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QUANTUM MARKOV CHAINS AND CLASSICAL
RANDOM SEQUENCES
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§1. Introduction

Quantum Markov chain introduced by Accardi (cf. [1,2,3]) is one of natural
generalization of classical Markov chain. It has many interesting applications in
physics and the most important one is given by the paper of Fannes-
Nachtergaele-Werner ([4]), where an application of quantum Markov chain’s tech-
nique enables us to understand the Valence bond states well.

In this note, by the terminology of gquantum Markov chain we follow Accardi’s
definition (cf. [1] or [3]):

Let be given a C*—algebra % = B(H) for some fixed separable Hilbert space
H and o := @B (where, ® means the C*-tensor induced by the usual tensor
product of Hilbert space). For each # € N, let be given a homomorphism

B 1,801,081, ,88301,,,81,,8- =11, QB3RQ1,,

such that
@ i=1,0a®1, Vac}

A bilinear map & from B ® B to B is called a transition expectation if it is com-
pletely positive and identity preserving.

With above notations, quantum Markov chain (or quantum Markovian state)
is defined on & ‘= @B as the following: a state ¢ on & is called Markovian
state if there exists a state @, (initial state) on B and a transition expectation &
such that

(L1 ¢Glas(a) - j,(a,) = ¢,(8(a,®8(a,® - -- Qb(a, , D8, Q1) )).

It is proved (cf. [3]) that any transition expectation & has the form
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(1.2) &) = Tr,(Z Kz K)
j

where, Tr, means the partial trace with respect to the second factor; K; € 8 @ 3,
7 =1,2,---. Moreover, the index j runs over a finite subset of N if H is a finite
dimensional Hilbert space.

Throughout this note we restrict ourselves to the case of dim(H) =d < .
Since for each orthonormal basis (o.n.b.) {e,}}_, of H, B(H) can be considered as
the algebra of all d X d matrices, i.e. B(H) = M,, the further assumption is made:
B=M,.

For each K € B @ B, we have the expression

(1.3) K=3le,><e, | QK,,

h,h’

where | e, > < eh,‘ means the matrix whose (4, k') -element is equal to 1 and
elsewhere zero. In the following by the notation 9 we shall denote the diagonal
subalgebra of M, (corresponding to {e,}}_,).

With above definitions and notations, each {1, -+, d}-valued classical Mar-
kov chain {X,},-, on a propability space (P, £) with initial distribution p and
transition matrix P = (p,;) can be understood as a quantum Markov chain in the
following canonical way:

i) each bounded function on {1, -, d}, say f, will be regarded as an element
of D:
fA o0 - 0
(1.4) 0 /@ = 0

0 0 - f@
ii) for each # € N, let us define a homomorphism
(1.5) W) =fX), V€D
iii) define

/ph,l O cee 0

(1.6) K = O 17:;;,2 0
0 0 Vhua

(1.7a) K ,, =0, ifh#+W

(1.7b) K,,,'=0, Vnx2
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iv) define initial state ¢, by

pl 0O - 0
0 oo O
(1.8) $o(*) = Tr(| . pf N R
O O “ee pd
It is easy to check that
(1.9) 8,(x) 1= Tr, (K, - K)
where K,:= 2, | ¢, >< ¢, | @ K, ,1 is a transition expectation with the proper-
ty:
(1.10) 8,(fQ® =f860Kg Vf,g€D

and @, is a state on M,. Therefore (¢@,, 8,) is a quantum Markov chain and
moreover the restriction of this quantum Markov chain to the diagonal subalgebra
%9 is nothing but the given classical Markov chain.

From above discussion one can see that the choice of (¢, &) is not unique. In
fact we can replace the initial density matrix

pl O “es 0
0 pz oo 0
0 0 ooe pd

by any density matrix w, which has diagonal elements {p,, p,," " *, pa}. Of course
there are many such density matrices. Moreover we can replace K, ,, by any K, ,
which has only to possess the property:

(1.11) K, K55G, D =p,, Vi=12,d
Let denote

K,i=2l]e,><e¢,|QK,,
h

and define
8,(*) :=Tr,(K) - K,).

Then (Tr(w, ), ,(+)) is also a quantum Markov chain obtained from the same
classical Markov chain (p, P = (p,;)) and moreover, by restricting the two quan-
tum Markov chains (Tr(w,"), ,(-)) and (¢,, &,) on D, one obtains the same clas-
sical Markov chain {p, P = (p,))).
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Now a natural problem can be asked: starting from a classical Markov chain
{p, P = (p,,)), what is the most general form of the quantum form of the quantum
Markov chains whose restriction to the diagonal subalgebra gives the classical
Markov chain? One can also ask the problem reversely: which kind of quantum
Markov chain gives, by restricting it to diagonal subalgebra, a classical Markov
chain?

Moreover, it is usually believed that some non-Markovian stochastic proces-
ses (classical) are quantum Markov chain. Then a natural question is this: which
kind of classical stochastic processes can be a quantum Markov chain? In order to
answer this question, first of all we have to understand which kind of quantum
Markov chain, by restricting it to diagonal subalgebra 9, gives a classical stochas-
tic process in the sense of & maps ¥ @ @ to P?

Remark. Notice that if
(1.12) 8@R®D) cD
then we can consider the initial density matrix w, as a diagonal one since its

non-diagonal elements don’t play any rule in this case.

In this note we give the answer of above questions. Our main results are
stated in the next section.

8§2. The main results

In the section 1, we opened the problems and gave their motivations. Now we
shall state the answer of the problems. The proof of our main results is the con-
tents of the next section.

ProposITION (2.1). A tramsition expectation 8 maps D Q D to D if and only if for
cach v, v', h € {1, -, d} with v # 7, the matrix >, K,, K, has only zero di-
agonal elements.

DEFINITION (2.2). We say that an {1, -+, d}-valued classical stochastic pro-
cess {X,},_, on probability space (P, £) is the quantum Markov chain (¢,, 8) if
& satisfies (1.12) and the joint distributions are the same, i.e. for each n € N,

{ih}:=0 c {1,' tty d}
@1 P, =iy, X, =i, X, =1)
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=¢(le,><e | ®le, ><e, |®@ ®le, ><e¢ |
= ¢o(8(le, >< e, | ®8(e, ><e |®
" ®8(e,, ><e, [®8(e,><e, @D

Now we can state the results which replies the question: which kind of clas-
sical stochastic process can be a quantum Markov chain?

THEOREM (2.3). Let {X,},_, be an {1, -, d}-valued classical stochastic process
on a probability space (P, 2). Then it is a quantum Markov chain if and only if there
exist a probability measure p, on {1, -, d} and a 3-indices cubic matrix (Tj,,)
with the following properties:

(2.2a) 1,20, Vi, ke{l, -, d
(2.2b) Z T,,=1,Vvje(l, - d
(2.2¢) PX,=j) = Z,EPO(”TW’ viell, -, d

such that the joint distribution is given by:
PX,=1i,X, =14, ,X,=1,)
= Z po(’) Jriodo 10’111“. T

In-2in-1In-1"In-vinin
J» Jos. 11 *in

(2.2d)

THEOREM (2.4). Let {X,},_, be an {1, -, d}-valued classical stochastic process
on a probability space (P, £2). Then it is a quantum Markov chain if and only if there
exists an {1, -, d*-valued classical Markov chain {(Z,, Y,)}o_, on a probability
space (P’, ') with the properties:

1) the transition probability

(2.3a) b =PUZ, Y) =G, (Z,, Y, ) =0, 1)

is independent of 1,
ii) there exists a probability distribution p, on {1, -+, d} and the initial distribu-
tion of (Z,, YD)}, is given by

(2.3b) P((Z, Y)=(,i) = %po(k)Tk,i,j

(wheve (T ,k) is determined by the process {X, },, o as stated in Theovem (2.3)) such
that

24) PX, =iy X, =iy, , X, = i) =P (Y, =i, ¥, = i,,-, ¥, = i,).
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COROLLARY. If the quantum Markov chain (¢y, 8) on QNM, has the property
that & maps D QD to D. Then the classical stochastic process, obtained by restricting
(@y, 8) to the diagomal subalgebra D, is stochastically equivalent to the second compo-
nent of an {1, -, d¥*-valued classical Markov chain {(Z,, Y,)Yo_, which has the
properties i), ii) in Theovem (2.4).

This Corollary is a direct conclusion of Theorems (2.3) and (2.4).

DEFINITION (2.5). We say that the quantum Markov chain (¢,, 8) is a classic-
al Markov chain on the diagonal subalgebra @ if (1.12) is valid and

(2.5) 8a®b) =a-80Qb), VY a,bED.

THEOREM (2.6). The quantum Markov chain (¢, 8) is a classical Markov chain
on the diagonal subalgebra if and only if the operators {K;} (see (1.2)) have the form:

(2.6) K,.=§|e,,><e,,|®Kj,,,,h, Vi=1,-,d
Remark. The formula (2.6) means that each K is a block-diagonal (not neces-
sarily diagonal) d? X d* matrix, i.e.
Kj,l,l O “ee 0
27) 0 Kz O
00 - Ky

where, each K;,, (I =1,---,d) is a d X d matrix.

§3. The proof of the main results

This section is devoted to prove our results stated in the preceding section.
The basic step is to make transition expectation in more clear form. From (1.3),
one knows that for each b € M,,

(3.1) 8(e,>< e, ®b =ZTr,K (e, ><e,| DK)

=3 X Tr,((e, ><e,["QK N(e,><e, | @b (e, ><e|®K;,,)

i mK .y

= 2 le,><e |l le><e,| le,><e|Tr(Z K bK,,)
J

hh

=Xle, ><e,|Tr(Z K} bK,,,).
I j

https://doi.org/10.1017/50027763000005353 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000005353

QUANTUM MARKOV CHAINS 179

Since {|e; ><e,| € M,:i,m € {1,-+-, d}} is a basis of M,, we find that
for any a = (a(i, m)) € M,,

(3.2) 8@®b) = ali,mZ|e, ><e|Tr(Z K, bK,, )]
i,m 77 j
By (3.2) and the fact that 8 is identity preserving, one obtains that

(3.3) Tr(Z K;; ,bK;;,) = 9,,, Vi€EN.
j

Proof of Proposition (2.1). For any | e, > <ce, l, | e, > <e,
that

, (3.1) shows

(3.4) 8(e,><e,|®le,>< e,

)=Zle, ><e|Tr(ZKS, - le, ><en|K;,,).
ry j

If 8§ maps 2 @ P to D, then for any m, i

35) 8(e,><e,|®le,><el)=2le, ><e|Tr(ZKY, le,><el K, =
ry j
= Z | (2% >< er| Tr(z Kj,m,rKi’,km,r" ¢; >< ¢; |)
7 j

Therefore for any 7 # 7’

(3.6) Tr(Z K, K,y - e, >< e )) = XK, K, @G, i) =0.
j j

This shows that 8§ maps 2@ D to D only if for any m, » # 7/, the matrix
2 K,»,m,,K:m,,, has only zero diagonal elements.

On the other hand, if for any m, » # 7/, the matrix Z,K,-,m,rKfm',, has only
zero diagonal elements, (3.4), (3.5) and (3.6) guarantee that (e, > < e, | ®@b)
€ 9 for each b € D. Since {| ¢,, > < ¢, |},,cn is 2 basis of D, it is obvious that
8(a®b) € D for each a, b € 9. These arguments complete the proof.

Proof of Theorem (2.3). If classical stochastic process {X,},-, on a probabil-
ity space (P, 2) is a quantum Markov chain, then by definition, there exists a
pair (¢,, ) such that (1.12) and (2.1) are valid.

First of all, let see the initial distribution. By (1.3) and (2.1), for any ¢, €
{1,---, d},
(3.7) P(X, = i) = ¢,(8(e, >< ¢, |®D = ¢0<§ le, ><e,l|) - zj:Tr(K. Wi )

SER

By (1.12), we know that (3.7) is equal to
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(3.8) ¢0(}:|e ><el]) ZTr( o ,,0,)
Denote
(3.9) 0,(+) 1= Tr(w,")

with the density matrix w, = (@, ), (3.8) becomes

(3.10) o, I T( K, K )= T, T K, K5 ) (K, k).

Define
(3.11a) po(r) 1= w,, Yre& a,---, d
and

(3.11b) T, = Z(K,,,K,,,)(k K, Yr i kel - d.

Then p, is a probability measure on {1, -+, d} and (2.2a,b,c) are satisfied.
Our second step is to compute the joint distribution. In order to do this we
must know the explicit form of the matrix

(312) &(e,><e, |®8(e, ><e, |®
- Q4 e, ><e, | ®68(e, ><e [®1): ).
By the formulae (3.1) and (1.12), we find that (3.12) is equal to
(3.13) Zle ><e, lZTr( K irKin8le, ><e |® - ®8(e,_><e
R8(e, ><e |®1)).

in-1

Applying again the formulae (3.1) and (1.12), we are able to rewrite (3.13) as

2070 J1:41,7

(313a)  Zle, ><e,| = Tr (K, " Z le, ><e, | X Tr(K,"
o fo jo

8le, ><e |® - Qe ><e, [R8(e,><e Q1))
=2 |e, ><e, |Z:Tr(K"<2 (rl,rl)ZTr(K*2

Jorb0:70 Jutn”
Y071

8le, ><e |® - Qé8le, ><e |®8(e, ><e |®D):)).
By using the symbol introduced in (3.11b), the right hand side of (3.13a) becomes

(3.13b) Zle,>< e | Thir ZTr (K, 8(e, ><e, | ®
1

707,

- Q8(e, ><e, |®8(e,><e [®1)))).

vip?y
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Repeating above discussion, we find that (3.13) is equal to

(3.14) 2 N> < e L L, Tty Do
Introducing new indices:

(3.15) Ji =0y o = ey P Wy Jp ST

(3.14) can be rewrited as

(3.14a) 2 e ><el T T Tinsinins Dinsrimin

Jidgd1s iin

By acting the initial state ¢,(-) = Tr(w, ‘) to (3.14a), one obtains (2.2d) with
D) 1= w,(, 7).

Now let be given a classical stochastic process {X,},_, with the properties
(2.2a,b,c,d), we have to construct a quantum Markov chain {¢,, §} such that (1.12)
and (2.1) are satisfied.

Taking the initial density matrix w, as

@ 0 0
(3.15) 0 @ 0
0 0 - pd

¢ (+) 1= Tr(w,*) is, clearly, a state on M,.

Define

(3.16) K:=3Xl|e, ><e¢|QK,,
h,r

(317) K:: = (V I‘j,i,l ej’ I‘j,i,ze]‘y. Ty Y Ti,t,dej)'
We have
(3.182) K K5 =0, Yi,j#j€{1, -, d
and
(3.18b) K K5k k) =Ty, Vi j, kel -, d.

Thus, a quantum Markov chain (@, &) is obtained and these end the proof of
Theorem (2.3).

Proof of Theorem (2.4). Let classical stochastic process {X,},_, on a probabil-
ity space (P, ) be a quantum Markov chain. Then by Theorem (2.3), we know
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that p,, (T},,) satisfy (2.2a,b,c,d).
Define a probability measure p(+,-) on {1,---, d}’ by

(3.19) pG, D)= Zp(NT,,,

and a transition matrix (9 i .)) by
(3.20) Do = Tywyn Vi, 6,5, €11,-+, dh.

Then with a canonical way we can construct a probability space (P, £') and an
{1,- -+, d}*-valued Markov chain {(Z,, Y,)},_, with the initial distribution:

(3.21) P((Z, Y) =, ) =pG, 0= %po(k)Tk,f,j

and the transition probability:
322 PUZ,Y)=(,NZ., YD) =00 = Piwiin = Ty

Thus by a simple computation we know that the joint distribution P'(¥, = 4,," - -,
Y, = i) is given by the right hand side of (2.2d) and this implies (2.4).

On the other hand, let be given an {1,---, d)’-valued Markov chain
{(Z,, Y,)},_, on a probability space (P’, £’). If it has the properties i) and ii) in
Theorem (2.4), then following conclusions are obvious:

1) p, is a probability measure on {1, -, d} and p,, (T},,) satisfy (2.2a,b,c);

2) the joint distribution of {Y,},_, is given by the right hand side of (2.2d).

These end the proof.

Proof of Theorem (2.6). For any m € {1, -, d}, (3.5) shows that

(3.23) &( e, ><e, 1®1 =X ¢, ><le, | Tr(Z Kj,m,rKifm,r)'
7 j

On the other hand, (2.5) makes sure that
(3.24) 8(e,><e, | @1 =le,><e,|.
Comparing (3.23) and (3.24), we have

(3.25) Tr(Z K, K o)) = 0,
Y

and this gives that
(3.26) K.,,=0, VYm#+re{lz2, -, il

i.e. K; has the special form as (2.6).
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If any K; G € {1, -, d}) has the form (2.6), we shall prove that
1) foreacha, b€ D, 8(a®b) =a- (1 RDb);

2) foreach b € 9,81 X b) € P.

It is clear that with 1), the condition 2) is equivalent to

2Y for eacha, bE D, (@R b) € P.

The formula (3.5) shows, since any K, has the form (2.6), that

(3.27) 81Qb) =X|e,><e|Tr(Z K} bK;,), VbED

and this belongs to 9. Moreover

(3.28) 8@®0b) = Zalm, mll e, >< e, | Tr(Z Ky, 0K )]

a(1,1) 0 0
0 a(2,2) - 0

0 0 - ald,d
Tr(Z,K,; bK, ) 0
*
% 0 Tr(Z,K;,,bK; ,,)
E3
0 0 - Tr(X,K; . 40K, 40
=a-8(1 Q).
This finishes the proof.
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