INTEGRALS INVOLVING E-FUNCTIONS
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(Received 30th April, 1951)
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§ 1. Introductory. The formula to be proved is

m—1 fo b
IT'| e trB(a,B::t,)trim1dt, edltitat, ) E(a, B:: ——-)
. tils eeetmy

r=14 0
AL@reim

VAXIZ A5 (9)tm—t =t g—mblim i
(m«)F(mﬁ m-te E (ma, mB : : mbtim), ......... (1)

where 6>>0. )
In § 2 it will be shown that the function
w(z)=e* E(x, B::7)
satisfies the dlﬂ'erentlal equation
2w +z(z—a-B+1)w +(af—oz—Pz+2)w=0; ceeiereriiiiina (2)

while in § 3 formula (1) will be established by means of (2). The following formulae are also
required :
D) (B +9) (B +y)

f : et Ba, B : : t)dt = e 3)
where R(x +)>0, R(8 +v)>0 [MacRobert, Complex Variable, p. 3811 ;
F(n)I’(n + %) r (n + %) r(n +’ﬁmil) = @m)tmtmd=mn D(mn) 5 e (4)
Bla, f::2) =ET(E -l @ Fla; a=F+15 2)5 ommrnenenssines (5)
Fla; p; 2)=€F(p—0; 5 —2). eovevrerrermrrereerereesessenns (6)

§ 2. The Differential Equation. If y=E(x, B:: z) it satisfies the equation
2 =22+ +B-1)Y —oBY vt (7)
[MacRobert, Complex Variable, p. 349].

Now let w=e-?%y, so that y=e%w; then 2w’ +2uw’' +w)=2z(z+a+8-1)(w +w) —«fw,
from which (2) follows. Other solutions of (2) are

e 22 Fla; «a—B+1; 2)=22F(1-8; a—-B+1; -2),
and e?z2P F(B; B~a+1l; 2)=2f F(1-a; B—a+l; —2).
§ 3. Proof of the Multiple Integral. Let F(b) denote the L.H.S. of (1). Then, if
. w(z) =e~zE(“’ B B z):

~1
Foy="1 [ e E(a, B: :t)t,in dt, w( )
r=1 0 t1t2 'm—l

‘ —1
Fb)= "1 e—"E(oc, Bty rim=2dt w ( )
tita -ty

r=14J0
and
m—1
Fo)="1 | etBa, B:: 8,)t,7m3dt, w ( >
r=1J0 t1t2 m 1
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Hence, from (2),

-1 (o
bR (B)= T | et B(a, B::t,)t,7im1ds,
r=1

0
x{tl ”tb (tl bm_1 —oc—ﬂ+1> w’—a,Bw-er—“—%m——_l (oc+/3—l)w} .
Therefore

bF () — (x+B—-1)bF' B) +aBF (D) =L+ M, .ccovvvreiririninrinnnn. (8)
where

L= b mﬁll :e—‘fE'(oc, B::t),rIm3dt, W

=

and

M=(x+B-1)b II e=tr B(a, B 1 1 t,),7Im=2dt, w.

Now in L change the order of mtegratlon so that the first integral becomes the last ; then
m=1 [ ow
L=b II e~tr B(x, B:: 8,)E,rIm2d1, xf e E(a, B::ty)ttm1 5—dt1
r=2 J0 0

Here integrate by parts, noting that w vanishes at ¢, =0, and get

m—1 o b
L=b II e~tr B, B 118, )8,7im=2 dt, x ——f et ‘m__l E <oc, B:: >
r=2J 0 0

tye b
1 d
3 [ ——1)eth E(x, B::t)tLm-2 g tim-1 T {eeh E{a, B:: tl)}] dt,.
1
On substitituting b/(X, ...t,,_,) for ¢, this becomes

L= - <_1~ - l) blim ﬁ e—tr E(a,B:: tr)tr(r—l)/m_l dt,
m r=2J0

x fw e E(a, B:: X) Am-D/m-14, (——b———> dA
. Myt

m—1 o .
— bLim+1 o | e“Bf:: t,)t,(r-V m=2 gy
r=

x fw e E(a, B 11 A) Am-D =2 g <I\—b——) dA
. | fy e b

=(1 - %) Bim F () - Bims1 B (b).
Similarly
M =(x+B-1)bt™ F(b).
Hence (8) can be written
B2F"(B) —(e+B-1-B1mbF (b)) +{af ~(ax+B -1/m)b}m} F(b)=0 ............ 9)
Next, in (2) put z =mAl/m, replace « and B by me and mf, and get

d?w d 1
Az W-(Ot-l—ﬁ 1- )\”m))\-div):—}-{uﬁ* <a+B—ﬁ>)\”m}w=0,
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INTEGRALS INVOLVING E-FUNCTIONS 131
which is (9) with w in place of F(b) and A in place of b. Thus

F () =Ae—mb1/M(mbll‘m)'mu F(mo; ma—-mB+1; mbtim)
+Be—mbl/m (mbllm)M5 F(mﬁ : mﬁ —ma+l; mbl/m),

Now F(b) is symmetrical in « and B, and so are the coefficients of 4 and B. Therefore, if
A =f(«, B), it follows that B =f(B, «).
Let it be assumed that «<<8, multiply by b~ and let 5—0 ; then, as 1/m + 8 —a>0, -

T : et B(a, B+ : 8,)t,7m~5 dt, ['(o) (B - ) = Amm
reml .
or, by (3),
" L) I'(B) L(r[m) L'(B ~ o +7/m)
r=1 (B +r/m)
Hence, by (4),

I(ew) T'(B - o) = Amme .

- I(ma) I'(mB)

from which (1) follows.
If, on the other hand, 8<a, multiply by 58, let 5—0, and the same results are obtained.
The case « =8 can be derived by continuity.

4 SOOI o yim-t =t D) (8~}

1T

§ 1. Imtroductory. It is here proposed to establish the formula

w s — . - . . x .1 - . . N
[TemamtB(ps ai g5 p0: ) By B@ 03 5t 05 oot @) ()

- where R(k)>0, n is a positive integer, and
sy =k +3’ﬁ, v=0,1,2,...,n-1.
In § 2 the subsidiary formula
® © ® B lln
f f f o F G dis, day ... dy_y — @m)r b ent @)
0Jo 0

where >0 and
F=x vxy+...+2, 1 +b/(x25 ... %,_1),
G=alin—1gln=1 ol ZDin-1
will be established ; in § 3 formula (1) will be derived by means of (2).
§ 2. Proof of the Subsidiary Formula. Let the L.H.S. of (2) be denoted by F(b): then

F’(b)=fwfw...fwe4;G(-~:»1~—)dx day ... dz,_y .
oJo Jo Ty oo Xyy) -0 n

Here change the order of integration so that the first integral becomes the 1ast, and put
b

=
BEgTy oo Ty
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in the innermost integral : then

oo‘ [ e
F'(b)= _fo fo fo e‘FlGlpdxz...dxn_lﬁ—j”——

2 s
Tg eer Tpy

where
Fi=zy+as+... +&y g +p+b/(pay... 2,)
and @, =<__b__ )1/n—1x§/n__1 e \
YTy oo Tpy) n-1 ’
=p! /n_1x%/nx§/n .. x&"—_f”"lfl Int1
Hence, on replacing x,, #, ..., £, 4, u by &, s, ..., Z,_; respectively, we have
; F'(b) = ~Bn1F(b).
Thus F(b) =Ae—mvtlm,

To determine 4 let 5—0 : then

PO r()r(2Y) -,
n n n
so that A =(2n)inin

from which (2) follows.

§ 3. Proof of the Integral. If the formula

0

where a, ., =k, R(k)>>0 [MacRobert, Phil. Mag., Ser. 7, XXXI, p. 255), is applied repeatedly

to itself, it becomes

2] @ O
f f f ettt . tonmy) =1 ghHln=1 gk +m=Djn—1
0JO -J 0

><E<p; i g opyt

Xy oo Ty

jwe—AAk‘lE(p; % g pst ;)dA:E(pqu; %t Pet L)y eennen

)dxo...dxn_l=E(p+n; o g Pt %),

" where the «’s are those given in (1). Now change the order of integration so that the first

integral becomes the last, and put

o

Tg=——"— .
TyTg es Tyy

Then the L.H.S. becomes

a0 © o]
—( —1) plin—1 2[n—1 (n—1)n—1
Jo fo fo e~ (@vtaat . Aang) prin—l gpfin=l  gin dx, ... dx,

o
xf e—ol(@men... on-) ck—lE(,p; % q; Pyt gf)dg_
0 (o]

Here change the order of integration so that the last integral becomes the first, apply (2),

and get

' 0
(2m)In-tp-t fo g-notln ak—lE(p ;e g pst g) do.

Finally, put o =A" and so obtain (I).
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111

§ 1. Introductory. It is proposed to establish the formula
eo]
J etV E(y,8: ) E(p; a: q; pg: xft)dt
0

=[P TBYE(p+2; ap: gq+1; pgt X)), ovvinviivinininnnn, (1)

where o, 1 =y + K, ty,0 =8+ kK, pgy1 =y +0 +« and R(y +k)>0, R(8 +«)>0.
The following formulae are required in the proof :

: .
fo pratimeptt U (14 u) e B{p ; a,: q; py: (L+p)z}dp

=Ipg1—%p) E@+1; op: g+1; pgt X), ivnvininnnnn. (2)
where R(x,.,)>0, B(pgyy —p:1)>0 (1) ;
N
J e ANt TE (D o, g pet ZAAA=E(P+1; ap: g5 pst @)y vieninnins (3)
0
where R(x, ;) >0, (2).
€
Bloy B:: ) =T(x) f B Y e )
0

where R(8)>0, (3).

It is assumed that x is real and positive.
The proof of (1) is given in § 2. An integral involving a product of three E-functions is
discussed in § 3.

§ 2. Proof of the Formula. On applying (2) to (3) it is seen that

o] v o)
fo (L4 p) 0 dp fo e N VE{p; oyt g5 pyi (L+p)z/AtdA

=) E(p+2; ap: g+1; ps: x),
where B(y +x)>0, R(8 +x)>0, B(8)>0.
Now put A =(1 + u)f and change the order of integration : then the double integral becomes

f: et T E (P apt g5 pet xft)dt f: e (L4 p) v dp.
In the inner integral put u =¢/t and it becomes
=0 [ et ALt g = (1T} 0B, B2 11),
by (4). From this (1) follows.

§ 3. Integral involving a Product of three E-functions. The formula to be proved is

jme"tK‘IE(a,ﬁ::t)E(y,S::t)E(p; ol G ps: xft)dt
0 .

_ ' © (a; 1)(8; 1) (ocl,...,oc,,,a+y+x,,8+8+;c,a+8+x+r;z
_F(a)F(B)P(Y)F(S)TEO 7! B PLve s Pt B+d+K+7, aty+B+u+r >’ 5)
where the constants are such that the integral converges.

The following formulae are required :

) 1”71 I(ay - )
E(p’ o, q, Ps: X} == = :L‘;dé', ..................... (6)
2m ‘I:II F(Ps _ C) .

I G.M.A,
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where the contour is of the usual type employed by Barnes ;

fwe~tz~—1E(a, B:it)E(y,s::1)ds
0

B © e+ PE+ry Ma+8+k+7)
=I'B)I'(y) I'a+y+x) '(B+8+x) rfor!f'(a+ﬁ+8+x+r) Tlady s 5asan) (7)
provided that R(x+y +x) >0, R(B+y + k) >0, R(a +8 + k) >0, R(B+8 + ) >0, (4)

Now substitute from (6) in the L.H.8. of (5), and change the order of integration ; then

»

re) I I'«,-1%) »
%S—QL——— w‘dﬁf ettt E(o, B t) E(y, 8 8)dt
") I Tk~ ¢

#tdl T(B) T(y) Ta+y+x~8) TB+3+x-0)

" 2m

. ‘F(C) 11 1, -1
r=1

11 1,0

y E, Ia+m) (3 +m) Na+8+x+m—1{)
meoM! Ta+B+d3+x+m - MNa+y+d+x+m—-0)’
On changing the order of integration and summation and applying (6), formula (5) is
obtained.
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v
§ 1. Introductory. It is proposed to establish the formula

fw et k1 B (ny, nd : : nt)E(p ; %l g5 pst Zf?) dt

0 i
_ I'(ny) I'(n) ] ) o
"(—'—2ﬂ)}n-iJn E(p+.2n, Opt GHM; Pyt TYy dereiireiniiieienien. (1)»

where 7 is a positive integer and

Upropir =Y FE VN, dpiga=8+k+vn, poa=y+8+Etvm, (1)
v=0,1,2,...,n -1, R(k +v)>0, R(k+8)>0.

The two following formaulae are required in the proof :

f""rttk—lE(y,a::t)E(p; o 03 i ) A =TV TE B(p+25 ot g+15 put 2, (2)

0
~ where R(y +k)>0, B3 +k)>0, and ayy =y +k, 055 =3+k, pgya =y +3+k, (1) ;
“ﬁl - e E(y,8::1,) t’l‘r/"—l dt, bttty ;) E(‘}’, d:: ° )
r=1J0 : tily ...ty
I(y) T(3)}* (2m)in-t
= .gz’()ny)( 1)"}(»,;;) 7:/)7, e B(ny, n8 : : mblim), ... (3)

where >0, (2).
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INTEGRALS INVOLVING E-FUNCTIONS 135
§ 2. Proof of the Formula. On applying (2) to itself (n —1) times with
k+1ljn, k+2/n, ..., k+(n-1)n
in turn in place of & it is found that
n—=1

. .
I e~trg ftrin-l By §::4,)dt, E’(p St g pst L)
2. foty o tny

={TTE}"E(p+2n; a,: g+n; p;: )
where the «’s and p’s are given by (1).
Now change the order of integration so that the first integral becomes the last, put
A
TR
and change the order of integration so that the last integral becomes the first. Then the
L.H.S. becomes

fm)\"‘l E(p ;g pst )d)\ H e‘tft T/"—lE(y, Dit)dt e NGt ) E<y, d:: ; /\t )
0 r=1 1 ere by
n n—}
={F¥()n1;§81)"};n(82)73n f e—ml/n N1 E(ny, nd: : ndlim) B (p st g opst Z;) a2
0 .

by (3). On replacing A by ¢ formula (1) is obtained.

REFERENCES
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A%
§ 1. Introductory. The formula to be proved is
0 2
fo exp( - g;: - w) =P P, B::x)de=2(a) N'(B)(3y) P K, (), «vevvnen. (1)
where R(y?)>0.
The following formulae will be required in the proof :
E(a, B::2)=T(c) f PRPUS! (1 +£)_“ A, e, )
0
where R(8)>0, (1)
2
K, (2) =1 (32)" j exp < T- :—1) Y (3)
where R(z%)>0, (2) ;
* K, {aJ({t2+2%)} ,.. 2m I'(m +1)
fo W tz +1 dt m K”_m_l(az)c --------------------- (4)

[This integral is due to Sonine and Gegenbauer, (3).]

§ 2. Proof of the formula. Substltute for the E-function on the L.H.S. of (1) from (2), and
it becomes, if B(8)>0,

I(«) f exp( — ¥ _ x) Bl gy J‘w eA AB-1 (1 + a‘)—u dA
0 P 4x 0 ) x )
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Here put A =x¢ and change the order of integration, so getting
@ 2
I(a) on 11 + € dé f exp { A~ 1+ 5)} x> 1 dx.
0 0 4z

Next, put z(1 +§¢) =7, and the expression becomes

re [ eae [ e { L rfpi=re s [ e B

by (3). ,
Now replace ¢ by t2; then, on applying (4), formula (1) is obtained. The condition
R(B)>0 may be removed by analytical continuation.
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