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THE DUAL OF H»(R,*)) FOR p < 1

T. WALSH

Introduction. The dual of H? of the unit disk for 0 < p < 1 has been
characterized by Duren, Romberg and Shields (see [3]). The present paper is
concerned with the analogous result for H? (R,"+1) in the sense of Stein and
Weiss (see [11]). In this connection it may be recalled that the dual of H! has
been characterized by Fefferman (see [4]). Recall that a system

F={Fy Fi,..., F}
of (n + 1) harmonic functions in the half space
Ry = {(x,y):x € R", y > 0}

belongs to H?(R,™*') for p = (n — 1)/n if F is the gradient of a harmonic
function and

IFIIH?) = sup{||F(-, D)l vy > 0} < 0.
Here |F| = (3 %—0 | F;]2)1/2. The Poisson kernel P is defined by
P(x’ y) = Cn—-ly(y2 + |x|2)—-(7t+l)/2, Cn—l — 1r—(7l+1)/21‘((n + 1)/2).

Suppose that @ > 0, & is the least integer larger than « and [«] is the largest
integer at most equal to a. Then the Lipschitz space A* is defined to consist
of all residue classes of measurable functions f modulo polynomials of degree
[a] at most such that

1 f11{Aas] = sup{[R|=||a*(B)f || : b € R} < co.

Remark 1. If the notation A is used for the Lipschitz space A, * defined by
Herz in [6] then the present A*is linearly homeomorphic to the second dual (A2)”’
of A in such a way that the usual embedding of A* into (A\*)"’ followed by the
inverse of this homeomorphism is the inclusion A C A= (cf. [9]).

The following result will be proved.

PROPOSITION. Suppose that (n — 1)/n < p < 1,misaninteger >n(l/p — 1)
and for F € H?(R,"t1), ¢ € A"(1/7=D define

1) e, F) = (=1)"2"[(m — D™ J;m fRn Folx, ») @™ (x, y)y™ 'dxdy

where ™ (x,y) = [(8/dy)"P (-, y)1*o(x). This definition does not depend on
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m and the mapping ¢ — (¢, ) is a topological isomorphism from A"C1P=D onto
the dual H? (Ry"+1) of H? (R™1).

Needless to say, the Proposition extends to H? spaces consisting of more
general systems of conjugate harmonic functions (see, e.g., [2]) with lower
bounds for p which are possibly different from (z — 1)/n.

Proof of the Proposition. The proof will require two lemmas the first of
which is well-known and is stated separately for the sake of easy reference
only. If 8 = (B81,...,8,) is a multi-index of non-negative integers put
|8] = %=1 8;;if L is a non-negative integer and f is a sufficiently often differen-
tiable function in R,™! put f 'Y = (8/9x)8(9/dy)Yf. As usual the letter C
will be used to denote constants whose dependence on quantities other than
the dimension # may be indicated by subscripts.

LemvMa 1. If (n — 1)/n < p < 0, then

(2) Yy FEO (- )l = Cigiadl | FI|[H?).
Furthermore if (n — 1)/n < p < ©, then
(3) lim yIBI+lHF(B’l)(' , y)”p = 0.

Yoo

Proof. Suppose ¢ is a radial C* function in R"+! supported in the ball of
radius 1 about the origin,f ¥(2)dz = 1 and as usual define ¢, (z) = r "W (r1z)
for » > 0 and z € R"*!. Differentiation of the relation F' = ¢, ,»*F valid for
any harmonic function F yields

(4)  yWPIHIFED (x, y)| < Cigipe max{|F(u, 1)] : Ju — x|* + |t — y|?

< (/201
As in [11] let s denote the least harmonic majorant of |F|®~ D/ in R,*+1, Then
by Harnack’s inequality the maximum on the right-hand side of (4) is bounded

by Cs(x, y)*/@=b. Hence yBI+|FED(x, )] £ Cispi5(x, )/, Now (2)
and (3) follow from the results of [11] for the harmonic majorant s.

LEmMA 2. For FEH?, (n —1)/u=<p =1 and v > n(l/p — 1) define

TFGs,y) = [P0+ e — al) ™, )du
where
Fu(x,y) = max{|F(u, )] : [u — x| + [t — 3] = y/2}.
Then for s = v/(1/p — 1) — n,
(5) UTVF (- p)llp = CoCytrto= /=D FI|[H?].

Proof. The case p = 1 being obvious it will be assumed that p < 1. Let s,
denote the least harmonic majorant of | F|? in R,"+1. Hence by the results of [11]
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sp(x,¥) = P(-, %) *u(x) where p is a finite (positive) Borel measure on R”
and

(6) p(BROYP = || Fl|[H].

(If p> (n —1)/n u is necessarily absolutely continuous with respect to
Lebesgue measure.)
As in the proof of Lemma 1, F«(u, y)? < Cs,(u, y). Hence

(M) TF@,9) = Couply’ & + v — u) s, )]

X JyO&+ v — u)™ s, (u, y)du.
Note that

/(v + | — w1 Vs, (u, v)

< /G + fe = a0 [5G+ = o) *duo).

Split the domain of integration R”* in the last integral into the set {v : |u — 9| =
2|x — u|} and its complement to obtain

v/ + e — w1 Vs, 9)

< /27y [/ + b — o) Pduto)

+37 /M [ )

|z—v|=3r
where 7 = y + |x — u].
Next observe that
Sup(y/r)v/(llp—l)f d,u(v) é Z 2—(1—-1)!’/(1/p—1)f d,u.(‘v).
y=r lz—o|=37 1=0 lz—v|<3.2ly

Thus if x denotes the characteristic function of the ball about the origin in R®
of radius 3,

_ v/(L/p=1) /(=1 | NN o= U=Dy/(L/p=1) (2=
vx) = (3/2) 1+ |x]) +IZ=:02 X
and
o(x, ) = sup{[y/(y + |x — u|)]"/A?=Vs,(u,y) : u € R}

then o(x,y) < y ™y (y~!-) * u(x) hence by Young’s inequality for convolu-
tions and (6),

o)l 3 Il@®) 5 €2 (57 4+ 55 27 IFeery.
Thus

(8) [lo (-, 2l = C2%1|FI|[H7]?.
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Now (7), (8), lls» (-, [+ = u(R") and (6) imply

WLV FC )l = ClloC oI I (Dl = GGyt e[ FI[[H?].

This completes the proof of Lemma 2.

The main result can now be proved similarly as the result for the unit disk.
Additional difficulties seem to be mainly due to the fact that H? is not con-

tained in H? for p < q. Let Q(x,v) = (Q1(x, ¥), ..., Qu(x,5)) = ¢,"x(y? +
|x|2)=*+1D/2 denote the conjugate Poisson kernel and put.S = (P, Q) so that.S
forms a system of conjugate harmonic functions. Observe that
|S® D (x, ¥)| £ Cigi31(y + |x])~"181=L Hence for |8| + 1> n(1/p — 1)
andy > 0
(9) [[SED (- + (0, yDI[H] £ Cpip140y"V/P-D71RI=E,
Suppose now that A € (H?)' and define ®¥:1 by
20—z, 5) = (~1)BNESED (- + (5, )
so that

(10) |21 (x, y)| = Gy il MI[(HP) Ty p=D= 1811,

From harmonicity and the compatibility conditions satisfied by the deriva-
tives of S it is easy to see that there exists a function ® in R;"*! such that
®6.» = $B-1 for |B| + I = m. This, of course, is also a consequence of
general existence theorems for over-determined systems of differential equa-
tions with constant coefficients.

Next it will be shown that

[[®(, y|l[ar2=1] = GINI[(H?)'].
It is easy to see that for this it suffices to establish
(11) [1a2(R) 2® (-, Y|l = GIINILEH?)]|R[/2=D=®

for |8| equal to the largest integer NV less than . This in turn follows similarly
as in [12, p. 425] by applying A2(k) to

Inl
#0(,3) =~ [ 1@yt na

+ 1]y + [B]) + 3P,y + |B])

and writing A2(h)®¥V (-, y 4 |k|) and A2(h)DP (-, y + |k|) as integrals of
the partial derivatives of ®¥-? with respect to x which can be estimated
by means of (10).

It is elementary to verify that (11) implies

87 (x,9) — @2(0,9) — X ¢;(x,| = Co|MIE) x| @ + [loglx]])

j=1
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for some linear form > .1 ¢;(¥)x;, or
| 2@ (x, y) — ®®(0, y)| = G[N|[EFH?)]|x["#=D=N, (8] = N)

according as n(1/p — 1) is an integer or not (cf. [6] and [14]). Hence for some

polynomial &,(0;...,y) in x1,...,x, of degree n(1/p — 1) at most (the
Taylor polynomial of ®(-,vy) about 0 if #(1/p — 1) is not an integer) and
ly] = N

(12) o9, y) — &,2(0;x, )| = GN|[[(H?)]jx[*»=0=1I(1 + [log]x]|).

As a consequence of (11) and (12) the family {®™@ (-, y) — &, (0;-,9) :
ly| £ N,y > 0} is equicontinuous and uniformly bounded in any compact
set. Hence by the Arzela-Ascoli theorem there exists a sequence {y;} and a
function ®(-, 0) such that lim,_,y; = 0 and

q;(v)(. , yk) — @p(v)(. ; 0, yk) —_ @(7)(. , O) —0

locally uniformly as £ — o0 hence (11) and (12) continue to hold for y = 0
with ®,(0; -,0) = 0.
By (10) (see [11; 13])

M (x,y + yi) = P(,y) * 2™ (-, %) (x)
=P (-, y) *x ®(-, y) (x),
hence

(13) 3™ (x,y) = lim ™ (x,y + %) = P™(-,9) * (-, 0) ().
k—o0

(This would also follow from the fact that A*(/?=D js the dual of a space
containing all functions P™ (- — x, y), for x € R*,y > 0, and the Banach-
Alaoglu theorem; see Remark 1.)

Suppose now F € H?. Then fory > 0

(14) F™ (%, 2y) = fS(m) (x + u, ¥)Fo(—u, y)du.
Let J = (ji, - - ., Jjx) denote any integer lattice point in R”. It will be shown
that for any y > 0
(15) F™(- 4 (0,2)) = lim Fy,™
Iy

in H? where

Fi,™ =1" % S™(+4 @77, 9)Fo(—17"7,9).

IFIELA
Clearly any F;, belongs to H?. Note that for T',F as defined in Lemma 2
with v = m

sup I X [S™ (@ + 17T, 9)Fo(—17"T, )| £ TwF(x, )

>2/y 7112
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hence by Lemma 2,
(16) Hsulp]Fl.y(m)(' O ] = CP,MHFH[HI)]‘

Also by (14) and since Fy(-, ) is bounded and continuous
lim Fp,™ (x,0) = F™ (x, 2y)

5

for any x € R". Hence by (16) and dominated convergence

lim Fp, (-, 0) = F™ (-, 2y)

[V

in L?. Since the functions F; ™ are in H? for I = 1,2,... (15) now follows
from the general theory of H? spaces. (15) implies

lim M(F,,™) = lim ™ 2 ™ (7T, ) Fo (T, )

50 [ 171=1

Hence by the continuity and boundedness of & (.,y) and since
[|F«(-, ¥)|]1 < oo it follows that

a7) MEPC 4+ 0,29) = [ 8 (e, 9)Fule, v
Clearly
[l5up [F Gy 0] lls S ol IF1I )

for any y > 0, ¢ > 0. Hence similarly as before it can be seen that for g, R > 0
(17) implies

(18) >\( fOR F™(+ 0,2y + n))y”"ldy)

R
= | Jam e R,y + my e,

Next note that for (n — 1)/n < p < ©
R
19 lm ()" = DI [+ 0,y = F
R 0
in H?. For by integration by parts the expression after the limit sign equals

F+ i (=)™ " m — HDIT'F (¢ + 0, R)R™'

and as a result of Lemma 1 the last sum tends to 0 in H?.
(18) and (19) imply

20) MF(+ (0,7))

= (—1)"2"[(m — 1! lim f J‘<1>(’”)(x V) Fo(x, y 4+ n)y™dxdy.

R
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By a result of Flett [5, Theorem 3] generalizing an inequality of Hardy and
Littlewood

21) ST 1EC iy < Gy

Hence by dominated convergence as n — 0 the right-hand side of (20)
approaches the right-hand side of (1). Moreover since lim,_F(- + (0, 3)) =
in H? it follows that any A € (H?)’ can be represented by (1) where ¢ = ®(-,0)
and by (11), ||e||[A®@2-D] < C,||N|[(H?)'].

Conversely for any ¢ € A®(1/7=D (1) defines a continuous linear functional
on H?. First observe that since

(8/3y)°P = — Zl (8/0x,)’P and (3/3y)P = — 21 (3/9x,)0,
i= g
it follows that
(3/9y)"P = Z CﬂP(B,m—N) or = — Z Z dﬁij(ﬁ,m—N)
1Bl=n 18I=N =1

for certain nonnegative constants cg, dg; according as NV is even or odd.
It can be shown that if ¢ € A"(1/7—D then

(22) Iilu_l?v H‘p(B)H[An(llp—l) —-N < z)” H n(llp—l)

In the case of the Lipschitz algebras A* M L® the analogous result is of course
well-known (see also [6]). Hence by a previous argument (12) is valid with
[IN|T(H?)] replaced by ||e||[A™/#=D]. Tt follows that if IV is even

3™ (x,y) = > PV (-, 9) % o® ()
1Bl=N
while if NV is odd

o™ (x,y) = — Z Z 3,057 (-, 9) % 07 ().

=N j=1

Note that since m > N, P<”—N>(- , ) has mean value 0 on R". Hence by
use of (12) for even N

B9 = (1/2) T e [P 0,380 )i
|=N
Thus

IqJ(M) (x1 y)l é CpH(p”[An(l/p_l)]J; (y + u)—n—7n+Nun(1/p—1)—N+n—ldu

l I‘Pl I [An(llp—l)]yn(llp—l)—m
.m .

It follows that for F € H?

@) o P = Comlel 1072 [ 7 IIFC )] 7.
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Hence by (21) for even N
(24) e, F)l = Go mllel[LA™ /P01 FI|[H].
If NV is odd

S G R s = T 5y [PV ) eGP )i
and (23), (24) follow as in the case of even N. (Use of the functions F; for
1 = j = »n could have been avoided by noting that the results of [6] and
Remark 1 imply that the Riesz transform preserves A®.)

To see that the right-hand side of (1) does not depend on m note that for
N = (g, -) defined by (1) and any other m’ > n(1l/p — 1) the corresponding
function &, defined by &\®P(—x,y) = (—1)BINSEI(- 4+ (x,v))) for
8] + 1 = m' satisfies

Q)\(m,)(—xy y)
= (=1)™2"[(m — DI f i f P™ (4 x, ¢ + 9)P™ (u, t) * o)™ ‘dudt
0 R"

hence by changes of the variables of integration and integration by parts
&\ (x, y) = P™) (-, 9) * ¢(x). Thus by the first part of the proof \ is also
represented by (1) with m’ in place of m.

Remark 2. Let H?(I1,) denote the space of functions f holomorphic in the
upper half-plane Iy = {z: Im z > 0} such that

sup [[176 -+ in)Pax = (17 T < 0.

Note that the mapping 7 from H?(II,) to H?(R,?), the space of R2-valued
functions in H? (R,?) as defined in the Introduction which sends f to (Fy, F;) =
(Ref, Imf) is a linear isometry between H?(I1;) and H?(R,2?, R) over the real
numbers. If a complex structure J is defined on H?(R,?) by means of
J(Fo, F1) = (— F1, Fy) then 7 is linear over the complex numbers. A complex
linear functional N on H?(Il,) gives rise to a complex linear functional
A o 7~ lon H?(R,?) if and only if the real linear mapping A o 7~ from H?(R,2, R)
to C satisfies A 0 77 1(JF) = 2\ o 7~1(F). Hence by the Proposition for some
complex valued function ¢ satisfying

e I[A" 721 < Cpml INITEH")'),

(=1)™27"(m — H)IN(S) = f fn Re f(x 4+ 1y)®™ (x, y)y™ ‘dxdy

- iffm Im f(x + 79) @™ (x, y)y" dxdy.
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As a result any bounded complex linear functional A on H?(I1,) is of the form

A = e = DI [ [ e+ i) e e, vy vy,

Remark 3. In case n 2 2 and p = (n — 1)/n the proof of the Proposition
can be modified to show that if A is a bounded linear functional on H®~D/»
then its restriction to the subspace consisting of those F € H®-D/™ which
satisfy

lim [|F(-, 1) — F(,92)||a-vm =0

y1,y2-0

and
}ll_f): HFC, M a-nm =0
is still given by
AMF) = (=D)™2"[(m — D" lim j;R fm Fo(x, )™ (x, y)y™ 'dxdy

7540, Ry

for some ¢ such that ||¢||[[A"@=D] < G,||M|[(H®V/)"]. For the proof note
that by the assumed uniform integrability of |F(: , ¥)|®~D/* the measure u is
absolutely continuous with respect to Lebesgue measure. It follows that
1FC, )]l = 0(7@=D) as y — 0.

Define A, 1* to consist of all equivalence classes of measurable functions
such that for o, k as before (cf. [6])

18 G b= = i) < o.

Then any ¢ € A, */® D by virtue of (1) gives rise to a bounded linear
functional (g, -) on H®=D/* gych that

e, F)| £ Clle||[Aw /@=D]|| F||[H®D .
This is immediate from ||F(-, ¥)||: £ C||F||[H®/"]y=*/==1 and

J:) @™ (¢, 9)[|ad™ ™" Py £ Cllel[[AP].

Remark 4. For m > v > 0 define P by

@) POwy) = n — ) [Py + 0
0

or equivalently P® (-, N x) = e~ '"|x|7e~¥1*! where for g € L! the Fourier
transform g is defined by g(x) = f e~ ™g(y)dy. (The corresponding inverse
Fourier transformof & € L'isdenoted V) (24) implies P (x, y) = o(|jx|[™—"1)
as |x| — oo for fixed y > 0 hence ® can be defined by

(25) P (x,y) = PO (-, y) * o(x).
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With this notation (1) can be generalized to

(26) (¢, F) = 2”(3’4’”1‘(1/)“1‘]v f Fo(x, v)® (x, y)y" dxdy
0 R"

for v > n(1/p — 1). Note that P(-, y)A(x) = ¢Vl hence F(-,0)" is well-
defined by F(-, 0)"(x) = F(-, )" (x)e’'*!. One way to establish (26) is by
observing that for ¢ € &, the space of Fourier transforms of functions which
are infinitely often differentiable and vanish near 0 and infinity the right-hand
side of (26) equals

2T ()™ f: f RIS 0)" (x) || ¢V (x)e*1*ly" dxdy
= | RC,0M@ev e = tim [Fol, 00 @ i

= lim fFo(x,y)<p(x)dx.
-0

For general ¢ € A"(/7=D note that @ is dense in A"(*/7=D with respect to the
weak* topology of A*(1/7=D as the dual of (\*(1/7-D)’ (see [6] and Remark 1).
Also by (24) and similar arguments as in the proof of the main result the inner
integral over R" on the right-hand side of (26) is bounded by

Cp,,,Hgal|[A"(1/1’—”]HF(- , y)”lyn(llp—l)-l‘

Hence again by the result of Flett used above for any fixed F € H? the right-
hand side of (26) defines a continuous linear functional on A*1/”7-D_ It follows
that (26) holds for any ¢ € A®/P=D,
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