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Arithmetic properties of certain

functions in several variables Il

J.H. Loxton and A.J. van der Poorten

We obtain a general transcendence theorem for the solutions of a
certain type of functional equation. A particular and striking
consequence of the general result is that, for any irrational

number ww , the function
(-]
T [wld
h=1

takes transcendental values at all algebraic points o with

0<la] <1.

Introduction

In this paper, we continue our study of the transcendency of functions
in one or more complex variables which satisfy one of a certain general
class of functional equations. The ideas for this work go back almost 50
years to 3 papers of Mahler [9], [710], and [11] in which he analyses

solutions of functional equations of the form
f(Tz) = R(z; f(z)) s

where T 1is a certain transformation of the »n complex variables

z = (zl, RN zn] ,and R(z; w) is a rational function. In our earlier

papers [7] and [8], we extended Mahler's results by widening the class of
allowable transformations T . It is our object here to generalise the
theory in another direction and, specifically, to answer a problem posed by

Mahler, namely Problem 2 of [/2]. In view of the technical nature of our
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general result, it seems appropriate to introduce the work of this paper by

discussing a number of examples.

In [9], Mahler showed that the Fredholm series
2
flz) = ¥ 25,

which satisfies the functional equation

£(z%) = fla) - 2,

takes transcendental values at algebraic points o with O < |a| <1, and

in [710], he further showed that if o ees O are multiplicatively

l,
independent algebraic numbers each satisfying 0 < |aj| <1, then the
numbers f@ul), ooy fﬁ%ﬂ) are linearly independent over the field of

algebraic numbers. In fact, as shown in [8], under these conditions the

numbers f(al), eens f(am) are actually algebraically independent. A
recent note [13, 14] of Mahler shows inter alia that the series

h
(h!)_lz2
h=0

takes transcendental values at algebraic points a« with 0 < [a] <1 . We

can now generalise this result to show that series of the shape

where the q, = b,/c are rational numbers satisfying
h h'"h

Log|b | Logley| = o(@") (=),
take transcendental values at algebraic points o with 0 < |u| <1,
providing, of course, that infinitely many of the ah are non-zero. In

place of the single functional equation satisfied by the Fredholm series
flz) , we now have a chain of functional equations for the functions
© 2h—k

fk(z) = hé% ayz (k z0) ,
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namely
fk[z2) = fr1(8) - q 3 (k21)

It is with just such systems of functional equations that we shall be

concerned in this paper.

The ideas extend to functions in several complex variables. For

example, denote by {j%} the sequence of Fibonacci numbers, defined by
= = = >
fo=0s 121, fpp=Fhp* 8 (Bz0).

Mahler [9] showed that the series

e Intun
flays =) = hzo 1%

which satisfies the functional equation
Flags 313)) = flays 2)) - 25

takes transcendental values at points (a, B) with a, B algebraic,
oB # 0 , and
5

logla] + %(1+5 log|B| <0 .

In particular, the series
@ T
g(z) = Zzh
h=0

takes transcendental values at algebraic points o with 0 < |a| <1. In

[&], we showed further that if a., ..., O

., 8re algebraic numbers each

1

satisfying 0 < lajl <1 and the numbers |al|, . |°‘m| are
multiplicatively independent, then the numbers g(al), ooy g(am) are

algebraically independent. We can now show that, under reasonable growth

conditions on the algebraic coefficients ah s, numbers of the shape
«©

T a?

a,o

h=0

are transcendental for algebraic a with 0 < |a| <1 .
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Mahler shows in [13, 14] that his techniques suffice to prove the

transcendence of a class of numbers including the number

D CID
h=0 2

an example given by Mignotte [15]. (Here {f%} is again the Fibonacci

sequence.) In [8], we remark upon the amusing result that we can even show
that the numbers

are algebraically independent. We can now show, generalising Mahler's

result [13, 741, that if {uh} is an integer sequence satisfying one of a

wide class of linear recurrence relations and the algebraic coefficients

ah satisfy a reasonable growth condition, then sums of the shape

- k
ko=, 2, ..
hgo W u,

are transcendental . In particular, one can take for the sequence {uh}
the sequence {ph} or {qh} of numerators or denominators respectively of

the convergents of an irrational real number. In a similar spirit, subject
to certain rather technical conditions on the functions involved, our

results yield the transcendence of infinite products such as

0 uh
TT (+(rr) 1z B
h=0
and of continued fractions such as

Ug M U
2 I 2

+ &2
1 1+ 1+ 1+...

at algebraic points o with O < |a| <1, u, being a linear recurrence
of the type alluded to above.

Mahler's results do not seem at all well-known and one of the few

examples referred to in the literature is the transcendence of the sums
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o

h
flo) = ¥ [hwla” ,
h=1
for w a real quadratic irrational and a algebraic with O < |a| <1.
(As usual, [x] denotes the integer part of x .) We shall extend this

result of Mahler's by proving the transcendence of the sums f@(a) for

arbitrary real irrational w . This example is note-worthy in that it
displays uncountably many transcendental numbers in one-to-one
correspondence with the real irrational numbers. The result depends on the
following construction, leading to a chain of functional equations. We

assume, a&s we may, that 0 < w < 1 and write

( ) - hl h2
Flz,2)= % 3 2.7z
w 1 "2 < 172
= <
hl 1 l_h2 hlw
and
1 1
w, = —— (k = 1)
k ‘e ?
A To
- _ -1 . R
50 that wl = w and mk+l = w7< - ak . Then, by elementary manipulation
of the sums, we obtain
2.3
172
F = — +
wk(zl’ 2,) Eﬁ/wk(zz’ z) 1-2) (17,
a,+1
k
a 3 2
sy [ a) e
Wr+1

%k
[1-21 22](1—21)
If w is a quadratic irrational, the w, are periodic so the chain of

functional equations yields a single functional equation and consequently
this case falls within the ambit of Mahler's work [9]. For arbitrary
irrational w , we need the general result of the present paper, which

permits us to infer the transcendence of Fm(a’ B) for algebraic a, B in

the domain of convergence of the series, providing the partial quotients

ak are bounded. In the contrary case, with the ak

direct methods already establish the required result.

unbounded, more
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The paper is divided into 3 parts, as follows. Chapter 1 contains a
number of definitions and preliminary observations which specify the type
of functional equations we are able to treat. The main transcendence
theorem itself is stated and proved in Chapter 2. Finally, Chapter 3
contains applications of the general theorem to more concrete situations of

the type described above and concluding with an analysis of Mahler's series

£z .

1. Preliminary definitions
1. COHERENT SEQUENCES OF MATRICES
Let T = (tij) be an 7n X n matrix with non-negative integer

entries. As usual, we define the spectral radius of T , denoted by

r(T) , to be the maximum of the absolute values of the eigenvalues of T .
We further define a transformation T : Cn + C? as follows: if

3 = (zl, cees zn) is a point of c” , then w = Tz is the point with

coordinates
7 ti'
w, = 2. (1si=mn).
7 §=1 J

We adopt the usual vector notation for multi-indices, that is, if

= [ul, ey un] and V = (vl, vees vn) , then we write

lul = lugl+ oo+ o |,
(y, V) = ulvl + ...+ unvn .
and
H H
H _ 1 n . n
2 =37 ... 8, (z in C*).

Thus, for example, we have

(Tz)" = M (z in C*).

n . n
Finally, we denote by C#*° +the set of points 3z = (zl, cens zn) of C

with 2 ... Ey #£0 .
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Let. T-= {Tl, T2, ...} be a sequence of 7 X n non-negative integer
matrices and define its associated sequence of matrices S = {Sl, 52’ ...}
by

= >
(1) S, =TT 1 --- T, (kz1).
It is convenient to write
(2) r, = r(s,) (k z1)

We denote by U(T) the set of all points z in C*" with the following
property: +there is a positive #n-tuple n , depending only on the sequence
T and the point 2z , such that

(3) log

(Skz)ul ~erlu, ) (k)

for each integer n-tuple U . We call the sequence T &a coherent

sequence of matrices if it satisfies the following 2 conditions:
(i) the sequence Pk is strictly increasing and rk + ® as
k'*°°,and
(ii) the set U(T) is a non-empty neighbourhood of the origin
in C#" |
There is a significant case in which the above definition can be
formulated quite explicitly. Consider the sequence T = {7, 7, ...}
consisting of the repetitions of a single 7 X n non-negative integer
matrix 7T . By a theorem of Frobenius (see, for example, [5], page 80),
r(T) 1is itself an eigenvalue of T . If »r(T) is greater than 1 and
also greater than the absolute values of all the other eigenvalues of T ,

and T has a positive eigenvector belonging to the eigenvalue »(T) , then

T={r, T, ...} is a coherent sequence of matrices. Indeed, in this case,
Sk = Tk , so the condition (i) above is immediate and condition (ii) can be

verified by elementary linear algebra (see [7], Lemma 4). In this case,
we can describe the vector N in (3) as the projection of the vector

(-log|zl|, ey -1og|zn|) on the eigenspace of T Dbelonging to the

eigenvalue =r(T) .
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2. THE FUNCTIONAL EQUATIONS

Let T = {T » T ..} be a coherent sequence of matrices and let

2,
F = {fb(z), fi(z), ...} be a sequence of functions of the 7 complex
variables 2 = (zl, vy zn] , each fk(Z) being regular in some fixed

neighbourhood of the origin. We say the sequence of functions F

satisfies a recursive system of functional equations if

) f(Te) = ZakJ(szl /Zb (2)f (3 (k=z1),

where the akj(z) and bkj(z) (O =g = gk] are polynomials with degrees

at most d (dk =2 1) . We denote by Ak(z) the resultant of the 2 forms

k ; Gy ~d k P 9p=d
Y a,.(2)uv and Y b, .(3)v R
L Tk =0 kj

so that Ak(z) is also a polynomial in 2 . By hypothesis, the functions
of the sequence F have power series expansions at the origin, so we can

write

(5) (2 =AM (k20

Let S = {S , S .} be the associated sequence of matrices of the

2’
sequence T , defined by (1), and set rk = P(Sk) , as before. The

functional equations (4) yield, by induction, the further equations

Ry Ay,
(6) i (542) = Z A=) 1 z B3 fy(a) (k2 1)
where
(1) hk=9192 e G (k = 1)

and the Akj(z) and Bkj(z) (0 =4= hk) are polynomials with degrees at

most c e, , where ¢ is a positive constant depending only on the
k

1

sequence T and
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d.  d.r d,r
K k-1
(8) e=h{—l-+21+...+———} (k 2 1)
kT et TE, Py

The resultant of the two forms

h h -4 h h i
2: AkJ(z v K and ng Bk (2)?

is easily seen to be Al(z)AQLSlz) cen Ak(Sk_lz) .

Now introduce the new variables ¢ = (tu) , indexed by n-tuples

"= (ul, vees un) of non-negative integers, and set
F(z; t) =Y ¢ 2"
" H

Thus, by (5), we have

v

(9) F(z; %) = £(2) (k=2 0)

Consider a function E(z; t) of the shape

P .
E(z; t) = Y Pi(z; t)F(z; t)?

Zpu(t)zu ,
J=0 u

where the Pj(z; t) are polynomials in 2 and in finitely many of the
variables tu and the series on the right is the power series expansion of

E(z; t) at the origin. We say the sequence of functions F is strongly
transcendental if, for each function E(2; t) formed in the above manner,

there is a constant m with the following property: whenever k is a

(k))

sufficiently large positive integer and the polynomials Pj(z; T are
not all identically zero, then there is an index Y with |u| =m such

that pu[‘t(k)) #0.

Finally, let o be a point of C*' . We say that the point o is
admissible ﬁmore explicitly, admissible with respect to the sequence of
matrices T and the system of functional equations (h)) if it has the

following 3 properties:
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(i) o is in the neighbourhood U(T) ,

(ii) Ak(Sk_la) # 0 for each positive integer %k , and

(iii} if n is the vector determined by (3) for 2z = o , then

the coordinates of n are linearly independent over Q .

We remark that conditions (i) and (ii) of the last definition are

"regularity" conditions. Thus (i) ensures that Ska +0 as k>, so
that fk(Ska] is defined for all sufficiently large k , and (ii) ensures

that the rational functions in the functional equations (6) are well-

defined at o , whenever fb(a) exists. Condition (iii) amounts to a

condition of "independence" for the coordinates of o . In particular, by
applying a result of Baker on the logarithms of algebraic numbers, it can

be shown that (iii) holds if o., ..., & are algebraic numbers and

1’ n

|all, cees Ian| are multiplicatively independent (see the proof of Theorem

2 in [7]).

2. The transcendence theorem
3. STATEMENT OF THE MAIN THEOREM

Let K be an algebraic number field of finite degree, d say, over
Q. For each B in K , we can find a non-zero rational integer den B ,
a denominator for B , such that (den B)B is an algebraic integer. We

measure the size of £ by

iBll = max {|oB|, |den B8]} ,
ag

where O runs through the d distinet embeddings of X into C . For a

polynomial p(z) = E:puzu with coefficients in K , we define

lpll = max fip -
M
We can now formulate the main transcendence theorem.

THEOREM 1. Let T={T,, T,, ...} be a coherent sequence of

2’
matrices. Let F = {fb(z), f1(2), ...} be a strongly transcendental

sequence of functions, each one being regular in some neighbourhood of the
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origin and satisfying the recursive system of functional equations (4), and

(k)
u

suppose that all the coefficients T of the power series expansions

(5) of the fk(z) and all the coefficients of the polynomials a, .(z) and

kg
bkj(z) in the functional equations (4) lie in some fized algebraic number
field. Let Trs hk , and e be given by (2), (T7), and (8). Assume that

there i8 a positive constant ey s independent of k , such that

(10) hy + e+ 0<{n<ax {logllakﬂ’jll, logllbkﬂ,jll} s eyry s
=g

and also that, for each € > 0 , there is a positive number Cl(s) such

that
(11) log Tﬁk)“ = erk(1+|u|)
for all non-negative integer n-tuples y , whenever k 2 Cl(e) . Finally,

let o be an admissible algebraic point. If fb(a) exigts, then fo(a)
18 transcendental.

The theorem generalises the main theorem of [7] (see [7], Theorem 1

and Lemma 11). Indeed, if the sequences T = {7, 7, ...} and

F={f(3), f(a), ...} each consist of repetitions of a single entity, then
the system of functional equations (4) becomes a single functional equation
for f(z) and the hypothesis of strong transcendence for the sequence F
becomes the ordinary transcendence of the function f(z) , and this is just
the situation we treat in [7]. The proof of the theorem depends, as in our
earlier work, on the construction of a suitable auxiliary function which we

shall show has properties incompatible with the assumption that fb(a) is
algebraic. This programme is carried out in the next U4 sectioms.
4. THE AUXILIARY FUNCTION

Throughout the remainder of this chapter, we assume that the sequence
of matrices T , the sequence of functions F , and the point o satisfy

all the requirements of Theorem 1 and we assume, in addition, that fb(a)

is algebraic. Let KX be an algebraic number field of finite degree, d
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(k)

say, over Q which contains all the coefficients Tu of the power

series expansions (5), all the coefficients of the polynomials appearing in
the system of functional equations (4), the coordinates of the point a ,

and the number fo(a) . In the following work e., ¢., ... denote

1 2°
positive constants depending only on the quantities introduced above and

Cl(e), CQ(E), ... denote positive constants which may in addition depend

on the parameter € . In particular, these constants do not depend on the

parameters k and p which will appear shortly.

For any m = 0 , we denote by P(m) the ring of polynomials in the

finitely many variables tu with |u| =m and with coefficients in X .

LEMMA 1. There is an infinite sequence N of positive integers such
that the following 2 assertions for a polynomial p(t) in P(m) are
2quivalent:

() p('r(k))
(k))

0 for infinitely many k in N ; and

(ii) plx 0 forall k in N .

Proof. Let Nl be the sequence of all positive integers and Il be

the ideal of P(m) comprising those polynomials p(%) such that

p(T(k)) =0 for all k in N, . If there is no polynomial p(¢) in

P(m)\1} such that p[T(k)) = 0 for infinitely many k in N, , the

l bl
construction stops. If there is such a polynomial, pl(t) say, then we

let N, Dbe the sequence of indices k in N, such that pl(T(k')] =0,

and we let I, be the ideal of P(m) comprising those polynomials p(t)

such that p(‘r(k)) =0 for all k in N Continuing the construction

5 -
in the obvious way, we obtain a strictly ascending chain Il c 12 c ... of
ideals of P(m) . Since P(m) 1is noetherian, the construction necessarily

terminates when we reach some ideal IZ and the corresponding sequence NZ
clearly has the property required in the lemma.

Let N(m) bYe some infinite sequence of positive integers with the
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property described in Lemma 1 and let I(m) be the ideal of polynomials of
P(m) satisfying the equivalent conditions (Z) and (ZZ) of the lemma. In
general, there are many choices for N(m) , but having chosen one, we keep
it fixed for the rest of the discussion. Clearly, I{(m) is a prime ideal
of P(m) and I(m) is not the whole of P(m) , since it does not contain
the constant polynomials. Thus P(m)/I(m) is a non-trivial integral

domain.

The next lemma gives the construction of the auxiliary function
Ep(z; t) .

LEMMA 2. For each positive integer o = c there are p + 1

3’
polynomials Po(z; )y eees Pp(z; t) which, considered as polynomials in

2 , have degrees at most p 1in each variable and coefficients in

P(pl+l/n) > such that the function
£ J u
(12) E(z; t) = ) P.z; t)F(a; t)Y =) p (t)z

has the following 2 properties:

1+1/n

(i) all the coefficients pu(t) with |u| = %o are in

1 (pl+l/n) ; and

(i1) the function Ep(z; T(k)) 18 not identically zero for all

sufficiently large k 1in N(pl+l/n)

1+1/n

Proof. Set m = p . We treat Po(z; t)y ..., P (2; t) as

o
polynomials in 2 whose coefficients are in P(m)/I(m) . With this

interpretation, the p + 1 polynomials Pﬁ(z; t) together possess

(ml)n+l coefficients. Moreover, the (t) defined by (12) are
Py

polynomials in t and, for |p| =m , we have pu(t) in P(m)/1(m) . So

. . +
the requirement (7) of the lemma gives at most (%pl 1/n+l)n homogeneous

linear equations in the coefficients of the polynomials Pj(z; t) . If p

is sufficiently large, the number of equations is less than the total
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number of coefficients, so the system has a non-trivial solution in the
domain P(m)/I(m) . This achieves (Z). The construction also ensures that

(k))

the polynomials PJ. (z; T are not all identically zero for each

sufficiently large k in N(m) . This remark, together with the
hypothesis of strong transcendence of the sequence F , gives (iZ).

5. AN UPPER BOUND FOR 'E’p[SkoL; T(k)”

LEMMA 3. Let S, 7, . and (%)

be the quantities defined in (1),
(2), and (5), and let E'p(z; t) be the funetion constructed in Lemma 2.
Then

1+1/n

log = -chrkp

E’p[Ska; T(k))

whenever p=c, and k 1is in N[pl+l/ n) and sufficiently large compared

3
to p .

Proof. As in the proof of Lemma 2, we write
. - H
E (Z, t) - z P (t)z s
P U U

where the coefficients pu(t) are polynomials in ¢ whose degrees can be
bounded in terms of p alone. Let u be an n-tuple of non-negative

integers. By (3) and (11), we have

log = erp (1+]u])

)
u

(Ska)u‘ = —csrkhil and log

for any € > 0 and for all sufficiently large k . Hence

log pu(r(k)) (Ska]ul = -c62"k(1+|u|) .

whenever k 1is sufficiently large compared to p and pu(‘r(k)) #0.
Thus the series for Ep[Skot; T(k)] is convergent for all Kk sufficiently
large compared to p and, by the construction of Lemma 2,

Ep[Ska; ‘r(k)]

<

= -eyrp s

log
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l+l/n]

whenever p = ¢, and k is in N (p and sufficiently large compared

3
to p .

6. AN UPPER BOUND FOR "Ep[Ska; T(k)]“

Let p(z) = Z puzl“l be a polymomial with coefficients in the field

K . We say the polynomial ¢q(z) = unzu dominates p(z) , written
p(z) € q(2) , if all the coefficients of ¢(z) are rational integers and
||pu|| = qli for each 1 .

LEMMA 4. Let Sk and ry be the quantities defined in (1) and (2).
Then

1ognfk(ska) I = ) (k= 0) .

Proof. From the functional equations (U4), we can write

fk(z) = Gk(z)/ﬁk(z) , where Gk(z) and Hk(z) are regular in some

neighbourhood of the origin and satisfy

Ik ; gy-i
6, (7,2) g akj(z)Gk_l(z)JHk_l(z) ke

(13)
9% . 9,7
1, (1,2) = J_go by (206 (8, ) (&)<,

and in addition, Go(a) and Ho(a) are in K . From (6), we obtain a
similar pair of equations for Gk(Skz) and Hk(Skz] as forms in Go(z)
and Ho(z) , whose resultant is Al(z)Ae(Slz] Ak(sk-lz) . Since o is
an admissible point, it follows that Gk (Ska) and Hk (Ska] cannot both be
zero. Set

n

Pz) =TT (1+zj)

J=1

We note that P(Skz) is a polynomial of degree at most cark s SO
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Ca2
(14) P(5,2) <P(z) O K.

Now, from (10) and (13),

r, g
G, (5,2) B, (5,2) < !gcgk 1p(sk_lzjdk{ak_l (Sk—lz)+Hk—l (5,_,2)} k.,

where we regard Gk(Skz] and Hk[Skz] as polynomials in 2z , Gk-l(sk-lz]
and Hk—l(sk-lz) . By induction on k and repeated use of the inequality

(14), we obtain

] cge h
G (52) s i (5) < fP(a) © Mgy} ¥

where we have written

r r

1.0 k-1)
e T
k k hl h2 hk
Using (10) and recalling the assumption dk > 1, ve get

s <ile.p °10"k
Gk( kz), Hk[Skz) 35{09 (z)[GO(z)+Ho(z)]}

and finally,
logllfk(Ska] I = loglIGk[Ska) | + 1og||Hk[Ska) | = cTrk .

(k) be the quantities defined in (1),

LEMMA 5. Let Sk’ ry s ad T
(2), and (5), and let E’p(z; t) be the function constructed in Lemma 2.
For each ¢ > 0,

< Erkpl+l/n ,

E’p[Ska; T(k)]

log
whenever p = C,(e) and k ie sufficiently large compared to o .

Proof. Let Pj(z; t) (0 =4 <p) be the polynomials constructed in

1+1/n

Lemma 2 and set m = p From Lemms 2, each Pj(z; t) is a

polynomial in 23 of degree at most p and has coefficients which are

polynomials of degrees at most o = g(p) , say, in the variables tu with
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|u] =m . Thus

n
Pz t) <IPITT (1+2.)° TT (+t)° (0=4 =p)
J I° 51 7 ul=m M

On using (11) and (14), we see that, for each ¢ > O ,

(15) 1og|P_ |5, ME 0=j=0),

. (%) ” <
Pj[S a; T = erkp
whenever p = 03(5) and k is sufficiently large compared to p . The
assertion of the lemma follows at once from (15) and Lemma 4.

7. COMPLETION OF THE PROOF OF THEOREM 1

Let d ©bDe the degree of the algebraic number field K described in
Section 4. If B is a non-zero algebraic number in K , we have the

fundamental inequality
(16) log|B| = -2d 1ogllBll ,

which follows easily from the observation that the norm of the algebraic
integer (den B)B has absolute value at least 1 (see, for example, [22],
page 6). We shall apply the fundamental inequality to the number

Ep[Ska; T(k)J , but before doing so, we need the following lemma.

(k) be the quantities defined in (1),

LEMMA 6. TLet Sk’ Ty s and T
(2), and (5), and let Ep(z; t) be the funection constructeq in Lemma 2.

Then Ep[Ska; T(k)] # 0 for infinitely moy k 1in N(pl+1/n)

Proof. From (12), we have

(17) E 5,05 0| =3 p (%)) (5,0
pl 'k u H k
and, as in the proof of Lemma 3, the series is convergent whenever k 1is

sufficiently large compared to p . Choose such a k which is also in the

N (pl+l/n)

sequence Then, from (i7) of Lemma 2, the pu(T(k)] are not

all zero. Since o is an admissible point, it satisfies (3) for some

suitable positive n-tuple n whose coordinates are linearly independent

over Q . We can therefore pick a non-zero term pv(T(k))(Skd)v of the
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series (17) such that

(v, n} = min %11, n :p (T(k)) # 0} .
u H

Here Vv depends on k ; but by the hypothesis of strong transcendence, V

takes only finitely many different values as k runs through N(pl+l/n]
By restricting k to a suitable infinite subsequence, N say, we can
suppose that the index Vv defined above is independent of Xk . From the

construction of Lemma 2, pv(t) is a polynomial in the variables tu with
1+1/n

lul = |v] + o™

p alone. So by (11), for each € > 0 ,

)

and its degree in each tu can be bounded in terms of

log

P\,(T = erkl\)l

providing p = Cu(e) and k 1is sufficiently large compared to p . From

this estimate, together with (16) and (3), we obtain, for each € > 0 ,

p, (%)) (5,0)"

-(1+s)rk(\), n) < log < _(1_e)rk(\), n’

providing p = Cs(e) and k is in N and is sufficiently large compared

to p . Similarly, if pu(T(k))(Ska)u is any other non-zero term of the

series (17), then, under the same conditions,
log pu(r(k)) (Ska)u/pv(r(k)] (Ska)\’ < -(1-e)rylp-v,

Now {p-v, n) > 0 by the choice of Vv , so it follows that for all
sufficiently large k in N , the series (17) has a single dominant term,

and this establishes the lemma.

We can now complete the proof of Theorem 1. In our previous

construction, we choose € < ch/Zd and p > max{c3, 02(5)} , where e3s
ch , and Cz(e) are the constants appearing in Lemmas 3 and 5. By

combining the results of these lemmas, we then obtain

(18) log E’p[Skct; r(k)] < -2d log Ep[Ska; T(k)]”

for all sufficiently large k in N(pl+l/n) . On the other hand,
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Ep[Ska; T(k)] is an algebraic number in X and it is non-zero for

» by Lemma 6, so the inequalities (16)
and (18) are incompatible. This contradiction shows that fb(a) is

infinitely many % in N(p'*1/7)

transcendental and establishes the theoren.

3. Applications of the transcendence theorem
8. LACUNARY POWER SERIES

u
Let f(z) = Z:ahz h be a power series in the complex variable =

with a sufficiently rapidly increasing sequence of exponents u, - Ci jsouw

and Tijdeman [3], generalising results of several previous authors, show

that if u, ./u, > ®° and the coefficients a satisfy certain reasonable
“n h

h+1
conditions, then f(2) is transcendental for any algebraic number =z
inside the circle of convergence. Analogous results involving series for

which the ratio /u, of successive exponents does not tend to *® are
“ne1'¥n

much harder to find and depend on special properties of the series. For
example, Schneider ([78], page 35) applies the Thue-Siegel-Roth Theorem to
show that the Fredholm series

© h
g(z) = T &
1=0

is transcendental if 2 = a/b is a non-zero rational number with

|z] < b_%-s (e > 0) . However, as described in the introduction, Mahler
(9] proved much more, showing that g(z) is transcendental for any
algebraic 2 with 0 < |z| <1 . Recently, Mahler [13, 14] has extended

his method to establish the transcendency of such series as
® h
ma) = T (m1)7F
h=0

for any algebraic z with 0 < |z| < 1 , but the allowable coefficients
are still heavily restricted. Our Theorem 1 yields a considerably wider
class of lacunary series which includes all Mahler's examples and

complements those of Cijsouw and Tijdeman [3].
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THEOREM 2. Let {uo, u,, ...} be a strictly increasing sequence of
positive integers with uhluh+l for h=0. Let {ao(z), al(z), ...} be

a sequence of polynomials whose coefficients all lie in a fixed algebraic
number field and denote the degree of ah(z) by s, . Suppose that

s, * log”ahH = o[uh) as h >, If o ti& an algebraic nmumber with
0< |a] <1 and ay(a) is nom-zero for infinitely many h , then the
number

@ u
¥ ah(a)a h

h=0
18 transcendental.

We deduce that the hypotheses of the theorem imply that the function

u
f(z) = Zah(z)z h is a transcendental function. Of course, this

conclusion follows more directly from the Hadamard gap theorem (see [4],
page 231), which shows that f(z) has the circle [z| =1 as a natural

boundary.

Proof. By a suitable change of notation, we may suppose that

ah(a) # 0 for all % and that 4y =1 . If the quotients uh+l/uh are

unbounded, the assertion of the theorem follows from the results of Cijsouw
and Tijdeman (see [3], section 5, Remark (v)) , Since the hypotheses of the

theorem ensure that there is no way of introducing brackets into the
series . ah(ot)otuh which will reduce it to a finite sum. We can therefore

assume that the quotients uh+1/uh are bounded. We apply Theorem 1 to the

functions

S
Ti(2) = a,(a)z
k(®) = 2 4

(k = 0)
which satisfy the system of functional equations

/u
fk[zuk A1) 2 £ (8) - ap (@2 (k= 1)

To verify the strong transcendence of the functions fk(z) , consider, in
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the notation of Section 2, a polynomial
5l ) = § 2 (s 1) g (a7

j=0
(k))

and suppose that the Pj(z; T are not all identically zero. Now

fk(z)a is a power series in which the exponents of the non-vanishing terms
can be expressed uniquely in the shape

(ew, + ...+€u Yu, (A1=1=<j,h <...<h,1l=e.<u /|u)
1, Py Mk 1 4 A P
5 < e

p

On taking hl <h, < < hp with hl - k sufficiently large, we get &

non-zero term of fk(z) with a large gap in both directions to the

nearest term of any of the series f'k(z)J (0=gJ =p) . From this remark

and the boundedness of u /uh , it follows that there is an integer m ,

h+l

independent of Kk , such that E(z; T(k)) has a non-zero term with
exponent at most m . The remaining hypotheses of Theorem 1 are readily

checked and so () is transcendental.
0

By introducing functions of several complex variables, we can prove

u
the transcendence of certain lacunary series of the shape Z ahz h in

which the ratio wu /uh of successive exponents is arbitrarily close to

h+l
1.

THEOREM 3. Let {uo, u,s ---} be a sequence of positive integers

l’
C , _ s , -
satisfying a linear recurrence Upam, SR tuy, with h =20,
where the tj (1 =4 =n) are non-negative integers, and suppose that the

An-l _

characteristic polynomial P 12} ces = tn 18 irreducible and that

its largest root, r say, is greater than 1 and greater than the
absolute values of all its other roots. Let {ao(z), al(z), ...} bea

sequence of polynomials in =z = (zl, cees Zn) » Whose coefficients all lie

in a fizred algebraic number field, and denote the degree of ah(z) by
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s, - Suppose that s, + 1og||ahl| = o(rh] as h+r> . If

a = (al, ..y &) s an algebraic point of C** such that

-1
log|al| + r log|a2| + ...+ 2" 1og|0!-n| <0,
and ah(ot) # 0 for all h , then the number

- U “han-1
Y a(a)a,” ... o

=0 1
18 transcendental.

In particular, i1f o, is an algebraic number such that 0 < |a1| <1

1
and ah(otl, 1, ..., 1) # 0 for all % , then the number

T a o,
a loe., 1, ..., 1ljc
h=0 h'Vl 1

18 transcendental.

Proof. Set u = (uo, Ups wens un-l] and
0o 0 0 tn
1 0 0 tn—l
T =
o 0 ... O te
'B o ... 1 tl_

We apply Theorem 1 to the functions

© -k
fl®) = % ah<a)z‘ﬂ'h (k = 0)

of the 7 complex variables =z = (zl, ey zn) , which satisfy the system

of functional equations
fk(Tz) = fk_l(z) - ak_l(a)zu (k=1) .

As shown in the proof of Theorem 3 of [7], the sequence of matrices
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T={7, 7, ...} is coherent and it is easy to see that the neighbourhood

U(T) comprises the points 2z satisfying

7-1
r

log|zl| +r log|22| + ..+ loglznl <0,

and that the functions fk(z) converge for 2z in U(T) . To show that
the functions fk(z) are strongly transcendental, we proceed as in the
proof of Theorem 2, observing that fk(z) , considered as a power series in
zl , has large regular gaps. The application of Theorem 1 is now readily
justified and the assertions of the theorem follow.

The special linear recurrence of Theorem 3 can be replaced by a
recurrence of a much wider class. To see this, we note that Theorem 1l can

be applied in a similar way to functions of the more general shape

-1
o W55
g (2) = hgk a,(2)z R

where the matrices Sh belong to the associated sequence of a coherent

sequence of matrices. This example falls into the pattern of Theorem L

below.
9. MORE GENERAL FUNCTIONS WITH GAPS

In the previous section, we applied Theorem 1 to lacunary power
series. We now give applications to infinite products and continued
fractions with "gaps". For this purpose, we introduce the following
notation and hypotheses which are assumed in the statements of Theorems U
to 6 below.

Let T = {T s T2, ...} be a coherent sequence of »n X n matrices.
Let {¢O(z), ¢l(z), ...} be a sequence of rational functions of the n
complex variables z = (zl, ey zn) , each one being regular in some

neighbourhood of the origin and with all their coefficients lying in a

fixed algebraic number field. Denote by dh the maximum of the degrees of
the numerator and denominator of ¢h(z) and by H¢hH the maximum size of

the coefficients of (z) . Let S, and »r, be the quantities defined
h k k
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by (1) and (2). Assume that there is a positive constant ¢ such that

dlrl +dyr, vt dh—lrh—l = ery (h 2 1),

and that logfl¢, ]l = ol» as h > ., Finally, let o be an algebraic
h h

point of U(T) such that the coordinates of the vector n determined by

(3) for z = & are linearly independent over Q .

THEOREM 4, suppose ¢h(0) =0 (h=0) and consider the functions

fk(z) = ) ¢h[ShSk z] (k = 0)
h=k
which satisfy the system of functional equations
( z) = Freala) = ¢, (&) (kz21).

If the fk(z) are strongly transcendental, then the nuwmber fo(a) i
transcendental.
THEOREM 5., Suppose ¢h(0) =1 and cph(sha) #0 (h=z=0) and

consider the functions
Filz) = TT ¢h[shsk z] (k = 0)
h=k
which satisfy the system of functional equations

7 (Ta) = 4 ()7 (5) (k1)

If the f'k(z) are strongly transcendental, then the number fo(a) ig
transcendental.
THEOREM 6. Suppose ¢,(0) =0 and ¢,(s,2) #0 (rz0) and

consgider the functions

0,(2) 0y 01 (T141%) Srao{TraoThen?)
i -1+ 22 ) S Catin weo

which satiefy the system of functiomal equations

fk(Tkz] = d)k_l(z)/{fk_l(z)-l} (k =2 1) .
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If the fk(z) are strongly transcendental, then the number fb(a) is
transcendental.

The proofs of the theorems are straightforward applications of Theorem
1. To estimate the size of the coefficients of the power series expansions
of the continued fractions occurring in Theorem 6, we may use the

observations in Wal! [23], pages 40-43.

By specialising the schema of Theorems 4 and S5, we can obtain many
interesting examples, including some of the examples of Mahler [9], [13,
141, Mignotte [15], and Schwarz [19]. We have not found any results in the
literature in the pattern of Theorem 6, although Scott and Wail [27] have
considered the problem of deciding when continued fractions of this type

represent transcendental functions and have obtained some partial results.
10. THE SERIES } [7w]z" AND RELATED EXAMPLES

As a final application of Theorem 1, we shall prove the following
theoren.

THEOREM 7. Suppose pl(x) <is a non-constant polynomial with
algebraic coefficients and w 18 a real irrational number. Then the power

series
(19) Y p([he])2?
h=1

takes a transcendental value for any algebraic number =z with
0< |z <1. .

Special cases of the series (19) have been treated by various authors.
Thus BShmer [7] showed that if g is a positive integer with g =2 2 and
the partial quotients of the simple continued fraction expansion of w are

unbounded, then

Y [hw]g-h
h=1

is a Liouville number and hence transcendental. His method has recently

been extended by Wallisser [24] to cover the series
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Y fllwlg™
h=1

where {f(%#)} is a non-constant periodic sequence of rational integers and
g is a positive integer with g > max|f(h)| . As a counterpart to
BShmer's result, Mahler [9] proved that if w is a quadratic irrational,

then the series

h
(20) Y [hwlz
h=1
is transcendental for any algebraic 2 with 0 < ]zl < 1 . Much more is

known about the functional properties of these and related series. Such
questions were apparently first investigated by Hecke [6] who showed that
for any irrational w the series (20) has the unit circle as a natural
boundary. More generally, by combining the results of Newman [16] and
Petersson [17], we find that under the hypotheses of Theorem 7, the series
(19) has the unit circle as a natural boundary. The subsequent
developments in this area can be traced from the survey article of Schwarz
[20].

We follow Mahler in deducing Theorem 7 from the following result for a

related function of 2 complex variables.

THEOREM 8. Let w be an irrational number with 0 < w <1 and let
P(x, y) be a polynomial with algebraic coefficients and not identically
zero. Denote the convergents of the simple continued fraction expansion of

w by ph/qh (h=0). If a and B are algebraic numbers satisfying

q; P
W@ #0, algls1 (h21), and log|a| + w log|B| <0,
then
© h. h
P(ny, hy)a '8 2
hy =1l 1sh,<hie

18 transcendental.

We remark that the restriction 0 < w <1 1is convenient, but clearly
not essential. So Theorem 7 follows from Theorem 8 with B = 1 and the

appropriate choice for the polynomial P(x, y) . We give the proof of
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Theorem 8 in the next section.

11. PROOF OF THEOREM 8
We require some notation from the theory of continued fractions, which

we normalise as in Cassels [2], Chapter 1. Suppose 0 < w < 1 and denote

by {al, a2, ...} the sequence of partial quotients of the simple

continued fraction of w . Set
1 1
(21) W, = === ————— (k z1) ,
k et Qg gt
- _ =1
so that wl = w and wk+l = wk - ak . The convergents pk/qk of w are

determined by

P0=l, 95=03 P, =0, ql=l;

Prap = Py * Pry v pyq = Gdx * 9y (KZ1),
and we have
(22) 22 NS NS NS S TP RS S
qk+l al+ a2+... ak qk+l ak+ ak—l+ al
We begin the proof by considering the function
= b hl h2
Tultys 7o) = hlz=l 1sh§hlm f1 %2

which clearly converges in the domain

(23) loglz | + w log|z,| <0 .

Since w 1is irrational, any pair of positive integers (hl, h2) satisfies

just one of the inequalities 1 < h2 < hlw or 1% hl < hzw_l , 80 we have

(24) Fw(zl’ z,) + Fl/w(zz’ 2)= L az s 1-z.) (1-z

Next, for any integer a with O = a < w , we have
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h.a
1 hy h - h, h,#h.a
(25) F, l’ 32) > zllz22 + > zllz22 1
-1 hy=1 15h2<hl(w-a)
a+l

= [1_21)13{5421 - ll'z ;szz 1_22) Fw.a[zlzz, 32]

Now (24), (25), and a little rearrangement gives

+
akl

a 23" 2,
(26) F [z kz l] = -ka(zl, 22) + (k=z1),

[1—:5:7(22] (1-2,)

and by telescoping these functional equations together, we get the formula

_1 qk+l+qk pk+1+pk
= (-1) 2,

T E q p a, Py
k=1 [l_zlk+122k+1] [1 ok, k]

(27) Fw(zl, ze)
172
for all (zl, 22) satisfying (23). Formulae analogous to (26) and (27)
hold for the more general function

- ki By

Fw(zl, z,; p) = Y Y P(hl, he)zl 2,
= <h <
hl 1 l_h2 hlw

of Theorem 8, the extension being immediately effected by applying the

differential operator

D(P) (say) = P[zl s, 5y
1 2
to both sides of the preceding equations.
We must now consider 2 cases according as the partial quotients ak
are bounded or unbounded.
First Case. Suppose tha£ the a;, are bounded. From (22), this
implies that A (say) = lim inf qk+1/qk is finite and, in fact, A must

be irrational. Let N be a sequence of positive integers such that

9341/9; * } as k> through N

https://doi.org/10.1017/50004972700022978 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700022978

Arithmetic properties of functions 43

We introduce the matrices

a 1 e1 Pra1

In order to apply Theorem 1, we must restrict %k to the sequence N .
First, it is easy to check that the matrices Sk for k in N arise from
a coherent sequence of matrices T , say, whose elements are products of
suitable blocks of the T, , and that U(T') is the set of points defined

by (23). By combining the equations (26) in blocks corresponding to the
derivation of the sequence T' and applying the operator D(P) defined
above, we obtain a recursive system of functional equations linking the
functions Fhk(zl, 2,5 P) for k in N . Since r(Sk) ~ (w+k)qk as
k + © through N , these functional equations satisfy the requirements
(10) and (11) of Theorem 1. The first 2 conditions of the definition of an
4 Py
1 %2

for k=1 . The third condition is implied by the first in this case,

admissible point assert that (zl, 22) satisfies (23) and that =z # 1

since the vector n in (3) is proportional to (A, 1) . Finally, to

verify the strong transcendence of the functions fk(z) = mk(zl’ B3 P) ,

consider, in the notation of Section 2, the polynomial
(k) . § (%) i
E(z; ©'%') = ¥ P.(a; 7 )fk(z) .
o J
J=0
The remarks of Section 10 show that fk(Z) cannot be an algebraic

(k))

function, so E(z; T is not identically zero unless all the

Pj(z; T(k)] are identically zero. From the definition of fk(z) , We see

that
P(ny, n,) if w=(n, hy) ema 1=hy < T
L) _
o
0 otherwise.
It follows that if E[z; T(k)) is not identically zero and w, is
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sufficiently close to wk , then the power series for E(z; T(Z)) and

E(z; T(k)) T(k)) . By

the hypothesis of this case, the wk are bounded away from O and so the

agree up to the first non-vanishing term of E(z;

usual sort of compactness argument gives the required strong transcendence
property. Thus all the hypotheses of Theorem 1 are fulfilled and the

desired conclusion follows.
Second Case. Suppose that the ak are unbounded. In this case,

Theorem 1 is inapplicable, but we can instead proceed more directly. We

suppose that F&(a, B; P) 1is algebraic and we aim to reach a

contradiction, showing that this assumption is false. Let X be an
algebraic number field of finite degree, d say, over (Q containing the

numbers o, B , and F@(a, B; P) , and all the coefficients of the

polynomial P(x, y) . In the following, we denote by e1s Cps

positive constants depending only on the quantities just mentioned.

After applying the operator D(P) +to (27), we obtain a representation

for F@(zl, 253 P] of the shape

Fw(zl’ 22; P] = hgl ¢h(zl’ 22) >

qy P
where the ¢h(zl, 22) are certain rational functions of zlhz2h and
q p
zlh+lzzh+l in which only the coefficients vary with the index % . We now
write
k-1 ®
(28) Y, =F (a, B3 P) = ¥ ¢(a, B) = ¥ ¢ (a, B) (k21)
koow = ek

The first equality in (28) shows that the Y, are algebraic numbers in X
and that

(29) Logllv Il = c;q; -

On the other hand, the second equality in (28) shows that
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(30) log|Yk| = 02(qk+l 1og|a|+pk+l log|B|) = ~C i

whenever k 1is sufficiently large, since loglal + w log|B] < 0 . We can

9, P
express the right side of (28) as a power series in the variables o hB h

with h = k . Again, since Fb[zl, 255 P) is not an algebraic function,

the coefficients of each of the power series arising in this way do not all
vanish and so, for all sufficiently large Kk , each of these power series
has a single dominant term. It therefore follows, just as in Lemma 6, that

Yy # 0 for all sufficiently large %k . Now by (22) and the hypothesis of
this case, there is an infinite sequence, N say, such that qk+l/qk +>
as k > ® through N . From (29) and (30), we have

log|y,| < -2d loglly,ll
for all sufficiently large k in N . But the last inequality clashes
with the fundamental inequality (16), giving the desired contradiction.

This completes the proof of Theorem 8.
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