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Foguel (8) and Fixman (7) independently proved that an invertible spectral
operator, which is power-bounded, is of scalar type. Their proofs rely heavily
on a result of Dunford on spectral operators whose resolvents satisfy a growth
condition. (See Lemma 3.16 of (6, p. 609).) Observe that the resolvent of an
invertible power-bounded operator T satisfies an inequality of the form
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This means that near the unit circle the resolvent has first-order rate of growth
along radial lines. The main purpose of the present paper is to give a nicer
proof of the theorem of Foguel and Fixman using the recently developed
theory of hermitian operators on Banach spaces. In fact, our proof yields the
more general result that an invertible prespectral operator, which is power-
bounded, is a scalar-type operator.

It will be assumed that the reader is familiar with the definition and properties
of prespectral operators given in (2) and (4). Throughout X denotes a complex
Banach space with dual space X*. The Banach algebra of bounded linear
operators on X is denoted by L(X). Let TeL(X). The spectrum of T is
denoted by 6(7). Z denotes the set of integers and R the set of real numbers.

Theorem 1. Let T, in L(X), be an invertible prespectral operator of class T.
Suppose that T is power-bounded in the sense that there is a real number K such
that

IT"I<K (neZ).

Then T is a scalar-type operator of class T'.

Proof. Observe that
- A
W-T)"= ¥ 5 (21>1)
A-T)" == Y A(T~Yy*' (| 1l<1)
n=0
both series converging in the norm of L(X). Hence o(T) < {z: |z| = 1}.

By Theorem 1 of (5; pp. 57-58) there is H, in L(X), such that expiH =T
and H is prespectral of class I'. By the spectral mapping theorem o(H) is
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real. Consider the group of operators {expiaH: « € R}. Since the map
B—exp ifH is a continuous map of [0, 1] into L(X)
[[expiaH || £ K sup |lexpifH ||<o0o (xeR).
Be[0,1]
Define
ll x I = sup {ll exp iaHx ||: € R} (x € X).

Then (| {| is a norm on X equivalent to || |; moreover

MlexpiaH || =1 (xeR).

This means that under an equivalent renorming of X, H is hermitian. Let
E(+) be the resolution of the identity of class I" for H. Define

R= f JE(dA) = f Re 1E(d2),
o(H) a(H)

Q=H+R.

Then by Theorem 2.5 of (1; p. 368) there is an equivalent norm on X with
respect to which R is hermitian. Since HR = RH then by Corollary 7 of
(9; p. 78) there is an equivalent norm on X with respect to which H and R
are simultaneously hermitian. Assume that this renorming has been carried
out. Then in the equation H— R = Q, the left-hand side is hermitian and
the right-hand side quasinilpotent. Hence by Sinclair’s theorem (3; p. 73)
Q = 0and H = R. Thus H is a scalar-type operator of class I" and by Theorem
3.1 of (2; p. 294) so is T = exp iH.

Theorem 2. Let T, in L(X), be an invertible spectral operator which is power-
bounded in the sense that there is a real number K such that

I T"I =K (neZ).

Then T is a scalar-type spectral operator.

This result, first proved by Foguel (Theorem 3 of (8; p. 62)) and Fixman
(Theorem 4.2 of (7; p. 104)), follows from Theorem 1 on takingI’ = X*.
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