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Abstract

Let I<p<oo,let G and H be locally compact groups and let @ be a continuous homomorphism of G into
H. We prove, if G is amenable, the existence of a linear contraction of the Banach algebra CV,(G) of the
p-convolution operators on G into C'V), (H) which extends the usual definition of the image of a bounded
measure by w. We also discuss the uniqueness of this linear contraction onto important subalgebras of
CV,(G). Evenif G and H are abelian, we obtain new results. Let G4 denote the group G provided with
a discrete topology. As a corollary, we obtain, for every discrete measure, [|illcv, ) < lltllcv,Gq)s
for G4 amenable. For arbitrary G, we also obtain [|illlcv,G,) < llnllcv, ). These inequalities were
already known for p = 2. The proofs presented in this paper avoid the use of the Hilbertian techniques
which are not applicable to p # 2. Finally, for G; amenable, we construct a natural map of CV,(G) into
CV,(Ga).

2000 Mathematics subject classification: primary 43A22; secondary 43A15, 43A25, 43A45, 47B38.

Keywords and phrases: convolution operators, pseudomeasures, p-multipliers, transform theorem,
Herz algebra.

1. Introduction

In 1965, de Leeuw [5] studied the transfer of p-multipliers from the circle T to R and
from R, to R. These results were extended in part to locally compact abelian groups
by Saeki [22], Lohoué [16—18] and Lust-Piquard [19]. The present paper investigates
this problem for nonabelian locally compact groups.

Let 1 < p <00, w:G— H be a continuous homomorphism of locally compact
groups and CV,(G) be the set of all continuous operators on L?”(G) commuting with
left translation; they are called the p-convolution operators on G. Provided with the
operator norm, denoted ||| - [Il , CV,(G) is a Banach algebra. If G is abelian, CV,(G)
is isomorphic to the Banach algebra of all p-multipliers of G.

The first part of this paper is devoted to the transfer of convolution operators. We
show in Theorem 3.1, if G is amenable, that there is a linear contraction of CV,(G)
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into C'V,,(H) which generalizes the transfer of bounded measures. This map is unique
for convolution operators with compact support (see Theorem 4.6). We give a global
and a new point of view of the problem; our approach completely avoids the use of
the structure theory of locally compact abelian groups and methods of Hilbert spaces.
Moreover, we obtain new results even in the abelian case; we give a generalization of
Reiter’s theorem of relativization of the Beurling spectrum [21] in Scholium 5.5.

Theorem 3.1 gives us, if G4 is amenable, a map of CV,(Gy) into CV,(G). In
Theorem 6.6, in analogy to the Bohr compactification for G abelian, we are able
to construct a natural new map of CV,(G) into CV,(Gy), even if G is nonabelian.
On the way, we compare the operator norm of the discrete measures on G and on
Gg4. Theorem 6.1 shows that [[llcv,G,) < llllcv,G). for every discrete measure
w and that equality holds if G4 is amenable. This result is already known for p =2
(see [3, 4]), but the proof cannot be adapted to p # 2.

The ultraweak closure of the bounded measures in CV,(G) is denoted PM,(G)
and called the Banach algebra of the p-pseudomeasures of G. If p =2, PM>(G)
is the von Neumann algebra VN(G) of G. We recall that PM>(G) =V N(G) =
CV5(G). In this case, the study of the convolution operators is related to the theory
of von Neumann algebras and Hilbert spaces. For example, the map a +— )% (6a),
where §, is the Dirac measure, is the left regular representation of G on L?(G). These
techniques are not applicable to p # 2.

2. Preliminaries

Letl < p<oo, p’=p/(p—1),and let G, H be two locally compact groups.

For any function f on G, we define ,f(x)= f(ax), fa(x)= f(xa),
f(x) = f(x~!) and f(x) = f(x~!). For any measure 1 on G, we define i(f) =
p,(f), () =wu(f) and f(f) = M(f). We define an isometric involution of L?(G)
viat,p=A g P %, where Ag denotes the modular function of G.

Let M'(G) denote the Banach algebra of the bounded measures of G. The map
Aé, defined via A’é(,u)((p) =@ A]G/p L, where € M'(G) and @ € Cpo(G), is an
injection of M!(G) into CV,(G).

We recall that A, (G) is the set of the bounded functions on G,

o0 o0
w=Yy faxgn where f, € LP(G), go € L” (G)and Y [ fllplglly < oo,

n=1 n=1
PM,(G) is the dual of A,(G) and CV,(G) = PM,(G), if G is amenable or p = 2.
Let (-, -)LP(G) LY (G) denote the duality of L”(G) and Lp/(G). We recall that the
duality of A,(G) and PM,(G) is given by
o

(U, TYA,(G).PM,(G) = Z (T(Tpfn), Tp'&n) Lo(G) LV (G)

n=1

where u =) 02| fu * &n.
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DEFINITION 2.1. For each T € PM,(G), the support of T is the set, denoted
supp(7’), of all x € G such that, for every neighborhood V of x, there is v € A,(G)
such that supp(v) C V and (v, T)A,,(G),PMP(G) #+ 0.

3. A transfer theorem for convolution operators
Our first main result is the following theorem.

THEOREM 3.1. Let 1 < p <00, let G, H be two locally compact groups with G
amenable and let w be a continuous homomorphism of G into H. Then there is a
linear contraction

w:CV,(G)— CV,(H)

which satisfies
w(ké(u)) = AZ(a) (n))  for each bounded measure . of G.

To prove this theorem, we need the following preliminaries.
Let w: G — H be a continuous homomorphism. For each T € CV,(G), f,

g€Cu(G),pe LP(H)and ¢ € Lp,(H), we consider the function of H
h > (T @ (F(Tp@)n © @), Ty 8Ty ¥)n © ©)) 1) 17 (G-

This function is integrable and continuous on H with its L'-norm bounded by
WML Hp g p @l pllrll . Then for each T € CVy,(G) and f, g € Coo(G), there
is a unique p-convolution operator on H, denoted w ¢ (T'), such that, for all (¢, ¥) €

LP(H) x LP'(H),
(@£ (T V) Loy, Lo ()

= fH (T (T (F (Tp@)n © ®))). T 8Ty ¥)n © D) 1) 10 () -

PROPOSITION 3.2. Let G and H be two locally compact groups (not necessary
amenable) and v : G — H be a continuous homomorphism. Let f, g € Cyo(G). Then
wy,g is a linear map of CV,(G) into CVy(H) and |lwy gl < | fllp lIglly. Moreover,
for each i € M'(G) and f, g € Coo(G),

(@ 1,6 OGP, V) Loy 1ot 1y = U * E@p@ % (T ) 0 ).

We can immediately compare this result with

A5 @D, V) Loy 1ot (1) = (TP * () 0 @),

and see that, if f * g is close to 1, AI;I (w(p)) is close to a)f,g()»g (w)).
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REMARK 3.3. The special cases where w is the inclusion of a closed subgroup or the
projection on a quotient were already treated in [1, 2, 6-9]. Combining these two
cases, it is possible to treat open continuous homomorphisms. The study of a general
continuous homomorphism requires new ideas.

PROOF OF THEOREM 3.1.
Let f, g € Cpo(G). Forall T € CV,(G) and (¢, ¥) € LP(H) x L? (H), we define

Qf,g(Ta @, W) = (wf,g(T)wa w>L1’(H),Ll’/(H)'

In fact, Q2y,¢ is a continuous form on CV,(G) x LP(H) x L”/(H) which is bilinear

on the first two factors and conjugate linear on the last. Let B denote the set of these

forms provided with the weak topology of duality with CV,(G) x L?(H) x LY (H).
For every compact K C G and ¢ > 0, we define

Uk e ={U C G :U compact, m(U) >0, m(xUAU) < em(U) Vx € K}
Ake ={Qpg: f=mW)P1y, g=m@U) "1y, U ely.).

By the Banach—Alaoglu theorem,

S={FeB:|F(T, o, OI=NTlpllelplvll,,
for all (T, ¢, ¥) € CV,(G) x LP(H) x L” (H))
is a compact subset of B. Since G is amenable, it satisfies the property (F) of
Fglner [20, Theorem 7.3], so the Uk . are all nonempty. Then, the family {Ax .}

(where Ak . denotes the weak closure of Ak ) have the property of finite intersection.
However, each Ax . C S and S is a compact set, so

N Ak #9.

K CG compact,
e>0

Let

Qe ﬂ .A[(,g.

K CG compact,
e>0

There is a unique continuous linear operator w(7) on LP(G) such that, for all
(p, ¥) € LP(H) x L (H),

(M), 1p)Lp(H),LP’(H) =Q(T, ¢, ¥).

By construction, o (T) € CV,(H) and w is a contraction.
Let u e M'(G). We prove that

w0 (D () =15y (@ ().
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Let (¢, ¥) € LP(H) x Lp/(H) and ¢ > 0. We consider

0<68<ell +o(uDAn I+ ¥1) + 20(A N 0 % ¥) o ]l .

There is a compact subset K5 C G such that |1|(G \ Ks) < 8. By definition of €2, there
is a compact subset U € Uk, s such that

17, e (W), @, V) = QGG @, Y| < %

where f =m(U)~"/?1y and g = m(U)~"/7'1yy. In fact, for all x € K; !,

-1
051_m(x UﬂU)<§'
m(U) 2

Let (p, ) € LP(H) x LP’(H). On the one hand,

-1
/K (1 - M)Aij”(wu))w P (@(0) dp(x)
8

m(U)
5 -
<3 o () (AP o ).

On the other hand,

mx~'UNU)\  1yp )
/G\K,S <1 B W)AH (X)) * Y (w(x)) dp(x)

1 bl 1 bl
<IAY cw @ * i o wlloo ILI(G\ Ks) < [(A) 0 %) 0 0|00
Finally,

|<0)(A€;(M))§0v 1)ML/DULJ(),LP’([-[) - U#](CU(M))(P: 1/’)1411(1-1),Lp’(1-1)|
. |<CU()LZ(M))§0’ 1//>LP(H)’LI7,(H) - (wf,g()&[g;(//v))% W)Lp(y),Lp/(Hﬂ
+ |(wf,g()¥1(7;(li))<ﬂ» 1//>L1’(H),LF/(H) - O\I;](w(li))% W>L1’(H),Lr/([-[)|

“lunu ~
< g + /G (1 - ’”(XTU)))A},/”(WW * Y (0(x)) du(x)
§ - ~
<5435 0UrD@Y lp« D + 18179 ) 0wl § <. D

REMARK 3.4. Instead of Fglner’s property, we could use the property (P,) of
Reiter [20, Proposition 6.12]. It is sufficient to consider the set

Rie={Qse: f,8>0,1flp=lglly =1
laf — fllp <cand |lag — gll,y < e foralla € K}.
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With the same arguments, we obtain that

(1 Rie#0.

K CG compact,
e>0

REMARK 3.5.

(1) The definition of the convolution operator wy,(T) does not require the
amenability of G.

(2) Using duality techniques of Herz [11, 12], one can give a shorter proof of
Theorem 3.1. We have presented the above proof as it uses more basic ideas.
We use duality arguments in the next section.

4. Image of a pseudomeasure and the A, algebras

We show now that w(T') is uniquely defined for 7' in the norm closure of the set
of all compactly supported convolution operators. This Banach algebra is denoted
cvp(G). We recall that cvp(G) = C,’j (G), since G is abelian.

Foru € Ap(G)and T € PM,(G), itis useful to define w, (T') by

o0 o0
ou(T) =Y 0, ,(T) whereu=>" fy+ &
n=1

n=1
The map w, is well defined because

o0

Z (@f.80 (DY@ T V) Loy, Lo (1)

n=1

o0
= <(¢3 xV)ow Y fuxin, T>AP<G),PMp(G)-

n=1

The following proposition is similar to Proposition 3.2.

PROPOSITION 4.1. Let 1 < p <00 and u € Ap(G). Then, w, is a linear map of
PMp(G) into PM,(H) such that ||lwu(T)lIlp < WITlllp llulla,

REMARK 4.2. Let us assume that G is amenable. Theorem 3.1 implies that, for every
T € PM,(G),e>0,ve Ay(H), thereis u € A,(G) such that

(v, ©(T))a,G),PM,G) — (v, 0u(T)) A, G),PM, ()| < €.

Let M A, denote the set of the multipliers of A, (thatis, v e MA,,if vu € A, for
all u € Ap). It is well known that M A ,(G) multiplies P M ,(G) in the sense of

(0, uT)a,G),PM,(G) = UV, T)A,(G),PM,G)>

forallu e MA,(G),ve Ap(G) and T € PM,(G). We recall that w (u) € MA,(H),
forallu e MA,(G), see [13].
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PROPOSITION 4.3. Let T € PM,(G) andu € MA,(H). If G is amenable, then
o((mow)T)=uw(T).

PROOF. Lete > 0and w € A,(H).
There is v € A, (G) such that

&
Hw, w((uow)T))a,H),Pm,H) — (W, 0y (U 0 )T)) A, (H),PM,(H)| < 5

2
and
&
{uw, o(T))a,H),pm,H) — (Uw, 0o (T)) A, 1), PM,(H)| < ok
However, (w, wy((u 0 @)T))a,(H),Pm,H) = (Uw, ©y(T))A,(H), PM,(H)- g

LEMMA 4.4. Let T € PM,(G) and u € A,(G). If h € supp(wy(T)), then for every
neighborhood V of h, there is v € A ,(G) with supp(v) C o~ (V) such that

(v, T)a,G).PM,G) # 0.

THEOREM 4.5. Let T € PM,(G). If G is amenable, then

supp(w(T)) C w(supp(T)).

PROOF. Letu € A,(G). First, we prove that supp(w, (T)) C w(supp(T)).

Let i € supp(w,(T)) and suppose h ¢ w(supp(7T)). Then there exists a closed
neighborhood V of & in H such that

V Nw(supp(T)) = 0.

Let v € A,(H) with supp(v) C V. For each x € G with ((v o w)u)(x) # 0, we have
x €w (V), so supp((v o w)u) C o~ (V). However, o~/ (V) N supp(T) = (. Then,
((v o w)u)T =0, and by the amenability of G,

((vowu, T)a,c),PmyG) =0,

which contradicts Lemma 4.4.
Finally, we prove that

supp(@(T)) C (] supp(@,(T)).
ueA,(G)

Let hg € supp(w(T)). Suppose

hog¢ () supp(@i(T)).

u€A,(G)
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Then there exists a closed neighborhood Vj of kg in H such that, for all u € A,(G),
Vo N supp(w,(T)) =¥. Let ve A,(H) with supp(v) C Vp. For each u € A,(G),
supp(v) N supp(w, (T)) = @, then v w, (T) = 0 and by the amenability of G,

(v, wu(T)) A, (H), PM,(H) =0.
It follows that

(v, o(T)) A, ), PM,H) =0,
which contradicts Lemma 4.4. O

We now want to prove that the transfer mapping is uniquely defined on a larger class
of convolution operators, notably on cv,(G). We recall that, if G is amenable, then
cvp(G)=A,(G)PM,(G), as a direct consequence of the Cohen—Hewitt theorem
[14, Ch. VIII, Paragraph 32].

THEOREM 4.6. Let T € PM,(G) andu € A,(G). If G is amenable, then
owT)=w,(T).

In fact, there is a unique linear contraction w : cv,(G) — cv,(H) which generalizes
the transfer of bounded measures.

PROOF. Let T € PM,(G), u € Ap(G), ve Ap(H) and & > 0. There is w € A,(G)
such that

&
v, o@T))a, ), Pm, i) — (v, @uwW@T)) A, 1), PM,(H)| < 3

and

&
{vowu, Ta,).Pm,G) — (Vowuw, T)a,G),PM,G)| < 7

However,

(v, wwWT)) A, H), P, H) = (Vo0 w, uT) 4,(G),PM,G)
=(vowuw, T)A,G).PM,G)-

Then,

(v, WD) A, ), PM,H) = (Vowu, T)a,G),PM,G)
= (v, 0y (T))A,(H),PM,(H)-

Finally, we prove that o (T') € cv,(G). There is a sequence (7},);> ; of convolution
operators with compact support such that ||7,, — T'||, — 0, and (K,,)3 ; is a sequence

of compact subsets of G with supp(7,,) C K. Foreachn € N, supp(w (7)) C o (Kj,).

However, w : CV,(G) — CV,(H) is ultraweak continuous, then || - ||| ,-continuous.
So
lim w(T,) = w( lim T,,) =w(T). O
n—oo n— o0
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EXAMPLE 4.7. Let H be a closed amenable subgroup of G and let w=i: H — G
be the canonical inclusion. Forall T € PM,(H) and v € A,(G),

(v, i(T))4,6).PM,G) = (Resgv, T) A, (1), PM,(H)-

Derighetti obtained this result without supposing the amenability of the subgroup H
(see [8, Theorem 2, p. 76]). However, he used techniques which cannot be applied to
arbitrary continuous homomorphisms.

EXAMPLE 4.8. Let G be an amenable locally compact group and w : G — {e} be the
trivial homomorphism. Then there is a linear contraction

w:CV,(G)—C

with the following properties:

(D w(kg(,u)) = 1 (G) for each bounded measure & of G;

(2) a)(uT) = <u, T>A,,(G),PMP(G) for each u € A[,(G).

In fact, this defines a kind of integral on CV,(G)!

EXAMPLE 4.9. Let G be an arbitrary Lie group. Then, for each X in its Lie algebra,

there is a continuous homomorphism of R into G defined by 7 — exp(¢X). Hence, we
are able to transfer every T € CV,(R) into CV,(G).

5. The abelian case

The aim of this section is to compute the Fourier transform of w (7).
Let G and H be two locally compact abelian groups and w:G — H be a
continuous homomorphism. Here A(G) denotes the Fourier algebra of G (we reca}]

that A(G) = A2(G)) and G be the character group of G. We denote by &g : G,T’ G
the canonical isomorphism defined by ¢ (x,)\( x)=x(x),forallx € Gand x € G. We
define an isometric isomorphism ®g : L'(G) - A2(G) by

<I>a(f)(X)=/6f(x)8G(X)(X)dX,
for all x € G and the Fourier transform ": L' (6) — Az(a\) by
f& = /5 FOOEGO dx,
forall &£ € § Le‘E\}" : Lz(a) — LZ(E) denote the extension of “on Lz(a).
Let ®: H — G denote the dual homomorphism defined by &(x") = x’ o w, for all

x'€ H. Foreach T € g V>(G), T denotes the Fourie/r\ transform of T, that is the
unique function of L°°(G) such that, for all ¢, ¥ € L*(G),

(Te. ¥) 12612060 = (T F@) FO) 12G), 126
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Let 1 < p < co. We define a contractive monomorphism a, : CV,(G) — CV2(G)
such that, for all ¢ € L%(G) N LP(G), ap(T)(p)=T(p). For T € CV,(G), the
Fourier transform of T is defined by

T =a,(T). (5.1)

From these definitions we have the following lemma.

LEMMA 5.1. Let1 < p < oo, u € A(G) and T € CV,(G). Then
wu(ap(T)) = wyu(T)

and

—_——

wu(T) = (T D=1 (1)) 0 &.

THEOREM 5.2. Let T € PM,(G) with T continuous on G. Then,

—

o(T)=T o b.

PROOF. FirsAt, we consider S =a,(T) € Cl/z(G). Let ¢ > Oilnd fe Ll(ﬁ). By
hypothesis, S is a continuous function on G. So, for all x € G, there is a compact
neighborhood C of e € G such that

-~ - 8
S(xxH) =S8 S —
ISGox) OOl < ST

forall x' € C.
There is § > 0 and a compact K C G such that, for all U € U1 g,

&
8(1+ 1Slloo) (1 + 11 £111)

/A >y (x) dx <
G\C

and

[, @ () A, H), P, H) — (U, 00 () A, (H),PM,(H)| <,

where v =m(U)~! 1y x 1y € A(G). Then,

~ —_ ~ fo)
IS D~ 1(W) — Slloo < ————.
200+ (£

On the one hand,

= (D), @ (S)) Aty PMrG) — (D). 00(S)) actty. Pas()| < %
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On the other hand,

[{f, wv(S»Ll(ﬁ),Loc(ﬁ) —(f, So C:)>Ll(ﬁ),L00(ﬁ)|
=[(f, (Sx P~ 1(v) o Cb)[‘l(ﬁ)’LOO(f-[\) —(f,So C?))Ll(ﬁ),LOO(ﬁﬂ
—_ 8

= (. S* @1 (v) = 8) 0 &)1 (7 poociy] < £

—_— < .
20 +10701D 2

Finally,
1 @) L1y ooy — o S 0 @) 1oy 1o
< [(f () 171y, 1oy — (o @0 L1y oo
+ 1 @0 1y 1oty — (F- S 00) 1y ooy < £
and L
w(S)=Sow.
We conclude by applying (5.1). O

REMARK 5.3. Theorem 5.2 was previously proved by Lohoué [17, Theorem I.1]
and [15]. Nonabelian methods allow us to give a new proof.

REMARK 5.4. Let G be a locally compact abelian group and consider the
homomorphism of Example 4.8,

w:G — {e}.
Then, for each T € CV,(G) with T continuous,
(@) =T(1).
Let ¢ € L°°(G). We recall that the spectrum of ¢ is the set
sp(9) ={x € G: f(x) =0forall f e L'(G)with f ¢ =0},
and that
£G(supp(T)) = (sp(T)) ",
SCHOLIUM 5.5. Let T € CV,(G) with T continuous. Then,
sp(f ow) C m
PROOF. By Theorem 4.5, we have supp(w (7)) C m and then
£6(supp(@ (1)) C & (eG (supp(T))).-
By Theorem 5.2,

sp(T o @) C (@((sp(T))~1) ™" c &((sp(T))). O
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REMARK 5.6. In [21, Theorem 7.2.2, p. 200], Reiter proves a result called
‘relativi/s\ation of the spectrum’. IAt is, in fact, a particular case of the Scholium 5.5
where H is a closed subgroup of G and @ is the inclusion.

6. Relations between CV,(G) and CV,(Gy)

We know that deep relations exist between the harmonic analysis of G and
Gy4. In [10, 12], Eymard and Herz investigated the relationship between B(G) and
B(G4) N C(G). In this section, we study the relationship between CV,(G) and
CV,(Gy). More precisely, we construct a new map of CV,(G) into CV,(Gy), for
G, amenable.

First, we give results about the operator norm of discrete measures. For each
sequence (cp),2 | € ¢! and (an);2, on G, we consider the measure y = > (Cnbays
where &, is the Dirac measure on a. Here w is a bounded measure on both G and on
G4 with w () = . All of these measures are called discrete measures of G.

THEOREM 6.1. Let 1 < p < 00, G be a locally compact group and let 1 be a discrete
measure of G. Then,

lIAg, Wl < lIxg )l p-

Moreover, if G4 is amenable,

A, (Ol p = NAG )l p-

The proof of the first inequality is based on the following construction and the
second is a corollary of Theorem 3.1.

DEFINITION 6.2. Let W be a relatively compact neighborhood of ¢ in G. For each
k € Cyo(Gy4), we define

Tl (k) =mW)" Py "k(x) -1 (1w).
xeG
It is straightforward to prove the following properties:
(D TVII)/ :Coo(Gg) = LP(G);
Q@ Ty &) p < Ikl
(3)  Ty(ak) =a(Ty (k) foralla € G.

The second property can be improved on, as follows.

LEMMA 6.3. Letk € Cyo(Gg) with supp(k) = {x1, ..., x,} and let W be a relatively
compact neighborhood of e in G such that x; W N x; W =, foreach 1 <1i, j < n with
i # j. Then

I T )l p = NIkl -
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PROOF. Foreach y € G, there is j, € {1, ..., n} such that x y € W. Then

n
=D kG)I” Lw(x;'y)  and
j=1

IITv’é(k)II§=M(W)_IZIk(xJ')I"/G1W(y)dy=llk||p- O

j=1
LEMMA 6.4. Let k, 1 € Cpo(Gq) and let i be a bounded measure on G with finite
support (that is, | = Z?:lciéai, where ¢; € C and a; € G). Then there exists a
neighborhood W of e in G such that
(kx1, 26, (D) Ap(Ga), PMy(Gy) = (T (&) * (T (D). Ag (1)) A,(G), PM,(G)-

PROOF. Suppose that pu =34,, for any a € G. Let supp(k) ={x1,...,x,} and

Supp(l) = {yl’ et )’m}
We define E = {(i, j) € N, x N, :ax; = y;} and consider W a neighborhood of e

such that (x; 1cflyJ)W N W ={. Then,
(T} (k) (Tp (), AL (W) A,(G),PM,(G)

—rn(W)‘ka(x»l(y,)/ lw(x 'a ™y lw(y) dy
i=lj=

m

= Z k@ 'y pi(y;) Z a~lypl(y))

(,))EE j=1
= (k* 1, 2 (D) A, (Ga), PMy (G-

The result now follows by linearity. O

PROOF OF THEOREM 6.1. We prove that |||A (/L)|||p < |||A Wl p-

Let r € Cyo(G4) with ||r]; < 1. We define f:rl/p and g=r 1P Let v be a
bounded measure with finite support. There is a neighborhood W of e in G such that

(Tp f * (Tp8). by (V) Ay (Ga) P M, (Ga)
= (T Cpf)* Tp ((Tpg)) AL (V) A Ap(G),PM,(G)-
Then
|()\€;d W/, g)gp((;),gp’((;)|
= |<)¥p (V)(Tp(Tp (Tp ), Tp’(Tp (Tp/g)))Lp(G) LP/(G)|

< IAGlp 1Ty (Tp Ol IITP @&y < Mgy 11 gl

https://doi.org/10.1017/51446788708000669 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000669

342 C. Delmonico [14]

Finally, from || f]|, < 1 and l|g|l,» < 1, we obtain [[¢; (W)l < ¢ W)l -
There is a (v,)72 | sequence of bounded measures of G with finite support such that
lim [v, — p|l =0.

I2g, W llp < NAg, (1) = 2g, Wl p + lAg, )l
< Irg, (e = v)lllp + IAG Wl p
<l = vl + MAG Wa) = 2G GOl + 12g (Ol
< 20 = vall + G GOl -

Assume that G4 is amenable. The inequality |||k (M)|||p > |||A (Wl is then a
direct consequence of Theorem 3.1. O

REMARK 6.5. The map a — )% (84) 1s the left regular representation of G on L%(G).
Theorem 6.1 is a version when p # 2 of the result of [3, Lemma 2, p. 606] and
[4, Theorem 2, p. 3152]. The Hilbert space methods used to prove the version when
p =2 are not applicable when p # 2. Our proof requires another approach.

THEOREM 6.6. Let 1 < p < oo and G be a locally compact group. Assume that G4
is amenable. Then there is a linear contraction

0 :CV,(G) = CV,(Gy)
such that, for all discrete measures L on G,

— P
o (g (W) =g, ().
The proof of this theorem is based on Definition 6.2 and the following construction.

DEFINITION 6.7. Let 1 < p <00, let T € CV,(G), let W be a relatively compact
neighborhood of e in G and let k, [ € Cp,(G4). We define ow x ;(T) by

(ow.xk, 1 (T)e, 1»“LP(Gd),LP’(Gd)
= ST @ TH KGO, T (T CGVD) o6 106

xeG

forall p € L?(Gy) and ¥ € L? (Gy).

Let W denote the set of pairs (W, r) where W is a relatively compact neighborhood
of ein G, r € Cyy(Gy) such that x; W Nx; W =¢, forall i # j, 1 <i, j <n, where
{x1, ..., x,} =supp(r).

LEMMA 6.8. Let (W, r) e W, k=r'/P and | = rYP" Then ow. k.1 Is a linear map of
CVp(G) into CV,(Gg) with |low ki (T)lIlp < T llp Ikl p N1 pr-

https://doi.org/10.1017/51446788708000669 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000669

[15] Convolution operators and homomorphisms 343

LEMMA 6.9. Let u be a bounded measure of G with finite support. Then there is
(W, r) € W such that, for all ¢, ¥ € Cyo(Gq),

(5W,k,l()\2(l/«))§0’ w>Lp(Gd),Lp/(Gd) = u*((k » lv)(ﬂz) * V),

/

where k =rV/P and 1 =r/7.

PROOF OF THEOREM 6.6. For each (W, r) e W, k=r!/? andl = r'/?’, we define

Ew i i(T, ¢, ¥) = (ow k1 (T)p, lﬁ)Lp(Gd),Lp/(Gd),

where T € CV,(G) and ¢, ¥ € Cpo(G4). Here Xy i, is a continuous form on

CV,(G) x LP(Gg) x L"/(Gd), which is bilinear in the two first factors and conjugate
linear on the third. Let BB denote the set of these forms with the weak topology
of duality with CV,(G) x LP(G4) x L”,(Gd). By the Banach—Alaoglu theorem,
S={FeB:|F(T, o, | <ITllpllelpll¥ll,} is a compact subset of B. For each
K finite subset of G, ¢ > 0 and U neighborhood of ¢ in G, we define

Ak e ={Zwas:W.r)eW, k=r/? 1=,Y"" r>o0, |r|; =1,
-1k —kll, <e VxeK, WcCU}.

The Ak . v are all nonempty, because G4 is amenable. It easy to show that for all
neN, Ky, ..., K, CG finite, €1, ...,&, >0 and Uy, ..., U, neighborhood of e
on G, (", Ak,.e;,u; # Y. However, S is compact, so there is

PINS ﬂ AK,S,U-

K eG finite

£>
U neighbor of e
ForeachT e CV,(G), ¢ € L’(Gy) and ¢ € LP/(Gd), we define

(T, ¢, ¢9)=(c(T)g, 1/f>Lp(Gd),Lﬂ’(Gd)- o

This extends Lust-Piquard’s result [19, Theorem 4.1]. The techniques used for
the proof are completely different and are not applicable to nonabelian groups. This
problem was also treated by Lohoué in [17, 18] for special kinds of convolution
operators, with strong use of structure theory of locally compact abelian groups.

REMARK 6.10. For G amenable, the map defined in Theorem 6.6 could be considered
as a substitute for the map of the p-multipliers of G into the p-multipliers of the Bohr
compactification of G.
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