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P r o o f s of commuta t iv i ty t h e o r e m s for g e n e r a l r ings usually 
employ the Jacobson s t r u c t u r e theory ; however , a l t e rna t i ve approaches 

to the n x = x t h e o r e m " [ l , 2] sugges t that the power of the Jacobson 
t heo ry i s not r e q u i r e d . In this note we p rove two commuta t iv i ty 
t h e o r e m s of H e r s t e i n in an e l e m e n t a r y way. Both proofs involve 
e s t ab l i sh ing f i r s t that the r ings under cons ide ra t i on a r e d u o - r i n g s -
r i ngs in which eve ry one - s ided idea l i s two- s ided . 

THEOREM 1. Le t R be a r ing such that for eve ry x, y < R 
/ \ . Ï . i / v n ( x > y ) 

t h e r e i s an in t ege r n(x, y) > 1 for which (xy - yx) = xy - yx . 
Then R is c o m m u t a t i v e . 

THEOREM 2 . If n > 1 is a fixed pos i t ive in teger and x - x 
i s c e n t r a l for eve ry e l emen t x of the r ing R, then R is c o m m u t a t i v e . 

We sha l l r e f e r to r ings sat isfying the hypotheses of T h e o r e m 2 
as H - r i n g s , and we sha l l denote the cen t r e of R by Z . An idea l P 
will be cal led comple te ly p r i m e if ab e P imp l i e s a € P or b e P . 

1. Proof of T h e o r e m 1. The proof in the c a s e that R i s a 
div is ion r ing m a y be found in [ 3 j . Our ex tens ion to the g e n e r a l case 
i s a modi f ica t ion of He r s t e in 1 s r e a d i l y - a v a i l a b l e proof of the 

"x = x t h e o r e m " [2, 7], and we note only the n e c e s s a r y c h a n g e s . 

Obse rve that 

(1) (xy - yx) = xy - yx i m p l i e s (xy - yx) i s i dempo ten t . 

(2) R has no n o n - z e r o ni lpotent c o m m u t a t o r s . 

(3) In any r ing without n o n - z e r o ni lpotent c o m m u t a t o r s , idempotenta 
a r e c e n t r a l , s ince for e idempotent and x € R we have 

2 2 
[e(ex) - (ex)e] = [e(xe) - (xe)e] = 0. 

Using these o b s e r v a t i o n s we show that R i s a duo r i n g . Let I 
be a r i gh t i dea l and a € I. Then 
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u = a(ar - ra) = afar) - (ar)a 6 I. 

Since u is a commutator, there is a k > 1 such that u = u and 

u is central; hence 

k- 1 k-1 
ra(ar - ra) = ru = ru u = u • ru € I. 

Since ar e I, we have (ar - ra) e I and therefore (ar - ra) e I 
for all n >_ 2. Thus, ar - ra e I and ra e I. 

Once we know that R is a duo ring, the extension from the 
division ring case to the general case proceeds as in [2]. 

2. Theorem 2 for division rings. For the sake of completeness, 

we include the proof given in [4], Suppose the division ring R is an 

H-ring and r 4 Z. Then for any z e Z, we have zn(rn - r) € Z and 

(zr) - zr e Z, which imply (z - z)r € Z. This result is incompatible 

with the fact that r 4 Z unless z - z = 0; thus z = z for all z € Z 

and Z is a finite field . 
i 

Now let x be an arbitrary element of R. Since x . - x e Z for 

nJ n k 

all i> 1, there exist unequal integers j , k such that x = x , 

which implies x = x. But this contradicts the "x = x theorem"; 
hence we must have had R = Z. 

3. Theorem 2 for R without zero-divisors. In this case we use 

a well-known device (6) to embed R in a field. Let Z# be the set of 

non-zero elements of Z; and note that Z is non-empty, since for a 
n # n-1 # 

given a ^ 0 either a - a € Z or (by (3)) a e Z . If we define 
# 

an equivalence relation ~ on RxZ by making (r , z ) ~ (r , z ) if 

and only if r z = r z , the set of equivalence classes [r, z] forms 

a ring R* with addition and multiplication defined by 

[a, b] + [c, d] = [ad +bc, bd], [a, b] [c, d] = [ac, bd] . 

The ring R* has an identity element [z, z], and R is embedded in 
R* by the mapping 0(r) = [rz, z]. Moreover, the centre Z# of R# 
is the set of classes [r, z] where r ç Z; and the invertible elements 

of R* are the classes [r, z] where r ç Z . We establish Theorem 
2 for R without zero-divisors by showing that R* is a division 
ring and an H-ring. 

Let U* be a non-zero right ideal of R* and [a, z] a non-zero 
2 

element of U*. Then [a, z][z , z] = [az, z] € U#; and, depending on 
, ., n n r -, r n , n+1 n+1, 

whether a - a is non-zero or zero, [az> ZJ ~ Laz> ZJ = Ka " a ) z > z J 
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r -iH-1 r n - 1 n - 1 n - 1 , . . .. . , r XT^ 
o r [ a z , z j = [a z , z J i s a n i n v e r t i b l e e l e m e n t of U * . 
H e n c e , R* h a s no p r o p e r r i g h t i d e a l s and m u s t b e a d i v i s i o n r i n g . 

T h e c o n d i t i o n t h a t R# i s a n H - r i n g r e d u c e s to t h e s t a t e m e n t t h a t 

a z - a z e Z f o r a l l a e R and a l l z € Z . T o e s t a b l i s h t h e l a t t e r , 

. , . n w n , . n n , n n 
w e n e e d o n l y n o t e t h a t (a - a ) ( z + z ) = a z - a z + a z - a z e Z 

1 1 n n r-r 

and t h a t a z - a z e Z . 

4 . T h e o r e m 2 f o r R w i t h o u t n o n - z e r o n i l p o t e n t e l e m e n t s . 
We s h o w t h a t R c o n t a i n s a f a m i l y { P } of c o m p l e t e l y p r i m e i d e a l s 

w i t h z e r o i n t e r s e c t i o n , i n w h i c h c a s e R i s a s u b d i r e c t s u m of t h e 
R 

r i n g s r^~ , e a c h of w h i c h i s a n H - r i n g w i t h o u t z e r o - d i v i s o r s and i s 

a 
t h u s c o m m u t a t i v e . T h e e x i s t e n c e of t h e P i s e x p l i c i t l y s t a t e d i n 

a 
L e m m a 1, w h i c h i s w e l l - k n o w n . O u r p r o o f h a s a n e l e m e n t of n o v e l t y -
a n o n - s t a n d a r d k ind of a n n i h i l a t o r i d e a l . 

L E M M A 1 . A r i n g R w i t h o u t n o n - z e r o n i l p o t e n t e l e m e n t s 

c o n t a i n s c o m p l e t e l y p r i m e i d e a l s , t h e i n t e r s e c t i o n of a l l of w h i c h i s 

z e r o . 

P r o o f . U n d e r t h e h y p o t h e s e s of L e m m a 1, a x = 0 i m p l i e s x a = 0 
and t h u s f o r a n y r € R , r x a = 0 and a r x = 0 . H e n c e if a f i n i t e p r o d u c t 
of e l e m e n t s of R i s z e r o , t h e i n s e r t i o n of a d d i t i o n a l f a c t o r s i n a n y 
p o s i t i o n l e a v e s a p r o d u c t of z e r o . We s h a l l r e f e r to t h i s r e s u l t a s 
t h e i n s e r t i o n - o f - f a c t o r s p r i n c i p l e ( I F P ) . 

N o w c o n s i d e r m * - s y s t e m s , m u l t i p l i c a t i v e s u b s e m i g r o u p s of R 

2 3 
w h i c h d o n o t c o n t a i n 0 . C l e a r l y R h a s m # - s y s t e m s ( e . g . { a , a , a , . . , 
f o r a n y n o n - z e r o a e R ) ; and a s t r a i g h t f o r w a r d a p p l i c a t i o n of Z o r n ' s 
L e m m a s h o w s t h a t e v e r y m * - s y s t e m i s c o n t a i n e d i n a m a x i m a l 
m # - s y s t e m . 

L e t M b e a m a x i m a l m # - s y s t e m and d e f i n e 

A(M) = { x e R | a x = 0 f o r a t l e a s t o n e a e M} . 

B y I F P , A ( M ) i s a t w o - s i d e d i d e a l . If x 4 M , t h e n t h e m u l t i p l i c a t i v e 
s u b s e m i g r o u p g e n e r a t e d b y M and x m u s t c o n t a i n 0; and s i n c e R 
h a s n o n o n - z e r o n i l p o t e n t e l e m e n t s , s o m e f i n i t e p r o d u c t c o n t a i n i n g x 
a s a t l e a s t o n e f a c t o r and h a v i n g a t l e a s t one f a c t o r f r o m M m u s t b e 
z e r o . R e p e a t e d a p p l i c a t i o n of I F P e s t a b l i s h e s t h e e x i s t e n c e of a n 
m e M s u c h t h a t m x i s n i l p o t e n t and h e n c e 0 . T h e r e f o r e t h e 
s e t - t h e o r e t i c c o m p l e m e n t of A ( M ) i s M , and A ( M ) i s a c o m p l e t e l y 
p r i m e i d e a l . C l e a r l y e v e r y n o n - z e r o e l e m e n t of R i s e x c l u d e d f r o m 
a t l e a s t o n e of t h e i d e a l s A ( M ) . 
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5. H-rings are duo r ings. It follows immediately from the 
definition of H-ring that nilpotent elements are central . Hence the 

R 
nilpotent elements of R form an ideal N; and --, having no non-zero 

ni lpotent e l e m e n t s , is c o m m u t a t i v e . Thus al l c o m m u t a t o r s of R a r e 
n i lpotent , hence c e n t r a l . This fac t enab les us to p r o v e 

LEMMA 2. If R is an H - r i n g , then eve ry one - s ided idea l of R 
ia t w o - s i d e d . 

Proof . Let I be a r i gh t idea l , a e I, and r e R. Since 
c o m m u t a t o r s a r e c e n t r a l , we have 

r ( r a ) - ( r a ) r = r ( r a - a r ) = ( ra - a r ) r € Z; 

2 2 
i . e . r a r = ar + z . w h e r e z , e Z. It follows that ( ra) e I and 

1 1 
( r a ) n € I . 

Since R i s an H - r i n g , we have r a = (ra) + z w h e r e z is 

n 2 
c e n t r a l ; and thus f r o m (ra) e I follows the r e s u l t tha t r a e I and 
r a e I. Using the fact that a - a e I Pi Z, we have r ( a - a) = 

(a - a)r € I; hence r a = r a - (a - a)r e I. 

6. T h e o r e m 2 for s u b d i r e c t l y i r r e d u c i b l e r i n g s . This c a s e 
c o m p l e t e s the proof of T h e o r e m 2 for a r b i t r a r y H - r i n g s , s ince any 
H - r i n g i s a s u b d i r e c t sum of subd i r ec t l y i r r e d u c i b l e H - r i n g s . 

LEMMA 3 . [ T h i e r r i n , 8 j . Let R be a s u b d i r e c t l y i r r e d u c i b l e 
duo r ing and D the se t of r i gh t z e r o - d i v i s o r s . Then D i s an i d e a l 
of R. If in addi t ion R conta ins an e l e m e n t which i s not a r igh t 

R 
z e r o - d i v i s o r , then — is a d iv i s ion r i n g . 

P roof . Let S i- 0 be the i n t e r s e c t i o n of the n o n - z e r o idea l s of 
R. Then the se t A(S) = { x | S x = 0} , which is c l e a r l y a r i gh t idea l , 
i s a two-s ided i dea l ; and A(S)CI D . In addit ion, if d e D, then 
I = { x | x d = 0} is a two-s ided idea l ; hence S (Z I, d e A(S), and 
D = A(S) i s an i d e a l . 

To comple t e the proof, suppose R j- D and a 4 D; and note 
that for any n o n - z e r o e l e m e n t s e S, we have sR - s aR = S. Thus 
t h e r e e x i s t s an e l e m e n t y e R such that s = say; and for any b 4 D 
we have sb = sayb, s(b - ayb) = 0, and t h e r e f o r e b - ayb e D. 

R 
This i m p l i e s - i s a d iv i s ion r i n g . 

LEMMA 4 . _L£ R i s a s u b d i r e c t l y i r r e d u c i b l e H - r i n g , then 
D C Z . 
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Proof . Note that the defini t ion of H- r ing i m p l i e s 

(4) ab - ba = a D - ba for a l l a, b € R. 

If a, b a r e such that (ab - ba)a = a(ab - ba) = 0, then 
2 2 

aba = ba = a b; and these equa l i t i es applied r e p e a t e d l y to the r igh t 
s ide of (4) yield ab - ba - 0. S imi la r ly , if x(ab - ba)a = 0 for some 
x, then x(ab - ba) = 0. 

Suppose now that a c D and a 4 Z . Then t h e r e ex i s t s an 
e l e m e n t b such that (ab - ba)a 4- 0. Thus (ab - ba)R i 0 and 
S C (ab - ba)R; t h e r e f o r e , if s is a n o n - z e r o e l emen t of S, t h e r e 
i s an x such that s = (ab - ba)x i- 0. But then we a r e faced with the 
r e s u l t tha t sa = (ab - ba)xa--x(ab - ba)a - 0 while at the s a m e t ime 
x(ab - ba) ^ 0 - a con t r ad ic t ion . 

COROLLARY. If R is a subd i rec t ly i r r e d u c i b l e H - r i n g such 
R 

that R i D and [e] is the ident i ty e l emen t of —-, then e € Z . 
R 

M o r e o v e r , if c 4 D and c c Z and if [d] i s the i n v e r s e of [c] i n— , 

then d t Ze 

Proof . F o r a l l a t R, ae - a and ea - a e D CI Z, f r o m which 
2 2 

i t follows on mul t ip l i ca t ion by a that a e = aea = ea . The a r g u m e n t 
at the beginning of the proof of L e m m a 4 then shows that ae = e a . 

To e s t a b l i s h the second p a r t , note that cd - e € D C_ Z, hence 
cd t Z. Thus for any a e R we have c(ad - da) = (ca)d - (cd)a = 
(ac)d - a(cd) - 0; cancel l ing c y ie lds ad - da = 0. 

We now proceed to the proof of T h e o r e m 2 for R subd i r ec t l y 
i r r e d u c i b l e ; in view of L e m m a 4, we need cons ider only the c a s e that 
R i- D . Suppose that such a r ing conta ins an e l emen t a { Z, and le t 
b e Z . We begin by showing that b n - b e D. 

Suppose b - b 4 D for some b € Z. By the a r g u m e n t employed 

in Sect ion 2, we have (b - b)a e Z . If [d] i s the inverse of [b - b ] 
R 

in —• , then by the c o r o l l a r y to L e m m a 4, d e Z and hence 

d(b -b)a c Z. But d(b -b)a - a € D C Z, and th i s imp l i e s a e Z , 
c o n t r a r y to our a s s u m p t i o n . 

We have shown that b - b e D for a l l b ç Z; t h e r e f o r e , for al l 

a € R we have (a - a) - (a - a) € D. Thus , s ince a l l e l e m e n t s of 
R / D sat isfy the s a m e po lynomia l equation, R / D is a finite f ie ld. 
Since the mul t ip l i ca t ive group of a finite field is cycli.c, a l l n o n - d i v i s o r s 
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of z e r o in R can be w r i t t e n in the f o r m x + z w h e r e z e Z and x 
is a fixed e l e m e n t of R. But t h i s i s i ncompa t ib l e with the e x i s t e n c e 
of an e l e m e n t a ( Z . Our proof of T h e o r e m 2 is now c o m p l e t e . 

T h e o r e m 2 is t r u e if n is not fixed but depends on x (see [ J ] ) ; 
howeve r , the d iv i s ion r ing c a s e h e r e r e q u i r e s some spec ia l i zed 
m a c h i n e r y . M o s t of the a r g u m e n t s we have used apply to the m o r e 
g e n e r a l c a s e - in p a r t i c u l a r , L e m m a 2 goes th rough - and an e l e m e n t a r y 
proof for the c a s e w h e r e R has no z e r o - d i v i s o r s would aga in obvia te 
the use of the J acobson s t r u c t u r e t h e o r y . 
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