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Abstract

Let 1<p<∞, let G and H be locally compact groups and let ω be a continuous homomorphism of G into
H . We prove, if G is amenable, the existence of a linear contraction of the Banach algebra CVp(G) of the
p-convolution operators on G into CVp(H) which extends the usual definition of the image of a bounded
measure by ω. We also discuss the uniqueness of this linear contraction onto important subalgebras of
CVp(G). Even if G and H are abelian, we obtain new results. Let Gd denote the group G provided with
a discrete topology. As a corollary, we obtain, for every discrete measure, ‖|µ‖|CVp(G) ≤ ‖|µ‖|CVp(Gd ),
for Gd amenable. For arbitrary G, we also obtain ‖|µ‖|CVp(Gd ) ≤ ‖|µ‖|CVp(G). These inequalities were
already known for p = 2. The proofs presented in this paper avoid the use of the Hilbertian techniques
which are not applicable to p 6= 2. Finally, for Gd amenable, we construct a natural map of CVp(G) into
CVp(Gd ).
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Keywords and phrases: convolution operators, pseudomeasures, p-multipliers, transform theorem,
Herz algebra.

1. Introduction

In 1965, de Leeuw [5] studied the transfer of p-multipliers from the circle T to R and
from Rd to R. These results were extended in part to locally compact abelian groups
by Saeki [22], Lohoué [16–18] and Lust-Piquard [19]. The present paper investigates
this problem for nonabelian locally compact groups.

Let 1< p <∞, ω : G → H be a continuous homomorphism of locally compact
groups and CVp(G) be the set of all continuous operators on L p(G) commuting with
left translation; they are called the p-convolution operators on G. Provided with the
operator norm, denoted ‖| · ‖|p, CVp(G) is a Banach algebra. If G is abelian, CVp(G)
is isomorphic to the Banach algebra of all p-multipliers of Ĝ.

The first part of this paper is devoted to the transfer of convolution operators. We
show in Theorem 3.1, if G is amenable, that there is a linear contraction of CVp(G)

c© 2008 Australian Mathematical Society 1446-7887/08 $A2.00 + 0.00

329

https://doi.org/10.1017/S1446788708000669 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788708000669


330 C. Delmonico [2]

into CVp(H) which generalizes the transfer of bounded measures. This map is unique
for convolution operators with compact support (see Theorem 4.6). We give a global
and a new point of view of the problem; our approach completely avoids the use of
the structure theory of locally compact abelian groups and methods of Hilbert spaces.
Moreover, we obtain new results even in the abelian case; we give a generalization of
Reiter’s theorem of relativization of the Beurling spectrum [21] in Scholium 5.5.

Theorem 3.1 gives us, if Gd is amenable, a map of CVp(Gd) into CVp(G). In
Theorem 6.6, in analogy to the Bohr compactification for G abelian, we are able
to construct a natural new map of CVp(G) into CVp(Gd), even if G is nonabelian.
On the way, we compare the operator norm of the discrete measures on G and on
Gd . Theorem 6.1 shows that ‖|µ‖|CVp(Gd ) ≤ ‖|µ‖|CVp(G), for every discrete measure
µ and that equality holds if Gd is amenable. This result is already known for p = 2
(see [3, 4]), but the proof cannot be adapted to p 6= 2.

The ultraweak closure of the bounded measures in CVp(G) is denoted P Mp(G)
and called the Banach algebra of the p-pseudomeasures of G. If p = 2, P M2(G)
is the von Neumann algebra V N (G) of G. We recall that P M2(G)= V N (G)=

CV2(G). In this case, the study of the convolution operators is related to the theory
of von Neumann algebras and Hilbert spaces. For example, the map a 7→ λ2

G(δa),
where δa is the Dirac measure, is the left regular representation of G on L2(G). These
techniques are not applicable to p 6= 2.

2. Preliminaries

Let 1< p <∞, p′
= p/(p − 1), and let G, H be two locally compact groups.

For any function f on G, we define a f (x)= f (ax), fa(x)= f (xa),
f̌ (x)= f (x−1) and f̃ (x)= f (x−1). For any measure µ on G, we define µ̌( f )=

µ( f̌ ), µ̄( f )= µ( f̄ ) and µ̃( f )= µ( f̃ ). We define an isometric involution of L p(G)

via τpϕ =1
1/p′

G ϕ̌, where 1G denotes the modular function of G.
Let M1(G) denote the Banach algebra of the bounded measures of G. The map

λ
p
G , defined via λp

G(µ)(ϕ)= ϕ ? 1
1/p′

G µ̌, where µ ∈ M1(G) and ϕ ∈ Coo(G), is an
injection of M1(G) into CVp(G).

We recall that Ap(G) is the set of the bounded functions on G,

u =

∞∑
n=1

f̄n ? ǧn where fn ∈ L p(G), gn ∈ L p′

(G) and
∞∑

n=1

‖ f ‖p‖g‖p′ <∞,

P Mp(G) is the dual of Ap(G) and CVp(G)= P Mp(G), if G is amenable or p = 2.
Let 〈·, ·〉L p(G),L p′

(G) denote the duality of L p(G) and L p′

(G). We recall that the
duality of Ap(G) and P Mp(G) is given by

〈u, T 〉Ap(G),P Mp(G) =

∞∑
n=1

〈T (τp fn), τp′ gn〉L p(G),L p′
(G),

where u =
∑

∞

n=1 f̄n ? ǧn .
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DEFINITION 2.1. For each T ∈ P Mp(G), the support of T is the set, denoted
supp(T ), of all x ∈ G such that, for every neighborhood V of x , there is v ∈ Ap(G)
such that supp(v)⊂ V and 〈v, T 〉Ap(G),P Mp(G) 6= 0.

3. A transfer theorem for convolution operators

Our first main result is the following theorem.

THEOREM 3.1. Let 1< p <∞, let G, H be two locally compact groups with G
amenable and let ω be a continuous homomorphism of G into H. Then there is a
linear contraction

ω : CVp(G)→ CVp(H)

which satisfies

ω(λ
p
G(µ))= λ

p
H (ω(µ)) for each bounded measure µ of G.

To prove this theorem, we need the following preliminaries.
Let ω : G → H be a continuous homomorphism. For each T ∈ CVp(G), f ,

g ∈ Coo(G), ϕ ∈ L p(H) and ψ ∈ L p′

(H), we consider the function of H

h 7→ 〈T (τp( f ((τpϕ)h ◦ ω))), τp′(g((τp′ψ)h ◦ ω))〉L p(G),L p′
(G).

This function is integrable and continuous on H with its L1-norm bounded by
‖|T ‖|p‖ f ‖p‖g‖p′‖ϕ‖p‖ψ‖p′ . Then for each T ∈ CVp(G) and f, g ∈ Coo(G), there
is a unique p-convolution operator on H , denoted ω f,g(T ), such that, for all (ϕ, ψ) ∈

L p(H)× L p′

(H),

〈ω f,g(T )ϕ, ψ〉L p(H),L p′
(H)

=

∫
H

〈T (τp( f ((τpϕ)h ◦ ω))), τp′(g((τp′ψ)h ◦ ω))〉L p(G),L p′
(G) dh.

PROPOSITION 3.2. Let G and H be two locally compact groups (not necessary
amenable) and ω : G → H be a continuous homomorphism. Let f, g ∈ Coo(G). Then
ω f,g is a linear map of CVp(G) into CVp(H) and ‖ω f,g‖ ≤ ‖ f ‖p ‖g‖p′ . Moreover,
for each µ ∈ M1(G) and f, g ∈ Coo(G),

〈ω f,g(λ
p
G(µ))ϕ, ψ〉L p(H),L p′

(H) = µ̃( f̄ ? ǧ(τpϕ ? (τp′ψ)̌) ◦ ω).

We can immediately compare this result with

〈λ
p
H (ω(µ))ϕ, ψ〉L p(H),L p′

(H) = µ̃((τpϕ ? (τp′ψ)̌) ◦ ω),

and see that, if f̄ ? ǧ is close to 1, λp
H (ω(µ)) is close to ω f,g(λ

p
G(µ)).
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REMARK 3.3. The special cases where ω is the inclusion of a closed subgroup or the
projection on a quotient were already treated in [1, 2, 6–9]. Combining these two
cases, it is possible to treat open continuous homomorphisms. The study of a general
continuous homomorphism requires new ideas.

PROOF OF THEOREM 3.1.
Let f, g ∈ Coo(G). For all T ∈ CVp(G) and (ϕ, ψ) ∈ L p(H)× L p′

(H), we define

� f,g(T, ϕ, ψ)= 〈ω f,g(T )ϕ, ψ〉L p(H),L p′
(H).

In fact, � f,g is a continuous form on CVp(G)× L p(H)× L p′

(H) which is bilinear
on the first two factors and conjugate linear on the last. Let B denote the set of these
forms provided with the weak topology of duality with CVp(G)× L p(H)× L p′

(H).
For every compact K ⊂ G and ε > 0, we define

UK ,ε = {U ⊂ G : U compact, m(U ) > 0, m(xU4U ) < εm(U ) ∀x ∈ K }

AK ,ε = {� f,g : f = m(U )−1/p1U , g = m(U )−1/p′

1U , U ∈ UK ,ε}.

By the Banach–Alaoglu theorem,

S = {F ∈ B : |F(T, ϕ, ψ)| ≤ ‖|T ‖|p‖ϕ‖p‖ψ‖p′,

for all (T, ϕ, ψ) ∈ CVp(G)× L p(H)× L p′

(H)}

is a compact subset of B. Since G is amenable, it satisfies the property (F) of
Følner [20, Theorem 7.3], so the UK ,ε are all nonempty. Then, the family {AK ,ε}

(whereAK ,ε denotes the weak closure ofAK ,ε) have the property of finite intersection.
However, each AK ,ε ⊂ S and S is a compact set, so⋂

K⊂G compact,
ε>0

AK ,ε 6= ∅.

Let
� ∈

⋂
K⊂G compact,

ε>0

AK ,ε.

There is a unique continuous linear operator ω(T ) on L p(G) such that, for all
(ϕ, ψ) ∈ L p(H)× L p′

(H),

〈ω(T )ϕ, ψ〉L p(H),L p′
(H) =�(T, ϕ, ψ).

By construction, ω(T ) ∈ CVp(H) and ω is a contraction.
Let µ ∈ M1(G). We prove that

ω(λ
p
G(µ))= λ

p
H (ω(µ)).
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Let (ϕ, ψ) ∈ L p(H)× L p′

(H) and ε > 0. We consider

0< δ < ε[1 + ω(|µ|)(1
1/p
H |ϕ ? ψ̃ |)+ 2‖(1

1/p
H ϕ ? ψ̃) ◦ ω‖∞]

−1.

There is a compact subset Kδ ⊂ G such that |µ|(G \ Kδ) < δ. By definition of�, there
is a compact subset U ∈ UKδ,δ such that

|� f,g(λ
p
G(µ), ϕ, ψ)−�(λ

p
G(µ), ϕ, ψ)|<

ε

2
,

where f = m(U )−1/p1U and g = m(U )−1/p′

1U . In fact, for all x ∈ K −1
δ ,

0 ≤ 1 −
m(x−1U ∩ U )

m(U )
<
δ

2
.

Let (ϕ, ψ) ∈ L p(H)× L p′

(H). On the one hand,∣∣∣∣∫
Kδ

(
1 −

m(x−1U ∩ U )

m(U )

)
1

1/p
H (ω(x))ϕ ? ψ̃(ω(x)) dµ(x)

∣∣∣∣
≤
δ

2
ω(|µ|)(1

1/p
H |ϕ ? ψ̃ |).

On the other hand,∣∣∣∣∫
G\Kδ

(
1 −

m(x−1U ∩ U )

m(U )

)
1

1/p
H (ω(x))ϕ ? ψ̃(ω(x)) dµ(x)

∣∣∣∣
≤ ‖1

1/p
H ◦ ω ϕ ? ψ̃ ◦ ω‖∞ |µ|(G \ Kδ)≤ ‖(1

1/p
H ϕ ? ψ̃) ◦ ω‖∞δ.

Finally,

|〈ω(λ
p
G(µ))ϕ, ψ〉L p(H),L p′

(H) − 〈λ
p
H (ω(µ))ϕ, ψ〉L p(H),L p′

(H)|

≤ |〈ω(λ
p
G(µ))ϕ, ψ〉L p(H),L p′

(H) − 〈ω f,g(λ
p
G(µ))ϕ, ψ〉L p(H),L p′

(H)|

+ |〈ω f,g(λ
p
G(µ))ϕ, ψ〉L p(H),L p′

(H) − 〈λ
p
H (ω(µ))ϕ, ψ〉L p(H),L p′

(H)|

≤
ε

2
+

∣∣∣∣∫
G

(
1 −

m(x−1U ∩ U )

m(U )

)
1

1/p
H (ω(x))ϕ ? ψ̃(ω(x)) dµ(x)

∣∣∣∣
<
ε

2
+
δ

2
ω(|µ|)(1

1/p
H |ϕ ? ψ̃ |)+ ‖(1

1/p
H ϕ ? ψ̃) ◦ ω‖∞ δ < ε. 2

REMARK 3.4. Instead of Følner’s property, we could use the property (Pp) of
Reiter [20, Proposition 6.12]. It is sufficient to consider the set

RK ,ε = {� f,g : f, g > 0, ‖ f ‖p = ‖g‖p′ = 1,

‖a f − f ‖p < ε and ‖ag − g‖p′ < ε for all a ∈ K }.
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With the same arguments, we obtain that⋂
K⊂G compact,

ε>0

RK ,ε 6= ∅.

REMARK 3.5.

(1) The definition of the convolution operator ω f,g(T ) does not require the
amenability of G.

(2) Using duality techniques of Herz [11, 12], one can give a shorter proof of
Theorem 3.1. We have presented the above proof as it uses more basic ideas.
We use duality arguments in the next section.

4. Image of a pseudomeasure and the A p algebras

We show now that ω(T ) is uniquely defined for T in the norm closure of the set
of all compactly supported convolution operators. This Banach algebra is denoted
cvp(G). We recall that cv2(G)= Cb

u (Ĝ), since G is abelian.
For u ∈ Ap(G) and T ∈ P Mp(G), it is useful to define ωu(T ) by

ωu(T )=

∞∑
n=1

ω fn,gn (T ) where u =

∞∑
n=1

f̄n ? ǧn.

The map ωu is well defined because

∞∑
n=1

〈ω fn,gn (T )(τpϕ), τp′ψ〉L p(H),L p′
(H)

=

〈
(ϕ̄ ? ψ̌) ◦ ω

∞∑
n=1

f̄n ? ǧn, T

〉
Ap(G),P Mp(G).

The following proposition is similar to Proposition 3.2.

PROPOSITION 4.1. Let 1< p <∞ and u ∈ Ap(G). Then, ωu is a linear map of
P Mp(G) into P Mp(H) such that ‖|ωu(T )‖|p ≤ ‖|T ‖|p ‖u‖Ap .

REMARK 4.2. Let us assume that G is amenable. Theorem 3.1 implies that, for every
T ∈ P Mp(G), ε > 0, v ∈ Ap(H), there is u ∈ Ap(G) such that

|〈v, ω(T )〉Ap(G),P Mp(G) − 〈v, ωu(T )〉Ap(G),P Mp(G)|< ε.

Let M Ap denote the set of the multipliers of Ap (that is, v ∈ M Ap, if vu ∈ Ap, for
all u ∈ Ap). It is well known that M Ap(G) multiplies P Mp(G) in the sense of

〈v, uT 〉Ap(G),P Mp(G) = 〈uv, T 〉Ap(G),P Mp(G),

for all u ∈ M Ap(G), v ∈ Ap(G) and T ∈ P Mp(G). We recall that ω(u) ∈ M Ap(H),
for all u ∈ M Ap(G), see [13].
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PROPOSITION 4.3. Let T ∈ P Mp(G) and u ∈ M Ap(H). If G is amenable, then

ω((u ◦ ω)T )= u ω(T ).

PROOF. Let ε > 0 and w ∈ Ap(H).
There is v ∈ Ap(G) such that

|〈w, ω((u ◦ ω)T )〉Ap(H),P Mp(H) − 〈w, ωv((u ◦ ω)T )〉Ap(H),P Mp(H)|<
ε

2

and

|〈uw, ω(T )〉Ap(H),P Mp(H) − 〈uw, ωv(T )〉Ap(H),P Mp(H)|<
ε

2
.

However, 〈w, ωv((u ◦ ω)T )〉Ap(H),P Mp(H) = 〈uw, ωv(T )〉Ap(H),P Mp(H). 2

LEMMA 4.4. Let T ∈ P Mp(G) and u ∈ Ap(G). If h ∈ supp(ωu(T )), then for every
neighborhood V of h, there is v ∈ Ap(G) with supp(v)⊂ ω−1(V ) such that

〈v, T 〉Ap(G),P Mp(G) 6= 0.

THEOREM 4.5. Let T ∈ P Mp(G). If G is amenable, then

supp(ω(T ))⊂ ω(supp(T )).

PROOF. Let u ∈ Ap(G). First, we prove that supp(ωu(T ))⊂ ω(supp(T )).
Let h ∈ supp(ωu(T )) and suppose h /∈ ω(supp(T )). Then there exists a closed

neighborhood V of h in H such that

V ∩ ω(supp(T ))= ∅.

Let v ∈ Ap(H) with supp(v)⊂ V . For each x ∈ G with ((v ◦ ω)u)(x) 6= 0, we have
x ∈ ω−1(V ), so supp((v ◦ ω)u)⊂ ω−1(V ). However, ω−1(V ) ∩ supp(T )= ∅. Then,
((v ◦ ω)u)T = 0, and by the amenability of G,

〈(v ◦ ω)u, T 〉Ap(G),P Mp(G) = 0,

which contradicts Lemma 4.4.
Finally, we prove that

supp(ω(T ))⊂

⋂
u∈Ap(G)

supp(ωu(T )).

Let h0 ∈ supp(ω(T )). Suppose

h0 /∈
⋂

u∈Ap(G)

supp(ωu(T )).
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Then there exists a closed neighborhood V0 of h0 in H such that, for all u ∈ Ap(G),
V0 ∩ supp(ωu(T ))= ∅. Let v ∈ Ap(H) with supp(v)⊂ V0. For each u ∈ Ap(G),
supp(v) ∩ supp(ωu(T ))= ∅, then v ωu(T )= 0 and by the amenability of G,

〈v, ωu(T )〉Ap(H),P Mp(H) = 0.

It follows that
〈v, ω(T )〉Ap(H),P Mp(H) = 0,

which contradicts Lemma 4.4. 2

We now want to prove that the transfer mapping is uniquely defined on a larger class
of convolution operators, notably on cvp(G). We recall that, if G is amenable, then
cvp(G)= Ap(G)P Mp(G), as a direct consequence of the Cohen–Hewitt theorem
[14, Ch. VIII, Paragraph 32].

THEOREM 4.6. Let T ∈ P Mp(G) and u ∈ Ap(G). If G is amenable, then

ω(uT )= ωu(T ).

In fact, there is a unique linear contraction ω : cvp(G)→ cvp(H) which generalizes
the transfer of bounded measures.

PROOF. Let T ∈ P Mp(G), u ∈ Ap(G), v ∈ Ap(H) and ε > 0. There is w ∈ Ap(G)
such that

|〈v, ω(uT )〉Ap(H),P Mp(H) − 〈v, ωw(uT )〉Ap(H),P Mp(H)|<
ε

2

and

|〈v ◦ ω u, T 〉Ap(G),P Mp(G) − 〈v ◦ ω u w, T 〉Ap(G),P Mp(G)|<
ε

2
.

However,

〈v, ωw(uT )〉Ap(H),P Mp(H) = 〈v ◦ ω w, uT 〉Ap(G),P Mp(G)

= 〈v ◦ ω u w, T 〉Ap(G),P Mp(G).

Then,

〈v, ω(uT )〉Ap(H),P Mp(H) = 〈v ◦ ω u, T 〉Ap(G),P Mp(G)

= 〈v, ωu(T )〉Ap(H),P Mp(H).

Finally, we prove that ω(T ) ∈ cvp(G). There is a sequence (Tn)
∞

n=1 of convolution
operators with compact support such that ‖|Tn − T ‖|p → 0, and (Kn)

∞

n=1 is a sequence
of compact subsets of G with supp(Tn)⊂ Kn . For each n ∈ N, supp(ω(Tn))⊂ ω(Kn).
However, ω : CVp(G)→ CVp(H) is ultraweak continuous, then ‖| · ‖|p-continuous.
So

lim
n→∞

ω(Tn)= ω

(
lim

n→∞
Tn

)
= ω(T ). 2
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EXAMPLE 4.7. Let H be a closed amenable subgroup of G and let ω = i : H → G
be the canonical inclusion. For all T ∈ P Mp(H) and v ∈ Ap(G),

〈v, i(T )〉Ap(G),P Mp(G) = 〈ResHv, T 〉Ap(H),P Mp(H).

Derighetti obtained this result without supposing the amenability of the subgroup H
(see [8, Theorem 2, p. 76]). However, he used techniques which cannot be applied to
arbitrary continuous homomorphisms.

EXAMPLE 4.8. Let G be an amenable locally compact group and ω : G → {e} be the
trivial homomorphism. Then there is a linear contraction

ω : CVp(G)→ C

with the following properties:

(1) ω(λ
p
G(µ))= µ(G) for each bounded measure µ of G;

(2) ω(uT )= 〈u, T 〉Ap(G),P Mp(G) for each u ∈ Ap(G).

In fact, this defines a kind of integral on CVp(G)!

EXAMPLE 4.9. Let G be an arbitrary Lie group. Then, for each X in its Lie algebra,
there is a continuous homomorphism of R into G defined by t 7→ exp(t X). Hence, we
are able to transfer every T ∈ CVp(R) into CVp(G).

5. The abelian case

The aim of this section is to compute the Fourier transform of ω(T ).
Let G and H be two locally compact abelian groups and ω : G → H be a

continuous homomorphism. Here A(G) denotes the Fourier algebra of G (we recall

that A(G)= A2(G)) and Ĝ be the character group of G. We denote by εG : G →
̂̂G

the canonical isomorphism defined by εG(x)(χ)= χ(x), for all x ∈ G and χ ∈ Ĝ. We
define an isometric isomorphism 8Ĝ : L1(Ĝ)→ A2(G) by

8Ĝ( f )(x)=

∫
Ĝ

f (χ)εG(x)(χ) dχ,

for all x ∈ G and the Fourier transform ˆ: L1(Ĝ)→ A2(
̂̂G) by

f̂ (ξ)=

∫
Ĝ

f (χ)ξ(χ) dχ,

for all ξ ∈
̂̂G. Let F : L2(Ĝ)→ L2(

̂̂G) denote the extension of ˆon L2(Ĝ).
Let ω̂ : Ĥ → Ĝ denote the dual homomorphism defined by ω̂(χ ′)= χ ′

◦ ω, for all
χ ′

∈ Ĥ . For each T ∈ CV2(G), T̂ denotes the Fourier transform of T , that is the
unique function of L∞(Ĝ) such that, for all ϕ, ψ ∈ L2(Ĝ),

〈Tϕ, ψ〉L2(G),L2(G) = 〈T̂ F(ϕ),F(ψ)〉L2(Ĝ),L2(Ĝ).

https://doi.org/10.1017/S1446788708000669 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788708000669


338 C. Delmonico [10]

Let 1< p <∞. We define a contractive monomorphism αp : CVp(G)→ CV2(G)
such that, for all ϕ ∈ L2(G) ∩ L p(G), αp(T )(ϕ)= T (ϕ). For T ∈ CVp(G), the
Fourier transform of T is defined by

T̂ = α̂p(T ). (5.1)

From these definitions we have the following lemma.

LEMMA 5.1. Let 1< p <∞, u ∈ A(G) and T ∈ CVp(G). Then

ωu(αp(T ))= ωu(T )

and

ω̂u(T )= (T̂ ? 8̃−1(u)) ◦ ω̂.

THEOREM 5.2. Let T ∈ P Mp(G) with T̂ continuous on Ĝ. Then,

ω̂(T )= T̂ ◦ ω̂.

PROOF. First, we consider S = αp(T ) ∈ CV2(G). Let ε > 0 and f ∈ L1(Ĥ). By
hypothesis, Ŝ is a continuous function on Ĝ. So, for all χ ∈ Ĝ, there is a compact
neighborhood C of e ∈ Ĝ such that

|Ŝ(χχ ′)− Ŝ(χ)|<
ε

4(1 + ‖ f ‖1)
,

for all χ ′
∈ C .

There is δ > 0 and a compact K ⊂ G such that, for all U ∈ UK −1,δ ,∫
Ĝ\C

8−1(v)(χ) dχ <
ε

8(1 + ‖Ŝ‖∞)(1 + ‖ f ‖1)

and
|〈u, ω(S)〉Ap(H),P Mp(H) − 〈u, ωv(S)〉Ap(H),P Mp(H)|< δ,

where v = m(U )−1 1U ? 1̌U ∈ A(G). Then,

‖Ŝ ? 8̃−1(v)− Ŝ‖∞ <
ε

2(1 + ‖ f ‖1)
.

On the one hand,

|〈 f, ω̂(S)〉L1(Ĥ),L∞(Ĥ) − 〈 f, ω̂v(S)〉L1(Ĥ),L∞(Ĥ)|

= |〈8( f ), ω(S)〉A(H),P M2(G) − 〈8( f ), ωv(S)〉A(H),P M2(G)|<
ε

2
.
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On the other hand,

|〈 f, ω̂v(S)〉L1(Ĥ),L∞(Ĥ) − 〈 f, Ŝ ◦ ω̂〉L1(Ĥ),L∞(Ĥ)|

= |〈 f, (Ŝ ? 8̃−1(v)) ◦ ω̂〉L1(Ĥ),L∞(Ĥ) − 〈 f, Ŝ ◦ ω̂〉L1(Ĥ),L∞(Ĥ)|

= |〈 f, (Ŝ ? 8̃−1(v)− Ŝ) ◦ ω̂〉L1(Ĥ),L∞(Ĥ)|< ‖ f ‖1
ε

2(1 + ‖ f ‖1)
<
ε

2
.

Finally,

|〈 f, ω̂(S)〉L1(Ĥ),L∞(Ĥ) − 〈 f, Ŝ ◦ ω̂〉L1(Ĥ),L∞(Ĥ)|

≤ |〈 f, ω̂(S)〉L1(Ĥ),L∞(Ĥ) − 〈 f, ω̂v(S)〉L1(Ĥ),L∞(Ĥ)|

+ |〈 f, ω̂v(S)〉L1(Ĥ),L∞(Ĥ) − 〈 f, Ŝ ◦ ω̂〉L1(Ĥ),L∞(Ĥ)|< ε

and
ω̂(S)= Ŝ ◦ ω̂.

We conclude by applying (5.1). 2

REMARK 5.3. Theorem 5.2 was previously proved by Lohoué [17, Theorem I.1]
and [15]. Nonabelian methods allow us to give a new proof.

REMARK 5.4. Let G be a locally compact abelian group and consider the
homomorphism of Example 4.8,

ω : G → {e}.

Then, for each T ∈ CVp(G) with T̂ continuous,

ω(T̂ )= T̂ (1).

Let ϕ ∈ L∞(G). We recall that the spectrum of ϕ is the set

sp(ϕ)= {χ ∈ Ĝ : f̂ (χ)= 0 for all f ∈ L1(G) with f ? ϕ = 0},

and that
εG(supp(T ))= (sp(T̂ ))−1.

SCHOLIUM 5.5. Let T ∈ CVp(G) with T̂ continuous. Then,

sp(T̂ ◦ ω̂)⊂ ̂̂ω(sp(T̂ )).

PROOF. By Theorem 4.5, we have supp(ω(T ))⊂ ω(supp(T )) and then

εG(supp(ω(T )))⊂ ̂̂ω(εG(supp(T ))).

By Theorem 5.2,

sp(T̂ ◦ ω̂)⊂ (̂̂ω((sp(T̂ ))−1))−1
⊂ ̂̂ω((sp(T̂ ))). 2
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REMARK 5.6. In [21, Theorem 7.2.2, p. 200], Reiter proves a result called
‘relativisation of the spectrum’. It is, in fact, a particular case of the Scholium 5.5
where Ĥ is a closed subgroup of Ĝ and ω̂ is the inclusion.

6. Relations between CVp(G) and CVp(Gd)

We know that deep relations exist between the harmonic analysis of G and
Gd . In [10, 12], Eymard and Herz investigated the relationship between B(G) and
B(Gd) ∩ C(G). In this section, we study the relationship between CVp(G) and
CVp(Gd). More precisely, we construct a new map of CVp(G) into CVp(Gd), for
Gd amenable.

First, we give results about the operator norm of discrete measures. For each
sequence (cn)

∞

n=1 ∈ `1 and (an)
∞

n=1 on G, we consider the measure µ=
∑

∞

n=1cnδan ,
where δa is the Dirac measure on a. Here µ is a bounded measure on both G and on
Gd with ω(µ)= µ. All of these measures are called discrete measures of G.

THEOREM 6.1. Let 1< p <∞, G be a locally compact group and let µ be a discrete
measure of G. Then,

‖|λ
p
Gd
(µ)‖|p ≤ ‖|λ

p
G(µ)‖|p.

Moreover, if Gd is amenable,

‖|λ
p
Gd
(µ)‖|p = ‖|λ

p
G(µ)‖|p.

The proof of the first inequality is based on the following construction and the
second is a corollary of Theorem 3.1.

DEFINITION 6.2. Let W be a relatively compact neighborhood of e in G. For each
k ∈ Coo(Gd), we define

T p
W (k)= m(W )−1/p

∑
x∈G

k(x)x−1(1W ).

It is straightforward to prove the following properties:

(1) T p
W : Coo(Gd)→ L p(G);

(2) ‖T p
W (k)‖p ≤ ‖k‖1;

(3) T p
W (ak)= a(T

p
W (k)) for all a ∈ G.

The second property can be improved on, as follows.

LEMMA 6.3. Let k ∈ Coo(Gd) with supp(k)= {x1, . . . , xn} and let W be a relatively
compact neighborhood of e in G such that xi W ∩ x j W = ∅, for each 1 ≤ i, j ≤ n with
i 6= j . Then

‖T p
W (k)‖p = ‖k‖p.
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PROOF. For each y ∈ G, there is jy ∈ {1, . . . , n} such that x−1
jy

y ∈ W . Then∣∣∣∣ n∑
j=1

k(x j )1W (x
−1
j y)

∣∣∣∣p

=

n∑
j=1

|k(x j )|
p 1W (x

−1
j y) and

‖T p
W (k)‖

p
p = m(W )−1

n∑
j=1

|k(x j )|
p

∫
G

1W (y) dy = ‖k‖p. 2

LEMMA 6.4. Let k, l ∈ Coo(Gd) and let µ be a bounded measure on G with finite
support (that is, µ=

∑n
i=1ciδai , where ci ∈ C and ai ∈ G). Then there exists a

neighborhood W of e in G such that

〈k ? ľ, λp
Gd
(µ)〉Ap(Gd ),P Mp(Gd ) = 〈(T p

W (k)) ? (T
p′

W (l))̌, λ
p
G(µ)〉Ap(G),P Mp(G).

PROOF. Suppose that µ= δa , for any a ∈ G. Let supp(k)= {x1, . . . , xn} and
supp(l)= {y1, . . . , ym}.

We define E = {(i, j) ∈ Nn × Nm : axi = y j } and consider W a neighborhood of e
such that (x−1

i a−1 y j )W ∩ W = ∅. Then,

〈(T p
W (k)) ? (T

p′

W (l))̌, λ
p
G(µ)〉Ap(G),P Mp(G)

= m(W )−1
n∑

i=1

m∑
j=1

k(xi )l(y j )

∫
G

1W (x
−1
i a−1 y j y)1W (y) dy

=

∑
(i, j)∈E

k(a−1 y j )l(y j )=

m∑
j=1

k(a−1 y j )l(y j )

= 〈k ? ľ, λp
Gd
(µ)〉Ap(Gd ),P Mp(Gd ).

The result now follows by linearity. 2

PROOF OF THEOREM 6.1. We prove that ‖|λ
p
Gd
(µ)‖|p ≤ ‖|λ

p
G(µ)‖|p.

Let r ∈ Coo(Gd) with ‖r‖1 ≤ 1. We define f = r1/p and g = r1/p′

. Let ν be a
bounded measure with finite support. There is a neighborhood W of e in G such that

〈τp f ? (τpg)̌, λp
Gd
(ν)〉Ap(Gd ),P Mp(Gd )

= 〈T p
W (τp f ) ? T p′

W ((τpg)̌), λp
G(ν)〉Ap(G),P Mp(G).

Then

|〈λ
p
Gd
(ν) f, g〉

`p(G),`p′
(G)|

= |〈λ
p
G(ν)(τp(T

p
W (τp f ))), τp′(T p′

W (τp′ g))〉L p(G),L p′
(G)|

≤ ‖|λ
p
G(ν)‖|p ‖T p

W (τp f )‖p ‖T p′

W (τp′ g)‖p′ ≤ ‖|λ
p
G(ν)‖|p ‖ f ‖p ‖g‖p′ .

https://doi.org/10.1017/S1446788708000669 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788708000669


342 C. Delmonico [14]

Finally, from ‖ f ‖p ≤ 1 and ‖g‖p′ ≤ 1 , we obtain ‖|λ
p
Gd
(ν)‖|p ≤ ‖|λ

p
G(ν)‖|p.

There is a (νn)
∞

n=1 sequence of bounded measures of G with finite support such that
lim ‖νn − µ‖ = 0.

‖|λ
p
Gd
(µ)‖|p ≤ ‖|λ

p
Gd
(µ)− λ

p
Gd
(νn)‖|p + ‖|λ

p
Gd
(νn)‖|p

≤ ‖|λ
p
Gd
(µ− νn)‖|p + ‖|λ

p
G(νn)‖|p

≤ ‖µ− νn‖ + ‖|λ
p
G(νn)− λ

p
G(µ)‖|p + ‖|λ

p
G(µ)‖|p

≤ 2‖µ− νn‖ + ‖|λ
p
G(µ)‖|p.

Assume that Gd is amenable. The inequality ‖|λ
p
Gd
(µ)‖|p ≥ ‖|λ

p
G(µ)‖|p is then a

direct consequence of Theorem 3.1. 2

REMARK 6.5. The map a 7→ λ2
G(δa) is the left regular representation of G on L2(G).

Theorem 6.1 is a version when p 6= 2 of the result of [3, Lemma 2, p. 606] and
[4, Theorem 2, p. 3152]. The Hilbert space methods used to prove the version when
p = 2 are not applicable when p 6= 2. Our proof requires another approach.

THEOREM 6.6. Let 1< p <∞ and G be a locally compact group. Assume that Gd
is amenable. Then there is a linear contraction

σ : CVp(G)→ CVp(Gd)

such that, for all discrete measures µ on G,

σ(λ
p
G(µ))= λ

p
Gd
(µ).

The proof of this theorem is based on Definition 6.2 and the following construction.

DEFINITION 6.7. Let 1< p <∞, let T ∈ CVp(G), let W be a relatively compact
neighborhood of e in G and let k, l ∈ Coo(Gd). We define σW,k,l(T ) by

〈σW,k,l(T )ϕ, ψ〉L p(Gd ),L p′
(Gd )

=

∑
x∈G

〈T (τp(T
p

W (k(xϕ)̌))), τp′(T p′

W (l(xψ)̌))〉L p(G),L p′
(G)

for all ϕ ∈ L p(Gd) and ψ ∈ L p′

(Gd).

LetW denote the set of pairs (W, r)where W is a relatively compact neighborhood
of e in G, r ∈ Coo(Gd) such that xi W ∩ x j W = ∅, for all i 6= j , 1 ≤ i, j ≤ n, where
{x1, . . . , xn} = supp(r).

LEMMA 6.8. Let (W, r) ∈W , k = r1/p and l = r1/p′

. Then σW,k,l is a linear map of
CVp(G) into CVp(Gd) with ‖|σW,k,l(T )‖|p ≤ ‖|T ‖|p ‖k‖p ‖l‖p′ .
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LEMMA 6.9. Let µ be a bounded measure of G with finite support. Then there is
(W, r) ∈W such that, for all ϕ, ψ ∈ Coo(Gd),

〈σW,k,l(λ
p
G(µ))ϕ, ψ〉L p(Gd ),L p′

(Gd )
= µ?((k̄ ? ľ)(ϕ̃ ? ψ)),

where k = r1/p and l = r1/p′

.

PROOF OF THEOREM 6.6. For each (W, r) ∈W , k = r1/p and l = r1/p′

, we define

6W,k,l(T, ϕ, ψ)= 〈σW,k,l(T )ϕ, ψ〉L p(Gd ),L p′
(Gd )

,

where T ∈ CVp(G) and ϕ, ψ ∈ Coo(Gd). Here 6W,k,l is a continuous form on
CVp(G)× L p(Gd)× L p′

(Gd), which is bilinear in the two first factors and conjugate
linear on the third. Let B denote the set of these forms with the weak topology
of duality with CVp(G)× L p(Gd)× L p′

(Gd). By the Banach–Alaoglu theorem,
S = {F ∈ B : |F(T, ϕ, ψ)| ≤ ‖|T ‖|p‖ϕ‖p‖ψ‖p′} is a compact subset of B. For each
K finite subset of G, ε > 0 and U neighborhood of e in G, we define

AK ,ε,U = {6W,k,l : (W, r) ∈W, k = r1/p, l = r1/p′

, r ≥ 0, ‖r‖1 = 1,

‖x−1k − k‖p < ε ∀x ∈ K , W ⊂ U }.

The AK ,ε,U are all nonempty, because Gd is amenable. It easy to show that for all
n ∈ N, K1, . . . , Kn ⊂ G finite, ε1, . . . , εn > 0 and U1, . . . ,Un neighborhood of e
on G,

⋂n
i=1 AKi ,εi ,Ui 6= ∅. However, S is compact, so there is

6 ∈

⋂
K∈G finite
ε>0

U neighbor of e

AK ,ε,U .

For each T ∈ CVp(G), ϕ ∈ L p(Gd) and ψ ∈ L p′

(Gd), we define

6(T, ϕ, ψ)= 〈σ(T )ϕ, ψ〉L p(Gd ),L p′
(Gd )

. 2

This extends Lust-Piquard’s result [19, Theorem 4.1]. The techniques used for
the proof are completely different and are not applicable to nonabelian groups. This
problem was also treated by Lohoué in [17, 18] for special kinds of convolution
operators, with strong use of structure theory of locally compact abelian groups.

REMARK 6.10. For G amenable, the map defined in Theorem 6.6 could be considered
as a substitute for the map of the p-multipliers of Ĝ into the p-multipliers of the Bohr
compactification of Ĝ.
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