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Abstract. For a class of potentials i satisfying a condition depending on the roof function
of a suspension (semi)flow, we show an EKP inequality, which can be interpreted as a
Holder continuity property in the weak* norm of measures, with respect to the pressure of
those measures, where the Holder exponent depends on the L9-space to which i belongs.
This also captures a new type of phase transition for intermittent (semi)flows (and maps).
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1. Introduction

There exist a wide range of dynamical systems having a unique measure of maximal
entropy. That is, there exists a unique measure g satisfying i (uo) = sup{h(p) : © € M},
where h(u) denotes the entropy of the measure p and M the space of invariant
probability measures. If the phase space is compact and the entropy map is upper
semi-continuous (with respect to the weak™ topology), if (i), is a sequence in M such
that lim,,—, o0 () = h(1o), then (u,), converges to wp. In particular, for any Lipschitz
function v, we have f v du, — f Y dug. Polo [P, Theorem 4.1.1] made this statement
effective for hyperbolic automorphisms of the tori and its corresponding measure of
maximal entropy po (the Haar measure in the case of linear automorphism). Indeed, he
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Holder continuity of measures for heavy tail potentials 2477

proved that there exists a constant C > 0 such that for any invariant probability measure @
and any Lipschitz function v, with Lipschitz constant L,

’/wdu—/wduo

This result can be thought of as a Holder continuity property in the weak™ norm of
measures. According to Polo [P, p. 6], it was Einsiedler who outlined the argument for the
proof of equation (1.1) in the case of a x2 map. Kadyrov [K, Theorem 1.1] later extended
this result to sub-shifts of finite type (defined over finite alphabets). In his case, instead
of a cubic root, he had a quadratic root. Inequalities such as equation (1.1) are now called
EKP inequalities after these authors. The case of countable Markov shifts has been studied
recently. In that setting, the phase space is no longer compact and the entropy map is not
always upper semi-continuous. Moreover, there are cases in which there is no measure of
maximal entropy. Therefore, further assumptions are required for EKP inequalities to make
sense. For example, Riihr [R, Theorem 1.1] studied countable Markov shifts satisfying a
combinatorial assumption (the BIP property). This class of systems shares many properties
with sub-shifts of finite type. However, they have infinite entropy, thus EKP inequalities
do not make sense for the measures of maximal entropy. Instead, he considered the Gibbs
measure associated to a locally Holder function of finite pressure. In that setting, the
right-hand side of the EKP inequality has the free energy of the measures (instead of the
entropy) and a square root. Since systems having the BIP property are similar to sub-shifts
of finite type, the arguments in the proof are close to those developed by Kadyrov.

Sarig and Riihr recently studied finite entropy countable Markov shifts. In this case,
instead of making a strong assumption on the system, they consider strongly positive
recurrent (SPR) functions. Potentials in this class have unique equilibrium measures and
the corresponding transfer operator acts with a spectral gap in appropriate Banach spaces
[CS, Theorem 2.1]. They proved [RS, Theorem 6.1] that if ¢ is an SPR regular function,
g is the associated equilibrium measure and v a regular function, then for any invariant
measure u with sufficiently large free energy P, (¢) (see §2.1), we have

deu—/wast%JH@—m@L (12)

where P(¢) is the pressure of ¢ and o2 is the asymptotic variance of ¥ with respect to
e (which in turn is related to the second derivative of the pressure function) and C is a
constant which can be taken close to 1 provided | f V¥ du — [ ¢ dpg is small. They also
provide a version where the integrals can be far apart and where Co is replaced by C'|| /|| g
for a suitable norm, where C’ is independent of .

In this article, we prove EKP inequalities for continuous time dynamical systems which
may not be SPR and can have unbounded entropy, for some unbounded 1. Indeed,
we study suspension (semi)flows over Gibbs—Markov maps 7 : ¥ — Y and unbounded
roof function t : ¥ — (0, co) with inf t > 0 satisfying certain additional assumptions.
Our main focus is towards systems with weak hyperbolicity properties. We denote
the (semi)flow by (F;); and the suspension space by Y*. We refer to §2 for details.
Consider a regular potential ¢ and its corresponding positive entropy equilibrium state vg.

< CL(h(po) — h(u)'3. (L1)

https://doi.org/10.1017/etds.2024.139 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.139

2478 G. lommi et al

In our main results, we establish several EKP inequalities for vy, for a regular function
¥ and for invariant measures v satisfying [ ¥ dv > [ ¥ dvs. We bound the difference
[ dv — [ ¢ dvy with terms of the form (P (¢) — P,(¢))”. The values of p are related
to dynamical properties of the system.

To be more precise, we have two basic assumptions. The first, assumption (GMO),
describes the decay of the tail of the measure on the base map 7. It essentially says
that there exists 8 > 1 such that u(t > x) < cx~#. To state our second, assumption
(GM1), recall that every potential v for the (semi)flow has an induced version
defined on Y. The assumptions of our results are in terms of the induced potentials. It
states that ¢ = Co — Yo, where 0 < yo < C17” and y € (8 — 1, B). We stress that these
assumptions are fulfilled by a wide range of functions .

In our first result, Theorem 2.8, we assume that §/y > 3. We show that there
exists € > 0 such that for any flow invariant probability measure v, with [ ¢ dv €
([ ¥ dvg, [ ¥ dvg + €), we have

/ v dv— / W dvg < Copy~/20 [Py (@) — Pu(d),

where o2 is the asymptotic variance of i with respect to v and where Cyy > 1 tends to
las [ ¢ dv — [ ¢ dvg.

We note that in the expression above, as well as those in items (a) and (b) below, are only
useful when [ ¢ dv > [ dvg. It can be shown in the main examples of this theory that
this is intrinsically necessary (though if ©(t > x) decays exponentially, then the proofs
can be rewritten to recover a statement like equation (1.2)), rather than an artefact of the
proof, that is, we cannot put absolute value signs on the left-hand side of these equations
and allow [ ¢ dv < [ ¥ dvg, see Remark 2.13.

In our second main result, Theorem 2.9, we consider the cases in which B8/y € (1, 2]
and B/y € (2, 3) (with some additional assumptions). This result captures a new type
of phase transition. Indeed, while item (b) below shows an EKP inequality in the case
B/y € (2, 3) (when the central limit theorem (CLT) is present), item (a) gives a new type
of EKP inequality with the exponent changing from 1/2 to one depending on the ratio
B/y . Interestingly, this result captures the transition form stable law to CLT in terms of the
Holder continuity of the pressure (see Remark 2.11).

(@) If B/y € (1, 2], then

f ¥ dv — / ¥ dvg < ca(Py, (¢) — Py(g) P~7//Fmrl),
(b) If B/y € (2,3), then

/de—/l/fd% < w20 [Py (@) — Pu(@).

The above results give the most interesting behaviour and best constants, when [ ¢ dv
and [ ¥ dvy are close to each other, but we also give a result Theorem 2.14 similar to the
above when these integrals are far away from each other.

The proof of our results is based on asymptotic estimates of the pressure function
s +— Pp(¢ + s¥). For example, in Proposition 2.4, we prove, under the assumptions
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(GMO) and (GM1), that if g1 € [1, B/y], then Pp(¢ + si) is of class C9!. In Proposition
2.6, under assumption (GMO) and an assumption on the decay of the tail of the measure, we
establish estimates of the type: if 8/y € (1, 2], then P/ (¢ + sy¥) = CsP=7=1(1 + o(1)).
Moreover, if B/y € (2,3), then P}(¢ + sy) = —CsP~27~1(1 + o(1)). These estimates
are essential in the proofs of the main results and are obtained building up from [BTTI,
BTT2, MT]. With these in hand, we make use of the restricted pressure in a similar way
to [RS].

In §7, examples of dynamical systems for which the results obtained in the article
apply are provided. We construct suspension flows over maps exhibiting weak forms of
hyperbolicity. Indeed, the class of interval maps we consider have parabolic fixed points.
This shows the strength of our main results.

2. Suspension flows over Gibbs—Markov (GM) maps with unbounded roof T
2.1. Thermodynamic formalism for suspension flows. Let T :Y — Y be a map
and 7:Y — (0,00) a positive function with inf 7 > 0. Consider the space Y* =
Y x [0, 00)/ ~ where (y, 7(y)) ~ (T(y),0). The suspension (semi)flow over T with
roof function t is the (semi)flow (F;); defined by Fy/ (v, t) = (v, t +t/) for ¢’ € [0, T(y)).
Denote by Mp and respectively M7 the spaces of F-invariant and 7 —invariant
probability measures. There is a close relation between these spaces. Indeed, consider the
subset of M7 for which t is integrable. That is,

Mr () = {/LEMTI/‘EdpL<OO}. 2.1)

Let m denote the one-dimensional Lebesgue measure and u € My (7). It follows directly
from classical results by Ambrose and Kakutani [AK] that

_ xmly (@ xmy:
(1 x m)(YT) [Tdu

€ Mrp. (2.2)

Actually, under the assumption that inf t > 0, equation (2.2) establishes a one-to-one
correspondence between measures in M g and measures in M7 (7). We say that u is the
lift of v and that v is the projection of w. In the setting of this article, every measure in
M lifts to some measure in M.

The entropies of measures as in equation (2.2) are related. Indeed, for © € M7 and
v € MF, denote by hr () and h g (v) the corresponding entropies. Abramov [Ab] proved
that hp(v) = hp(n)/ [ T dp.

It is also possible to relate the integral of a function on the flow to a corresponding
one on the base. For ¢ : Y* — R, we define its induced version ¢(x) : ¥ — R by ¢(x) =
fot(x) ¢ o Fi(x,0)dt. Let w € My and v € MF be related as in equation (2.2). Kac’s
formula establishes the following relation: [ ¢ dv = [ ¢ du/[ T du.

Having related the spaces of invariant measures, the corresponding entropies and
integrals, it should come as no surprise that thermodynamic formalism on the flow is
related to that on the base. Given a regular function ¢ : Y* — R, we define the pressure
of ¢ (with respect to the (semi)flow F) by
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Pr(¢) := sup {hF(v) +/¢dv v e Mp and/quV > —oo}.

It will be convenient to write Pr,(¢) = hp(v) + [ ¢ dv for v € Mp, when this sum
makes sense. We call v € M an equilibrium state for ¢ if Pr,(¢) = Pr(¢) and write
v = vg. Similarly, the pressure of ¢ : Y — R (with respect to the map 7)) is defined by

Pr(¢) := sup {hT(u) —i—/ ¢du: e Mrand /(]3 du > —oo}.

Again, it will be convenient to write Pr , (@) = hr(n) + i ¢ du for i € My, when this
sum makes sense. We call i € My an equilibrium state for ¢ if Pr ,(¢) = Pr(¢) and
write ;4 = K-

Remark 2.1. Note that, under the assumptions we have considered here, Abramov’s and
Kac’s formulae imply that

W:MGMT@) and /éd,u > —oo}.

We will assume that Pr(¢) = 0 (otherwise, we can shift the potential by a constant). This
implies that Pr(¢) < 0. Moreover, in this paper, liftability of all measures implies in fact
that Pr(¢) = 0. Under an integrability condition, equilibrium states for ¢ and ¢ are also
related. Indeed, if %€ Mr(7), then the equilibrium state for ¢ is

Pp(¢) = sup {

(11 > m)lyr
Vp = —————
¢ f T d,LLq;
We conclude this section with the following definition, which is analogous to
[RS, Definition 3.1]:

Pru(¢+1y)

p(t) = PF(¢+t1//)=sup{ [rdp : € Mr(r) and /¢+t1[/du>—oo}.

2.2. Gibbs—Markov maps and the main assumptions. Roughly speaking, Gibbs—Markov
maps are infinite branch uniformly expanding maps with bounded distortion and big
images. We recall the definitions in more detail. Let (Y, uy) be a probability space
andlet T : Y — Y be a topologically mixing ergodic measure-preserving transformation,
piecewise continuous with respect to a non-trivial countable partition {a}. Define s(y, y')
to be the least integer n > 0 such that 7"y and T"y’ lie in distinct partition elements.
Assuming that s(y, y') = oo if and only if y = y/, one obtains that dg (y, y') = 60" for
6 € (0, 1) is a metric.
Letg =duy/duy oT : Y — R. Wesay that T is a Gibbs—Markov map if the following

hold with respect to the countable partition {a}:
e T|,:a— T(a) is a measurable bijection for each a such that T (a) is the union of

elements of the partition moduy;
e inf, uy(T(a)) > 0 (the big image property);

there are constants C > 0, & € (0, 1) such that | log g(y) —log g(y")| < Cdy(y, y')

forall y, y’ € a and for all a € {a}.
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See for instance [A1l, Ch. 4] and [AD] for background on Gibbs—Markov maps. Note
that under these assumptions, since our system can be viewed as a topologically mixing
countable Markov shift with wy as an equilibrium state for log g, y must have positive
entropy, see for example, [S2, Theorem 5.6].

Givenv: Y — R, let

Div=sup [v(y)—v(y)l/de(y,y), |vle = sup Dgv.
v.y'ea, y#y acfa}

The space By C L (uy) consisting of the functions v : ¥ — R such that |v|g < oo with
norm ||v||g, = |v|ec + |v]g < 00 is a Banach space. It is known that the transfer operator
R:L'"(uy) — L'(uy), fy Rvw duy = fy vw o T duy has a spectral gap in By (see,
[A1, Ch. 4]). In particular, this means that 1 is a simple eigenvalue, isolated in the spectrum
of R.

We will also be interested in functions v : ¥ — R such that there is some C > 0 so that

D,v < Cinf(1,v) foralla € {a}. 2.3)

To connect the measures preserved by Gibbs—Markov maps to the previous section, we
will assume that log g = ¢, so that uy = 7% is the equilibrium state for ¢. We will use
this notation interchangeably. As in the previous section, under our assumptions, gz will
project to vy, the equilibrium state for ¢.

In this section, we assume that the roof function 7 : ¥ — R is unbounded and so that
we have the following.

(GMO0O) puy(t=x) < cx B, B > 1 for some ¢ > 0 depending on the map 7. Moreover,
we assume that essinf r > 0 (essinf with respect to py) and that t satisfies
equation (2.3).

The class of potentials we shall work with is as in [BTT1, BTT2], which is very natural
in the unbounded roof function case. Given the suspension Y and the suspension flow
F :Y" — Y7, consider the potential ¢ : Y — R. Our assumptions are in terms of the
induced potentials ¥/ (x).

(GM1) Under assumption (GMO0), we further assume that V¥ = Co — ¥, where
0 < yo(y) <Cit¥(y), for Cyp,Cy >0 and y € (B — 1, B). Moreover, we
assume that essinf g > 0, ¥ satisfies equation (2.3) and f ¥ dvy > 0.

Remark 2.2. The assumption f Y dvg > 0 in assumption (GM1) ensures that p(s) > 0
for s > 0, which we require throughout. Indeed, p(s) > hr(vy) + f ¢+ sy dvy =
s [ ¥ dvg > 0. In fact, standard arguments in thermodynamic formalism, see for example
[PU, Theorem 4.6.5] and [S1], imply that the potentials ¢ + sy are positive recurrent for
s > 0 and right derivative D¥ p(0) = [ ¥ dvg.

We can always make [ v dvg positive by replacing ¥ by ¥ + ¢ - 1y for some constant
casin [BTTI, Remark 8.4]. The induced potential becomes tﬁ + ¢, which does not change
the tail behaviour, but can make the integral strictly positive.

We note that under assumption (GMO),

TE qu(ua) forany 1 < go < B, 2.4)
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and under assumption (GM1),
Yo € LT (ugp) forany 1 <qi < B/y. (2.5)

Let ¢, = 2’;;5 ¥ o T/. We note that for g1 > 2 (so, /vy >2), (¥, —nug(¥))/v/n
converges in distribution to a Gaussian random variable with zero mean and variance
62 =limy—oo(1/n) [y (Wn — [y ¥ dl%)z djuiz. Because i is unbounded, following [G,
Theorem 3.7], to ensure that 52 > 0, we need to clarify two things. (We recall that R is
the transfer operator for T with spectral gap in Bg.) Given ¥ = Cy — ¥ with g1 > 2 (so,
Bly >2.let® =19y — [, Edug.

We will also require:
(a) R(Pv) € By forall v € By;
(b) there exists no function 2 € By sothat ® =h —hoT.

Remark 2.3. Ttem (a) is verified (in the setup of Gibbs—Markov maps) inside the proof of
Lemma 3.1 below (see, in particular, equation (3.4)). Item (b) simply requires that v is
not cohomologous to a constant. As soon as ¥ (equivalently /) is not cohomologous to a
constant, equation (2.6) below ensures that ¢ >0.

A classical lifting scheme [MTo] ensures that the CLT holds for the original poten-
tial ¥ : Y* — Y' with mean zero and non-zero variance o2, In this case, given that
vy = (”5 X mlyt)/ f yTd ;%is the unique equilibrium state for ¢ (this is a classical lifting
scheme: see for instance, the review in [BTT2, §3]), let

T 2
o = fim TNax(ur). vr= [ woRdr Vawn = [ (wr— [ ur dv¢) dvy.
T—o0 T 0 YT YT

It follows from [MTo] that, for t* := fy Td Mg

_5 | ) ) 2
o= :—* where 52 = lim —/Y <¢n—ﬁ¢n dllvd,) dﬂa (2.6)

n—oo n

We also write oy, (¥)> when we wish to emphasise the dependence on ¢ and .

2.3. Key propositions. Note that, in general, the derivatives p’(s), p”(s) of our pressure
functions are not defined at s = 0: we will be interested in the derivatives from the right,
but to save notation, we will write p’(0), p”(0) and so on, rather than D% p(0), (D?)* p(0).
Similarly for the function g4 y used later. Combining and adapting arguments from [BTT1,
BTT2, MT], we obtain the following result.

PROPOSITION 2.4. Assume assumptions (GMO) and (GM1). Assume that qg € [1, B) and
q1 € [1, B/y). Then, there exists o > 0 so that for all u, s € [0, §y):
1) pu,s):=Pr(p+sy —u)is C® inuand C1 ins;
(i1) define p(s) := Pr(¢p + syr). Then,
_ 50,9)
-C*

p(s) (14+o0()) ass — 0.

Also, p(s) is C1 and p'(0) = ¥ /1" = [y ¥ dug/ [y T dpng;
(iii) suppose qi > 2. Then p" (0) = o2, where 0% = O, (Y)? is as in equation (2.6).
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Remark 2.5. We note that the restrictions posed on the class of potentials considered in
assumption (GM1) is not just a matter of simplification. Hypothesis (GM1) or variants
of it are needed to ensure that the transfer operators perturbed with real valued potentials
defined in §3 are well defined in 3. This is a necessary ingredient for the relation between
eigenvalues and pressure function: see §3 below.

As we will show in §3, item (ii) of Proposition 2.4 follows from item (i) together with
the implicit function theorem (IFT). For the case of LSV maps (as in [LSV]; they are a type
of AFN map, see §7) with infinite measure, an implicit equation is exploited in the proof
of [BTT1, Proof of Theorem 4.1]. For the proof of item (i), we adapt the arguments in
[BTT1] to the case of finite measure. For the proof of item (ii), we combine the ‘implicit’
equation in [BTT1, Proof of Theorem 4.1] with the IFT, which is natural since here we are
interested in the smoothness of Pr (¢ + sr).

While Proposition 2.4 will allow us to obtain the expected EKP inequality for g; > 3
(so B/y > 3, see equation (2.5)), in the case B/y < 3, we need a refined version under
stronger assumptions. The next proposition tells us how the second derivative of p(s)
blows up as s — 0 when S/y € (1, 2] and how the third derivative blows up as s — 0
when B/y € (2,3). (It also gives the speed of convergence of the first and second
derivatives to p’(0) and p”(0), respectively.)

PROPOSITION 2.6. Assume assumption (GMO) with py(t > x) = ex P +o(1) for
B € (1, 2). Suppose that assumption (GM1) holds with ¥ = Cit¥ with y € (8 — 1, 1).
There exist Cy, C3 > 0 depending only on c, B,y and t™ so that the following hold as
s — 0.

() IfB/y € (1,2], then p"(s) = CasPV~1(1 4+ 0(1)).

(i) IfB/y € (2,3), then p”'(s) = —C3sP=2~1(1 + o(1)).

Remark 2.7.

(i) Itis possible to change the assumption on 8 and y, but we need a definite assumption
to state a final result. When y > 1, the asymptotics are different. We do not consider
other cases here as this would make the analysis even more tedious, though most of
the calculations can easily be adapted to fit this case.

(ii) Ify =1and B > 1, then we have the following scenarios: (a) p”(s) = Cas#72(1 +
o(1)) if B € (1,2), (b) p"(s) = C3log(1/s)(1 +o(1)) if B =2 and (c) p"'(s) =
CasP3(1 +0(1)) if B € (2,3). We do not display the calculations in this case
mainly because it does not lead to any interesting phase transition in the correspond-
ing version of Theorem 2.9.

2.4. Main theorems. Using Propositions 2.4 and 2.6, we obtain an interesting generali-
sation of [RS] for the restricted pressure gy, . Though our class of potentials is, naturally,
much more restricted than in assumption (GM1), Theorems 2.8 and 2.9 below show
the existence of a new phase transition in terms of whether 1 is in Lz(,ua) or not. In
particular, if 8/y > 2, then ¥ is Lz(ua) (recall equation (2.5)). The new phase transition
is captured in Theorem 2.9.
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The result below gives the EKP inequality for g; > 3 (with g1 as in equation (2.5)) when
the CLT holds. Before the statement, we note that we are interested in cases [ ¥ dv #
[ ¥ dvg, so implicitly, we are always assuming that ¥ is not cohomologous to a constant.
We also recall from Remark 2.3 that this is all we need to ensure that o2 > 0.

THEOREM 2.8. Assume assumptions (GMO) and (GMI). Assume that q1 > 3 (so
B/y >3) and let o = 0y, (Y) be as defined in equation (2.6). There exists € > 0 so
that for any F-invariant probability measure v with [ dv € ([ ¢ dvg, [ dvg + €),

we have
/ Y dv — f ¥ dV¢ = C¢,‘/f\/§(7\/ Pv¢(¢) — Py(9),

where Cyy > 1tendsto 1 as [ dv — [ ¢ dvg.
For the equilibrium states vs of ¢ + sy, we have

f ¥ dvg — w dvg ' \/f)
=P —V20 P, () — Po(¢)) ass— 0.  (2.7)

The first result below addresses the case g1 < 3. We consider two main cases for the
ratio B/y. It is precisely this result that captures the new type of phase transition. While
item (b) of the result below shows a (familiar) EKP inequality in the case 8/y € (2, 3)
(when the CLT with standard scaling is present), item (a) gives a new type of EKP
inequality with the exponent changing from 1/2 to one depending on the ratio 8/y. The
transition is natural (see Remark 2.11).

THEOREM 2.9. Assume assumption (GMO) with puy(t > x) = ex P+ 0(1)), with
B € (1, 2). Suppose that assumption (GM1) holds with o = Cit¥ withy € (8 — 1, 1).

There exist € > 0 and constants ¢, c3 > 0 so that the following hold for any F-invariant
probability measure v with [ dv € ([ Y dvg, [ ¥ dvg + €).

(@ IfB/y € (1,2] then
/ ¥ dv — / ¥ dvg < (P, (¢) — Py () P=1/FmrD),

For the equilibrium states vg of ¢ + sy, there is a constant (for Cy as in Proposition
2.6(i)) Co > 0 such that

Sy dv — ] v dvy _Bu-n
(Pu, (@) — Py, () B=1)/(B=y+1) )

(b) IfB/y € (2,3), then

fwdv—fwm < ¢3v20, /Py, (@) — Py(9).

For the equilibrium states vg of ¢ + sir, we have

[ dvs— [ ¥ dvg
Pv¢(¢) - va((p)

=o0() ass—> 0. (2.8)

— ﬁo‘ = O((Py,(¢) — Py, ()P~ ass — 0.

(2.9)
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Remark 2.10. We note that Py, (¢) — Py, (¢) in the theorems above cannot be zero because
vy 7# v and vy is the unique equilibrium state for ¢. Similarly, P, (¢) — Py, (¢) cannot be
zero because vy # v for s > 0.

Remark 2.11.

(a) Recall that ¥, = Z']';(l) W oT/ and that Y7 = fOT Yo Fydt. Tt is known (see
for instance [S1, Theorem 2]) that in the setup of Theorem 2.9(a) with 8/y <
2, Y, —n [y ¥ duy/n”/P) >4 Mg,,, where Mg, is a random variable in the
domain of a stable law with index 8/y < 2. This lifts to a similar limit law for the
flow (see for instance [BTT2, Lemma 6.3]): (Y7 — T [y ¥ dv/TV/P) > Mg,,,.

In the setup of Theorem 2.9(a) with B/y =2, (¥, —n [, ¥ dpy//nlogn) -4
N0, 002) for some non-zero o (see [S1, Theorem 3]). This is a Gaussian limit but
with non-standard scaling /n log n. The same type of limit lifts to the flow (see for
instance [BTT2, Lemma 6.3]).

In either of these two cases, that is, 8/y € (1, 2] in Theorem 2.9(a), the leading
Holder exponent depends on 8 and y.

As soon as one has a CLT with standard normalisation /7, as in Theorem 2.9(b),
the leading Holder exponent is 1/2, independent of 8 and y. Theorem 2.9 captures
the transition from a stable law to the CLT with standard scaling in terms of the
Holder continuity of the pressure (in the weak™ norm): the change in the Holder
exponent makes this precise.

(b) We believe that some version of Theorem 2.9(a) persists if one weakens the assump-
tion to Y9 € (Cit”, Cot?) with Cy, C2 > 0, and even under weaker assumptions on
the tail of 7. In addition to the need to control the precise upper and lower bounds
for p’(s) — p’(0) in Proposition 2.6(a) (which make the calculations seriously more
cumbersome), one needs to ensure that p”(s) > 0. This is very heavy in terms of
calculations without assumptions that ensure regular variation of . We do not
pursue this here.

Remark 2.12. 'We can interpret equations (2.8) and (2.9) in Theorem 2.9(b) as follows: the
pressure function has a polynomial (in fact quadratic) form for 8/y € (2, 3), but as 8/y
drops below 2, then the Holder exponent jumpsto (8 —y + 1)/(B—y) > 1+ 1/y > 2.
This gives a kink in the second derivative of the pressure as a function of the weak*-norm
of the measures. This represents a phase transition of order 3 if (B —y + 1)/(B —y) €
(2, 3) or of higher order if (8 —y + 1)/(8 — y) = 3.

Remark 2.13. The EKP formula can fail to hold under our assumptions (GMO) and
(GM1), when f Y dv < f ¥ dvy. We demonstrate this for the Pomeau—Manneville
map fy : x = x(1 +x%) mod 1 on the unit interval with o € (0, 1). The induced map
T = f; onthe domain Y of the second branch is a full-branched Gibbs—Markov map. The
potential ¢ = log f;, so ¢ = log T', satisfies P(¢) = 0 and the equilibrium measure I is
a Gibbs measure with n~#+D « 1yt =n) K n~B+D for B = 1/a. Take the potential
Y = Co- 1y — Cq for some Cq, C; > 0, so Iﬁ(y) = Co — Yo(y) = Co — C17(y), where
Cy is sufficiently large that [ ¢ dvg > 0.
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The partition {ax} of T has exactly one interval a; with 7|, = k for each k > 1. Let
Xk € ai be such that T (xz) = xi and let v be the equidistribution on the orbit of x; under
fo- The Gibbs property of 15, recalling that we assume P(¢) = 0, implies that e?%) >
;Ldg(ak) > k= B+D 50 ¢(xx) = log c — (B + 1) log k for some ¢ > 0.

The lift of v; is the Dirac measure at x;, so Abramov’s formula gives f ¢ dvy =
B (¢_>)/8xk(r) > (logc — (B + 1) log k)/ k. Since also h,, (fy) = 0, we get

1
0="P@@) = Py () = hy(fo) +/¢dw< > z(IOgC— (B +1)logk) — 0.

Finally, notice that

— —C,

/wd w(xak) _ Co—VYolxa) _ Co—Cik
k o k

as k — oo. Hence, for any C, p > 0, we can find k such that

/wm—/wdw > C(P(¢9) — Py (9)",

violating the EKP.

We stress that for other systems for which an induced map is a Gibbs—Markov system
with polynomial tail, we generally expect the same type of argument as above can be
performed: the key, natural, requirement is that jg(ax) > k~®+D for some infinite
sequence of k.

We close this remark by pointing out that in this example, the pressure function is not
differentiable at 0. Indeed, for any s < 0, there is k € N such that p(s) = P(¢p + s¢¥) >
f ® + s¥ dvy > —sCy — s2. Therefore, the left derivative of p(s) at zero is

— (0
lim P92 = PO e s= ¢ <o
s/0 s s/0

For s > 0, we have
p<s>=P<¢+sw>zf¢+swdv¢=P<¢)+fswdu¢=s/wdv¢,

so the graph of the pressure function lies above a line with slope [ ¥ dvy. Recall that we
chose Co, Cy > 0 such that [ ¢ dvg > 0, so this slope is positive. Since also the pressure
function is convex, this implies that p(s) is increasing for s > 0 and p’(s) > f Y dvy > 0.
However, the left derivative of p at s = 0 is negative so p is not differentiable at s = 0.

Finally, we give an analogue of [RS, Theorem 7.1] in our setting, which handles the case
when [ dv is far from [ v dvg. Note that our constant C}. is not very refined here,
but also that we are dealing with some cases of unbounded potentlals ¥, so we would not
expect as much control as when we have boundedness.
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THEOREM 2.14. Assume assumptions (GMO) and (GM1). In the setup of Theorems 2.8
and 2.9(b), let p = 1/2. In the setup of Theorem 2.9(a), let p = (B — y)/(B—y + 1).
/

There exists Cd)n// > 0 so that for any F-invariant probability measure v with [ dv >
[ dvg, we have

/ v dv— / W dvg < Clyy (Poy(9) — Pu(@)"-

3. Proof of Proposition 2.4

As is customary in the literature, due to the Ruelle-Perron—Frobenius (RPF) theorem, in
the setup of Gibbs—Markov maps 7 : ¥ — Y (see for instance [BTT1, §3.3]), the study
of the pressure function Pr(¢ + sv) comes down to the study of a perturbed version of
the transfer operator R : L' (1 5~ L'(un #)- In particular, we identify Pr (@ +sv —u),
uel0,8), s € (0,8) for some § >0 with log A(u, s), where A(u,s) is the leading
eigenvalue of the perturbed transfer operator

R(u, s)v = R(e_“e‘ﬂv), u,s €[0,8), ve Ll(,qu).

Note that by the argument at the end of Remark 2.2 coupled with Abramov’s formula,
J ¥ dvg > 0 implies that Pr(¢ + s¢) > 0 for s > 0. We briefly recall the application
of the RPF theorem. Note that R(0, 0) = R for u = s = 0. We already know that R has
a spectral gap in Bp; in particular, this means that 1 is a simple eigenvalue, isolated
in the spectrum of R. Under assumption (GM1), there exists 8o > 0 so that |R(u, s) —
R(u,0)|lB, < s€ for some € > 0 and all u, s € [0, 8p). The proof of this fact is standard;
for instance, it is an easier version of [BTT1, Proof of Lemma 5.2] (8 < 1 there gives some
€ > 0 here). In fact, much more is true: see Lemma 3.1 below. Since we also know that
u — R(u, 0) is analytic in u € [0, &p), there exists a family of eigenvalues A (u, s) analytic
inu € [0, §p) and Clins e [0, 80) with A(0, 0) = 1. By the RPF theorem,

pu,s) = Pr(¢p +sv¥ —u) =log A(u,s), u,s €[0,8). 3.1)

To study the smoothness of A(u, s), as a function of u# and s, we need to recall some
facts about the smoothness of R(u, ).

For non-integer ¢ € R4, we write [g.] for the integer part and say that a function
g :R— Ris C¥ if |g|cie1 < 00 and SUPy, £y, X1 — xz|_(‘1*_[‘1*])|(8[q*/8x[‘f*])g(x1) —
(8[‘1*] / 9xlax1y g(x2)| < 0o. In a similar manner, we talk about the smoothness of
s = R(u,s) and u — R(us, s). The statement of Lemma 3.1 below makes this precise.

Let go and g be as in equations (2.4) and (2.5). Throughout, we write

glaol glail
Glgo1(u, s) = mR(u, s),  Hyg(u,s) = mR(u, s) (3.2)
and
glal g
K[(Il](u’s) = 8S[q1]£R(M’ S)' (33)

LEMMA 3.1. Assume assumptions (GMO) and (GM1). Let qo and q1 € [1, B/y) be so that
equations (2.4) and (2.5) hold.
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Let G, H and K be as in equations (3.2) and (3.3). Let u,s € [0, g). Then,
|Ggo1(, $)lIB, < o0 and || Hig1(u, s)ll5, < 0. Moreover, there exists C > 0 so that:

(1) foralluy,us, sy, sz € [0, o),

[1Grgo1 (1, 8) — Gige1 (U2, $) |5, < Cluy — up|?0~1490],

| Higy (t, 51) — Higy)(u, $2) 5, < Cls1 — sp|11 71011
(i) forallu > 0andsi, s € [0, 80), || Kig(u, )5, < CuP~17~1 and

I Kigy1 (s 51) — Kigy1 (s s2) |1, < Clsy — sp| 7101y f=aiy =1,

Remark 3.2. Recall that under assumption (GM1), y > B8 — 1. Hence, q| € [1, B/y) is so
that 8 — g1y < 1. This means that in Lemma 3.1(ii), the factor in u blows up as u — 0,
but in a controlled way.

Proof. The first statements on Gy, (u, s) and Hi,,) follow immediately from [MT,
Proposition 12.1]. Assumption (A1) there is part of assumptions (GMO), (GM1) here and
the involved constants depend on the L9° (u$), L1 (M$) norm of 7, 1} respectively, on
0 € (0, 1) and on the constants in assumptions (GMO0), (GM1).

We sketch the argument for the statement on Hj,,| and, as a consequence, the somewhat
easier fact that Gy (u,s) is C?' in s. By the argument used in the proof of [MT,
Proposition 12.1], for w € Ll(/%) with essinf w > 0 and satisfying equation (2.3), we
obtain

IR )5, < Clwlpig, vl (3.4)

for some C > 0 depending on the constant appearing in equation (2.3).

Under assumption (GM1), o € L9 (ugz). Since Higy (u, s)b = R(yla1le=ut gsC0
e~SV0p), the first statement on Hi,, follows immediately from equation (3.4) with
w = Yl and v = e7“TSC0e Y07, Throughout the rest of the proof, we will heavily
exploit equation (3.4), but we will not write down the explicit form of w and v.

Proof of item (i). Using equation (3.4), we compute that
| (Hig,1(us 51) — Hig1(u, s2))vlIB,

< ||R(1ﬁ[q1](eslco _ eszc")e_slwoe_wv)nge
+ ||R(¢[q1](eﬂ‘1100 _ e*szw)eszcoe*ufv)”lg@
< Colsi = 2| [RGFMe™V00) | s,
+ CH&[(II](e*leO _ e*S2W0)e*MT|L1(M5)|U|9
< C'Is; — 52 |¢[(11]|L1(M$)|v|9 + Ch/_f[q'](eﬂ'% _ eﬂz\%)efur'Ll(/%)'vle

for some C, C" > 0.
The second statement on Hj,,) follows since

|I/_,[11|](e—S11//0 _ e—S2'/f0)e—MT|Ll(u$) < |sp — 52|111—[41] |¢gl |L1(M$) < sy — SZ|¢11—[111]'
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Proof of item (ii). First, Kgj(u,0) = —R(yl01re="7). Using equation (3.4),
I (Kig,1 (1, 0)vllB, < C|1,D[‘11]te_“’|L1(M$). To estimate this quantity, let S (x) = pz(z > x)

and recall from Remark 3.2 that 8 — g1y < 1. Integrating by parts and using assumption
(GMO),

00
/ ‘L’qlV'He_'” d“a: —/ leV"l‘]e—MX d(] _ S(x))
Y 0
00
=@y [ a0 s@ye dx
0
00
_ I/t/ quy+1(l _ S(x))efux dx
0
S 00
<</ x—(ﬂ—qn/)e—ux dx—i—u/ x—(ﬂ—qn/-i-l))e—ux dx
0 0

< uﬂ—qnf—l</oo t—B=1v) o=t gy + /oo Bty +l -t dt)
0 0
Lwfmor=l 3.5)

Hence, ||(K{g,1(u, O)vllp, < CuP~01v=1 a5 claimed.
Using that Ki4,1(u, s) = — Ryl =47 ¢5C0e=5Y0) we compute that

(K1 @, $1) = Kig (@, s2)vll5, < [R@1e (10 — e2C0)e=1V0e 0 v)| 5,
+ ”R(lﬁ[ql].[(efsﬂﬂo _ e*Sﬂ/IO)eSzCoe*uT VB,
Using equation (3.4), we obtain that there exists C > 0 so that
| Kigi1 (. 51) = Kig1 (. s2)llg, < Colst — sal [ re™ |1,
+ Clylaig(e=s1vo — gm2v0) 70T Ly (36

Regarding the first term in equation (3.6), recall assumption (GM1) and note that
|ylailge—ur |L1(M5) < Irq'V+le_”T|L1(#$). This together with equation (3.5) implies that

the first term in equation (3.6) is bounded by |s; — 55| uf =017~
It remains to estimate the second term in equation (3.6). Using assumption (GM1),
compute that

|1/,(E‘11].[(e—511/f0 _ e—Sz‘/fO)e—qulwa) & |5y — sp| 1 lan] ng Te_m|L1(u$)
< sy — sZ|f11*[£11] . |‘cq”’+leﬂ”|L|(M$).
By equation (3.5), [t71VHle7uT |L‘(u5) <« uP~17=1 and the conclusion follows. O

A consequence of Lemma 3.1 is that the family of eigenvalues A(u, s) has ‘good’
smoothness properties. Recall that T*, ¥ * are as in Proposition 2.4(ii).

COROLLARY 3.3. The following hold in the setup of Lemma 3.1. Let u, s € [0, §p).

1) Au,s) =1+ g(u,s), where g(u,s) - Oasu,s — 0and g(u, s) is C%? in u and
C9 in s.
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(i) (8/0uw)A(u, s) = —t* +d(u, s), where d(u,s) is C' in u and C1' in s and
d(u,0) — 0 as u — 0. Moreover, (3/3s)A(u, s) = ¥* + e(u, s), where e(u, s) is
C jnuand C'~Vinsand e(u,s) — 0asu,s — 0.

(iii) Let «(u,s) = (3/3s)(3/0u)A(u,s). Then, for all u,s €[0,3dy), |c(u,s) <
CuP~ 17— gnd ic(u, s) is C1' L in s.

Proof. (i) Given that v(u, s) is the normalised eigenvector corresponding to A(u, s),
1 —A(u,s) = / (1—e eV dua—f(l — eV (0(0, 0) — v(u, 5)) dyg
Y Y
= /(1 - e_”re‘”/}) d“E —V(u,s)
Y

= /(1 — Uy d%—/(l —e“})dua+/(l — Y1 — e dpg — V. s).
Y Y Y
(3.7)

By Lemma 3.1, V(u, s) — 0, as u, s — 0 and item (i) follows.
(i1) Using (3.7), compute that

d 7 d
—a)\(u, s) = /;r d,ua—/yr(l —e ') dua—/yteﬂ”(l — ') dug — £V(u,s)

= / T du$+d(u, s).
Y

A calculation similar to that used in obtaining equation (3.5) (via assumptions (GMO) and
(GM1)) shows that the functions [, (1 —e™"7) dpg and [y te™" T (1 —eV) dug are

C%~1in u and also that fY Te 4T (1 — e*”/_’) d“$ is C91 in s. Note that

iV(u, §) = / re_’”emz(v(o, 0) —v(u, 5)) dug — / a1- e_”’e‘”/_’) iv(u, 5)) dug.
au Y Y ou

The required smoothness properties of (9/du)v(u, s) in u and then in s, and as a conse-
quence on (3/du)V (u, s), follow from the statement on G in Lemma 3.1(i) and from the
statement on K in Lemma 3.1(iii). The statement on the smoothness of (3/du)A(u, s) in u
and s follows by putting all these together. Also, d(u, 0) = — fy (1l —e™47) d,ua + O(u)
and (by, for instance, the dominated convergence theorem applied to | yT(l—e™%)d y@),
we obtain that d(u, 0) — Oasu — 0.

The statement on the smoothness of (d/ds)A(u,s) in u and s follows by a similar
argument.

Item (iii) is an immediate consequence of Lemma 3.1(ii). O

We can now proceed to the following proof.

Proof of Proposition 2.4. Throughout, we will use Corollary 3.3 and equation (3.1).
Proof of item (i). Since p(u, s) = log A(u, s), using Corollary 3.3(i) and (ii),

a _ (0/0u)A(u, s)
P, s) = ——"— =

du o Au, s) =7 + D), 18
3 _ _ 0fosus) . (3.8)
ap(ua s) = W =vy"+ E(u,s),
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where:

(@) D(u,s)is C?~!inyand C? ins. Also, D(u,0) — 0 asu — 0;

(b) E(u,s)is C% inuand C?~!ins. Also, E(u,0) — 0asu — 0.
In particular, p(0, s) = A(0,s) — 1+ O(]1 — 1(0, s)|2) and

(3/35)1(0, $)

05 =y*+ EQ,s), (3.9)

i p(0, s)
—_ ,S8) =
as P
where E(0, s) is C7'~!in s.
For use below in the proof of item (ii), we also note that

d a 9 _ 0/0u)A(u, s)(d/3s)A(u,s) (3/9s)(d/du)r(u, s)
a_D("hS):__p(”aS):_ 2
s ds du Au, s) Au, s)

_ —&*r* — Eou.s) + (0/9s)(d/u)A(u, s)
Au, s)

: (3.10)

where, using again Corollary 3.3(i) and (i), Eo(u,s) is C%~! in u and C?~! in
s. Moreover, x(u, s) = (3/ds)(d/0u)A(u, s) satisfies the properties listed in Corollary
3.3(iii). In particular, for all u € (0, ) and s € [0, §), we have |k (u, 5)| K uP—ar=1 and
i (u, s)is C9' 1 in 5. It follows that

0 J d _
—D,s)=——pu,s)=—v*t* — Ei(u,s), (3.11)
as ds du

where |E(u, s)| < uP~17=Vand E;(u, s) is C?' ! in s.

Proof of item (ii). We proceed via an ‘implicit equation’ exploited in [BTT1, Proof
of Theorem 4.1] for the case 8 < 1 (infinite equilibrium states). The key new ingredient
comes down to using the implicit function theorem inside the above mentioned implicit
equation.

By item (i), r(u, s) := (9/0u) p(u, s) is well defined. For any small ug > 0,

uo u

p(ug, s) — p(0, ) = / ' D(u, s) du, (3.12)

r(u,s) du = —t*ug + /
0

0
where D(u, s) is as in item (a) after equation (3.8).

By liftability, for ug(s) = p(s) = Pr(¢ + sv¥), we obtain Pr(¢p + s — ug) = 0.
Hence, the left-hand side of equation (3.12) is — Py (¢ + sv/). By assumption, u(s) > 0
for all s > 0. The continuity of the pressure function gives that ug(s) — 0ass — 0. Thus,
equation (3.12) holds and

up(s)
—p(0,5) = —1t*up(s) +/ ' D(u, s) du := —t*ug(s) + L(ug(s), s). (3.13)
0

At this point, we can conclude that, as s — 0,

ﬁ(f;s) + L(“(’T(:)’ L ﬁ(g;s)(l +o(1)) = s%(l +o(1)). (3.14)

p(s) =uo(s) =

The first equality is by definition. The second equality follows immediately from equation
(3.13), while in the third, we used the smoothness of D(u,s) in s and the fact that
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D(u, 0) — 0 (asinitem (a) after equation (3.8)). The fourth equality follows from equation
(3.9), since E(0, s) is C1'~in s.

We continue with the study of the derivative in s of u(s) via equation (3.13). From here
on, we write uq := ug(s).

Since D(u, s) is uniformly continuous in « (since it is C2~1 in y), (0/0uo)L(ug, s) =
D(uy, s) for all s. Set

M((ug, s) :== L(ug, s) + p(0, s),

and note that (9/dug)M (ug,s) = D(ug,s) #0 for all up,s small enough. Since
M (ug, s) — t™uo(s) = 0 and we also know that | (d/9ug) L(ug, s)| < oo and [(9/ds)L(ug, s)| <
oo (because D(ug, s) is C f in s), the IFT ensures that uo(s) is differentiable in s and

(9/9s)M (uo, s)

“0) = T G duo) Mo 5) G1)

We first estimate the numerator in equation (3.15). Using equation (3.9),
0 0 -
— M (ug, s) = —L(ug, s) + ¢ + E(0, s),
as as

where E(0, s) is C2'~ ! in s. Using the definition of L(uq, s) in equation (3.13) and also

recalling equation (3.11),
“ 9 9
'/ —D(u s) du ‘/ ——p(u s) du

/ Ei(u,s) du
0

Moreover, using the smoothness properties of £, we obtain that (3/ds)L(ug, s) is C -1
in s. Thus,

'—L(l/l(), S)

Lug+ul 1. (3.16)

;—SM(M(), ) = ¥* + E(uo, 5), (3.17)
where E is well defined in uo and C9 ! in s.

We continue with estimating the denominator in equation (3.15). Recall that
(0/0ug)M (ug, s) = D(ug, s), where D is as in item (a) after equation (3.8). In particular,
D(up, s) is C9" in s. By equation (3.14), ug(s) = O(s). Using the smoothness of D (ug, s)
in s, we note that

1 1
—(9/duo)M (uo,s) T — D(ug, 5)
1 1 140
= F(l + O(D(ugp, 5))) = 1:—* ass — 0.

Recalling the smoothness properties of E (ug, s) in equation (3.17), we obtain p’(0) =

T
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Proof of item (iii). When ¢ > 2, differentiating in equation (3.14),
_ (02/05)p0.5) | (@2/0sHL(uo.5)

p"(s) = =
A very lengthy but straightforward calculation based on the smoothness properties
of the function D(ug, s) (after differentiating equation (3.16) once more in s) shows
that (8%/9s%)L(uo, s) = o(1) as s — 0. (A refined version of this calculation is covered
inside the proof of Proposition 2.6. See in particular, equation (5.9), which deals with
the case g1 = B/y < 2. The calculations are the same, just the exponent is different: see
Remark 5.2.)
Finally, it is known (see [S1, Theorem 3]) that (82/3s%)p(0, s)|y—0 = &2, with 52 as
defined in equation (2.6). Thus, p”(0) = 52 /t*, and the conclusion follows from the first
equality in equation (2.6). O

4. Refined estimates in the setup of Proposition 2.6

We start with a refined version of Lemma 3.1. Recall from equations (3.2) and (3.3)
that  Hig,)(u, )v = (3/3s'")R(u, s)v = R(Y1Me eV v) and that Kig)(u, s)v =
(@/3s' 9@ /8u)R(u, s)v = —R(Wl9lre TV ). In Lemma 3.1, we dealt with the
continuity properties of H and K as u,s — 0. The first result below tells us how the
derivatives in s of H and K goto oo as u, s — 0.

LEMMA 4.1. Assume the setup of Proposition 2.6, in particular, y € (B — 1, B). Let
u,s € [0, ).
@ If [q1l=1 and B/y € (1,2], then |Hi(u,s)lp, <oo and |Ki(u,0)|lp, <
CuP~7=1 for some C > 0.
Furthermore, if B/y € (1, 2), there exist Ca, C3, C4 > 0 so that

< CouP=,
By

< C3uﬁ—2y—1

d
—Hi(u,s)
as By

8K( )
— u,s
as !

and

9
” —H(0,5)| < CusP/72,
as

By
If B/y = 2, then there exist Cy, C3, C4 > 0 so that

< Cyu™!

d
H —H(u,s)
85‘ Bg

d
< Ca log(1/u), HgKl(u»s)

By

and

d
Ha—Hl(O, s) < Cy4log(1/s).
s

Bs
(i) If [q11=2 and B/y € (2,3), then |Hx(u,s)|p, <oo and |Kz(u,0)|p, <
Cuf~2r-1 for some C > 0. Furthermore, there exist C2, C3, C4 > 0 so that

< CauP=3,
By

S C3uﬁ—3)/—l

0
H —Hy(u, s)
as By

aK( )
— u,s
as 2
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and

9
H —Hy(0, )| < CasP/73.
as

By

4.1. Some general types of integrals. Before proving Lemma 4.1, we provide estimates
of some general types of integrals. These or variants of them will be used throughout
the proofs of the technical results in this section. Let S(x) = “$(T < x) and recall from
assumption (GM1) thaty > 8 —1,s0 8 —y < 1. Since | — S(x) = ex P14+ 0(1)),

o.¢]
Ve T dus = — x?He™ a1 = S(x))
Y ¢ 0
o0 o0
=@w+1 / XV =8Sx)e ™ dx —u f X1 = S)e ™ dx
0 0
oo
=c(y + DA +o(1)) / e WPy gx
0
o0
—u(l+o()c / e M xVHI=B gy
0
oo [o¢]
=clr"1(1 +0(l))<(y + 1)/ e 't TP dr —/ e*’t*ﬂ”“,dt)
0 0

=Ccu? 711 + 0(1)) @.1

for a positive C depending only on c, 8, y.
By a similar argument, if 8/y # 2, then

Jy e dug = CuP 72 (1 +0(1),

4.2)
Jy ?7 e dug = CluP (1 4 o(1)
for some C, C' > 0, whereas if 8/y = 2, then
Jy e dpg = [y TP dpg = C log(1/w)(1 + o(1)), ws)

fY 72+l p—ut dﬂa — /Y BHlp—ut d‘% = Cu_l(l + o(1)).

Recall that 1} =Cop—Yo9=Co— Cyt¥. Similar calculations, this time with S(x) =
pg(Wo < x) = pg(Cre? < x), show that if B/y <2, [, Yge V0 dugz = CsP/Y=2(1 4
o(1)) for some C > 0 and that if B/y € (2,3), [, ¥ge V0 dugy = —CsP/¥ 3 (1 + o(1))
for some C > 0. The involved constants (denoted by C here) depend only on c, 8, y. If
B/y =2, then [, yie=*V0 dpg = Clog(1/s)(1 + o(1)).

Next, note that 2 = C2 + y2 — 2Co¥ and that ¥> = C3 — ¥3 +3C2%0 — 3Coy2.
Thus, there exist Cp, C3, C4 depending only on ¢, B, y so that

Jy W2eV dpg = CosPlP2(1 4 0(1))  ifB/y <2,
Jy ¥?eV dug = C3log(1/s)(1 +0(1) if B/y =2, “4)

Jy PPV dug = —CasP7 (1 +0(1)) if By € 2.3).
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Proof of Lemma 4.1. We provide the argument for item (i). Item (ii) follows by a similar
argument after taking one more derivative in s.

The first estimate on H; follows directly from Lemma 3.1 with [¢1] = 1.

Next, note that if 8/y € (1, 2),

9 ]
Hng 9| < IR p, < [T e |1 <ul 7,

By
where we used the first equation in equation (4.2). The estimate for the case 8/y =2
follows similarly using equation (4.3). Also, if 8/y € (1, 2),

3 — - _
HaHl(o, D IR, < 126V 114, < 57772,

By

where we have used the first estimate of equation (4.4) for s. The estimate for the case

B/y = 2 follows similarly using the corresponding estimate of equation (4.4) for this case.
Regarding K1, if B/y € (1, 2),

0 -y _ _ 2y
” S K| < IRWG e N)g, < T T | <l
By
where we used the second equation in equation (4.2). The estimate for the case 8/y = 2
follows similarly using the corresponding estimates for this case. [

We shall also need the following refined version of Corollary 3.3(ii) and (iii). Item (i)
of Corollary 3.3 remains unchanged. Again, the derivatives in s of several quantities in the
lemma below blow up as u, s — 0 but in a controlled way.

We recall that in the setup of Proposition 2.6, y < 1 and 8 < 2.

LEMMA 4.2. The following hold in the setup of Proposition 2.6. Let u, s € [0, &).
1) (9/0u)A(u, s) = —t* +d(u, s), where d(u, s) is as follows.
There exists C > 0 depending only on ¢, B so that d(u, 0) = CuP~1(1 + o(1)).
Moreover, there exist Cy, C3 > 0 depending only on c, 8, y so that as u, s — 0,

aa—sd(u, s) = Coau’ 7N+ o(1) if By € (1,21,

82

@d(u, s) = CauP 721+ o) if By € (2,3).

(ii)  The following holds for some C, C’ > 0 depending only on ¢, B/y:
9 7% h(s) + ho(s) ifp/yed,2],
—Au,s) = s -
s (u,s) W +e(u,s) + s _/Y 1//2 d/La-l—CSﬁ/y_l"‘hl(S) lf,B/)/E(Q, 3),

where h(s) = CsP/Y=Vif B/y € (1,2), h(s) = C log(1/s) if B/y = 2 and where
ho, h1 and e are as follows:
@  ho(s) = o(sP/Y=1), hy(s)=0(sP/Y=2) if B/y € (1, 2) and hy(s) =o(log(1/s))

fBly =2
(b) hi(s) =o(sP/Y=1), () =C'sP/Y2(1 +0o(1)) and h{(s) = C'sP/v—3
(I+o0(1));
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©) e(0,s)=0(), eu,0)=o0()asu,s — 0and:
(*) if B/y € (1,2), then (3/3s)e(u, s) = ouP~r=1) 4 o(sP/Y=2). Also,
(8/95)e(0, s) = o(sP/Y=2);
(%) if B)y =2, then (3/d3s)e(u, s) = owP~r=1) + o(log(1/s)). Also,
(0/95)e(0, s) = o(log(1/s));
(%) if By € (2,3), then (3/ds)e(u, s) = o(uP~7=2) + o(sP/Y=3). Also,
(8/95)e(0, s) = o(sP/7=3).
(iii) Let «(u, s) = (9/3s)(3/0u)\(u, s). Then, there exist C, C' > 0 depending only on
c, B, y, so that

K(u, 0) = Cub~r=1 4 OuP~r="+) ifB/y € (1,2],
(3/08)k (u, $)|s=0 = C'uP ==L 4 O@P=2r=1t90) ifg/y e (2,3),
as u — 0 and for any €y > 0.

Also, the following hold for some Cr, C3>0 depending only on c, B, v, as
u,s — 0:

) if B/y € (1,2, then (3/3s)k (u, s) = CouP~2r=1(1 + 0(1));
(%) if By € (2,3), then (82/3sD)k (u, s) = —C3uP =37 =1 (1 + o(1)).

Proof of Lemma 4.2. We continue from the proof of Corollary 3.3(ii) with the same
notation.
Proof of item (i). Recall that

d .
—o A, 5) =/ Tdﬂ*—/ T(l—e*”)duf—/ e " (1 —e'V) dus
u Y ¢ Y ¢ Y [
J 20
_/ e eV (0(0, 0) — v(u, 5)) dl/vg-l- / (1—e ey Zu(u, s) dﬂa
Y Y ou

= / T d,ua—/ (1l —e™"7) dug — Wou, s) — Wiu, s) — Wa(u, s).
Y Y
4.5)

Recall Mg(f > x) = cx (1 + 0(1)). A standard calculation (mostly similar to that used
in obtaining equation (4.1)) shows that there exists C > 0 depending on ¢ and S so
that

—/ (1 — e ) dug = Cu?~' (1 + o(1)).
Y

Set d(u, s) = fy (1l —e™47) d,ug— Wo(u, s) — Wi(u, s) — Wa(u, s) with Wy, Wi, W,
as defined in equation (4.5). Note that Wy(u, 0) = 0, |Wj(u, 0)] < u and |W3(u, 0)| < u,
and that so far, we obtained the expression for d(u, 0).

Note that (d/9s)d(u, s) = —(3/9s)(Wo(u, s) + Wi(u, s) + Wa(u, s)). We continue
with the derivatives in s of Wy, W1, W, by considering each of the two cases.

The term Wy(u, s). First, (3/3s)Wo(u, s) = [, tre T’V dug = [y te™® dpg +

Iy e T eV — 1) dug.
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If B/y € (I,2],then B — y € (0, 1). Since y = Co — Cy 77,

/ e 1T dug = Co / te " dug — C / pVHlemuT dug
Y Y Y
= —CuP 7 (1 +o(1) (4.6)

for some C > 0 depending on c and B, y. In the last equality, we have used that equation
(4.1) holds as soon as B — y € (0, 1). Since we also know that eV —1>0ass— 0,
the dominated convergence theorem implies that f Y e 4T (e — 1) d W = owP—r=1.
So, if B/y € (1, 2], then (3/3s)Wo(u, s) = —CuP~7=1(1 4+ o(1)).

If B/y e(2,3), then B—2y <y <1 and B—2y € (0,y) C(0,1). Note that
(0%/3sH)Wo(u, s) = fY TYle TSV d,ua. Proceeding similarly to the argument above
in the case 8/y € (1, 2], we compute that if 8 — 2y € (0, 1), then (32/3s%)Wo(u, s) =
CuP~2r=1(1 4 o(1)) for some C depending on c and B, y, where we use an analogue of
equation (4.1) for the case 8 — 2y € (0, 1). So, if B/y € (2, 3), then (9/9s)Wp(u, s) =
—Cuf~2=11 + 0(1)).

The term Wy (u, s). Start from

d - T 70
—Wi(u, s) = / e T eV (u(u, 0) — v(u, 5)) dug — / e eV —u(u, 5) dug.
as Y Y as

Recall that if B/y € (1, 2],then B — y € (0, 1). Since
lv(0,0) — v(u, ), < Iv(0,s) — v, )z, + lv(u, 0) —vu, s)lg, <u+s,

using equation (4.6), we obtain fy rl}e_‘”e“&(v(u, 0) — v(u, s)) du$ =owf 71, as
u,s — 0. Also, by Lemma 4.1(i) (statement on Hj), |[(9/3s)v(u, s)|lg, < oo. Recall
eV « 537" Thus,

- 8 -
/ e Y —u(u, 5)) d,u¢‘ <</ Te TV dug < / tdug = 0(1).
Y BS Y Y

Thus, if B/y € (1, 2], (3/9s)W1(u, s) = o(uP~r~1), asu, s — 0.
Next, recall that if B/y € (2, 3), then B — 2y € (0, 1). In this case, taking one more
derivative,

2

9 - ; . ;9
—Wi(u, s) = / ty2e T eV (v(u, 0) — v(u, ) dug —/ e TV —u(u, s) dug
3S2 Y Y as

_ 82
_ —ut sY 2 -
/Y e "e’ aSzv(u, s)dug =1 + L+ L.
Using the analogue of equation (4.6) for the case 8 — 2y € (0, 1),
1] << [[0(0, 0) = v(u, )], / TP dpg < uP TNt 5) = 0P
Y

asu,s — 0.
Next, we already know that [|(8/3s)v(u, )|, < oo. Thus, |L| < [, T/ Fle™T
e*Vdpug<uP~7=1. Also, by Lemma 4.1(ii) (the statement on Hy), [|(3%/9s*)v(u, 5)) | 5, <
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oo and thus, |3 K fY Te TSV du$= O(1). Thus, if B/y € (2,3), then (3/0ds)
Wiu, s) = ouP=2=1) asu, s — 0.
The term W;(u, s). Note that
82
as ou
Ifg/y € (1_, 2], by Lemma 3.1 (statement on G[qo_] with [go] = 1), [|(8/0u)v(u, s)lIB, <
00. Recall eV < e, Thus, | [, Ye %e*V (3/du)v(u, s) dugl < [y ¥ (3/du)
v(u, s) dl«L$= O(1). By Lemma 4.1(i) (statement on Kj), ||(32/3s ou)v(u, s)|g, K
w7~ So, | [ (1 —e eV (82/ds duyv(u, s) dugl < uP 7! [, (1 —evTeV)
dpg = o@P=771), as u,s — 0. Thus, if /y € (1,2], (3/3s)Wa(u, s) = oP~77),
asu,s — 0.
If B/y € (2, 3), then we differentiate once more,

v(u, s) d,ua.

d - -9 _
—Wa(u, s) = — / Ve TV —uu, s) dug + / (1—e 4TV
as Y du Y

2

d - -9 ~ 92
—Wr(u, s) = — / VeV —uu, s) dug — / Ve "TetV
952 Yy du Y

dsou

v(u, s) d,ug

- - 92 ; 53
_ —ut sy _ _ Ut sy _
/Ylpe Ut e’ o 8Sv(u,s) d,u¢+/Y(1 e 1Te’ )3s2 aMv(u,s) dug

=L+ DhL+1+14.

Since ¥ € L? for B/y € (2, 3), and since [|(3/du)v(u, s)||3, < 0o, |I1] = O(1). Also,
it is easy to see that |I2| = O(1) and |I3] = O(1). For I4, we note that by Lemma
4.1(ii) (statement on K3), [|(3%/3s? du)v(u, s)|lg, < uP=2¥~1. Thus, |I4] = o(P=2r~1),
asu, s — 0.So,if B/y € (2, 3), then (82/3s>)Wa(u, s) = owP =21, asu, s — 0.

The statements on (d/ds) d(u, s) for 8/y € (1, 2] and on (82/852) d(u,s) for B/y €

(2, 3) follow by putting all the above estimates on Wy, Wy, W, together.
Proof of item (ii). Recalling equation (3.7) and differentiating in s,

i)»(u,s):/ &d,ua—i—/. 1/7(6“7’ —Ddug+eu,s)
as Y Y
for
e(u,5) = / gl (1 — e dpug + / Fe eV (0(0,0) — v(, ) i
Y Y
70
T AL _
+fy(1 e e )asv(u,S)du¢

=:Zo(u,s)+ Z1(u, s) + Z>(u, s). 4.7

A standard calculation (already used in showing equation (4.1)) shows that, given that
I/_f = Cop— C1t7 and that uy(t > x) = cx_ﬂ(l + o(1)), there exists C, C' > 0 depend-
ing on c and B/y so that

- h(s) + ho(s) if B/y € (1,2],
T 1) gy — / 48
/”I//(e Y93 {_S fy v? dﬂ$+csﬁ/y_l+h1(s) if g € (2,3), 49

https://doi.org/10.1017/etds.2024.139 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.139

Holder continuity of measures for heavy tail potentials 2499

where h(s) = CsP/Y=Vif B/y € (1,2), h(s) = C log(1/s) if B/y = 2, and where h¢ and
hy are as follows: (a) ho(s) = o(sP/7 1), hy(s) = o(sP/v=2)if B/y € (1,2) and hy(s) =
o(log(1/)) if B/y = 2;(b) hi(s) = o(sP/ 1), b (s) = C'sP/Y=2(1 + o(1)) and 1 (s) =
C'sPIY=3(1 + o(1)).

We continue with the study of e(u, s). It is easy to see from equation (4.7) with u = 0
and s = 0, respectively, that |e(0, s)| = O(s) ass — 0 and that |e(u, 0)| = o(1) asu — 0;
to show |e(u, 0)| = o(1), we also use the dominated convergence theorem. Also, it is easy
to see that if 8/y € (1, 2], then

B] 92
56(0, s) @U(O’ s)

< [[v(0,0) = v(0, )5, [ VeV dug + ‘ / (1—eV)dug
Y By VY

L s P2 4 Pl =2 / ¥ dug < sP
Y

where in the previous to last inequality, we have used Lemma 4.1(i) (statement on
(0/0s)H1(0, s)) and the estimate in s in equation (4.4). If 8/y = 2, then, again by
Lemma 4.1(i), the same statement holds with s#/¥ =2 replaced by log 1/s. In this case,
[(0/0s)e(0, s)| is bounded by s log 1/s.

We continue with the derivatives of Zg, Z1, Z> in equation (4.7), when u # 0, by
considering each of the two cases.

The term Zy(u, s). Differentiating in s, we obtain

8 ) & _ 82 -3 & _
-Zo(u. ) = /Y PV — e ) dig S5 Zo(u.s) = [Y PPV (1 e™) du.

Using the estimates in equation (4.4) in s in equation (4.4), as s — 0, fY @ﬁzes‘z d Mg =
CsPY2(1 4 o(D) if By € (1,2, [, 527 dyiz = Clog(1/s)(1 + o(1) if By =2
and fy UlesV d“$ = CsP/v =31 4+ o(1)) if B/y € (2,3) for some C > 0 (varying from
estimate to estimate).

Thus, as u,s — 0, (3/35)Zo(u, s) = o(sP/¥=2) if B/y € (1,2), (3/d5)Zo(u,s) =
o(log(1/s)) if B/y = 2 and (92/9s*) Zo(u, 5) = o(sP/Y ) if B/y € (2, 3).

The term Zj(u, s). Differentiating in s, we obtain

9 - ; . ;9
—Zi(u,s) = / U2e TV (0(0, 0) — v(u, 5)) dug — / Ve TV —u(u, s) dug.
as Y Y as

Recall that [[v(0, 0) — v(u, s)[lB, < u +s. Thus, if B/y € (1, 2),

/ P2 eV (u(0, 0) — v(u, )) du¢' < (u+s) / Ve dug < (u+s)sP 2,
Y Y

where we have used that fy UiV d'U“5 = CsPIY2(1 4+ 0(1)).

Recall that by Lemma 4.1(i) (statement on Hp), [[(3/9s)v(u,s)|p, < oo. Thus,
| [y Ye eV (3/ds)v(u, 5)) digl = O(1). Therefore, we have the following.

If B/y € (1,2), then (8/3s)Z; (u, s) = O((u + s)sP/v=2). ]

If B/y =2, then we proceed the same way using fY vlesV d,uaz C log(1/s)
(1 4+ o(1)), which gives (8/ds)Z1(u, s) = O((u + s) log(1/s)).
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If B/y € (2, 3), differentiating once more in s and using a similar argument to the
case B/y € (1, 2) above (exploiting that fY vlesV d“$ = CsP/Y=3(1 + o(1))), we obtain
(0%/3sH)Z1(u, s) = O((u + s)sP/v=3).

The term Z;(u, s). Differentiating in s,

(0/0s)Z2(u, s) = — / 1[_/6_1”6”1_’ (8/0s)v(u, s) dug

f(l e Mt “/’) v(u 5) dug.

We already know that [|(3/ds)v(u, s)||5, < oc. Hence, | [, e "’V (3/3s)v(u, s)
dugl = O(1). Also, if B/y € (I,2], by Lemma 4.1(i) (statement on Hy), [|(8%/ds%)
v, ), K uP~r=1 Thus, | [, (1 —e " eV) (82/3s*)v(u, 5) dpgl = 0P ™77, as
u,s — 0. Thus, if B8/y € (1, 2], then (3/ds)Z>(u, s) = o(uP~7~1), asu, s — 0.

If B/y € (2, 3), differentiating once more in s and using a similar argument to the
case B/y € (1, 2] above (but using the statement on H, in Lemma 4.1(ii)), we obtain
(0%/9s2) Z>(u, s) = o(uP=2Y=1), asu, s — 0.

The statement on (3/ds)e(u, s) for B/y € (1, 2] and for (8%/3s%)e(u, s) for B/y €
(2, 3) follows by putting all the above estimates on Z, Z1, Z, together.

Proof of item (iii). We continue from equation (4.5) and compute that

K(u,s)=/ e TSV d,%_/ e TV (1(0, 0) — v(u, 5)) dug
Y Y

+/ tl/_fe_”esq;iv(u s)dug —/ re_’”e”;iv(u s)dug

Y as ’ ¢ Y u ’ ¢

R
1— —ut sy - Y , du—
+/Y( ey - —u(u, ) dpig
and

9 _ - _ _
—k(u, s) =/ Ple TV d,r—/ t2e " eV ((0, 0) — v(u, 5)) dug
as Y Y

. -9
—ut,, w _ —ur 5y O 9
+2fynpe Ut o 5.0 ) diig 2/1/[8 uT o S50 ) ditg

82
+/ re_”esd’a—v(u s) du¢ /;rze ut S¢8 v(u, s) dg

f(l et S]//) v(u s) d,u¢

=t k1(u, 8) + k2(u, ) + K3(u7 §) + ka(u, 8) + ksu, s) + ke (u, s) + k7 (u, 5).
(4.9)

We provide the argument for the case 8/y € (1, 2]. The case B/y € (2, 3) follows by a
similar argument after differentiating equation (4.9) once more in s.
Using Lemma 4.1(i),

k(u, s)= / tl/_/e_’”e“; du¢+0((u+s)/ tl/_/e_’”e“/; du¢>+0(u’3_”_1(u+s)).
Y Y
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Taking s = 0 in this equation, we get that there exists C > 0 so that

k(u,0) = / e 1T dug + O(u / e 1T d,u¢> +0wWh")
Y Y
= CuP 7 1+ o(1)),

where in the last equality, we have used equation (4.1).

We estimate ki, ..., k7 in equation (4.9). Note that differentiating once more in
equation (4.6) and using the estimates in §4.1, fY Tl Ut d“$ = Cuf~2r=1(1 4 0(1)).
Thus, asu, s — 0,

€1, $) = / e dpug + f e — De dug = Cuf 7N (1 o).
Y Y

By arguments already used in estimating quantities in proof of items (i) and (ii) above,
Ko (u, 8), k3(1, 8), k4, 8), k6(u, 8) = o(uP=2=1) as u, s — 0. Finally, by Lemma 4.1(i)
(statement on K>), [|(3%/3s%)(3/du)v(u, s)llg, < uP=2¥~1. Thus, «s(u, s), k7(u, s) =
owP~—1y asu, s — 0. ]

5. Proof of Proposition 2.6

Using the technical results in §4, we can proceed to the proof of Proposition 2.6. We recall
that this is a refined version of Proposition 2.4 under somewhat stronger assumptions (that
is, regular variation of the tail behaviour). In this sense, the task of this section is to go
over the steps of the proof of Proposition 2.4 and obtain higher order expansions. From
this proof, we recall that a first step is to refine the estimate on (9/ds)(d/0u)p(u, s)
(see equation (3.10)). For the proof of Proposition 2.6, we shall need to understand
(0%/9s%)(8/0u) p(u, s) asu, s — O.

LEMMA 5.1. Assume the setup of Proposition 2.6 with a larger range of y, namely
y € (B — 1, B). There exist Ca, C3, C4, C5 > 0 (varying from line to line) so that the
following hold as u, s — O.

G If B/y € (1,2), then (8%/3s®)(3/du)p(u,s) = —CaosP/V=2(1 + o(1) +
CauP~2r=1(1 +0(1)). Also, (3/9s)(3/du)p(u, s) = C4auP~V=1(1 +0(1)) +
CssuP~27=1(1 + o(1)).

(i) If By =2, then (82/3s>)(d/du) p(u, s) = —C3 log(1/s)(1 + o(1)) + Cau~'(1 +
o(1)). Also, (3/3s)(3/3u)p(u, s) = Cauf~Y=1(1 + 0o(1)) + C3su~ (1 + o(1)) —
Cas log(1/s)(1 + o(1)).

(i) If B/y € (2,3), then (3%/3s)(@/du)p(u,s) = —CosP/V31+00)) -
CzuP=3r=1(1 + 0o(1)). Also, (8%/05%)(3/0u) p(u, 5)|s=0 = —CquP=2r~1
(1 4+ o(1)) + C3suP=3=1(1 + 0(1)).

Proof. First, we recall from equation (3.10) that

0 0 _ (0/0u)r(u, s)(9/9s)A(u,s)  (9/9s)(9/0u)A(u, s)
as g P ) =- 3 .
s du A(u, s) Au, s)
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Set A(u, s) := (3/0u)\(u, s)(9/9s)A(u, s) and recall (for instance, from Lemma 4.2(iii))
that x (4, s) = (9/0s)(3/0u)r(u, s). Compute that

8_2i 5, 5) = _(B/BS)A(M, s) B 2A(u, s)(@/as)A(u,s) (9/9s)k(u, s) _ k(u,s)
a2 oul T Au, )2 Au, )3 Au, s) Au, 5)?
=: N1(u, s) + Na(u, s) + N3(u, s) + Na(u, s).

We provide the proof of item (i). Item (ii) follows by the same argument using the
statements for the case /Yy = 2 in Lemma 4.2(i) and (ii). Item (iii) follows by a similar
argument after differentiating once more and using the statements for the case 8/y € (2, 3)
in Lemma 4.2(i) and (ii).

From the estimates of Lemma 4.2(i) and (ii) (the statements for the case 8/y € (1, 2)),
it is easy to see that N and N4 do not contribute to the main asymptotics (because they go
to a constant as u, s — 0). We need to look at N and N3.

The term N1(u, s). Using the same notation as in Lemma 4.2(i) and (ii),

A, s) = (=% +d(u, )" + CsPY V4 h(s) + ho(s) + e(u, 5))

and
d 0 7% —1
S AW 9) =——d(u, ) (I + CsPY =V 4 h(s) + ho(s) + e(u, s))
S S
+ (=t + d(u, s))(C(ﬁ/y —DsPr2 4 %h(s) + hy(s) + %e(u, s)).

Using all the estimates on d, h(, e in Lemma 4.2(i) and (ii) (the statements for the case
B/y € (1, 2)), we obtain that there exist C», Cé > ( so that

;—SA(u, s) = —Cas?" 2 (1 + 0(1) + CouP 711+ o(1)),
which gives the asymptotics for Ny(u, s). In the previous displayed equation, apart from
the estimates on (d/ds)d(u, s) and (d/ds)e(u, s), we have used the immediate conse-
quence of Lemma 4.2(ii) that d(u, s) = O (su?~7~1) and that e(u, 5) = o(suf~7~1).

The term N3(u,s). By Lemma 4.2(iii) (the statement for the case B/y € (1, 2)),
(8/98)k (u, s) = C3uP~2r=1(1 4 o(1)) for some C3 > 0. This gives the same asymptotics
for N3. Therefore,

Ni(u, s) + N3, s) = —CasP"2(1 + o(1)) + G321 (1 + 0(1)),

which gives the first statement in item (i).
The second statement in item (i) follows immediately from the first together with the
asymptotics of « (#, 0) in Lemma 4.2(iii). O]

We can now proceed to the following proof.

Proof of Proposition 2.6. We redo all steps in the proof of Proposition 2.4(ii) using
Lemma 4.2.
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Recall p(u, s) = log A(u, s). The analogue of equation (3.8) is
Q0 _ N 0 _ -
—pu,s)=—1"+D(u,s), —pu,s)=vy"+E(@u,s), (.1
ou as
where:
(@) D(u, s) satisfies the same properties as d(u, s) in Lemma 4.2(i);
(b) E(u, s) satisfies the same properties as e(u, s) in Lemma 4.2(ii).
By Lemma 4.2(i) and (ii), we have the following refined version of equation (3.9) (with C
varying from line to line):
2
S5 P09 = CsPV=2(1 +0(1)) if B/y € (1,2)
s
82
mp’(o, s) =Clog(1/s)(1 +0(1)) ifB/y =2

3
a%ﬁ(o, $)=CsP" 31 +01)) ifB/y € (2,3). (5.2)

The analogue of equation (3.12) for any small #y > 0 is
uo
p(uo, s) — p(0,s) = —t*ug +/ D(u, s) du := —t*ug + L(uo, 5),
0

where D(u, s) satisfies the same properties as d(u, s) in Lemma 4.2(i). Moreover, as in
the proof of Proposition 2.4(ii),

aD( ) 88_( ) (5.3)

— ,8) = ——p(u,s). .

as ! as 8up !

By the argument used in the proof of Proposition 2.4 in deriving equation (3.15),
(8/3s)M (uo, 5)

T* — (3/9ug) M (g, 5)°

uh(s) = (5.4)

where, as in the proof of Proposition 2.4,
0
M((ug, s) = L(ug, s) + p(0,s) with a—L(uo, s) = D(uo, s). (5.5)
uo

Differentiating equation (5.4) once more in s,

(8%/85*) M (o, 5)(z* — (3/3uo) M (o, 5))
(t* — (8/duo) M (ug, 5))?
(8/3s)M (ug, 5)(3*/du0ds) M (uo, s)
(t* — (3/0u0) M (uo, 5))?
=: M (ug, s) + M>(ugp, s). (5.6)

pl(s) =

We complete the proof of item (i), that is, we treat the case §/y € (1, 2) using the
estimates in Lemma 4.2. The precise asymptotics in item (ii) for the case 8/y = 2 follow
by the same argument using the corresponding estimates in Lemma 4.2. Item (iii), the case
B/y € (2, 3), (after taking one more derivative in s) is similar and omitted.
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Proof of (i), the case B/y € (I, 2).
The term M| (up, s) defined in equation (5.6). Differentiating equation (5.5),

9 3 3 _
—M(uo, s) = —L(uo, s) + —p(0, 5). (5.7
as as as
Using equations (3.11), (5.3) and Lemma 5.1(i),
3 o _ _
L. s) = f oD s) du = Caul ™V (1 + 0(1)) + C3s ub > (1 4+ o(1)).
0

By Proposition 2.4(ii), p(s) = ug(s) = p(0, s)/t* = s(¥*/t*)(1 + o(1)), as s — 0.
Thus,

%L(uo, 5) = CasP 77 (1 4 0(1)) + C3sP72 L1 + 0(1)) = CusP77 (1 4 0(1)),

where in the last equality, we have used that y < 1.
By Lemma 4.2(ii), (3/3s)p(0, s) = ¥* + CsP/Y~1(1 + o(1)). Since B > y,

0 _ _
oMo, ) ="+ CsP7 =11+ o)) = ¥ (1 + o(1)). (5.8)
S
Differentiating equation (5.7) once more in s and using equation (5.2),
> M (ug, 5) > L(ug, s) + ” 50, 5) ” L(ug, s) + CsPV72(1 + o(1))
—_— up, s) = —=L(ug, s —_— ,8) = —=L(ug, s Ky 1] .
ds2 0 ds2 0 8s2p ds2 0

Next, recall equation (5.3) and note that (32/3s) D (u, s) = (32/9s%)(3/du) p(u, s). By
Lemma 5.1(i), (82/0s%)(8/0u)p(u, s) = —CasP/Y2(1 + o(1) + C3uP~2¥~1(1 + o(1)).
Also, recall that ug(s) = s(¥*/*)(1 + 0(1)), as s — 0 for C», C3 > 0. Thus,

32 uy 92
—L(ug, 5) = / —D(u, s)du = —CasP/" 11 + 0(1) + C35P727 (1 + 0(1))
952 o 0s2

= C3sP 72V (1 + 0(1)). (5.9)

Remark 5.2. If we do not assume regular variation for the tail Ma(‘ﬂo >x) =
Ma(l’y > x), we can still use the same steps as above in obtaining equation (5.9)
and rougher calculations, similar to those used in obtaining equation (3.5), to show
that |(32/852)L(u0, $)| = O(s7B/Y=2) In particular, following these steps, one has
that if o € L9 (ug), then [(92/3s®)L(uo,s)| = O(s*““@1~?) for some a >0, so
1(82/3s%)L(uo, s)| = o(1) as s — 0.

Putting the previous three displayed equations together and noticing that s#~27 >
sP/Y=2 (since y < 1), we obtain
82
S Mo, 5) = C3sP72Y (1 + 0(1)). (5.10)
We have 1/(t* — (3/0ug) M (ug, s)) = 1/(z* — D(ug, s)) = 1/*(1 + O(D(ug, 5)) as
in the proof of Proposition 2.4(ii). Using the properties of Dy(u, s) in item (a) after
equation (3.8) (both smoothness in s and asymptotics of D(uq, 0)), and using that uo(s) =
O(s), we have
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| I
_ 1 p-1
o = @ oug) Mg, s) o T OGT s

as s — 0. This, together with equation (5.10), gives that as s — 0,
Mi(ug, s) = C3sP72 (1 + o(1)). (5.11)

The term M>(ug, s) defined in equation (5.6).

Differentiating equation (5.7) once more in ug, (8%/dugds)M (ug, s) = (3%/0ugds)
L(ug, s). Recall that (3/9s)L(ug, s) = 0”0(3/8S)D(u,s) du and that D(u, s) is uni-
formly continuous in u. Thus, (8%/0uods)M (ug, s) = (3/9s)D(ug, s). Recalling equation

(5.3),
i M((uo, s) 09 p(u, §)
uo, = >
dugds 0.9 as aup s W=

By Lemma 5.1(i),

a 9 _ oy oy

= hu,s)| = Caul T A+ o)+ Cas uf TN (1 4 0(1))

ds du w=ug

for C3, C4 > 0. Since ug(s) = s(¥*/t*)(1 + 0(1)), as s — 0,
2

e M(ug, s) = Cas? V711 + 0o(1)) + C35P72 (1 + 0(1)) = Cas? 7711 + 0(1)),
upos

where in the last equation, we have used again that y < 1.

Recalling equation (5.8) and that 1/(z* — (9/0ug)M (ug, s)) == 1/t*(1 4+ o(1)), we
have M (ug, s) = (¥*/7*)C4sP~Y~1(1 4 o(1)). This together with equation (5.11) gives
the conclusion after recalling again that y < 1, which ensures that s#~7~1 > sf=2r [

6. Proofs of the main abstract results
The proofs of the main results will make use of the restricted pressure. Analogous to [RS,
Definition 5.1], we define

q(a) = qg.y(a) = sup {Pp,u(qb) veMp, /Yr Y dv = a}

_ PT,[L(Q’_)). fyI/_fd:u'_ }
_Sup{ffdu 'MEMT(T)’—frd,u =ay.

6.1. Proof of Theorem 2.8.

Proof of Theorem 2.8. Given Proposition 2.4 with g1 > 3, the details are very similar to
those in [RS, Proof of Lemma 5.2] (and also the main line of the argument in [RS, Proof
of Proposition 6.1]). We recall most of the details, partly for completeness, partly because
our setup is different (unbounded potential but more restricted ).

By Proposition 2.4(ii), p’(0) = [y Ed,ua;/fy tdug = [yc ¥ dvy = ap. By assump-
tion, vy is the unique equilibrium measure for ¢. Since p”(s) > 0 is continuous with
p"(0) = 6% > 0 (by Proposition 2.4), p’ is strictly increasing near 0.
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Given h € (0, 8y), for 8y as in Proposition 2.4, let a € (p’(0), p’(h)). By the interme-
diate value theorem, there exists s € (0, &) so that p’(s) = a. By Proposition 2.4(ii) and
(iii), the second derivative is well defined whenever ¢; > 2.

We next show that p is strictly convex in our domain of interest. Throughout the rest of
the proof, let K > o2, s0 80(02 /K) < 8p. By the assumption g; > 3, the third derivative
p”" is well defined and we can assume |p”’| < K by taking K larger if necessary. We
use this to show strict convexity and that the solution to the equation p’(s) = a in s is
unique. To see this, we recall the argument by contradiction in [RS, Proof of Lemma
5.2]. As in [RS, Proof of Lemma 5.2], if there exists so # s, s € (0, So(az/l()) so that
P’ (s0) = a, then p” would have vanished in this interval. This is not possible because for
some s’ € (0, 5),

2
1p"(s) —a?I =1p"(s) = p"O) =slp” (s < K - (&)%) = 800” #0.

Next, we find useful relationships between a, s and v, for the appropriate s. For the
unique s so that p’(s) = a, we know that R(u, s) satisfies the spectral gap: this follows
since R(0, 0) has a spectral gap in B and R(u, s) is continuous in u, s (by Lemma 3.1).
Thus, the potential ¢ 4+ sy — p(s) has a unique equilibrium state . This projects to an
equilibrium state v, for the potential ¢ + s (the unique such measure), as follows. First,
note that from the Gibbs property and since s, p(s) > 0 and ¥ < oo, we get

/f dpy < / eV dpg < / Tdpg < oo,

so s € Mr(t) and we obtain vy € M from equation (2.2). Moreover, by the Abramov
formula, Pr, (¢ + s¢ — p(s)) = 0, which first implies that vy is an equilibrium state for
¢ + sy. Itis also standard to show that this is the unique equilibrium state for this potential
and that f ¥ dvg = p'(s) = a, as above. Moreover, if v € MF has P,(¢) > P, (¢) and
[ ¥ dv = a, then

Py(¢ +s¢) = Py(¢p) +sa > P, (¢p) +sa= P, (¢ +s¥) = p(s),
which is a contradiction. Therefore,
Py(¢) < p(s) —s / Y dvg = P, (¢p) = q(a) (6.1)
forany v € Mp with [ ¢ dv =a.

The final task here is to get a relation for a — ag in terms of P(¢) — P,(¢). Recall
g1 > 3. By Proposition 2.4(ii), p”” is C41~191], Thus,

2 3
p(s) = p(0) + 5p'(0) + %p”(m + %p”(m + 03t

for some € > 0, 50 p'(s) = p’(0) 4+ sp”(0) + (s%/2)p""(0) + O(s>+<). Then, for s so that
p'(s) = a and recalling that p”(0) = o2,
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/ / " SZ " 2+
a—ap=p(s)—p@O) =sp (0)+Ep 0) + O(s™™)
= S<p”(0) + %p”’(O) + 0(s'+€)> =s502(14 O(so™2)),

where in the last step, we have used that s € (0, 8o(c2/K)) and that | p”’(0)| < K. Hence,

02“0(1 +0(s'"*02)). (6.2)

S =

Next, arguing word for word as in the [RS, Proof of Lemma 5.2, item (4)],
q(ao) = Py, (¢) and since, by assumption, Py, (¢) = p(0) = 0, we have g(ap) = 0. This,
together with equation (6.1), the fact that a = p’(s), the expansions of p(s) and p’(s), and
equation (6.1), implies that for some € > 0,

2 3
s s
q(ao) — q(a) = sp'(s) — p(s) = 302 + gp”'(o) + 0(s7%).
This, together with equation (6.2), gives

(a — ap)?

o+ 0(o%(a — ap))).

q(ap) —q(a) =
So for v € M with [ ¢ dv = a, the above equation and equation (6.1) imply

(a — ap)?

5+ 0@ @—a)). (63

Puy (@) — Pu(@) = Py (@) — Po(¢) =

Making a — ap = [ ¢ dv — [ ¥ dvg subject of this equation gives

/ v dv — f W dvy < Cypy~/20 [ Poy (@) — Pu(),

where the constant Cg .y > 1 tends to 1 as [ ¢ dv — [ ¥ dvg. Continuing with vy, the
equilibrium state of ¢ + s, we get the more precise form

/ ¥ dvs — / ¥ dvg =20 [P, (¢) — P, ($) + O (P, (¢) — Py, ()

which can be rewritten as equation (2.7) as required. [

6.2. Proof of Theorem 2.9. We shall need the following fact, which relies on the
positivity of p”(s) given by Proposition 2.6.

LEMMA 6.1. Take B/y € (1,3) and a € (p'(0), p’(8y)), where 8 is as in Proposition 2.4.
Then, p”(s) > 0 fors € (0, 8y) and there exists a unique s € (0, 8o) satisfying p'(s) = a.

Proof. By Proposition 2.6, both for 8/y € (1, 2] and for B/y € (2, 3), the first derivative
p’ is bounded. For 8/y € (1, 2), the positivity of p”(s) is given by Proposition 2.6(i).
For the case B/y € (2, 3), Proposition 2.4(iii) ensures that p”(0) = o'2. This together with
Proposition 2.6(ii) gives the positivity of p”(s) when B/y € (2, 3). It follows that p’ is a
strictly increasing function and the conclusion follows. O
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Proof of Theorem 2.9. Let ag= [ ¢ dvg and a = [ ¢ dv, and assume a > ag. By
Lemma 6.1, p’(s) = a has a unique solution. This allows us to repeat the argument
recalled in obtaining equation (6.1) and to obtain g(a) = p(s) — sa. As in the proof
of Theorem 2.8, recall that g(ap) = Py, (¢) and g(a) = P,,(¢), where vy is the unique
equilibrium measure for ¥ + si. Let v be any F-invariant probability measure so that
a= [y ¥dv>ag= [y ¥ dvy.

Proof of item (a), the case B/y € (I,2]. Note that a — ag = p’(s) — p’(0). Using
Proposition 2.6(1),

a—ag=sp"(s)(1+0(1) =CassP 771 +0(1)) = Cas? 77 (1 4 0(1))

and so,

NGB
s = (“ “°> (14 o(1)). (6.4)
G

Since g(ag) =0, g(ag) — q(a) = sp’(s) — p(s). The Taylor expansion with remain-
der gives p(y) = p(x) + p'(x)(y —x) + [ (y — §)p”(§) d§. Taking y =0 and x =5,
q(ap) — q(a) = sp’(s) — p(s) = foY &p” (&) d&. By Proposition 2.6(i), we have

q(ap) — q(a) = /O E(CEPT71(1 4+ 0(1))) dE = %Czsﬂ*y“(l +o(1))
_ Zcz<a _ ao)(ﬁ—y+l)/(ﬁ—)’)
B C

where in the second equality, we have used equation (6.4). So, there is ¢; > 0 such that

(1+0(1)), (6.5)

a—ap = ca(qlag) — q@) P ErEH (A 4 o(1)).

For an arbitrary measure v, we have P,,(¢) — Py(¢) = Py, (¢) — Py, (¢) as in equation
(6.3), and we have

/ ¥ dv — / ¥ dvg < c2(Py, (@) — Py(¢)) P/ (Pr+D

as required. For the equilibrium state vy itself, we have the more precise estimate with
2= (B/y)Ca:

/ ¥ dvs — f ¥ dvg = c2(Py, (¢) — Py, () P~/ P70 (1 1 0(1)),
which can be rewritten to equation (2.8).

Proof of item (b), the case ]y € (2, 3). Using Proposition 2.6(ii) and Taylor’s theorem,
we have

a—ap=p'(s)—p0) =sp”0) + / £p"(8) dE = 56>+ 0PI (6.6)
0

Therefore,

a— ap

(1 + 0(sP727)). 6.7)

S =
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By Taylor's theorem, p(s) = p(0) +sp’(0) 4+ s%/2p"(0) + fo £2p”(£) d&. This,
together with Proposition 2.6(ii) (and recalling p”(0) = o2 and p(0) = 0), gives

g(ap) —q(a) = sp'(s) — p(s)
2 K
= sp/(s) — (p(O) +sp/(0) + %p”(m + /O £2p"(&) ds)
/ / S2 2 y 2 m
= (/)= P O) ~ o —/0 £2p" (&) d&
2 2
= 5207+ 0GP = 2o + 0GP = Zo2(1 4+ 0(P 7)),

where we used equation (6.6) in the last line. This, together with equation (6.7), gives

(a — ap)?
202

Since, for an arbitrary measure v, we have again

/wdv—/llfdvqb < c3,/ Py (@) — Pu(9)

for some c3 > 1. For the equilibrium state vy itself, we have the more precise estimate:

q(ap) —q(a) = (1+ O((a — ap)’7y). (6.8)

/ vdvs — / Y dvg = 02,/ Py, (§) — P (@)(1 + O((Py, (§) — Py () P72/2)).

This can be rewritten to equation (2.9) ]

6.3. Whena = [ dv is much larger than [ dvg.

Proof of Theorem 2.14. First notice that from assumption (GM1) and Abramov’s formula
that [y dv < Co, so Chy = max{/ ¥ dvg, Co} and set ¢’ := ¥/Cy,- We will use
q = q¢,y and (implicitly) p = pg 4 here.

We follow the proof of [RS, Theorem 7.1]. The following is an analogue of [RS,
Lemma 5.1]. O]

LEMMA 6.2.

(@) q = qg,y is well defined and finite on ({ V'dvg, sup,cpq, [ ¥'dv);
(b) g = qp.y is concave on the domain on ([ Y dvg, sup,cpq, [ ¥’ dv).

Proof. For part (a), we follow the proof of [RS, Lemma 5.1], but since in general we
do not have information on pg y(¢) for t < 0, or the topological entropy of F, we start
by assuming that a € ([ ¥’ dvg, sup,c pq - [ 4 dv). Note that the theory above (more
precisely, the arguments used inside the proofs of Theorems 2.8 and 2.9) shows that ¢ is
well defined in a subset of this set, but here we look to extend this. The choice of a implies
there exist vy, v, € Mg such that

/w/dv1<a</w/dv2,
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so as in [RS, Lemma 5.1], f Y¥'dv = a for some convex combination of vy and vy, and the
supremum defining ¢ is over a non-empty set and it is well defined. The same argument
pushed to the suspension flow of [RS, Lemma 5.1] implies that ¢ (a) > —oo.

Finally, the proof of part (b) is identical to the latter part of the proof of [RS,
Lemma 5.1]. L]

For the next step, we follow a slightly coarser version of the proof of [RS, Corollary
5.1(2)]. The first step is to show that ¢ is strictly decreasing. We note that the proofs of
Propositions 2.4 or 2.6 imply that p is analytic in some interval (eg, €2) for €1, €2 > 0,
where €] can be taken arbitrarily close to 0. The same arguments as in [RS, Lemma 5.2],
see in particular equation (5.3), then also imply that g is differentiable and strictly concave
on some interval (a;, a1), where a; can be taken arbitrarily close to ap = [y dvy =
p'(0), and moreover ¢’ (p’(t)) = —t for p'(t) € (a;, a1). The key fact we then take from
this is that g(a;) < g(ap), so we set n := (q(ag) — q(a1))/(a1 — ag) > 0. Then, since
Lemma 6.2 implies that g is concave for a > ag, so for a > a;, we have g(a) — g(ag) <
—n(a — ap).

Given that a = [ ¥ dv, as in the proof of Theorem 2.8 or 2.9, the definition of ¢
implies P, (¢) < g(a) and hence we can interpret the inequality above as: if a > ay,
then

1
q(aop) —q(a) = n(a — ap) = / v dv - / ¥’ dvy < ;(P(¢>) - P(9). (69

Then, following the argument of the proof of [RS, Theorem 7.1], from equation (6.9), if
[ ¥ dv > ay, then
([vav= [vav) <5 @ -ren
= v — v — — .
2 ?) =2 "

Also then, noticing that %(f V' dv — [ ¢ dvg) < 1, we trivially have

([wa—[wa)<(5([va-[vaw))

for any p € (0, 1) (for example, p = 1/2). Thus,

/ v dv — / ¥ dvy < 2C‘/”/"”(P(dn = Py(¢)”
" eny I

We set C ;Mﬁ to be the maximum of 2C g,w /(2n)?) and the constant coming from our
main theorems.

7. Applications

We provide examples of systems, both of discrete and continuous time, for which our
main results apply. These are systems with weak forms of hyperbolicity that have not been
studied before from this point of view.

7.1. Intermittent interval maps. Zweimiiller [Z] introduced a class of interval maps
f 10, 1] — [0, 1] that he called AFN maps, that is, non-uniformly expanding maps with
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finitely many branches, finitely many neutral fixed points and satisfying Adler’s distortion
property (f”/f"> bounded). Note that AFN maps are, in general, non-Markov. We stress
that these are maps with weak hyperbolicity properties. Let « € (0, 1) and b € (0, 1]
consider the family of AFN maps defined by

o, 1
£ = fap() = x(1+2%%) %fx e [0, 1/2],
bQ2x —1) ifx e (1/2,1].
It follows from [Z] that for this range of values of the parameters o and b, there exists
an absolutely continuous probability measure p. Moreover, the first return time map to
Y = (1/2, 1] is uniformly expanding, although it may not be Markov. In [BT, §9], a
Gibbs—Markov inducing scheme for Y with return time t is constructed. That is, there
exists a countable partition of Y so that t is constant on each of the elements of the
partition and themap 7 : Y — Y defined by T = f7 is Gibbs—Markov. The map 7 can be
thought of as a discrete suspension of f with roof function . Moreover, for a potential
¥ : [0, 1] = R, its induced version ¥ : ¥ — R is defined by ¢ = Z;;(l) Vo f/. In
particular, our main results can be applied to this discrete time system. We now verify
that under certain conditions, the assumptions of our results are indeed satisfied. We begin
with Theorem 2.8.
It was was established in [BT, §9] that for 8 = 1/«, there exists ¢ > 0 such that the
following bound on the tails holds:

uy(t >n) ~ cn~b.

That is, assumption (GMO) is fulfilled.

Note thatif ¢ € (0, 1/2),then 8 > 2 andif o € (1/2, 1), then 8 € (1, 2).

Recall that assumption (GM1) is an assumption on the induced version of a potential .
It states that there exists y € (8 — 1, B) such that y = Co — o with0 < g < C;7”. The
last assumption in Theorem 2.8, besides assumptions (GMO0) and (GM1), is that g; > 3,
which in particular implies that 8/y > 3. Under assumption (GM1), we have that 8/y €
(1, B/(B — 1)). Also, for 8 > 2, we have 8/(8 — 1) < 2. Thus, if @ € (0, 1/2), then the
assumptions of Theorem 2.8 cannot be satisfied (g is always smaller than 3). However, for
o € (1/2, 1), the result holds.

PROPOSITION 7.1. The conclusions of Theorem 2.8 hold for the induced system (T, [Ly)
with a € (1/2,1) and ¥ : [0, 1] = R a Holder function such that ¥ (x) = —x1=1 for
ye(—-a)/a,a/(a+1)), B/y > 3 and x in a neighbourhood of 0.

In the case B > 3, we can consider the case y = 1 in this setting. Here, we can for
example choose r to be Holder and negative (bounded below by —C1) in Y¢ and to be
equal to Co and Theorem 2.8 holds.

Proof. We already established that assumption (GMO) is satisfied. It was proved in
[BTT1, Proposition 8.5] that if y € (0, o/(x + 1)), then the induced potential satisfies
V¥ (x) ~ C —t(x)” as x — 1/2. Thus, the parameter y has to be chosen from the set
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B-1,8N0O,a/(a+ 1)) soas B/y > 3. These conditions are compatible, so we can
assume that ¢; > 3 and that assumption (GM1) is fulfilled.

For the final statement, note that in this setting, ¥ (x) = Co — ¥o(x), where 0 <
Yo(x) < Crt(x). O

Similarly, we obtain a version of Theorem 2.9 in the same range of values of «, but for
a different range of values of y.

PROPOSITION 7.2. The conclusions of Theorem 2.9 hold for the induced system (T, [Ly)
with o € (1/2, 1) and ¥ : [0, 1] — R a function such that there exists y € (8 — 1, 1) for
which W = Co — C1t". Both cases, B]y € (1,2] and B/y € (2, 3), occur.

In the case where b = 1, a construction to produce ¥ as above is given as follows.
Let xo = 1 and x, = f; "(1/2), where fi is the left branch of f. Then, on the intervals
X = (xp, xp—1], define ¥|x, = Co — Cy and ¥|x, = C1(—nY + (n — 1)¥), so for x
having 7(x) = n, ¥ = Co+ C; ZZ:l(_”V 4+ (n — 1)Y) = Co — Cn?, as required.

Observe that for @ € (0, 1/2), we have 8 > 2 and for Theorem 2.9 to hold, we require
B € (1, 2). Therefore, the appropriate range of values of « to apply our main results is

(1/2, 1).

7.2. Suspensions over intermittent interval maps. In this section, we consider suspen-
sion flows over the induced map 7 defined in §7.1. Essentially, this is a continuous time
representation of T that preserves its main properties. Let p : ¥ — R™ be a Holder func-
tion bounded away from zero. Let 7 : ¥ — R* be defined by 7(x) = Z;(zxg*l o(fix).
Let (F;); be the suspension (semi)flow with base map T and roof function 7. Since p is
bounded, assumption (GMO) is satisfied (as in §7.1) for the measure py.

A standard tool to construct examples in suspension flows is the following. Given a
regular potential defined on the base space g : ¥ — R, construct a continuous potential
¥ : YT — R so that its induced version coincides with g, that is, ¥ = g. Details of this
type of construction can be found in [BRW], but minor adaptations are required in this
setting. Since the assumptions of our main results are in terms of the induced potentials,
this tool allows us to state flow versions of Propositions 7.1 and 7.2. Indeed, we just need
to consider potentials 1/ : ¥¥ — R so that its induced versions satisfy the properties of the
induced potentials 1 in Propositions 7.1 and 7.2.
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