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VB-Courant Algebroids, E-Courant
Algebroids and Generalized Geometry

Honglei Lang, Yunhe Sheng, and Aïssa Wade

Abstract. In this paper, we ûrst discuss the relation betweenVB-Courant algebroids andE-Courant
algebroids, and we construct some examples of E-Courant algebroids. _en we introduce the no-
tion of a generalized complex structure on an E-Courant algebroid, unifying the usual general-
ized complex structures on even-dimensional manifolds and generalized contact structures on odd-
dimensional manifolds. Moreover, we study generalized complex structures on an omni-Lie alge-
broid in detail. In particular, we show that generalized complex structures on an omni-Lie algebra
gl(V) ⊕ V correspond to complex Lie algebra structures on V .

1 Introduction

_e theory of Courant algebroids was ûrst introduced by Liu, Weinstein, and Xu [17]
providing an extension of Drinfeld’s double for Lie bialgebroids. _e double of a Lie
bialgebroid is a special Courant algebroid [17, 20]. Jacobi algebroids are natural ex-
tensions of Lie algebroids. Courant-Jacobi algebroids were considered by Grabowski
and Marmo [7], and they can be viewed as generalizations of Courant algebroids.
Both Courant algebroids and Courant–Jacobi algebroids have been extensively stud-
ied in the last decade, since these are crucial geometric tools in Poisson geometry and
mathematical physics. It is known that they both belong to a more general frame-
work, namely that of E-Courant algebroids. Indeed, E-Courant algebroids were in-
troduced by Chen, Liu, and the second author in [5] as a diòerential geometric object
encompassing Courant algebroids [17], Courant-Jacobi algebroids [7], omni-Lie al-
gebroids [4], conformal Courant algebroids [2], and AV-Courant algebroids [14]. It
turns out that E-Courant algebroids are related to more geometric structures such as
VB-Courant algebroids [15].

_e aim of this paper is two-fold. First, we illuminate the relationship between
VB-Courant algebroids and E-Courant algebroids. Second, we study generalized
complex structures on E-Courant algebroids. Recall that a generalized almost com-
plex structure on a manifold M is an endomorphism J of the generalized tangent
bundle TM ∶= TM ⊕ T∗M that preserves the natural pairing on TM and such that
J2 = − id. If, additionally, the

√
−1-eigenbundle of J in the complexiûcation TM ⊗C

is involutive relative to theDorfman (equivalently, the Courant) bracket, then J is said
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to be integrable, and (M , J) is called a generalized complex manifold. See [3,6,8,9,22]
for more details.

Given a vector bundle E
q
→ M, we consider its gauge Lie algebroid DE, i.e., the

gauge Lie algebroid of the frame bundle F(E). It is known that DE is a transitive Lie
algebroid over M and the ûrst jet bundle JE is its E-dual bundle. In fact, ol(E) =

DE ⊕ JE is called an omni-Lie algebroid [4], which is a generalization of Weinstein’s
concept of an omni-Lie algebra [25]. In particular, the line bundle case where E comes
from a contact distribution brings us to the concept of a generalized contact bundle.
To have a better grasp of the concept of a generalized contact bundle, we brie�y review
the line bundle approach to contact geometry. By deûnition, a contact structure on an
odd-dimensional manifold M is a maximal non-integrable hyperplane distribution
H ⊂ TM. In a dual way, any hyperplane distribution H on M can be regarded as
a nowhere vanishing 1-form θ∶TM → L (its structure form) with values in the line
bundle L = TM/H, such that H = ker θ. Replacing the tangent algebroid with the
Atiyah algebroid of a line bundle in the deûnition of a generalized complex manifold,
we obtain the notion of a generalized contact bundle. In this paper, we extend the
concept of a generalized contact bundle to the context of E-Courant algebroids.

_e paper is organized as follows. Section 2 contains basic deûnitions used in the
sequel. Section 3 highlights the importance and naturality of the notion of E-Courant
algebroids. Explicitly, the fat Courant algebroid associated with a VB-Courant alge-
broid (see the deûnition of aVB-Courant algebroid below) is anE-Courant algebroid.
We observe the following facts:
● Given a crossed module of Lie algebras (m, g), we get an m-Courant algebroid

Hom(g,m) ⊕ g, which was given in [13] as a generalization of an omni-Lie alge-
bra.

● _e omni-Lie algebroid ol(E) = DE ⊕ JE is the linearization of the VB-Courant
algebroid TE∗ ⊕ T∗E∗. _is generalizes the fact that an omni-Lie algebra is the
linearization of the standard Courant algebroid.

● For a Courant algebroid C, TC is a VB-Courant algebroid. _e associated fat Cou-
rant algebroid JC is a T∗M-Courant algebroid. _e fact that JC is a T∗M-Courant
algebroid was ûrst obtained in [5, _eorem 2.13].

In Section 4, we introduce generalized complex structures on E-Courant algebroids
and provide examples. In Sections 5, we describe generalized complex structures on
omni-Lie algebroids. In Section 6, we show that generalized complex structures on the
omni-Lie algebra ol(V) are in one-to-one correspondence with complex Lie algebra
structures on V .

2 Preliminaries

_roughout the paper, M is a smooth manifold, d is the usual diòerential operator
on forms, and E → M is a vector bundle. In this section, we recall the notions of
E-Courant algebroids [5], omni-Lie algebroids [4], generalized complex structures
[8, 9], and generalized contact structures [23].
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2.1 E-Courant Algebroids and Omni-Lie Algebroids

For a vector bundle E→M, its gauge Lie algebroidDE with the commutator bracket
[ ⋅ , ⋅ ]D is just the gauge Lie algebroid of the frame bundle F(E), which is also called
the covariant diòerential operator bundle of E (see [18, Example 3.3.4]). _e corre-
sponding Atiyah sequence is

(2.1) 0Ð→ gl(E) i
Ð→DE

j
Ð→ LM Ð→ 0.

In [4], the authors proved that the jet bundleJE can be considered as an E-dual bundle
ofDE:

(2.2) JE ≅ {ν ∈ Hom(DE , E) ∣ ν(Φ) = Φ ○ ν(idE) for all Φ ∈ gl(E)} .

Associated with the jet bundle JE, there is a jet sequence given by

(2.3) 0Ð→ Hom(TM , E) e

Ð→ JE p

Ð→ E Ð→ 0.

Deûne the operator d∶ Γ(E) → Γ(JE) by

du(d) ∶= d(u) for all u ∈ Γ(E), d ∈ Γ(DE).

An important formula that will be o�en used is

d( f u) = d f ⊗ u + fdu for all u ∈ Γ(E), f ∈ C∞(M).

In fact, there is an E-valued pairing between JE andDE by setting

(2.4) ⟨µ, d⟩E ≜ d(u) for all µ ∈ (JE)m , d ∈ (DE)m ,

where u ∈ Γ(E) satisûes µ = [u]m . In particular, one has

⟨µ, Φ⟩E = Φ ○p(µ) for all Φ ∈ gl(E), µ ∈ JE;
⟨y, d⟩E = y ○ j(d) for all y ∈ Hom(TM , E), d ∈DE .

For vector bundles P,Q overM and a bundlemap ρ∶ P → Q, we denote the induced
E-dual bundle map by ρ⋆, i.e.,

ρ⋆∶Hom(Q , E) Ð→ Hom(P, E), ρ⋆(ν)(k) = ν(ρ(k)) for k ∈ P, ν ∈ Hom(Q , E).

Deûnition 2.1 ([5]) An E-Courant algebroid is a quadruple (K, [ ⋅ , ⋅ ]K , ( ⋅ , ⋅ )E , ρ),
where K is a vector bundle over M such that (Γ(K), [ ⋅ , ⋅ ]K) is a Leibniz algebra,
( ⋅ , ⋅ )E ∶K ⊗ K → E a nondegenerate symmetric E-valued pairing that induces an
embedding: K ↪ Hom(K, E) via Y(X) = 2 (X ,Y)E , and ρ∶K → DE a bundle map
called the anchor, such that for all X ,Y , Z ∈ Γ(K), the following properties hold:

ρ[X ,Y]K = [ρ(X), ρ(Y)]D;(EC-1)
[X , X]K = ρ⋆d (X , X)E ;(EC-2)
ρ(X) (Y , Z)E = ([X ,Y]K , Z)E + (Y , [X , Z]K)E ;(EC-3)
ρ⋆(JE) ⊂K, i.e., (ρ⋆(µ), X)E =

1
2 µ(ρ(X)) for all µ ∈ JE;(EC-4)

ρ ○ ρ⋆ = 0.(EC-5)
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Obviously, a Courant algebroid is an E-Courant algebroid, where E = M ×R, the
trivial line bundle. Similar to the proof for Courant algebroids ([20, Lemma 2.6.2]),
we have the following lemma.

Lemma 2.2 For an E-Courant algebroidK, one has

[X , ρ⋆du]K = 2ρ⋆d (X , ρ⋆du)E , [ρ⋆du, X]K = 0 for all X ∈ Γ(K), u ∈ Γ(E).

An omni-Lie algebroid, which was introduced in [4], is a very interesting example
of E-Courant algebroids. Let us recall it brie�y. _ere is an E-valued pairing ( ⋅ , ⋅ )E
on DE ⊕ JE deûned by

(2.5) (d + µ, t + ν)E =
1
2 (⟨µ, t⟩E + ⟨ν, d⟩E) for all d + µ, t + ν ∈DE ⊕ JE .

Furthermore, Γ(JE) is invariant under the Lie derivative Ld for any d ∈ Γ(DE) that
is deûned by the Leibniz rule:

⟨Ldµ, d′⟩E ≜ d ⟨µ, d′⟩E − ⟨µ, [d, d′]D⟩E for all µ ∈ Γ(JE), d′ ∈ Γ(DE).

On the section space Γ(DE ⊕ JE), we can deûne a bracket as follows:

(2.6) [[d + µ, r + ν]] ≜ [d, r]D +Ldν −Lrµ +dµ(r).

Deûnition 2.3 ([4]) _equadruple (DE⊕JE , [[ ⋅ , ⋅ ]], ( ⋅ , ⋅ )E , ρ) is called an omni-
Lie algebroid, where ρ is the projection fromDE ⊕ JE toDE, ( ⋅ , ⋅ )E and [[ ⋅ , ⋅ ]] are
given by (2.5) and (2.6), respectively.

We will denote an omni-Lie algebroid by ol(E).

2.2 Generalized Complex Structures and Generalized Contact Structures

_e notion of a Courant algebroid was introduced in [17]. A Courant algebroid is
a quadruple (C, [[ ⋅ , ⋅ ]], ( ⋅ , ⋅ )+ , ρ), where C is a vector bundle over M, [[ ⋅ , ⋅ ]] a
bracket operation on Γ(C), ( ⋅ , ⋅ )+ a nondegenerate symmetric bilinear form on C,
and ρ∶C→ TM a bundle map called the anchor, such that some compatibility condi-
tions are satisûed. See [20] for more details. Consider the generalized tangent bundle

TM ∶= TM ⊕ T∗M .

On its section space Γ(TM), there is a Dorfman bracket

(2.7) [[X + ξ,Y + η]] = [X ,Y] +LXη − iYdξ for all X + ξ, Y + η ∈ Γ(TM).

Furthermore, there is a canonical nondegenerate symmetric bilinear form on TM:

(2.8) (X + ξ,Y + η)+ =
1
2
(η(X) + ξ(Y)) .

We call (TM , [[ ⋅ , ⋅ ]], ( ⋅ , ⋅ )+ , prTM) the standard Courant algebroid.

Deûnition 2.4 A generalized complex structure on a manifold M is a bundle map
J∶TM → TM satisfying the algebraic properties:

J2
= −id and (J(u), J(v))+ = (u, v)+
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and the integrability condition

[[J(u), J(v)]] − [[u, v]] − J( [[J(u), v]] + [[u, J(v)]]) = 0 for all u, v ∈ Γ(TM).
Here, ( ⋅ , ⋅ )+ and [[ ⋅ , ⋅ ]] are given by (2.8) and (2.7), respectively.

See [8, 9] for more details. Note that only even-dimensional manifolds can have
generalized complex structures. In [23], the authors give the odd-dimensional ana-
logue of the concept of a generalized complex structures extending the deûnition
given in [10]. We now recall the deûnition of a generalized contact bundle from [23].
A generalized contact bundle is a line bundle L → M equipped with a generalized con-
tact structure, i.e., a vector bundle endomorphism I∶DL ⊕ JL →DL ⊕ JL such that
● I is almost complex, i.e., I2 = −id;
● I is skew-symmetric, i.e.,

(Iα, β)L + (α, Iβ)L = 0 for all α, β ∈ Γ(DL ⊕ JL),
● I is integrable, i.e.,

[[Iα, Iβ]] − [[α, β]] − I[[Iα, β]] − I[[α, Iβ]] = 0 for all α, β ∈ Γ(DL ⊕ JL).
Let (L → M , I) be a generalized contact bundle. Using the direct sum ol(L) = DL ⊕
JL and the deûnition, one can see that

I = (
ϕ J♯
ω♭ −ϕ†) ,

where J is a Jacobi bi-derivation, ϕ is an endomorphism ofDL compatible with J, and
the 2-form ω∶ ∧2DL → L and its associated vector bundle morphism ω♭∶DL → JL
satisfy additional compatibility conditions [23].

3 VB-Courant Algebroids and E-Courant Algebroids

In this section, we highlight the relation between VB-Courant algebroids and
E-Courant algebroids and give more examples of E-Courant algebroids.
Denote a double vector bundle

D πB //

πA
��

B
qB
��

A qA
// M

with core C by (D;A, B;M). _e space of sections ΓB(D) is generated as a
C∞(B)-module by core sections ΓcB(D) and linear sections Γ l

B(D). See [19] for more
details. For a section c∶M → C, the corresponding core section c†∶B → D is deûned
as

c†(bm) = 0̃bm +A c(m) for all m ∈ M , bm ∈ Bm ,
where ⋅̄ means the inclusionC ↪ D. A section ξ∶B → D is called linear if it is a bundle
morphism from B → M to D → A over a section a ∈ Γ(A). Given ψ ∈ Γ(B∗ ⊗ C),
there is a linear section ψ̃∶B → D over the zero section 0A∶M → A given by

ψ̃(bm) = 0̃bm +A ψ(bm).
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Note that Γ l
B(D) is locally free as a C∞(M)-module. _erefore, Γ l

B(D) is equal to
Γ(Â) for some vector bundle Â → M. Moreover, we have the following short exact
sequence of vector bundles over M:

(3.1) 0Ð→ B∗ ⊗ C Ð→ ÂÐ→ AÐ→ 0.

Example 3.1 Let E be a vector bundle over M.
(i) _e tangent bundle (TE;TM , E;M) is a double vector bundlewith core E. _en

Â is the gauge bundle DE and the exact sequence (3.1) is exactly the Atiyah
sequence (2.1).

(ii) _e cotangent bundle (T∗E; E∗ , E;M) is a double vector bundlewith coreT∗M.
In this case, Â is exactly the jet bundle JE∗ and the exact sequence (3.1) is indeed
the jet sequence (2.3).

Deûnition 3.2 ([15]) A VB-Courant algebroid is a metric double vector bundle

E πB //

πA
��

B
qB
��

A qA
// M ,

with core C such that E → B is a Courant algebroid and the following conditions are
satisûed:
(i) _e anchor map Θ∶E→ TB is linear; that is,

Θ∶ (E;A, B;M) Ð→ (TB;TM , B;M)

is a morphism of double vector bundles.
(ii) _e Courant bracket is linear; that is,

[[Γ l
B(E), Γ l

B(E)]] ⊆ Γ l
B(E), [[Γ l

B(E), ΓcB(E)]] ⊆ ΓcB(E), [[ΓcB(E), ΓcB(E)]] = 0.

For a VB-Courant algebroid E, we have the exact sequence (3.1). Note that the
restriction of the pairing on E to linear sections of E deûnes a nondegenerate pair-
ing on Â with values in B∗, which is guaranteed by the metric double vector bundle
structure; see [11]. Coupled with the fact that the Courant bracket is closed on linear
sections, one gets the following result.

Proposition 3.3 ([11]) _e vector bundle Â inherits a Courant algebroid structure
with the pairing taking values in B∗, which is called the fat Courant algebroid of this
VB-Courant algebroid.

Alternatively, we have the following proposition.

Proposition 3.4 For aVB-Courant algebroid (E;A, B;M), its associated fat Courant
algebroid is a B∗-Courant algebroid.
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Example 3.5 (Standard VB-Courant algebroid over a vector bundle) For a vector
bundle E, there is a standard VB-Courant algebroid

TE∗ ⊕ T∗E∗ //

��

E∗

��
TM ⊕ E // M

with base E∗ and core E∗ ⊕ T∗M → M. _e corresponding exact sequence is given
by

0Ð→ gl(E) ⊕ T∗M ⊗ E Ð→ ÂÐ→ TM ⊕ E Ð→ 0.

Actually, by Example 3.1, the corresponding fat Courant algebroid Âhere is exactly the
omni-Lie algebroid ol(E) = DE ⊕ JE. So the omni-Lie algebroid is the linearization
of the standard VB-Courant algebroid.

Example 3.6 (TangentVB-Courant algebroid) _e tangent bundle TC of a Courant
algebroid C→ M

TC //

��

TM

��
C // M

carries a VB-Courant algebroid structure with base TM and core C → M. _e asso-
ciated exact sequence is

0Ð→ T∗M ⊗ CÐ→ ĈÐ→ CÐ→ 0.

Actually, the fat Courant algebroid Ĉ is JC, which is a T∗M-Courant algebroid by
Proposition 3.4. So we get that on the jet bundle of a Courant algebroid, there is a
T∗M-Courant algebroid structure. _is result was ûrst given in [5].

A crossedmodule of Lie algebras consists of a pair of Lie algebras (m, g), an action
▷ of g on m and a Lie algebra morphism ϕ∶m→ g such that

ϕ(ξ) ▷ η = [ξ, η]m , ϕ(x ▷ ξ) = [x , ϕ(ξ)]g ,

for all x ∈ g, ξ, η ∈ m.
Given a crossed module, there is an action ρ∶g ⋉ g∗ → X(m∗) of the natural qua-

dratic Lie algebra g ⋉ g∗ on m∗ given by

ρ(u + α) = u▷ ⋅ + ϕ∗α,

where u▷⋅ ∈ gl(m) is viewed as a linear vector ûeld onm∗ and ϕ∗α ∈ m∗ is viewed as
a constant vector ûeld on m∗. Note that this action is coisotropic. We get the action
Courant algebroid [16] (g ⋉ g∗) × m∗ over m∗ with the anchor given by ρ and the
Dorfman bracket given by

(3.2) [e1 , e2] = Lρ(e1)e2 −Lρ(e2)e1 + [e1 , e2]g⋉g∗ + ρ∗⟨de1 , e2⟩.
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for any e1 , e2 ∈ Γ((g⋉g∗)×m∗). Here, de1 ∈ Ω1(m∗ , g⋉g∗) is given by Lie derivatives
(de1)(X) = LX e1 for X ∈ X(m∗). Moreover, it is a VB-Courant algebroid

(g ⋉ g∗) ×m∗ //

��

m∗

��
g // ∗

with basem∗ and core g∗. See [15] for details. _e associated exact sequence is

0Ð→ m⊗ g∗ ≅ Hom(g,m) Ð→ ÂÐ→ gÐ→ 0.

Since the double vector bundle is trivial, we have Â = Hom(g,m) ⊕ g.
Moreover, applying (3.2), we get the Dorfman bracket on Hom(g,m) ⊕ g.

Proposition 3.7 With the above notation, (Hom(g,m) ⊕ g, [ ⋅ , ⋅ ], ( ⋅ , ⋅ )m , ρ = 0)
is an m-Courant algebroid, where the pairing ( ⋅ , ⋅ )m is given by

(A+ u, B + v)m = 1
2 (Av + Bu),

and the Dorfman bracket is given by

[u, v] = [u, v]g;
[A, B] = A ○ ϕ ○ B − B ○ ϕ ○ A;

[A, v] = A ○ ad0v − ad
1
v ○A+ ⋅ ▷ Av + ϕ(Av);

[v ,A] = ad1
v ○A− A ○ ad

0
v

for all A, B ∈ Hom(g,m), u, v ∈ g. Here, ad0v ∈ gl(g) and ad1
v ∈ gl(m) are given by

ad0v(u) = [v , u]g and ad1
v(a) = v▷ a, respectively, and ⋅ ▷ Av ∈ Hom(g,m) is deûned

by ( ⋅ ▷ Av)(u) = u▷ Av .

Proof By (3.2), it is obvious that [u, v] = [u, v]g . For A, B ∈ Hom(g,m), v ∈ g,
applying (3.2), we ûnd

[A, B] = Lρ(A)B −Lρ(B)A = ρ(A)B − ρ(B)A = A ○ ϕ ○ B − B ○ ϕ ○ A.

Observe that Lρ(v)A = ad1
v(A) = ad

1
v ○A and [A, v]g⋉g∗ = −(ad0)∗vA = A ○ ad0v . We

have

[A, v] = Lρ(A)v −Lρ(v)A+ [A, v]g⋉g∗ + ρ∗⟨dA, v⟩

= 0 − ad1
v ○A+ A ○ ad

0
v + ⋅ ▷Av + ϕ(Av),

where we have used

ρ∗⟨dA, v⟩(u + B) = ρ(u + B)(Av) = u▷ Av + B(ϕ(Av)).

Finally, we have

[v ,A] = Lρ(v)A−Lρ(A)v + [v ,A]g⋉g∗ + ρ∗⟨dv ,A⟩

= ad1
v ○A+ 0 − A ○ ad0v +0.

_is completes the proof.
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Remark 3.8 _is bracket can be viewed as a generalization of an omni-Lie algebra.
See [13, Example 5.2] for more details.

More generally, since the category of Lie 2-algebroids and the category of
VB-Courant algebroids are equivalent (see [15]), we get an E-Courant algebroid from
a Lie 2-algebroid. _is construction ûrst appeared in [11, Corollary 6.9]. Explicitly, let
(A0⊕A−1 , ρA0 , l1 , l2 = l02 + l 12 , l3) be a Lie 2-algebroid. _en we have an A−1-Courant
algebroid structure on

Hom(A0 ,A−1) ⊕ A0 ,
where the pairing is given by

(D + u,D′ + v)A−1 =
1
2 (Dv + D

′u)

for D,D′ ∈ Γ(Hom(A0 ,A−1)) and u, v ∈ Γ(A0), the anchor is

ρ∶Hom(A0 ,A−1) ⊕ A0 →DA−1 , ρ(D + u) = D ○ l1 + l 12(u, ⋅ ),

and the Dorfman bracket is given by

[u, v] = l02 (u, v) + l3(u, v , ⋅ ),
[D,D′] = D ○ l1 ○ D′ − D′ ○ l1 ○ D,

[D, v] = −l 12(v ,D( ⋅ )) + D( l02 (v , ⋅ )) + l 12( ⋅ ,D(v)) + l1(D(v)),

[v ,D] = l 12(v ,D( ⋅ )) − D( l02 (v , ⋅ )) .

4 Generalized Complex Structures on E-Courant Algebroids

In this section, we introduce the notion of a generalized complex structure on an
E-Courant algebroid. We will see that it uniûes the usual generalized complex struc-
ture on an even-dimensional manifold and the generalized contact structure on an
odd-dimensional manifold.

Deûnition 4.1 A bundle map J∶K → K is called a generalized almost complex
structure on an E-Courant algebroid (K, [ ⋅ , ⋅ ]K , ( ⋅ , ⋅ )E , ρ) if it satisûes the alge-
braic properties

(4.1) J2
= −1 and (J(X), J(Y))E = (X ,Y)E .

Furthermore, J is called a generalized complex structure if the following integrability
condition is satisûed:

(4.2) [J(X), J(Y)]K − [X ,Y]K − J([J(X),Y]K + [X , J(Y)]K) = 0,

for all X ,Y ∈ Γ(K).

Proposition 4.2 Let J∶K → K be a generalized almost complex structure on an E-
Courant algebroid (K, [ ⋅ , ⋅ ]K , ( ⋅ , ⋅ )E , ρ). _en we have J⋆∣K = −J.

Proof By (4.1), for all X ,Y ∈ Γ(K), we have

J⋆(J(Y))(X) = J(Y)(J(X)) = 2 (J(X), J(Y))E = 2 (X ,Y)E = Y(X).
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Since X ∈ Γ(K) is arbitrary, we have
J⋆(J(Y)) = Y for all Y ∈ Γ(K).

For any Z ∈ Γ(K), let Y = −J(Z). By (4.1), we have Z = J(Y). _en we have
J⋆(Z) = J⋆(J(Y)) = Y = −J(Z),

which implies that J⋆∣K = −J.

Remark 4.3 Generalized complex structures on an E-Courant algebroid
(K, [ ⋅ , ⋅ ]K , ( ⋅ , ⋅ )E , ρ) are in one-to-one correspondence with Dirac sub-bundles
S ⊂ K ⊗ C such that K ⊗ C = S ⊕ S. By a Dirac sub-bundle of K, we mean a sub-
bundle S ⊂ K that is closed under the bracket [ ⋅ , ⋅ ]K and satisûes S = S�. _e pair
(S , S) is an E-Lie bialgebroid in the sense of [5].

Remark 4.4 Obviously, the notion of a generalized contact bundle associated with
L, which was introduced in [23], is a special case of Deûnition 4.1, where E is the line
bundle L. In particular, if E is the trivial line bundle L○ = M ×R, we have

DL○ = TM ⊕R, JL○ = T∗M ⊕R.
_erefore, E1(M) =DL○⊕JL○. _us, a generalized complex structure on an E-Cou-
rant algebroid uniûes generalized complex structures on even-dimensionalmanifolds
and generalized contact bundles on odd-dimensional manifolds

Example 4.5 Consider theE-Courant algebroidA∗⊗E⊕Agiven in [5, Example 2.9]
for any Lie algebroid (A, [ ⋅ , ⋅ ]A, a) and an A-module E. Twisted by a 3-cocycle Θ ∈

Γ(∧3A∗ , E), one obtains the AV-Courant algebroid introduced in [14] by Li-Bland.
Consider J of the form JD = ( −RD 0

0 D ), where D ∈ gl(A) and RD ∶A∗ ⊗ E → A∗ ⊗ E
is given by RD(ϕ) = ϕ ○ D. We get that J is a generalized complex structure on the
E-Courant algebroid A∗ ⊗ E ⊕ A if and only if D is a Nijenhuis operator on the Lie
algebroid A and D2 = −1.
Actually, D2 = −1 ensures that condition (4.1) holds. _e Dorfman bracket on

K = A∗ ⊗ E ⊕ A is given by
[u +Φ, v +Ψ]K = [u, v]A +LuΨ −LvΦ + ρ⋆dΦ(v)

for all u, v ∈ Γ(A), Φ, Ψ ∈ Γ(A∗ ⊗ E), where ρ⋆∶JE → A∗ ⊗ E is the dual of the
A-action ρ∶A → DE on E. _en it is straightforward to see that the integrability
condition (4.2) holds if and only if D is a Nijenhuis operator on A.

Any generalized complex structure on a Courant algebroid induces a Poisson
structure on the basemanifold (see e.g., [1]). Similarly, any generalized complex struc-
ture on anE-Courant algebroid induces a Lie algebroid or a local Lie algebra structure
([12]) on E .

_eorem 4.6 Let J∶K → K be a generalized complex structure on an E-Courant
algebroid (K, [ ⋅ , ⋅ ]K , ( ⋅ , ⋅ )E , ρ). Deûne a bracket operation [ ⋅ , ⋅ ]E ∶ Γ(E) ∧ Γ(E) →
Γ(E) by
(4.3) [u, v]E ≜ 2 (Jρ⋆du, ρ⋆dv)E = (ρ ○ J ○ ρ⋆)(du)(v) for all u, v ∈ Γ(E).
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_en (E , [ ⋅ , ⋅ ]E , j○ρ○J○ρ⋆○d) is a Lie algebroid when rank(E) ≥ 2 and (E , [ ⋅ , ⋅ ]E)
is a local Lie algebra when rank(E) = 1 .

Proof _e bracket is obviously skew-symmetric. By the integrability of J, we have

[J(ρ⋆du), J(ρ⋆dv)]K − [ρ⋆du, ρ⋆dv]K
− J([J(ρ⋆du), ρ⋆dv]K + [ρ⋆du, J(ρ⋆dv)]K) = 0.

Pairing with ρ⋆dw for w ∈ Γ(E), by (EC-3) in Deûnition 2.1 and the ûrst equation in
Lemma 2.2, we have

([J(ρ⋆du), J(ρ⋆dv)]K , ρ⋆dw)E

= ρ(Jρ⋆du) (Jρ⋆dv , ρ⋆dw)E − (Jρ⋆dv , [Jρ⋆du, ρ⋆dw]K)E

= 2 (ρ⋆d (Jρ⋆dv , ρ⋆dw)E , Jρ
⋆du)E − 2 (Jρ⋆dv , ρ⋆d (Jρ⋆du, ρ⋆dw)E)E

=
1
2
[u, [v ,w]E] E −

1
2
[v , [u,w]E] E .

By (EC-1) and (EC-5) in Deûnition 2.1, we have

([ρ⋆du, ρ⋆dv]K , ρ⋆dw)
E = 0.

Finally, using Lemma 2.2, we have

([J(ρ⋆du), ρ⋆dv]K + [ρ⋆du, J(ρ⋆dv)]K , Jρ⋆dw)
E

= 2( ρ⋆d (Jρ⋆du, ρt
⋆ dv)E , Jρ

⋆dw)
E + 0

=
1
2
[w , [u, v]E] E .

_us, we get the Jacobi identity for [ ⋅ , ⋅ ]E . To see the Leibniz rule, by deûnition, we
have

[u, f v]E = f [u, v]E + jρJρ⋆d(u)( f )v .
So it is a Lie algebroid structure if and only if j ○ ρ ○ J ○ ρ⋆ ○ d∶ E → TM is a bundle
map, which is always true when rank(E) ≥ 2 (see the proof of [4, _eorem 3.11]).

5 Generalized Complex Structures on Omni-Lie Algebroids

In this section, we study generalized complex structures on the omni-Lie algebroid
ol(E). We view ol(E) as a sub-bundle of Hom(ol(E), E) by the nondegenerate E-val-
ued pairing ( ⋅ , ⋅ )E , i.e.,

e2(e1) ≜ 2 (e1 , e2)E for all e1 , e2 ∈ Γ(ol(E)).

By Proposition 4.2, we have the following corollary.

Corollary 5.1 A bundle map J∶ ol(E) → ol(E) is a generalized almost complex struc-
ture on the omni-Lie algebroid ol(E) if and only if the following conditions are satisûed:

J2
= −id, J⋆∣ol(E) = −J.
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Since ol(E) is the direct sum of DE and JE, we can write a generalized almost
complex structure J in the form of a matrix. To do that requires some preparation.

Vector bundles Hom(∧kDE , E)JE and Hom(∧kJE , E)DE are introduced in [5,
21] to study deformations of omni-Lie algebroids and deformations of Lie algebroids
respectively. More precisely, we have

Hom(∧
kDE , E)JE ≜ {µ ∈ Hom(∧

kDE , E) ∣ Im(µ♮) ⊂ JE} , (k ≥ 2),

Hom(∧
kJE , E)DE ≜ {d ∈ Hom(∧

kJE , E) ∣ Im(d♯) ⊂DE} , (k ≥ 2),

in which µ♮∶ ∧k−1DE → Hom(DE , E) is given by

µ♮(d1 , . . . , dk−1)(dk) = µ(d1 , . . . , dk−1 , dk) for d1 , . . . , dk ∈DE ,

and d♯ is deûned similarly. By (2.2), for any µ ∈ Hom(∧kDE , E)JE , we have

(5.1) µ(d1 , . . . , dk−1 , Φ) = Φ ○ µ(d1 , . . . , dk−1 , idE).

Furthermore, (Γ(Hom(∧●DE , E)JE),d) is a subcomplex of (Γ(Hom(∧●DE , E),d),
where d is the coboundary operator of the gauge Lie algebroidDE with the obvious
action on E.

Proposition 5.2 Any generalized almost complex structure J on the omni-Lie alge-
broid ol(E) must be of the form

(5.2) J = (
N π♯
σ♮ −N⋆) ,

where N ∶DE →DE is a bundle map satisfying

N⋆
(JE) ⊂ JE , π ∈ Γ( Hom(∧

2JE , E)DE) , σ ∈ Γ( Hom(∧
2DE , E)JE)

such that the following conditions hold:

π♯ ○ σ♮ + N2
= −id, N ○ π♯ = π♯ ○ N⋆ , σ♮ ○ N = N⋆

○ σ♮ .

Proof By Corollary 5.1, for any generalized almost complex structure J, we have
J⋆∣ol(E) = −J. _us, J must be of the form

J = (
N ϕ
ψ −N⋆) ,

where N ∶DE → DE is a bundle map satisfying N⋆(JE) ⊂ JE, ϕ∶JE → DE and
ψ∶DE → JE are bundle maps satisfying

−(ϕ(µ), ν)E = (µ, ϕ(ν))E , −(ψ(d), t)E = (d,ψ(t))E .

_erefore, we have ϕ = π♯ for some π ∈ Γ(Hom(∧2JE , E)DE), and ψ = σ♮ for some
σ ∈ Γ(Hom(∧2DE , E)JE). _is ûnishes the proof of the ûrst part. As for the second
part, it is straightforward to see that the conditions follow from the fact that J2 = −id.

Remark 5.3 A line bundle L satisûes JL = Hom(DL, L) and DL = Hom(JL, L).
_erefore, the condition N⋆(JL) ⊂ JL always holds.
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_eorem 5.4 A generalized almost complex structure J given by (5.2) is a generalized
complex structure on the omni-Lie algebroid ol(E) if and only if the following hold:
(i) π satisûes the equation

(5.3) π♯([µ, ν]π) = [π♯(µ), π♯(ν)]D for all µ, ν ∈ Γ(JE),

where the bracket [ ⋅ , ⋅ ]π on Γ(JE) is deûned by

(5.4) [µ, ν]π ≜ Lπ♯(µ)ν −Lπ♯(ν)µ −d ⟨π♯(µ), ν⟩E .

(ii) π and N are related by the formula

(5.5) N⋆
([µ, ν]π) = Lπ♯(µ)(N⋆

(ν)) −Lπ♯(ν)(N⋆
(µ)) −dπ(N⋆

(µ), ν).

(iii) N satisûes the condition

(5.6) T(N)(d, t) = π♯(id∧tdσ) for all d, t ∈ Γ(DE),

where T(N) is the Nijenhuis tensor of N deûned by

T(N)(d, t) = [N(d),N(t)]D − N([N(d), t]D + [d,N(t)]D − N[d, t]D).

(iv) N and σ are related by the following condition

(5.7) dσ(N(d), t, k) +dσ(d,N(t), k) +dσ(d, t,N(k)) = dσN(d, t, k),

for all d, t, k ∈ Γ(DE), where σN ∈ Γ(Hom(∧2DE , E)JE) is deûned by σN(d, t) =
σ(N(d), t).

Proof Consider the integrability condition (4.2). In fact, there are two equations
since Γ(ol(E)) has two components Γ(DE) and Γ(JE). First let e1 = µ, e2 = ν be
elements in Γ(JE); then we have J(µ) = π♯(µ) − N⋆(µ), J(ν) = π♯(ν) − N⋆(ν) and
[[µ, ν]] = 0. _erefore, we obtain

[[π♯(µ) − N⋆
(µ), π♯(ν) − N⋆

(ν)]]

− J([[π♯(µ) − N⋆
(µ), ν]] + [[µ, π♯(ν) − N⋆

(ν)]])

= [π♯(µ), π♯(ν)]D − π♯(Lπ♯(µ)ν − iπ♯(ν)dµ) + N⋆
(Lπ♯(µ)ν − iπ♯(ν)dµ)

−Lπ♯(µ)N⋆
(ν) + iπ♯(ν)dN⋆

(µ) = 0.

_us, we get conditions (5.3) and (5.5).
_en let e1 = d ∈ Γ(DE) and e2 = µ ∈ Γ(JE); we have J(e1) = N(d) + σ♮(d) and

J(e2) = π♯(µ) − N⋆(µ). _erefore, we obtain

[[N(d) + σ♮(d), π♯(µ) − N⋆
(µ)]] − [[d, µ]]

− J([[N(d) + σ♮(d)), µ]] + [[d, π♯(µ) − N⋆
(µ)]])

= [N(d), π♯(µ)]D − N[d, π♯(µ)]D − π♯(LN(d)µ −LdN⋆
(µ))

+ N⋆
(LN(d)µ −LdN⋆

(µ)) −LN(d)N⋆
(µ) − iπ♯(µ)dσ♮(d)

−Ldµ − σ♮[d, π♯(µ)]D = 0.

https://doi.org/10.4153/CMB-2017-079-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2017-079-7


VB-Courant Algebroids, E-Courant Algebroids and Generalized Geometry 601

_us, we have

[N(d), π♯(µ)]D = N[d, π♯(µ)]D + π♯(LN(d)µ −LdN⋆
(µ)),(5.8)

N⋆
(LN(d)µ −LdN⋆

(µ)) = LN(d)N⋆
(µ)(5.9)

+ iπ♯(µ)dσ♮(d) +Ldµ + σ♮[d, π♯(µ)]D .

We claim that (5.8) is equivalent to (5.5). In fact, applying (5.8) to ν ∈ Γ(JE) and (5.5)
to d ∈ Γ(DE), we get the same equality.

Next let e1 = d and e2 = t be elements in Γ(DE); we have J(e1) = N(d) + σ♮(d)
and J(e2) = N(t) + σ♮(t). _erefore, we have

[[N(d) + σ♮(d),N(t) + σ♮(t)]]
− [d, t]D − J([[N(d) + σ♮(d), t]] + [[d,N(t) + σ♮(t)]])

= [N(d),N(t)]D − [d, t]D − N([N(d), t]D + [d,N(t)]D) − π♯(Ldσ♮(t)
− itdσ♮(d)) +LN(d)σ♮(t) − iN(t)dσ♮(d) − σ♮([N(d), t]D + [d,N(t)]D)

+ N⋆
(Ldσ♮(t) − itdσ♮(d))

= 0.

_us, we have

[N(d),N(t)]D − [d, t]D − N([N(d), t]D + [d,N(t)]D) =(5.10)

π♯(Ldσ♮(t) − itdσ♮(d)),
σ♮([N(d), t]D + [d,N(t)]D) −LN(d)σ♮(t) + iN(t)dσ♮(d) =(5.11)

N⋆
(Ldσ♮(t) − itdσ♮(d)).

We claim that (5.9) and (5.10) are equivalent. In fact, applying (5.9) and (5.10) to
t ∈ Γ(DE) and µ ∈ Γ(JE), respectively, we get the same equality

⟨[N(d),N(t)]D − [d, t]D − N([N(d), t]D + [d,N(t)]D), µ⟩E
= d ⟨π♯σ♯(t), µ⟩E + ⟨σ♯(t), [d, π♯µ]D⟩

E + t ⟨σ♯(d), π♯(µ)⟩E − π♯(µ) ⟨σ♯(d), t⟩E
− ⟨σ♯(d), [t, π♯(µ)]D⟩

E .

By the equality π♯ ○ σ♮ + N2 = −id and (5.10), we have

[N(d),N(t)]D + N2
[d, t]D − N([N(d), t]D + [d,N(t)]D) =

π♯(Ldσ♮(t) − itdσ♮(d) − σ♮[d, t]D),

which implies that T(N)(d, t) = π♯(id∧tdσ). _us, (5.10) is equivalent to (5.6).
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Finally, we consider condition (5.11). Acting on an arbitrary k ∈ Γ(DE), we have

N(d) ⟨σ♮(t), k⟩E − ⟨σ♮(t), [N(d), k]D⟩E + ⟨σ♮(k), [N(d), t]D⟩E − N(t) ⟨σ♮(d), k⟩E
+ k ⟨σ♮(d), t⟩E + ⟨σ♮(d), [N(t), k]D⟩E + ⟨σ♮(k), [d,N(t)]D⟩E

+ d ⟨σ♮(t),N(k)⟩E − ⟨σ♮(t), [d,N(k)]D⟩E − t ⟨σ♮(d),N(k)⟩E

+ N(k) ⟨σ♮(d), t⟩E + ⟨σ♮(d), [t,N(k)]D⟩E

= dσ(N(d), t, k) + tσ(N(d), k) − kσ(N(d), t) + σ([t, k]D ,N(d))

+dσ(d,N(t), k) − dσ(N(t), k) − σ([d, k]D ,N(t))

+dσ(d, t,N(k)) + σ([d, t]D ,N(k))

= 0.

Note that the following equality holds:

σ(d,N(t)) = − ⟨σ♮(N(t)), d⟩E = − ⟨N⋆
(σ♮(t)), d⟩E

= − ⟨σ♮(t),N(d)⟩E = σ(N(d), t).

_erefore, we have
(iNdσ)(d, t, k) = dσN(d, t, k),

which implies that (5.11) is equivalent to (5.7).

Remark 5.5 Let J = ( N π♯
σ♮ −N⋆ ) be a generalized complex structure on the omni-Lie

algebroid ol(E). _en π satisûes (5.3). On one hand, in [4], the authors showed that
such π will give rise to a Lie bracket [ ⋅ , ⋅ ]E on Γ(E) via

[u, v]E = π♯(du)(v) for all u, v ∈ Γ(E).

On the other hand, by _eorem 4.6, the generalized complex structure J will also
induce a Lie algebroid structure on E by (4.3). By the equality

π♯ = ρ ○ J ○ ρ⋆ ,

these two Lie algebroid structures on E are the same.

Remark 5.6 Recall that any b ∈ Γ(Hom(∧2DE , E)JE) deûnes a transformation
eb ∶ ol(E) → ol(E), deûned by

eb (dµ) = (
id 0
b♮ id

)(
d
µ) = (

cd
µ + idb

) .

_us, eb is an automorphism of the omni-Lie algebroid ol(E) if and only if db = 0.
In this case, eb is called a B-ûeld transformation. Actually, an automorphism of the
omni-Lie algebroid ol(E) is just the composition of an automorphism of the vector
bundle E and a B-ûeld transformation. In fact, B-ûeld transformations map general-
ized complex structures on ol(E) into new generalized complex structures as follows:

Jb = (
id 0
b♮ id

) ○ J ○ (
id 0
−b♮ id

) .
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Example 5.7 Let D∶ E → E be a bundle map satisfying D2 = −id. Deûne RD ∶DE →
DE by RD(d) = d ○ D and D̂∶JE → JE by D̂(du) = d(Du) for u ∈ Γ(E). _en

J = (
RD 0
0 −D̂)

is a generalized complex structure on ol(E). In fact, since

⟨R⋆D(du), d⟩E = ⟨du, d ○ D⟩E = d(D(u)) = ⟨D̂(du), d⟩E ,

we have R⋆D = D̂. It is straightforward to check that the Nijenhuis tensor T(RD)
vanishes, and the condition D2 = −id ensures that R2

D = −id.

Let π ∈ Γ(Hom(∧2JE , E)DE) and suppose that the induced map π♯∶JE → DE is
an isomorphism of vector bundles. _en the rank of E is 1 or is equal to the dimension
ofM. We denote by (π♯)−1 the inverse of π♯ and by π−1 the corresponding element in
Γ(Hom(∧2DE , E)JE).

Lemma 5.8 With the above notation, the following two statements are equivalent:
(i) π ∈ Γ(Hom(∧2JE , E)DE) satisûes (5.3);
(ii) π−1 is closed, i.e., dπ−1 = 0.

Proof _e conclusion follows from the following equality:

⟨π♯([µ, ν]π) − [π♯(µ), π♯(ν)]D , γ⟩E = −dπ−1
(π♯(µ), π♯(ν), π♯(γ)),

for all µ, ν, γ ∈ Γ(JE), which can be obtained by straightforward computations.

Let (E , [ ⋅ , ⋅ ]E , a) be a Lie algebroid. Deûne π♯∶JE →DE by

(5.12) π♯(du)( ⋅ ) = [u, ⋅ ]E for all u ∈ Γ(E).

_en π♯ satisûes (5.3). Furthermore, (JE , [ ⋅ , ⋅ ]π , j ○ π♯) is a Lie algebroid, where
the bracket [ ⋅ , ⋅ ]π is given by (5.4). By _eorem 5.4 and Lemma 5.8, we have the
following corollary.

Corollary 5.9 Let (E , [ ⋅ , ⋅ ]E , a) be a Lie algebroid such that the induced map
π♯∶JE →DE is an isomorphism. _en

J = (
0 π♯

−(π♯)−1 0 )

is a generalized complex structure on ol(E).

Example 5.10 Let (TM , [ ⋅ , ⋅ ]TM , id) be the tangent Lie algebroid. Deûne
π♯∶J(TM) → D(TM) by π♯(du) = [u, ⋅ ]TM . _en π♯ is an isomorphism. See
[4, Corollary 3.9] for details. _en

J = (
0 π♯

−(π♯)−1 0 )

is a generalized complex structure on the omni-Lie algebroid ol(TM).
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Example 5.11 Let (M ,ω)be a symplecticmanifold and let (T∗M , [ ⋅ , ⋅ ]ω−1 , (ω♯)−1)

be the associated natural Lie algebroid. Deûne π♯∶J(T∗M) →D(T∗M) by

π♯(du) = [u, ⋅ ]ω−1 ,

which is an isomorphism (see [4, Corollary 3.10]). _en

J = (
0 π♯

−(π♯)−1 0 )

is a generalized complex structure on the omni-Lie algebroid ol(T∗M).

To conclude this section, we introduce the notion of an algebroid-Nijenhuis struc-
ture, which can give rise to generalized complex structures on the omni-Lie algebroid
ol(E).

Deûnition 5.12 Let (E , [ ⋅ , ⋅ ]E , a) be a Lie algebroid, let N ∶DE → DE be a Nijen-
huis operator on the Lie algebroid (DE , [ ⋅ , ⋅ ]D , j) satisfying N⋆(JE) ⊂ JE, and let
π∶JE →DE be given by (5.12). _en N and π are said to be compatible if

N ○ π♯ = π♯ ○ N⋆ and C(π,N) = 0,

where

C(π,N)(µ, ν) ≜ [µ, ν]πN − ([N⋆
(µ), ν]π + [µ,N⋆

(ν)]π − N⋆
[µ, ν]π) ,

for all µ, ν ∈ Γ(JE). Here, πN ∈ Γ(Hom(∧2JE , E)DE) is given by

πN(µ, ν) = ⟨ν,Nπ♯(µ)⟩E for all µ, ν ∈ Γ(JE).

If N and π are compatible, we call the pair (π,N) an algebroid-Nijenhuis structure on
the Lie algebroid (E , [ ⋅ , ⋅ ]E , a).

_e following lemma is straightforward, so we omit the proof.

Lemma 5.13 Let (E , [ ⋅ , ⋅ ]E , a) be a Lie algebroid, let π be given by (5.12), and let
N ∶DE →DE be a Nijenhuis structure. _en (π,N) is an algebroid-Nijenhuis structure
on the Lie algebroid (E , [ ⋅ , ⋅ ]E , a) if and only if N ○ π♯ = π♯ ○ N⋆ and

N⋆
[µ, ν]π = Lπ(µ)N⋆

(ν) −Lπ(ν)N⋆
(µ) −dπ(N⋆

(µ), ν).

By _eorem 5.4 and Lemma 5.13, we have the following theorem.

_eorem 5.14 Let (E , [ ⋅ , ⋅ ]E , a) be a Lie algebroid, let π be given by (5.12), and let
N ∶DE →DE be a Nijenhuis structure. _en the following statements are equivalent:
(i) (π,N) is an algebroid-Nijenhuis structure and N2 = −id;
(ii) J = ( N π♯

0 −N⋆ ) is a generalized complex structure on the omni-Lie algebroid ol(E).

Remark 5.15 An interesting special case is that where E = L is a line bundle. _en
(π,N) becomes a Jacobi-Nijenhuis structure on M. Jacobi–Nijenhuis structures were
studied by L. Vitagliano and the third author in [24]. In this case, π deûnes a Jacobi bi-
derivation { ⋅ , ⋅ } of L (i.e., a skew-symmetric bracket that is a ûrst order diòerential
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operator, hence a derivation, in each argument). Moreover, this bi-derivation is com-
patible with N in the sense that π♯ ○N⋆ = N ○π♯ and C(π,N) = 0. It deûnes a new Ja-
cobi bi-derivation { ⋅ , ⋅ }N . Furthermore, ({ ⋅ , ⋅ }, { ⋅ , ⋅ }N) is a Jacobi bi-Hamiltonian
structure; i.e., { ⋅ , ⋅ }, { ⋅ , ⋅ }N and { ⋅ , ⋅ } + { ⋅ , ⋅ }N are all Jacobi brackets.

6 Generalized Complex Structures on Omni-Lie Algebras

In this section, we consider the case where E reduces to a vector space V . _en we
have

DV = gl(V), JV = V .

Furthermore, the pairing (2.4) reduces to

⟨A, u⟩V = Au for all A ∈ gl(V), u ∈ V .

Any u ∈ V is a linear map from gl(V) to V ,

u(A) = ⟨A, u⟩V = Au.

_erefore, an omni-Lie algebroid reduces to an omni-Lie algebra, which was intro-
duced by Weinstein in [25] to study the linearization of the standard Courant alge-
broid.

Deûnition 6.1 An omni-Lie algebra associated with V is a triple

( gl(V) ⊕ V , [[ ⋅ , ⋅ ]], ( ⋅ , ⋅ )V ) ,

where ( ⋅ , ⋅ )V is a nondegenerate symmetric pairing given by

(A+ u, B + v)V = 1
2 (Av + Bu) for all A, B ∈ gl(V), u, v ∈ V ,

and [[ ⋅ , ⋅ ]] is a bracket operation given by

[[A+ u, B + v]] = [A, B] + Av .

We will simply denote an omni-Lie algebra associated with a vector space V by
ol(V).

Lemma 6.2 For any vector space V, we have

Hom(∧
2 gl(V),V)V = 0,

Hom(∧
2V ,V)gl(V) = Hom(∧

2V ,V).

Proof In fact, for any ϕ ∈ Hom(∧2 gl(V),V)V and A, B ∈ gl(V), by (5.1), we have

ϕ(A∧ B) = B ○ ϕ(A∧ idV) = −B ○ A ○ ϕ(idV ∧ idV) = 0.

_erefore, ϕ = 0, which implies that Hom(∧2 gl(V),V)V = 0. _e second equality is
obvious.

https://doi.org/10.4153/CMB-2017-079-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2017-079-7


606 H. Lang, Y. Sheng, and A. Wade

Proposition 6.3 Any generalized almost complex structure J∶ gl(V)⊕V → gl(V)⊕V
on the omni-Lie algebra ol(V) is of the form

(6.1) (
−RD π♯
0 D) ,

where π ∈ Hom(∧2V ,V), D ∈ gl(V) satisfying D2 = −idV and π(Du, v) = π(u,Dv),
and RD ∶ gl(V) → gl(V) is the right multiplication, i.e., RD(A) = A ○ D.

Proof By Proposition 5.2 and Lemma 6.2, we can assume that a generalized almost
complex structure is of the form ( N π♯

0 −N⋆ ), where N ∶ gl(V) → gl(V) satisûes N⋆ ∈

gl(V) and N2 = −idgl(V), and π ∈ Hom(∧2V ,V). Let D = −N⋆; then we have

(Dv)(A) = −N⋆
(v)(A) = −v(N(A)) = −N(A)v .

On the other hand, we have (Dv)(A) = ADv, which implies that N(A) = −RD(A). It
is obvious that N2 = −idgl(V) is equivalent to D2 = −idV . _e proof is complete.

_eorem 6.4 A generalized almost complex structure J∶ gl(V)⊕V → gl(V)⊕V on
the omni-Lie algebra ol(V) given by (6.1) is a generalized complex structure if and only
if the following hold:
(i) π deûnes a Lie algebra structure [ ⋅ , ⋅ ]π on V;
(ii) D2 = −idV and D[u, v]π = [u,Dv]π for u, v ∈ V.
_us, a generalized complex structure on the omni-Lie algebra ol(V) gives rise to a
complex Lie algebra structure on V.

Proof By _eorem 5.4, we have

[u, v]π = π♯(u)(v) = π(u, v).

Condition (5.3) implies that [ ⋅ , ⋅ ]π gives a Lie algebra structure onV . Condition (5.5)
implies that D[u, v]π = [u,Dv]π . _e other conditions are valid.

_e conditions D2 = −idV and D[u, v]π = [u,Dv]π say by deûnition that D is a
complex Lie algebra structure on (V , [ ⋅ , ⋅ ]π). _is ûnishes the proof.
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