if B(—1+m +£2)>0, .
D=2—l+2m—31’(m)1’< —l+2m +n>1’( —l+2m—n> .

Since I, R and § are symmetrical in » and - n, and since ”P becomes b—"¢) when n and
—n are interchanged, it follows that, if B (] tm +n)>0, 4 is equal to B with n and —n inter-
changed, and that C and D are symmetrical in n and —n.

Similarly, when R( ~1l+m +n)>0, C is D with m and —m interchanged.

Now, from the continuity of the functions with respect to [, if B (m) and R (n) are taken to
be positive, all these values of 4, B, C, and D are valid when R(l)=R(m -n). But all the
functions in equation (1) are holomorphic in / for all real or complex values of I. Hence, by
analytical continuation, formula (1) holds for all values of I.

Note. On putting /=1, m ==, Hardy’s formula
f * Ko (2) K p(bf2) dio =K 5, (2D,
0 .
where R(b)>0, is obtained.
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