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On Maoeglin’s Parametrization of Arthur
Packets for p-adic Quasisplit Sp(N) and
SO(N)

Bin Xu

Abstract. 'We give a survey on Moeglin’s construction of representations in the Arthur packets for p-
adic quasisplit symplectic and orthogonal groups. The emphasis is on comparing Mceglin’s parame-
trization of elements in the Arthur packets with that of Arthur.

1 Introduction

Let F be a number field and G be a quasisplit connected reductive group over F. The
local components of the automorphic representations of G belong to a very special
class of irreducible smooth representations, which is usually referred to as the Arthur
class. In the archimedean case, there is a geometric theory of irreducible smooth rep-
resentations (see [ABV92]), which suggests a possible way to characterize the Arthur
class. In the p-adic case, the general characterization of the Arthur class remains a
mystery. Nonetheless, when G is a general linear group, the Arthur class is known in
both cases due to Mceglin and Waldspurger’s classification of the discrete spectrum of
automorphic representations of general linear groups [MW89]. In this paper, we will
only consider the p-adic case. So from now on, let us assume F is a p-adic field, and
we will also denote G(F) by G, which should not cause any confusion in the context.
To describe the Arthur class for general linear groups, we need to introduce some no-
tation first. If G = GL(n), let us take B to be the group of upper-triangular matrices
and T to be the group of diagonal matrices, then the standard Levi subgroup M can
be identified with

GL(n;) x---x GL(n,)

for any partition of n = ny +--- + n, as follows:

GL(}’ll)

GL(n,)

(¢1,...,g) — diag{g,.... g}
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For 7 = m ® -+ ® 7,,, where 7; is a finite-length smooth representation of GL(#;) for
1< i < r, we denote the normalized parabolic induction Ind$ (7) by 7, x- - -x77,. More-
over, we denote the direct sum of its irreducible subrepresentations by (7 x - -+ x 7).
An irreducible supercuspidal representation of a general linear group can always be
written in a unique way as p||* := p ® | det(-)|* for an irreducible unitary supercus-
pidal representation p and a real number x. To fix notation, we will always denote
by p an irreducible unitary supercuspidal representation of GL(d,). Now for a fi-
nite length arithmetic progression x, ..., y of real numbers of step size one and an
irreducible unitary supercuspidal representation p of GL(d, ), it is a general fact that

pI[ - pl”

has a unique irreducible subrepresentation, denoted by {p; x, ..., y) or (x,...,y). If
x > y, it is called a Steinberg representation; if x < y, it is called a Speh representation.
Such sequence of ordered numbers is called a segment, and we denote it by [x, y] or
{x,...,y}. In particular, when x = —y > 0, we can let a = 2x + 1 € Z and write

a-1 a-1

St(p, a) :z(T,...,—T>,

which is an irreducible smooth representation of GL(ad,). It follows from Zele-
vinksy’s classification theory that all discrete series of GL(n) can be given by St(p, a)
for pairs (p, a) satisfying n = ad,, and this is a bijection. We define a generalized
segment to be a matrix

Xn o Xin

Xml " Xmn

such that each row is a decreasing (resp. increasing) segment and each column is an
increasing (resp. decreasing) segment. The normalized induction

Xie[t,m] (P Xil> - -+ Xin)

has a unique irreducible subrepresentation, and we denote it by (p; {x;; } mxn). If there
is no ambiguity with p, we will also write it as ({X;; } mxn) Or

Xn . Xin

Xm1 0 Xmn
Moreover,
(ps {xijmxn) = (ps {xij}fw%

where {x;;} 1, is the transpose of {x;;}uxn. Let a, b be positive integers; we define
Sp(St(p, a), b) to be the unique irreducible subrepresentation of

St(p. @) I"T/2 x St(p, @) x - x St(p, )| |,
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Then one can see that Sp(St(p, a), b) is given by the generalized segment

(a=b)/2 -+ 1-(a+b)/2

(a+b)2-1 -+ —(a-D)/2
The Arthur class for GL(n) consists of irreducible representations
(LD >_<1( Sp(St(pi»ai), bi) x -+~ x Sp(St(pi, a;), b;) )

Ii

for any set of triples (p;, a;, b;) with multiplicities /; such that Y>7_, l;a;b;d,, = n. In
particular, it contains all the discrete series. The local Langlands correspondence for
general linear groups gives a bijection between the set of equivalence classes of irre-
ducible unitary supercuspidal representations of GL(d) with the equivalence classes
of d-dimensional irreducible unitary representations of the Weil group Wg. If we
identify p; in (1.1) with the corresponding d,,-dimensional representations of Wg,
then we get an equivalence class of n-dimensional representations of Wg x SL(2, C) x
SL(2,C) by taking

@l Li(pi ® va, ® vp,),
i=

where v,, (resp. vp,) is the (a; — 1)-th (resp. (b; — 1)-th) symmetric power represen-
tation of SL(2, C). So the Arthur class for GL(n) can be parameterized by the set of
equivalence classes of n-dimensional representations of

¥: Wi x SL(2,C) x SL(2,C) — GL(n,C)

such that y/|y, is unitary and y|sp(2,c)xsr(2,c) is algebraic. We call such v an Arthur
parameter for GL(n). The two copies of SL(2, C) in the definition of Arthur param-
eters have their own meanings. The first one, introduced by Deligne, corresponds to
some monodromy operator, and is usually integrated with the Weil group as Lg :=
WE x SL(2,C), named Weil-Deligne group (or local Langlands group). The second
SL(2,C) is introduced by Arthur, and it corresponds to the non-temperedness of the
associated irreducible smooth representation of GL(n) (cf. (1.1)).

For general G, we can define an Arthur parameter to be a G-conjugacy class of
admissible homomorphisms from Lr x SL(2,C) to LG that are bounded on their
restrictions to Wr. We denote the set of Arthur parameters by ¥ (G). It is conjectured
that the Arthur class for G should be parameterized by ¥(G). To be more precise,
for any v € W(G), we are expecting to be able to associate it with a finite set IT,,
of irreducible smooth representations of G, which is called an Arthur packet. The
structure of IT,, can be very delicate in general; for example, we would expect these
packets to have nontrivial intersections with each other. When G is a classical group,
Moeglin has developed a theory to characterize the elements in T, (cf. [MoegO6b,
Moeg09], etc.). The main goal of this paper is to present her results in the case of
quasisplit symplectic and orthogonal groups. First of all, we need to give the definition
of ITy, in these cases.

To simplify the discussion in the introduction, we assume that G = Sp(2#) unless
otherwise specified. We should point out all the theorems and propositions that we
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state for symplectic groups below also have their analogues for orthogonal groups.
For v € ¥(G), there is a natural GL(N, C)-conjugacy class of embeddings G -
GL(N,C) for N = 2n + 1. So we can view ¥ as an equivalence class of represen-
tations of Lr x SL(2,C), or an Arthur parameter for GL(N). Moreover, such v is
necessarily self-dual. So by the previous discussion we can associate it with an irre-
ducible smooth representation 7, of GL(N) (cf. (1.1)) that is also self-dual. Arthur
[Art13] showed that one can associate y with a “multi-set” II,, of irreducible smooth
representations of G such that the spectral transfer of some linear combination of
characters in II,, is the twisted character of 7. If we define 8, to be the component
group of the centralizer of the image of y in G (which can be made independent of the
choice of representatives of ¥, and shown to be abelian), then Arthur further showed
that there is a “canonical” map from IT,, to the characters S,,, of 8. So for any element
€€ Sw, we can write 7z(y, ¢) for the direct sum of elements in H that are associated
with ¢; then 7(y, €) is a finite-length smooth representation of G The possibility for
IT, being a multi-set rather than a set suggests the irreducible constituents in 7z(y, ¢)
may have multiplicities, and also 7(y, ¢) may have common irreducible constituents
for different ¢ « :3; But these possibilities are all ruled out by the following deep
theorem of Meeglin.

Theorem 1.1 (Mceglin, [Mceglic]) For G = Sp(2n) andy € ¥(G), Il is multiplicity
free.

In fact, for y € ¥(G) and ¢ € :3;, Moeglin constructed a finite-length semisimple
smooth representation 7y (, €) of G. She showed that IT,, consists of 7y (v, €) for all
g€ SW, and by studying their properties she was able to conclude Theorem 1.1. A sub-
tle point here is 7(y, ¢) in Arthur’s parametrization can be different from 7a(y, €).
This point has been emphasized in various works of Mceglin, and she also gave the
relation between these two. Our second goal in this paper is to make that relation
more transparent, and in the meantime we are able to clarify the fact that the repre-
sentations 77 (v, €) constructed by Mceglin are indeed elements in the Arthur packet
IT,. For this purpose, we would like to rewrite Arthur’s parametrization 7(y, €) by
w (y, €) to emphasize its dependence on certain kind of Whittaker normalization
(see Section 4). And the relation between 7w (v, €) and 7)1 (v, €) can be given in the
following theorem.

M/W o

Theorem 1.2 For G = Sp(2n) and y € V(G), there exists a character e,' " € 8y,

such that for any ¢ € ‘Sw’ (Y, e) = mw (v, egy /W)

For the statement in this theorem to be true, we have implicitly put some restric-
tions on Mceglin’s parametrization 7 (y, €). In the most general setting, we will at-
tach 7y (y, €) to characters ¢ in Sl,,>, which contains S (see Section 2), and we will
also define 83,4/ in SW' The starting point of this comparison theorem is in the case
of discrete series. Let us define

D,(G):={pe¥(G):¢= 'EPlpi ® vy, ® vy, and p} = p;}.

https://doi.org/10.4153/CJM-2016-029-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-029-3

894 B. Xu

Then the following theorem of Arthur showed @, (G) parametrizes the discrete series
of G.

Theorem 1.3 (Arthur) For G = Sp(2n), the set of irreducible discrete series represen-
tations of G admits a disjoint decomposition

M(G)= U I
¢ed,(G)

Moreover, for any ¢ € ®,(G) and e € 8y, mw (9, €) is an irreducible representation.

For ¢ € ®,(G) and ¢ € 8’;, we can simply define
(. €) = mw (9, ).

To justify this definition, we need to recall Mceglin’s construction (joint with Tadi¢)
of discrete series of G. We start by introducing some more notations, and here we will
also include the case of special orthogonal groups.

If G = Sp(2n), let us define it with respect to ( ](1 o ), where

1

Jun =
1

Let us take B to be subgroup of upper-triangular matrices in G and T to be subgroup
of diagonal matrices in G; then the standard Levi subgroup M can be identified with

GL(m) x---x GL(n,) x G-

for any partition n = n; +--- + n, + n_ and G_ = Sp(2n_) as follows:

GL(I’ll) 0
GL(n,)
G-
GL(n,)
0 GL(I’ll)
(12) (gla o 'gr;g) B diag{gla e 8 & tg;la RS tgl_l})

where ,g; = J,,,'giJ;,} for 1 <i <r. Note n_ can be 0, in which case we simply write
Sp(0) = 1. For m = m; ® --- ® 7, ® 0, where 71; is a finite-length smooth representation
of GL(n;) for 1 < i < r and o is a finite-length smooth representation of G_, we
denote the normalized parabolic induction Ind$ () by 7 x --- x 7, » o. Moreover,
we denote the direct sum of its irreducible subrepresentations by (7 x -+ x 7, x ).
This notation can be easily extended to special orthogonal groups. If G = SO(N)
split, we define it with respect to /. When N is odd, the situation is exactly the same
as the symplectic case. When N = 2n, there are two distinctions. First, the standard
Levi subgroups given through the embedding (1.2) do not exhaust all standard Levi
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subgroups of SO(2n). To get all of them, we need to take the 8y-conjugate of M given
in (1.2), where
1

6, =

1

Note that M% # M only when n_ = 0 and n, > 1. In order to distinguish the -
conjugate standard Levi subgroups of SO(2n), we will only identify those Levi sub-
groups M in (1.2) with GL(n) x---xGL(n,)x G_, and we denote the other one simply
by M9 Second, if the partition n = ny + --- + n, + n_ satisfies n, = land n_ = 0,
then we can rewrite itas n = ny +--- + n,_; + n’_ with n’ = 1, and the corresponding
Levi subgroup is the same. This is because GL(1) = SO(2). To fix notation, we will
always write it as SO(2). In this paper, we will also consider G = SO(2#, 1), which
is the outer form of the split SO(2n) with respect to a quadratic extension E/F and
0o. Here 7 is the associated quadratic character of E/F by the local class field the-
ory. Then the standard Levi subgroups of SO(2n, ) will be the outer form of those
0-stable standard Levi subgroups of SO(2n). In particular, they can be identified
with GL(#;) x---x GL(n,) x SO(n_, 1) and n_ # 0. Note that in the case of SO(8),
there is another outer form, but we will not consider it in this paper.

Now we are back to the case where G = Sp(2n). For ¢ = ®T_; pi®v,,®v; € ©2(G),
we define

Jord(¢) = {(piai) :1<i<q}, and Jord,(¢) = {ai:p=pi}.

Then we can identify g:p with the subspace of Z,-valued functions &( - ) on Jord(¢)

such that
I1 e(p,a)=1
(p,a)eJord(¢)
(see Section 2). The following theorem gives a parametrization of irreducible super-
cuspidal representations of G.

Theorem 1.4 ([Mcegllb, Theorem 1.5.1]) For G = Sp(2n), the irreducible supercus-
pidal representations of G are parametrized by ¢ € ®,(G) and ¢ € g:p, satisfying the
following properties:

(i) if(p,a) €Jord(o), then (p,a—2) € Jord(¢) as longas a -2 > 0;

(i) if(p,a),(p,a—2)€Jord(¢), then e(p,a)e(p,a—2) =-1;

(iii) if (p,2) € Jord(9), then e(p,2) = -1.

For non-supercuspidal irreducible representations of G, we can characterize their
cuspidal supports by the following proposition.

Proposition 1.5 ([Xul5, Proposition 9.3]) For G = Sp(2n), suppose ¢ € ©,(G),
and e € S84. For any (p,a) € Jord(¢), we denote by a_ the biggest positive integer
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smaller than a in Jord,(¢). And we also write amin for the minimum of Jord, (). If
a = Amin, we let a_ = 0 if a is even, and —1 otherwise. In this case, we always assume

e(p,a)e(p,a-) =-1
(i) Ife(p,a)e(p,a-)=-landa_ < a-2, then
(1.3) mw (¢, e) = ((a-1)/2,...,(a_+3)/2) x my(¢', &)

as the unique irreducible subrepresentation, where

Jord(¢") = Jord(¢) u{(p, a-+2)}\{(p, a)},
and
&(-) =e(-) over Jord(¢)\{(p,a)},  €(p,a-+2) =¢(p,a).

(i) Ife(p,a)e(p,a-) =1, then
(1.4) aw (¢, e) > ((a-1)/2,....,—(a- -1)[2) x mw (¢, "),

where

Jord(¢") = Jord(§)\{(p. a), (pr )},
and &' (- ) is the restriction of e( - ). In particular, suppose &, € 3:1, satisfyinge;(-) =
e(-) over Jord(¢’) and
ei(pra) = —e(pa), e(pa) = —e(p.a ).

Then the induced representation in (1.4) has two irreducible subrepresentations,

namely
w (¢, e) & mw (¢, &).
(iii) Ife(p, amin) =1 and amin is even, then
(1.5) w (¢, €) = ((Amin —1)/2,...,a0) ¥ mw (¢', &")

as the unique irreducible subrepresentation, where

Jord(¢) = Jord(¢)\{(p, 4min)},

and €' () is the restriction of (- ).

The construction of discrete series by Moeglin and Tadi¢ can be obtained by revers-
ing steps (1.3), (1.4), and (1.5) in this proposition. Finally, in the general construction
of mp (v, €), one requires various reducibility results, which are all based on the fol-
lowing basic criterion.

Proposition 1.6 ([Xul5], Corollary9.1) For G = Sp(2n), suppose 7 is a supercuspidal
representation of G and m € Iy for some ¢ € ®,(G). Then for any unitary irreducible
supercuspidal representation p of GL(d,, ), the parabolic induction

|:t(a,,+1)/2 X T

Pl
reduces exactly for

max Jord,(¢), ifJord,(¢) # @,
a, =40, ifJord,(¢) = @, p is self-dual and is of opposite type to G,
-1, otherwise.
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The main tool in Meeglin’s construction of elements in the Arthur packets of clas-
sical groups is the Jacquet module. Here we would like to summarize the relevant no-
tation about Jacquet modules used in her work. For general G, we denote by Rep(G)
the category of finite-length smooth representations of G. We include the zero space
in Rep(G), and by an irreducible representation we always mean it is nonzero. Now
let G be a quasisplit symplectic or special orthogonal group of F-rank n. We fix a
unitary irreducible supercuspidal representation p of GL(d, ), and we assume M =
GL(d,) x G_ is the Levi component of a standard maximal parabolic subgroup P of
G. Note that in case G_ = 1 and G is special even orthogonal, we require P to be con-
tained in the standard parabolic subgroup of GL(2n) by our convention. Then for
7 € Rep(G), we can decompose the semisimplification of the Jacquet module

s.s.Jacp(m) = @ 1; ® 03,
i

where 7; € Rep(GL(d,)) and 0; € Rep(G-), both of which are irreducible. We define
Jac, 7 for any real number x to be

Jac,(m) = @ o;.
Ti=p|l*
If we have an ordered sequence of real numbers {x;, ..., x; }, we can define

x, T=Jac, o---oJac, 7.

Moreover, let

fac. - Jac, +Jac, ofy, if G=SO(2n)andn=d, #1,
* Jac,, otherwise.

Then Jac, defines a functor on the category of O(2n)-conjugacy classes of finite-
length smooth representations of SO(2n). It is not hard to see Jac, can be defined
for GL(n) in a similar way by replacing G_ by GL(n_). Furthermore, we can de-
fine Jacy? analogously to Jac, but with respect to p¥ and the standard Levi subgroup
GL(n_) x GL(d,v). So let us define Jac? = Jac, oJac’, for GL(n). There are some
explicit formulas for computing these Jacquet modules, and we refer the readers to
[Xul5, Section 5].

2 Arthur Parameters

Let F be a p-adic field and let G be a quasisplit symplectic or special orthogonal group.
We define the local Langlands group as Lr = Wr x SL(2,C), where Wg is the usual
Weil group. We write I'r = Iz, for the absolute Galois group over F. Let G be the
complex dual group of G, and let LG be the Langlands dual group of G. An Arthur
parameter of G is a G-conjugacy class of admissible homomorphisms

y:Lp x SL(2,C) — 'G,

such that y/|w, is bounded. If y|s;(2,c) = 1, we say the parameter is tempered. We de-
note by ¥(G) the set of Arthur parameters of G. Here we can simplify the Langlands
dual groups as in the following table:
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G e
Sp(2n) SO(2n+1,C)
SO(2n +1) Sp(2n,C)
SO(2n,n) | SO(2n,C) = Tg/p

In the last case, 7 is a quadratic character associated with a quadratic extension E/F
and I'g/p is the associated Galois group. We fix an isomorphism SO(2#,C) x I'g/p =
O(2n,C). So in either of these cases, there is a natural embedding &y of 'G into
GL(N,C) up to GL(N, C)-conjugacy, where N = 2n + 1if G = Sp(2n) or N = 2n
otherwise. We fix an outer automorphism 60y of G preserving an F-splitting. If G is
symplectic or special odd orthogonal, we let 8, = id. If G is special even orthogonal,
welet 0 be induced from the conjugate action of the nonconnected component of the
full orthogonal group. Let 8 be the dual automorphism of 8. We write £ = (6,),
G> = G x (6), and G* = G x (B,). So in the special even orthogonal case, G>°
(resp. G>) is isomorphic to the full (resp. complex) orthogonal group. Let wy be the
character of G*° /G, which is nontrivial when G is special even orthogonal.

By composing v with &y, we can view y as an equivalence class of N-dimensional
self-dual representation of Lr x SL(2, C). So we can decompose v as follows:

(2.1) W:GialliWi:éli(Pi®vﬂi®vbi)'

Here p; are equivalence classes of irreducible unitary representations of Wg, which
can be identified with irreducible unitary supercuspidal representations of GL(d,,)
under the local Langlands correspondence (c¢f. [HT01, Hen00, Sch13]). And v,, (resp.
vp,) are the (a;—1)-th (resp. (b;—1)-th) symmetric power representations of SL(2, C).
The irreducible constituent p; ® v,, ® vy, has dimension n; = n(,, 4,,4,) and multi-
plicity I;. We define the multi-set of Jordan blocks for y as follows:

Jord(y) := {(pi, ai, b;) with multiplicity /; : 1< i <r}.
For any p, let us define

Jord, () := {(p’, a’,b) €Jord(y) : p' = p}.

Fix a representative y; we define for any subgroup X ¢ %,

S‘% = Cent(Imy, G*),
—_y —
Sy =Sy 1Z(G)"",
—> —0 —
5@ =S,/Sy = s@/s@zm)“.

We denote by s, the image of the nontrivial central element of SL(2,C) in §,,.
To characterize the centralizer groups 8, and 820, we need to introduce a parity

condition on the set of Jordan blocks Jord(y). There is a common way to define the
parity for self-dual irreducible representations p of Wr (see [Xul5, Section 3]). We
say (pi, a;, b;) is of orthogonal type if p; ® v,, ® vy, factors through an orthogonal
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group, or equivalently a; + b; is even when p; is of orthogonal type and a; + b; is
odd when p; is of symplectic type. Similarly we say (p;, a;, b;) is of symplectic type if
pi ® V4, ® vp, factors through a symplectic group, or equivalently a; + b; is odd when
pi is of orthogonal type and a; + b; is even when p; is of symplectic type. Let v, be
the parameter whose Jordan blocks consists of those in Jord(y) with the same parity
as G, and let ,, p» be any Arthur parameters of general linear group such that

V=Ynp ®Vp O Yyrp
We denote by Jord(y/), the set of Jordan blocks in Jord (v, ) without multiplicity. Af-

ter this preparation, we can identify those centralizer groups above with certain quo-
tient space of Z,-valued functions on Jord(y),. To be more precise, let s = (so,;) €

Z;Otd(w” be defined as sg,; = 1if /; is even and so,; = -1 if [; is odd. Then
0~ Jord
83 = {s= (s1) € 25"V} /{so)
and

Sy = {s=(s1) € ZX™ V7 11(s)™ =1} /{so)

if G is special even orthogonal. Under these identifications,

Jord
Sy =Sy = (Sy,i) € Z, W

with sy,; = (-1)% if b; is even and sy,; = 1if b; is odd. Let us denote by S, (resp.
82") the corresponding quotient space of Z,-valued functions on Jord(y), such that
8y = 8y (resp. 8 = 8,°).

There is a natural inner product on ZI 4W)r that identifies its dual with itself. Let

€= (&) ands = (s;) be two elements in Zlor (. then their inner product is defined
by e(s) = I1;(&; * s;), where

-1, ifE,’ =S8; = -1,
E *S§; =
1, otherwise.
So on the dual side,
Sio _ {8 = (&) € Z;ord(‘l’)p . He? - 1}'
1

When G is special even orthogonal, let ¢y = (go;) € Z;md(w" be defined as &y; = 1
if n; is even, or &,; = —1if n; is odd then ¢ € Si" is always trivial when restricted to
Sy, and

1[/,

Sy={e= (e ez el =1 (e,
In general, we can let &9 = Lif G is not special even orthogonal. In this paper, we will
always denote elements in S by € and denote its image in SW bye.

For computational purposes, it is more convenient to view 8 as functions on
Jord(y,). In fact there is a natural projection

Zgord('/’?) Cont Ziﬂrd(l,/)?

/
SH—>S§
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such that

(prasb) = I (g a )
(p',a’,b")eJord(y,)
(p'>a’,b")=(p,a,b) in Jord(y),
Jord(y,)

for (p, a,b) € Jord(y),. In particular, s, has a natural representative s; in Z,
given by s5(p, a,b) = —1forall (p,a,b) € Jord(y,). When G is special even orthog-
onal, the determinant condition for defining 8,, becomes

(2.2) [T s(pab)ee» =1
(p,a,b)eJord(y,)

Moreover, s, also has a natural representative sy, in Ziord(w” ) givenbysy(p,a,b) = -1
if b is even or 1 if b is odd. We define

0 Jord >
Sye = {s(-) e XM} )(s;),
and

Sy ={s() ez T s(paby ey =1} (5)
(p>a:b)eJord(y,)
if G is special even orthogonal. Then there are surjections 832 - SVZ," and 8> — 8.

On the dual side, we have a natural inclusion
leord(ll’)p E) ZIZOYd(V’p)

/
E—> €&

such that ¢'(p,a,b) = ¢(p,a,b) for (p,a,b) € Jord(y,). We can define an inner

d d o T .
product on Zior W) as for Zgor ()2 Then this inclusion is adjoint to the previous
projection in the sense that

e(Cont(s)) = Ext(e)(s)

for € € Z;ord(w" and s € Z;md(w" ). Therefore, &0 can also be viewed as a function
on Jord(y,) through the inclusion map, and the condition imposed on defining Si"

becomes
I e(p,a,b)=1.
(p,a,b)eJord(y,)

We also define

- Jord(y,) .

81/2/>:{5(')6220 o), [1 s(p,a,b)zl},

(p,a,b)eJord(y,)
_ Jord
So={erez s T e(piab) =1} (e)

(prab)elord(v,)

if G is special even orthogonal. Then there are inclusions Si" - 852 and :3; - 8’,;
For ¢ € 822, we denote its image in 8’1,,: by e.

In the end, we are going to associate any Arthur parameter y € ¥(G) with two
Langlands parameters of G naturally. For the first one, we define

¢w(“)=v/(u, (Iuoz |uri)), uelLp.
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Note that ¢, is nontempered in general, and in the notation of (2.1) we can write it as
r bi—l L s
dy=@L( ® (" evy,)).
i= j=

For the second one, we can compose ¥ with
A: W x SL(2,C) — Wr x SL(2,C) x SL(2,C),

which is the diagonal embedding of SL(2, C) into SL(2, C)xSL(2, C) when restricted
to SL(2,C), and is the identity on Wr. Note that the composition v, = wo A is
tempered. To expand y,, we need to introduce some more notation. For (p, a, b) €
Jord(y), let us write A= (a+b)/2-1, B = |a—b|/2,and set { = {,, = Sign(a - b)
if a # b and arbitrary otherwise. Then we can replace (p, a, b) by (p, A, B, {). Under
this new notation, we have
Vg = @li( @ pi® V2j+1),
i=1 " je[AiBi]
where j is taken over half-integers in the segment [A;, B; ].
Finally, £y acts on ¥(G) through By, and we denote the corresponding set of
¥o-orbits by W(G). It is clear that for ¥ € ¥(G), Jord(y) only depends on its im-
age in W(G). It is for this reason that we will also denote the elements in ¥(G) by

¥. Moreover, through the natural embedding £y, we can view ¥(G) as a subset of
equivalence classes of N-dimensional self-dual representations of Lr x SL(2, C).

3 Endoscopy

Before we can introduce the Arthur packets, we need to talk about the relevant cases
of endoscopy in this paper. The discussion here will be parallel to that in [Xul5, Sec-
tion 4]. Suppose y € ¥(G) and s € S, is semisimple. In our case, there is a quasisplit
reductive group H with the property that
H = Cent(s,G)°,
and the isomorphism extends to an embedding
&g I

such that £(*H) c Cent(s,*G) and v factors through “H. So from y we get a pa-
rameter yy € VY(H). We say (H, V/I;) corresponds to (y,s) through £, and denote
this relation by (H, ZH) = (). Such H is called an endoscopic group of G. In the
following examples we will always assume y = v/,

Example 3.1 (i) If G = Sp(2n), then“G = SO(2n +1,C). For s € 8>, it gives a
partition on Jord(y) depending on s(p,a,b) =1or -1, i.e.,

Jord(y) = Jord, uJord_ .
Without loss of generality, let us assume

Z n(P,u,b) :2111+1:N[ and Z n(p,a,b) :ZHHZNH.
(p,a,b)eJord, (p,a,b)eJord_
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Define

nr=Hnm= H ﬂ(p,a,b)’
(p,a,b)eJord_

where #(,, 4,5) is the quadratic character dual to det(p ® v, ® vy ). Let
GI = Sp(an) and GH = 80(21111, 111[).
Then we have
H-= G[ X GH and LH = (6] X @11) X FEH/F,
where Ej; is the quadratic extension of F associated with #;. Let
&:'G; — GL(N;,C)
be the natural embedding for i = I, II. Then & := (f[@ 11) ® &y factors through G
and defines an embedding L H — L G. We define y; € ¥(Gy) by
Jord(yr) :={ (p® n1,a,b) : (p,a,b) €Jord, },
and Vi € ?(GH) by
Jord(yyy) := {(p, a,b)e ]ord,}.
Let yg =y x yqy.
(i) If G = SO(2n +1), then LG = Sp(2n, C). For s € 8>, it gives a partition on
Jord(y) depending on s(p, a,b) =1or -1, i.e.,
Jord(y) = Jord, UJord_ .

We can assume

n(p,a,h) = 27’11 = NI and Z n(p,a,h) = 27’111 = NH.
(p,a,b)eJord, (p,a,b)eJord_

Define 51 = 517 = 1. Let
G]ZSO(ZI’II+1) and GH:SO(ZHH-‘FI).
Then we have
H:GIXGH and LHZGIXGII

Let £;:1G; = GL(N;, C) be the natural embedding for i = I, II. Then 57:: &ro &g
factors through ©G and defines an embedding “ H — ©G. We define y; € ¥(Gy) by

Jord(yy) := { (p,a,b) e ]ord+} ,
and Vi € ?(GH) by

Jord(yqr) := {(p, a,b)e ]ord_}.

Let vy = v x y11.
(iii) If G = SO(2n,7), then G = SO(2n,C) » Tg/p. Fors € 8-, there is a
partition on Jord(y) depending on s(p, a,b) =1or -1, i.e.,

Jord(y) = Jord, uJord_.
By condition (2.2), we can assume

Z n(p,a,b) = 27’11 = NI and Z n(p,a,b) = 27’111 = NU.
(p,a,b)eJord, (p,a,b)eJord_
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Define

= II  fger and o= I #gab
(p,a,b)eJord, (p,a,b)eJord_

where 7, 4,4) is the quadratic character dual to det(p ® v, ® v; ). We also denote by
E; the quadratic extension of F associated with #; for i = I, II. Let

Gr=80(2n;,n;) and Gy =SO(2n, 411).
Then we have

H=G;xGy and YH=(G;xGyp) = T/ps
where L = E;E;;. Let

&:G; — GL(N;,C)

be the natural embedding for i = I,II. Then £ := & @ & factors through “G and
defines an embedding L H < L G. We define y; € ¥(G;) by

Jord(y) := { (p,a,b) € Jord, },
and Y € ?(GH) by

Jord(yrr) = { (p,a,b) €Jord_}.
Let yy =y x yqy.

In the examples above, H is called an elliptic endoscopic group of G. We can de-
fine ¥(H) = ¥(G;) x ¥(Gyr); then yyy € W(H). For s € 8>, we still say (H, yzr)
correspond to (v, s) through &, and denote this relation by (H, yg) = (v, s).

In part (iii), it is possible to also choose s € 852 but not in 8>, and then we get a
partition on Jord(y), i.e.,

Jord(y) = Jord, uJord_

so that
Z n(p,u,h) =2n;+1=Nj; and Z n(p,a,b) =2n5+1= Njyp.
(p,a,b)eJord, (p,a,b)eJord_
Define

m= Il ey and o= T #gan
(p,a,b)eJord,, (p,a,b)eJord_

where #(,, 4,5) is the quadratic character dual to det(p ® v, ® vy ). Let
Gr=Sp(2n;) and Gy =Sp(2np).
Then we can define y; € ¥(G;) by
Jord(yy) := { (p®n,a,b)e ]ord+},
and vy € ¥(Gyp) by
Jord(yyr) = { (p®nm a,b)e ]ord_}.
Let
H=G;xGy and YH=G;xGy.
In this case, H is called a twisted elliptic endoscopic group of G. Let
&:G; — GL(N;,C)
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be the natural embedding for i = I, I1. Then

E=(&en) e (&)

factors through G and defines an embedding “H < LG. Let vy = y; x yy1. We say
(H, yg) corresponds to (v, s) through &, and write (H, yg) — (v, s).

In this paper, we also want to consider the twisted elliptic endoscopic groups of
GL(N), but we will only need the simplest case here. Recall that for y € ¥(G), we can
view ¥ as a self-dual N-dimensional representation through the natural embedding

&nitG — GL(N,C),

and in this way we get a self-dual Arthur parameter for GL(N). We fix an outer

automorphism Oy of GL(N) preserving an F-splitting, and let @ be the dual auto-
morphism on GL(N, C); then

Ev(*G) c Cent(s, GL(N,C)) and G = Cent(s, GL(N,C))°

for some semisimple s € GL(N,C) » Oy. So we call G a twisted elliptic endoscopic
group of GL(N).

What lies at the heart of endoscopy theory is a (twisted) transfer map on the spaces
of smooth compactly supported functions from G to its (twisted) elliptic endoscopic
group H (similarly from GL(N) to its twisted elliptic endoscopic group G). The ex-
istence of the (twisted) transfer map is quite deep, and it was conjectured by Lang-
lands, Shelstad, and Kottwitz. In a series of papers Waldspurger [Wal95, Wal97,Wal06,
Wal08] was able to reduce it to the Fundamental Lemma for Lie algebras over the
function fields. Finally, it is in this particular form of the fundamental lemma, Ngo
[Ng610] gave his celebrated proof. Let us denote such transfers by

(3.1) CZ(G) — €& (H)
fr= 1
and similarly
(32) Co(GL(N)) — CZ(G)
fr—fe.

In the definition of the (twisted) transfer maps, there is a normalization issue. To
resolve that, we will always fix a Z,-stable (resp. Ox-stable) Whittaker datum for G
(resp. GL(N)) in this paper, and we will take the so-called Whittaker normalization
on the transfer maps. We should also point out these transfer maps are only well
defined after we pass to the space of (twisted) orbital integrals on the source and the
space stable orbital integrals on the target. Note that the space of (twisted) (resp. stable)
orbital integrals are dual to the space of (twisted) (resp. stable) invariant distributions
on G; i.e., one can view the (twisted) (resp. stable) invariant distributions of G as
linear functionals of the space of (twisted) (resp. stable) orbital integrals. So, dual
to these transfer maps, the stable distributions on H (resp. G) will map to (twisted)
invariant distributions on G (resp. GL(N)). We call this map the (twisted) spectral
endoscopic transfer. Since we can identify C° (G % 6y) (resp. C°(GL(N) x 0y)) with
C2(G) (resp. CZ°(GL(N))) by sending g x 0y (resp. gy x On) to g (resp. gn), we
can define the twisted transfer map also for C°(G x 0) (resp. C°(GL(N) » Oy)).
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If 7 is an irreducible smooth representation of G, then it defines an invariant dis-
tribution on G by the trace of

n() = [ f@)m(g)dg

for f € CZ(G). We call this the character of 7 and denote it by fg (7). For any
irreducible representation 7>° of G*°, which contains 7 in its restriction to G, we
define a twisted invariant distribution on G by the trace of

()= [ f@r(e)dg

for f € C2°(G % 0y). We call this the twisted character of G, and denote it by fg (7>°).
We can also define the twisted characters for GL(N) similarly, but we will write it
in a slightly different way. Let 7 be a self-dual irreducible smooth representation of
GL(N); we can define a twisted invariant distribution on GL(N) by taking the trace
of (f) o Ax(Oy) for f € C2°(GL(N)), where A,(0y) is an intertwining operator
between 7 and 7%¥. We call this the twisted character of 7z and denote it by fys (7).
Since the (twisted) elliptic endoscopic groups H in our case are all products of qua-
sisplit symplectic and special orthogonal groups, we can define a group of automor-
phisms of H by taking the product of £, on each factor, and we denote this group
again by Xo. Let H(G) (resp. F{(H)) be the subspace of X,-invariant functions in
C2(G) (resp. C°(H)). Then it follows from a simple property of the transfer map
(which we will not explain here) that we can restrict both (3.1) and (3.2) to {(G) and
H(H).

4 Arthur Packets
For y € ¥(G), we define

Ty = X (p,ab)Jord(y) SP(St(p, @), b).

From [Tad86], we know 7y, is a unitary self-dual irreducible representation of GL(N),
and there is a Whittaker normalization of the intertwining operator A,,(6x) on 7,
(see [Artl3, 2.2]). Now we can state Arthur’s local theory for G.

Theorem 4.1 (Arthur) For any v € ¥(G) and € € S;, there is a canonical way
to associate a finite-length semisimple unitary representation viewed as H(G)-module
n(y, €) (which can be zero), satisfying the following properties.

(i)
fy)= 3 &sy) fe(n(y:2))
€8y
defines a stable distribution for f € 3(G). Moreover,
(41) fOW) = fao(my),  f € CT(GLN)),

after we normalize the Haar measures on G and GL(N) in a compatible way.
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(ii) Suppose y = v, ands € Sy-. Let (H,yy) — (y,s), and we define a stable
distribution f(yy) for f € H(H) as in (i). Then, after we normalize the Haar measures
on G and H in a compatible way, the following identity holds

(4.2) fym) = 3 E(ssy) fo(n(y,€)),  f e H(G),

EE’S—,;
where we denote the image of s in 8, again by s.

When G is special even orthogonal, we have an additional character relation.

Theorem 4.2 (Arthur) Suppose G is special even orthogonal, y = y, € ¥(G) and
€€ Si",for any irreducible representation 1 viewed as (G )-module [n] in n(y, )
such that n% = 7, one can associate it with an extension m>° to G>°. Then for any
se€ 85/2 but not in 8> and (H,yy) — (Y, s) the following identity holds:

fyn) = > elssy)fa(n™), feCT(Gxby),
E&g;, [mlen(y,e):
7o
where ¢ € SVZ," is in the preimage of , and it depends on the extension m*. We denote
the image of s in Si" again by s, and we normalize the Haar measures on G and H in a
compatible way.

We denote the set of 3{(G)-modules 7(y, €) for fixed v € ¥(G) and all £ € 3;
by ﬁ,,,. One can see from both (4.1) and (4.2) that the parametrization inside ﬁw by
g; depends on the normalization of A, (6x) and as well as those of intertwining
operators related to yy (i.e., Ay, (O,) for i = I,1I). In Arthur’s theory, we always
use the Whittaker normalization, as it is the most natural normalization from the
global point of view, and it is in this sense that we say the association of 7(y, €) with
€€ g;, is canonical. But as it has been pointed out in [MWO06], locally there is no
reason to privilege the Whittaker normalization. Later on we will discuss another
normalization used by Mceglin and Waldspurger in [MWO06], which is critical for
studying the structure of 7(y, €). So in order to distinguish different parametrizations
with respect to various normalizations, we will denote 7(y, €) in Arthur’s theory by
mw (¥, €), and similarly denote f(y) by fw(y) and denote fyo(7y) by fye w(my).

Unlike the tempered case where all 1y, (v, €) are distinct and irreducible (see The-
orem 1.3 and [Xul5, Theorem 2.2]), Arthur’s theory says little about 7y (v, €) except
for its unitarity. In fact, 7w (y, €) can be reducible or even zero in general, and it is
the main goal of this paper to explore the inner structure of my (y,€). To do so, we
will mainly follow [Moeg06b, Mceg09, MW06].

As a consequence of Moeglin's results about 7y (v, €), we will be able to define
the Arthur packet for G* and describe its structure (see Section 8). To begin with,
we define Hi" for ¢ € @,(G) to be set of irreducible representations of G*°, whose

restriction to G belong to IT4. Then Theorem 4.2 allows us to parametrize Hi" by 82,
and we have the following result.
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Theorem 4.3 (Arthur) Suppose ¢ € ®,(G), there is a canonical bijection between

2o ’2\0.
H¢ and8¢ :

/Z\o Zo
8¢ —>H¢

er— m($,€),
such that

o (P, e80) = M ($,€) ® wo,

o [m32(¢,€)l6] = 2mw (¢, €) if G is special even orthogonal and 82“ =8y, or my (¢, €)
otherwise,

o foranys e 82" but not in 8¢ and (H, ¢r) — (¢, s), the following identity holds

fwon) = 2. e(s)fo(myp(p,€)), feCZ(Gxby).

EGS—;
5 The Mceglin~-Waldspurger Normalization

The main reference for this section is [MWO06]. Suppose ¢ € ¥(G); we denote the
normalized action of 8y on 7, by 6(y) for simplicity. If it is the Whittaker normal-
ization, we denote it by Oy (y). Our aim is to introduce the normalization used by
Moeglin and Waldspurger, which we denote by 8w (), and to calculate explicitly
the difference 0w (v) /0w (v).

To give the definition, we need to specify a class of parameters in ¥(G) called pa-
rameters with “discrete diagonal restriction”. To be more precise, ¥ € ¥(G) is said
to have discrete diagonal restriction if 4 € ®,(G). It is an easy exercise to see that
this is equivalent to requiring ¥ = v, and that for any fixed p, the segments [A, B]
for (p, A, B,{) € Jord,(y) are disjoint. In particular this implies Jord(y) is multi-
plicity free. Among this class of parameters, we call y is elementary if A = B for all
(p, A, B,{) € Jord(w), or equivalently inf(a, b) = 1for all (p, a,b) € Jord(y). Note
that in the original terminology of Mceglin and Waldspurger, elementary parameters
are not required to have discrete diagonal restriction; nevertheless, whenever they
treat the elementary parameters, they include the condition of discrete diagonal re-
striction. This is the reason that we include the condition of discrete diagonal restric-
tion in our definition of elementary parameters. For simplicity, if y is elementary we
also denote by Jord, (4 ) the set of integers a such that (p, &, 1) € Jord(yy), and we
write (p, &, 84) for (p, (& —1)/2, (0 —1)/2,84) € Jord(y).

We first give the definition of 87w (1) for those elementary parameters. Suppose
for all (p,B,B,{) € Jord(y), we have B = 0; then simply let Oy w(v) = Ow(y).
Otherwise, we fix p and let By be the smallest number with (p, By, By, {y) € Jord(y).

If By # 0, we have

Ty —> pH((JBo X Toyr X pH—(oBo
as the unique irreducible subrepresentation, where Jord(y") is obtained from Jord(y)
by changing (p, Bo, Bo, (o) to (p,Bo — 1,By — 1,{y) when By > 1, or removing
(p» Bo, Bo, (o) otherwise. Then we take 0w () to be induced from Opw (y'). If
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By = 0, let B; be the next smallest number with (p, By, By, {1) € Jord(w), and we have
7'[1/, —> <(IBI’ ey 0) X ﬂW’ X <0, ey —{131),

where we get Jord(y") by removing (p, Bo, By, {y) and (p, By, B, (1) from Jord(y).
Note that 7, appears with multiplicity one in the induced representation; then again
we take 0w () to be induced from 0w (y'). This finishes the case of elementary
parameters.

Next we consider the case of parameters with discrete diagonal restriction. We
choose (p, A, B, {) with A > B, then

my — ({B,...,—(A) x my x ({A,...,-(B),
as the unique irreducible subrepresentation, where

Jord(y") =Jord(y) u { (p,A- LB+ L) }\{ (p,A,B,{)}.
Then we take 0w () to be induced from 6w (v').

Lemma 5.1 In the set-up above, 0w (v) is independent of the choice of (p, A, B, ().

The proof of this Lemma can be found in [MW06, Lemmas 1.12.1 and 1.12.2].
Now we can consider the general case. If y # y,,, we can write

my2 (X Sp(St(p,a),b)) xmy, x( X Sp(St(p,a),b)"),
(p,a;b) (p,a;b)

where (p, a, b) are taken over Jord(y,,), and hence define 6w (y) to be induced
from 6w (y,). So without loss of generality, we assume ¥ = y,. The general case
requires us to put some total order >, on Jord(y, ) satisfying the following condition.

(P): If (p, A, B, (), (p, A", B, {') € Jord(w,) with A > A", B > B’ and { = {’, then
(P)A> B) C) >l[/ (PaA,) B,) C,)

The necessity of this condition will be discussed in a moment. The point is there are
many orders satisfying this condition, and we do not have a privileged one in general.
Nonetheless, for parameters with discrete diagonal restriction, we can always choose
an order such that for any p, (p, A, B, () >, (p,A’,B’,{") ifand only if A > A’. We
call such orders the natural orders for parameters with discrete diagonal restriction.
For y € ¥(G) with order >,, we say that ¥, € V(G ) with order >, dominates
v with respect to >, if there is an order preserving bijection between Jord(y ) and
Jord(y) that sends (p, A, Bs, () to (p, A, B, () satisfying A, —A =Bs, —B >0
and (s = (.

Suppose (Y, >y, ) dominates (v, >, ) with both orders satisfying condition (P),
and vy has discrete diagonal restriction. Then we have

0
(5.1) Ty = O(p,AB.O)ord(y) JAC(p AL B 0)es (p,ALBLE) T

where the composition is taken in the decreasing order with respect to >,.. Note that if
the condition (?P) is not satisfied, this may not be true. To describe the Jacquet functor
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in (5.1), we consider the following generalized segment:
(Bs -+ {(B+1)
(5.2) XGoano =] : :
(As - ((A+1)

Then the Jacquet functor in (5.1) means applying Jac? consecutively for x ranges over

X(>:, 4,8,¢) from top to bottom and from left to right. Now it is clear how to define

Omw (). We first choose an order >, satisfying condition (), and then we choose
a dominating parameter v, with discrete diagonal restriction and natural order. We
define 01w () to be the one induced from 60w (v ) through the Jacquet module.
The upshot is that 67w () only depends on the order >, and not on the dominating
parameter ¥,. This is explained in [MWO06], and one can also see this when we derive
the formula for 0w (v)/0w (v).

Suppose y € ¥(G) and we fix an order >, on Jord(y,) satisfying (P); then we can
define a set Z gy w () of unordered pairs of Jordan blocks from Jord(y,) as follows.

Definition 5.2 Apair {(p,a,b), (p,a’,b") € Jord(y,)} is contained in Z yry/w ()
ifand only if p = p’, and it is in one of the following situations.

(i) Case: a,bareevenand a’, b’ are odd.
(@) If ¢, =-1and
{Ca,,b/ =-1=(p,a,b) >y (p,a’,b"),a>a’.
(o =+l=>a>a.
(b) If {4y = {ar,pr = +land
{(p,a,b) >y (p,a’,b') =>a >a,b>b.
(p,a,b) <y (p,a’,b") >a>a',b>b'.
(ii) Case: aisodd, b is even and a’ is even, b’ is odd.
(a) If ¢, =-1and
(arpr = =1= (p,a,b) >y (p,a’,b"),a<a’.

{u’,b’ =+] and {

l4

(p,a,b) >y (p,a’,b') > a<a
(p,a,b) <y (p,a’,b') >a>a.
(b) If (a)b = {al’b/ =+land
(p,a,b) >y (p,a’,b") >a<a',b>b'.
(psa,b) <y (p,a’,b") >a>a',b>b'.

Theorem 5.3  Fory € Y(G), Oyw (v) /0w (w) = (~1)Fmww®l,

Proof By our definition it suffices to prove the theorem for y = v, so we will assume
¥ = ¥, from now on. The proof we give here is incomplete, because we will need to
refer to ([MWO6], Section 5) for several ingredients. First, we would like to assume
this theorem for y having discrete diagonal restriction and natural order, and we refer
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interested readers to [MWO06, Theorem 5.6.1]). Secondly, we need to use the “unipo-
tent normalization” 6y (y) introduced in [MWO06, Section 5], and we will recall two
of its most important properties. The first property of 0y () is parallel with a similar
property for the Whittaker normalization 6y (v). Let (p, A, B, {) € Jord(y), and we
get ¥ simply by changing (p, A, B, {) to (p, A, B, {) with A, —~A=B, -B>0
and {5 = (. Suppose

_ 0
7'[‘,, - IaC(P,A»>B>>’()’_’(P)A)B)() T[W»

with an action 0(y) induced from some (). If { = —-1and 0(ys) = Ow(ys),
then 0(y) = Ow(y); if { = +1and 8(y) = Ou(ys), then O(y) = Ouy(y) (see
[MWO06, Proposition 5.4.1]).

To state the second property, let us define Z(y) to be the set of unordered pairs
{(p,a,b),(p,a’,b")} inJord(y,) such that sup(b, b") and sup(a, a") are both even,
and inf(b, b") and inf(a, a’) are both odd. Then we have 8y (v)/8y (v) = (-1)*W)l
(see [MWO06, Theorem 5.5.7]).

Now we can start the proof. Let us index the Jordan blocks in Jord(y) accord-
ing to the order >y, i.e, (pi, ai,b;) >y (pi-1,@i-1, bi1). And we assume Jord(y) =
{(pi,ai, bi)}\_,. Let y be a dominating parameter with discrete diagonal restriction
and natural order. Then we can also obtain 1//" from v by changing (pi, ds.i> bs,i)
to (p;» ai, b;) for 1< i < k. In particular, we can set y° = y,.. Let

]ack = ]aC?Pk)a>>,k)b>>,k)'—’(Pk)“k)bk) ’
Then we have the following sequence:

Jac! Jack Jack+! Jac!
Ty = Ty —> =+ ——> gk ——> ==+ — Tyt = Ty,

From the properties of 0 (v) and 0y (y) that we have recalled above, we can com-
pute 8rw (¥*) /0w (vF). If { = 1, we have

Onw () /0w (¥*) = Oarw (v*) /0w (v*7).
If { = +1, we have
Omw (v*) /0w (v*)
= 0w (V) /00 (v"*) - Ou (v*) /0w (v*)
= O (v /00 (") - Bu(v"*) /6w (v")
= 0w (V) /0w (") - 0w (¥ ) /00 (¥ ) - Ou (v*) /0w (v*)
= 0w (V) /0w (vF 1) - (1)L (~1)l2WI,

Moreover, let Z; (y*™!) (resp. Zx (y*)) be the subset of pairs in Z(y*™1) (resp. Z(y*))
containing (p, ds k. b k) (resp. (pk> ak, bx)); then

Orew (v*) /0w (v")

= Oarw () /By (1) - (—1) B (VORIZOO)

k-1 k k-1 k
= O (V) /0w (pF ) - (~D)IFR TN N2 (VDI
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where we identify (pk, as i, bs k) with (pg, ag, bg) in taking the intersection and
union. To simplify the formula above, let us denote by Z (%71, y*) the set

(2 uZe () \ (Ze(@* ™) n2i(vh)).

The proof is given by induction on k. So let us assume the theorem is valid for
Opw (v ) /0w (vy) with 0 < k < s. Note that when k = 0, this is our assumption
at the beginning. We need to prove the theorem for k = s + 1. According to our for-
mula, we need to divide into two cases with respect to the parity of as.; + bs.1. Here
we will only treat the case when a,4; + bs4; is even, while the other case is similar. Let
p = ps+1. From our previous discussion, we have

s+1 s+l _ eMW(V/S)/HW(WS)’ ifCs+1 =-1,
HMW(V/ )/GW(V/ ) - {eMw(I//S)/QW(WS) . (_1)‘ZS+I(WS)V/S+1)" if(5+1 .y

We first consider the case when (.1 = —1. Suppose {(p, s s+1> b s41)> (p>a, b) }
belongs to Zprw/w(y*); then by our definition we are in one of the following situa-
tions.

(a) If (P> A 541> D 541) >y (Pa a,b), {

(b) If (Pa A 5+1> b>>,s+1) <ys (Pa a, b)>

ass,541 €VeN; a, b odd = a5 41 > a.
dss+1 0dd; a, b even = impossible.

ds 541 €ven; a, b odd = as o1 > a, {4 = +1.
A 541 odd; a, b even = Ax,541 < 4, Ca,b =-L

Note that @ 41 = dg41, 80 in all the situations we have {(p, ds+1, bs41), (p,a,b)}
belonging to Z yrw/w (y**') as well. In the same way, one can show

{(psass1, bsi1), (p,a, b))} € ZMW/W(V/HI) =
{(P> A s+1> b>>,S+l): (Pa a, b)} € Z’MW/W(I//S)-
This means that our formula is valid for k = s + 1 in this case.
Next we come to the more difficult case {41 = +1. Similarly, we first suppose

{(ps @ 541, b 511), (p> a, b) } belongs to Zyww(y*), and we will be in one of the
following situations.

(i If (P7 A s+1> b>>,s+1) >y (P: a, h),

A 41 even; a,bodd = as 11 < a,bs 1 > b.

as s+1 < 4, (a,b =-L

ass,s41 0dd; a, b even =
A 541 < 4, by 541 < b, (a,b = +1

(ii) If(P) A 541> b>>,s+1) <ys (P; a, b)a

as, 41 even; a,bodd = a1 > a,bs 0 > b, (a,b =+L *-1
A 501 < 4, Cqp = -1

ass 41 0dd; a, b even =
A 501> 0, b 501 < b, (g p = +1.
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Note that a4 < ds 541 and bgyg = by 541, SO
{(P, As+1> bs+1)) (P, a, b)} € ZMw/W(V/Hl)
in all the situations except for and with the additional condition a,; < a.

It is easy to check in the exceptional cases, either {(p, s ¢+1, b s41)> (p>a,b)} or

{(p, as+1,bs11), (p, a, b)} belongs to Zy1 (v*, y**).
Conversely, if we suppose {(p, a1, bss1), (p,a,b)} belongs to Zyrw/w (y*™),
then we will be in one of the following situations.

(@) If (p, @ss1> bs1) >yser (psa, b),

asqeven; a, b odd = agy < a,bgy > b. *-3
as+1 < 4, (a,b =-L *-4

as. 0dd; a, b even =
dsy1 <4, bs+1 < br Ca,b =+1 *-5

(b) If (P’ As+1> bs+l) <ys+t (P, a, b):

as1 even; a,bodd = ag > a, by > b, (5 = +1.
asi1<a,(ap =1 *-6

as odd; a, b even =
As1 > @, bey1 < b, (yp = +1

b

We ﬁnd {(P, A 5+1> b>>,s+1)’ (P7 a, b)} ¢ Z’MW/W(V/S-H) Only fOr ’ *-3 *-4 b ’ *-5 ‘)
with the additional condition as 11 > a. Again, it is easy to check in these
cases that either {(p, as s+1, bss,541)> (P> a4, ) } or {(p, ds+1, bs41), (p, a, b) } belongs

to Z’s+l(ws) 1leJrl).
Finally, it suffices to figure out the set Zg4;(y*, ¥**') and show that it consists of

exactly those pairs that we have encountered in — with their additional con-
ditions respectively. So let us suppose that either {(p, ds s+1, b s+1), (p>a,b) } or
{(p, ass+1,bs1), (p, a, b)} belongs to Zs41 (v*, y**'), and we list all the possibilities.

(i) If (P, A 541> b>>,s+1) >ys (P> a, b),

a4 even; a,bodd = as 11 > a > de1, bs o1 > b With A 541 > 4
ass,s41 0dd; a, b even =

{a>>,s+1 >a> a1, b 501 < b, (g p = +1 With Ax,5+1 > 4

A s+1 > A > 415 b>>,s+1 <b, (a,b =-1 With A s+1 > 4
(i) If (P, A s+1> b>>,s+l) <ys (P> a, b),

A, 41 even; a,bodd = as o1 > a > dg1, bs o1 > b With as¢1<a

ass,s41 0dd; a, b even =

{a>>,s+1 >a> agi1, b 01 < b, (g p = +1 With as¢1<a

A 541 > 0> Asi1, b 11 < b, (g p = —1. With As.+1> 4

Note that each case here corresponds exactly to one of - with the required
additional conditions, as we indicate on their right. This finishes the proof. ]
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Remark 5.4 There s a slight difference between our definition of Z 1y /w () (also
Z(y)) and that in [MWO06]; namely, they use ordered pairs rather than unordered
pairs. Moreover, this theorem slightly generalizes the formula in [MWO06] in the sense
that we only require that >, satisfies (P).

We would also like to see the effect of Mceglin and Waldspurger’s normalization
on the parametrizations of representations inside Arthur packets. To do so, we need
the following definition.

Definition 5.5 Fory e ¥(G) and (p,a,b) € Jord(y,),
Zywyw (W) (p.ab) =
{(p',a’,b") €Jord(y,) : the pair of (p,a,b) and (p’,a’,b") lies in Zprw/w(v)},

and SyW/W(P, a,b):= (‘U‘ZMW/WW)(P'""’)I'

Proposition 5.6  Suppose y € ¥(G) has discrete diagonal restriction.

@ ey esyr ande,™ " (sy) = 0w (¥) /0w ().

(i) Ifwe write marw (v, €) = mw (v, 56 ™)

in Theorem 4.1 can be rewritten as follows.

foree S;, then the character identities

(a) Let
fuw () = Z\E(Sw)fG(TTMW(V/)E))» feH(G).
eS8y
Then
(5.3) Faw (@) = fye mw(my),  f € CZ(GL(N)).

(b) If s € 8y and (H,yy) — (y,s), then we can define a stable distribution
fuw(wy) on H as in (a), and the following identity holds:

(54) faaw(yr) = 30 E(ssy) fo(muw (%)), f € H(G).

Eeg;
Proof For part (i), we have

H Ei\//IW/W(p’a,b) _ H (_1)\ZMW/W(‘I/)(p,u,b)|
(p>a,b)eJord(y) (p,a,b)eJord(y)

_ (_1)Z(p,a,b)slord(w) |Zpwyw (V) (pra,p) |

— (_I)Z\ZMW/W(WN =1,

and hence eyw/ " defines a character of Si‘). To compute SWMW/ W(S,,,), let us recall
that

-1, ifbiseven,

bl b b =
sy(p.a.b) {1, if b is odd,
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for (p,a,b) € Jord(y). Then

Z(p.a.b)eJord(y) 1Zmw/w (V) (p,a,6) |

o )= T &M (pab)= (1) ke
(p»a,b)eJord(y)

b is even

= ()Pl = 0300 () (6w (9).

Now we consider part (ii). First, by definition, we have for f € 3{(G)

furw (W) = 3 &s) fo(rauw (1:9)) = X &sy) fo(mw (v zey™ ™))

€Sy €8y
_ Z;ﬁyW/W(SW)fG(ﬂW(W’E)) = ZE(SW)EyW/W(SW)fG(ﬂw(‘/’,5))
€Sy €8y
=5 (s) B &) fo(rw (1.0) =™ () (9)-
eeS,,,

Combined with part (i) and (4.1), we then get

fﬁw(‘/’) = Omw (v) /0w (v) fae,w (11y) = fvo mw (7y)

for f € C°(GL(N)). Next, for any s € 8, and (H,yy) — (y,s), let yy = vy x vy
(see Example 3.1). Then by (4.2) we have

iy = X #ssy)f(rw(:9))

€8y

Also note the right-hand side of (5.4) is
RHS = Z e(ssy) f(mrw (v, €€ W/W))

EGS‘,,

= > & ™Y (ssy) f(mw (v,€))

€S,

=e)" (ssy) 3 (ssy) f(mw (9,E)),

Eeg‘;
and the left-hand side of (5.4) is
LHS = &y, " (sy,,) i (yn),

MW/W _ MW/W _ MW/W o .
where sy, = sy, x sy, and &, v = €y, & gy /W So it suffices to show that
MW/W w/w
By | (syu) =Fy " (s5y).

Moreover, by using part (i), this equality can be reduced to

(5.5) g """ (s) = Onaw (i) /0w (wir) - Oew () /0w (v),

where

Omw (vu)/Ow(yu) = Omw (v1) /0w (v1) - Onaw (wir) /Ow (vr)-
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To show (5.5), one considers the partition Jord(y) = Jord, uJord_ (see Example 3.1).
Then EWMW/W(S) = (-1)™, where

m =1 {{(p,,b), (9, @', bV} € Zagwryw (¥) : (p,ab) € Jord,, (', ', ') € Jord_ }
By Theorem 5.3, we can write the other side of (5.5) as

(_1)|ZMW/W(‘l/)HZMW/W(‘VI)|—\ZMW/W(1I’II)|’
and hence the validity of (5.5) is clear. ]

For y = y, € ¥(G), we fix an order >, on Jord(y) satisfying condition (P). We
also choose ¥, dominating ¥ with discrete diagonal restriction and natural order. We

identify Sy, with 8y> and then sy =, . Foree 8’; , we define

(5.6)  mw (Vs E) = 0(p,4,B.0)Jord () JAC(p,Am B 0)r (s s B, ) TMW (Vs E),

where the Jacquet functor ii(leﬁned as in (5.2) and the composition is taken in the
decreasing order. For these H(G)-modules, we have the following proposition.

Proposition 5.7  Suppose y = y, € ¥(G), and > is an order on Jord(y) satisfy-
ing condition (P). Suppose v, has discrete diagonal restriction and dominates y with
natural order.

() Then ™" € 8% and eV (53) = Baew (v) /6w (v).

(ii) Foree 8y,
rw (), Y,

0, otherwise.

mmw (¥, €) = {

Proof The proof of part (i) is the same as that in Proposition 5.6, so we will only
show part (ii) here. For s € 8-, we denote its image in 8, again by s. Let

Tyw,s(¥s) = Z e(ssy ) mmw (¥, €),

€Sy,
My,s(y) = zg(ssw)nw(w,g).
ey,
It follows for € € 8’1; that
_E(sy,)

Z () Mpw,s (¥ )

s ,€) =
MW(V]>> ) |SV/>>| SGSW»

Suppose that (Hs, vu, ) = (¥s,s) and (H, yg) — (¥, s); then yy dominates yy.
By (4.2) and (5.4) we have

(5.7)  0(p,aB,0)ord(w) JA(p, A B O (o Bo0) Lt w,s (W) =
Onw (W) /Ow (W) w5 (v).

Analogous to (5.5), one can show

Omw (yu)/Ow(yu) = EWMW/W(“;)
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Therefore,
o €(sy) =
maw (1:8) = 357 2 B (65 M),
V1 se8y»
We rewrite this as
wa w
MW/W / (sw) —MW/W MWW, s\T
”MW(W’S‘(:I[/ ) |8 | Z (5)8 (SSV/)HW,S(W)
v s€8,>
(s> _
= (sy > E(s)w,s(v).
|SV/>| S€8W>

Note that Iy, () only depends on the image of s in S, so

8> = .
{lsm ZSESW e(s)w s (v), lfSESV,,

0, otherwise.

> E()Mw,s(y) =

SES >

Ifee g;, then &(sy) = €(s, ), and it follows that

e (2 = SO0 S T () = e (10 8).
“SW| seSu,

Ife¢ S;, then 7mprw (v, QWMW/W

) = 0. This finishes the proof. [ |
In general, for y € ¥(G), we define
aw (¥, €) = 7y, 2 Taw (¥ps €),

for € € 8y>. Since mw (¥, €) = 7y, % Tw (Y, €) for € € S, we again have

—MW/W
mw (Y, €) = {T[W(w’ v b e,

0, otherw1se.

MW/W o=
€8y,

The main purpose of introducing the Moeglin-Waldspurger normalization is that
one will have a recursive formula for fyo y () with ¥ € ¥(G) having discrete
diagonal restriction. Here we will occasionally write 7z(y) for . To introduce the
formula, let us fix (p,a,b) € Jord(y) such that inf(a,b) > 1. Recall we also put
A=(a+b)/2-1,B=|a-0|/2,and { = {,, = Sign(a - b) if a # b and arbitrary
otherwise. Then it is the same to require A # B for the fixed Jordan block. Let ¢/
be obtained from y by removing (p, a,b). Then we can define an element in the
Grothendieck group of representations of GL(N) as follows:

(W) pasn= @ ((DC((¢B,....~C)

Ce]B,A]
xJac 5.2y, ..cc TV (p A B+ 2,0)) x ((C,...., ~(B))

o (-D)IAED2n(y (p, A, B+1,0), (p, B, B,0)).

We impose the normalized actions of Moeglin-Waldspurger on 7(y’, (p, A, B +
2,{)) and n(y’, (p, A, B+ 1(),(p, B, B,{)), and we denote the resulting action on
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7(¥)(p,4,8,) bY Omw(¥)(p.a,8,0)- The next theorem shows the relation between
ﬂ(I//)(p,A,B,() and ().

Theorem 5.8 Suppose v € Y(G) has discrete diagonal restriction; then
o mw (my) = fNﬂ,MW(”(V’)(p,A,B,())-

The proof of this theorem (see [MW06]) involves some complicated computations
of Jacquet modules, and it is fair to say that the Moeglin-Waldspurger normalization
is somehow artificially made for this theorem. This theorem has an immediate con-
sequence on the Arthur packets for G.

For v € ¥(G) having discrete diagonal restriction, we write

(58) ﬁMw(I//) = Z E(SW)TIMW(V/,E).
Eeg;

Then we have the following proposition.

Proposition 5.9  Suppose v € ¥(G) has discrete diagonal restriction and we fix
(p, A, B, () € Jord(y) such that A > B; then

Ce]B,A]
® (-)[ PRIy (v, (p, A B +1.0), (p. B, B.O)),
where y' is obtained from y by removing (p, A, B, ().

Proof This proposition follows easily from Theorem 5.8 and the twisted character
relation (5.3), together with the compatibility of the twisted endoscopic transfer with
parabolic inductions and Jacquet modules (see [Xul5], Section 6). [ |

From this formula, one can see that the case of parameters with discrete diagonal
restriction can be reduced to the case of elementary parameters. Later on, we will give
a recursive formula of Moeeglin for mpyw (v, €), or more precisely for mp (v, €) (see
Section 7 for its definition), in the case of discrete diagonal restriction again, which
is clearly motivated by the formula here. But in order to give Mceglin’s formula, we
need to first study the Arthur packets for elementary parameters.

6 Elementary Arthur Packets

Let us recall that y € ¥(G) is elementary if ¥ o A € ®,(G) and A = B for all
(p,A, B, () € Jord(y). And we have the following theorem about elementary Arthur
packets due to Moeglin [Moeg06b].

Theorem 6.1 (Mceglin) Suppose y € ¥(G) is elementary; then myw (y,€) is always
nonzero and irreducible. Moreover, my (v, €) # mw (v, € ) ife # € .

The main difficulty of this theorem remains proving that certain generalized
Aubert involution (see Section 6.2) would take irreducible representations viewed as
H(G)-modules in elementary Arthur packets to irreducible representations viewed
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as 7((G)-modules up to a sign in the corresponding Grothendieck group. But this
does not admit a direct approach. So instead, we will follow [Moeg06b] to systemati-
cally construct a class of representations which generalizes the construction of discrete
series representations of Mceglin and Tadi¢ (see [MT02] and also [Xul5, Section 10]).
This class of representations will form the candidates for elements in the elementary
Arthur packets. In fact, what Mceglin constructed are representations of G*°, but we
can then take the irreducible representations of G viewed as 7{(G)-modules defined
by their restriction to G. The point is that it is easier to show the generalized Aubert
involution preserve this class of representations of G*° and also their irreducibility. In
the end, we are going to show the corresponding J((G)-modules are really elements
in the elementary Arthur packets.

First we need to define parabolic induction and Jacquet module on the category
Rep(G*®) of finite-length smooth representations of G*. Let P = MN be a standard
parabolic subgroup of G. If M is 0,-stable, we write M>® := M x %4. Otherwise, we
let M*® = M. Suppose 0> € Rep(M*"), n* € Rep(G*>).

(a) If M% = M, we define the normalized parabolic induction Indgjs 0> to be the
extension of the representation Ind$ (6>°|5;) by an induced action of %o, and
we define the normalized Jacquet module Jacps, 7>° to be the extension of the
representation Jacp (7>°|g ) by an induced action of Z.

(b) If M’ % 4 M, we define the normalized parabolic induction Insz0 o to be
Indg Ind$ (6™|4), and we define the normalized Jacquet module Jacpz, 7>
to be Jacp (7> ).

It follows from the definition that
(Jacps, 1=°)|r = Jacp (7™]g).
Moreover,
(Indgey ™) = Ind§ (o™ [r)
unless G is special even orthogonal and M*® = M, in which case
(Indpzo o™)|g = Indp (0™ |u) ® (IndP (o> |M))
We can also define Jac, on Rep(G*?) as in the introduction.

6.1 Construction of a Class of Representations

The construction of Mceglin is by induction on the rank of the groups, and it also
depends on certain so-called basic properties, which have to be established at the same
time again by induction. So let us assume for G = G(n') with n’ < n and elementary
v € ¥(G), the irreducible representation 7% (v, €) of G is well defined and distinct

foree Si“.
Let by,y,e € Jord, (ya) be the biggest integer such that ¢ is “p-cuspidal” for

Jord, cusp(¥) = {(p &, 8a) € Jord, (y) : & < by y.c b5

ie.,
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(a) if(p,a,d,) €Jord
0;
(b) if (p, &, 0 ), (pr & = 2, 84-2) € Jord, (5, (¥), then e(p, &, 64 )e(p, & = 2,80-2) =
-1
(c) if (p,2,6,) €Jord, cusp(¥), then e(p,2,0,) = -1
We allow by, to be zero. Let a, e € Jord,(y4) be the smallest integer such that
Apye > by ye> andlet §, 4 be the associated sign. If such a, ,, . does not exist, we
say a,,y,e = 00.
Along with our assumption on the existence of 7> (, €), we also assume they
satisfy the following basic properties.

pocusp(¥), then (p, a=2,8,-5) € Jord, .., () aslongas a—2 >

Basic Properties [Maeg06Db, Section 2.3]

(1) (Jacquet module): If Jac,« > (y, €) # 0, then there exists bpy,e < a€Jord,(yq)
such that x = 6, «.

(2) (Non-unitary irreducibility) : For x > 1/2, if 2x —1 ¢ ]ordp(y/d) u{0}or0<xcg
(bp,y.e —1)/2, then p||* x 7> (y, €) is irreducible.

(3) (Unitary reducibility) : Suppose Jord,(y,) contains odd integers. Then p
> (y, ¢) is irreducible if 1 € Jord, (), and is semisimple of length 2 without
multiplicities otherwise. Moreover, let 0> be an irreducible subrepresentation of
p % 1 (y, €) in both cases; then p x -+ x p x ¢*° is irreducible.

Remark 6.2  Property (1) is proved in [Mceg06b, Section 2.5]; Property (2) is proved
in [Moeg06b, Section 2.7]. In the tempered case, Property (1) can be deduced easily
from [Xul5, Lemma 9.2]. But, the general proof of Property (1) depends on Prop-
erty (2). Property (2) is not obvious even in the tempered case, and its proof in the
tempered case is more or less the same as in the general case. A fundamental case of
Property (2) is when 7% (y, ¢) is supercuspidal, and that follows from [Xul5, Corol-
lary 9.1] (cf. Proposition 1.6). Property (3) is proved in [Mceg06b, Section 2.8] without
assuming any unitarity results of Arthur, and in the tempered case it follows easily
from Arthur’s theory.

Based on our assumptions, we can now give the construction for 7>° (v, ¢).

Definition 6.3 Suppose y € ¥(G(n)) is an elementary parameter and ¢ € 8’%

(i) Ifap,y,e = oo forall p, thenlet (Pcusps Ecusp) = (¥, €), and we define 7> (v, €)
tobe naj’ (¢cusp» Ecusp) in Theorem 4.3, which is supercuspidal by [Xul5, Theorem 3.3]
(¢f. Theorem 1.4).

(i) Ifapy,e>bpy,e+20rb,y =0, wedefine

1 (9 €) s plfeneere DIy )

to be the unique irreducible subrepresentation, where (v, ¢') is obtained from (y, €)

by Changing (P’ aP)‘V’S’ 8P’W’£) to (P’ aP’II/)S - 2’ 8P’W’£)'
(iii) If ap,y,e = bp,y,e + 2, we need to divide into three cases.

(a) IfJord,(ya) contains even integers and by, # 0, then we define

7'[2“(1//, £) —> <6P’W’€(aP>V/’8 -1/2,... ,5P)V,,81/2) x 712"(1//_,5_)
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to be the unique irreducible subrepresentation, where (1_, £_) is obtained from (y, ¢)
by removing (p, @, y,e» 0p,y,¢ )> and changing (p, &, 84) to (p, &, =8,y ) with
e-(p> @ =0p,y.e) = —£(p, &, )

forall & < b,,y,e. Moreover,

72 (Y, €) > (8pye(@pye = 1)/2 s =0pye(bpye —1)[2) x (¢, €).

where (y', ¢) is obtained from (y, ¢) by removing a, . and b, . from Jord, ().
(b) If Jord,(y4) contains odd integers and b,y # 1, then we define 7> (y, ¢) to
be the unique common irreducible subrepresentation of

(5;,,%8(51,,,%8 -D/2,..., 0) ><1 71'20(1//_, e)
and

<5P,w,s(“p,w,s 1/2,..=8py,e(bp,ye _1)/2> = (y',€).

Here (y', ') is obtained from (y, &) by removing a,,y, and b,y from Jord, (v4);
(w_,e_) is obtained from (y,¢) by removing (p, a,y.e> 0p,y,e) and (p,1,6;), and
changing (p, a, 8a) to (p, &, =68,y ) With

e-(p> o, =0py.e) = —€(p, @, 6a)

forl1<a<b,y,.

(c) Ifayye =3,bpy, =1, wehave (y_,e_) = (v, ¢') in the notation of (b). By
Property (3), 0> = p x 1> (y/, ¢') is semisimple of length 2, and hence we can write
o = 12 @ 1 according to the following two cases.

(1) When Jord,(y,) only contains 2 elements, we fix arbitrary parametrization in
oo, and we define 7 (1, &) to be the unique irreducible subrepresentation of
pl% x n °, with { = ¢(3)95.

(2) When | ]ord (va)| > 2, ie, apy,e # o0, we can specify the parametriza-
tion in o> as follows. Assume (y”,¢”) is obtained from (y/,&") by changing
(P> ap,yrers Op,yrer) 10 (P 1,8p yr,er). Let

"

2= px (Spyrer(pyrer =1)[2,0 s 8pyrer) n (¥, €"),

03" = (8pyre(@pyrer =1)/2,...,0 ) e (y",e"),
and

Zo _ <P % <8P:V/',€’(ap)v”,8’ 1)/2 P e )) v ﬂzo(lll",eu )

There is an exact sequence

0 oo 1> g, 0.
g

We set 72° = o> n (s.s.aqz") and 72° = ¢ N (s.5.02°). Then we define

¥ (y,¢) to be the unique irreducible subrepresentation of p||53 X 71?“, with
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{ = e(apy,e)0p,y,0€(3)83. Under such a choice this parametrization is com-
patible with Arthur’s parametrization of discrete series representations in the case
v = y, (cf Proposition 1.5 and also [Xul5, Proposition 9.3]), and it also satisfies
Theorem 6.10.

Remark 6.4 The uniqueness properties in the construction should follow from the
property about Jacquet modules, i.e., Property (1). The parametrization of represen-
tations of G>* in this construction is not uniquely determined by the choices we make
in Step (c)(1). To fix this one can use the (twisted) endoscopy theory. In the tempered
case, there are unique choices to be made here so that this parametrization is the same
as Arthur’s (¢f. Theorem 1.3 and also [Xul5, Theorem 2.2]). In the nontempered case,
we can fix the parametrization by that in the tempered case through the generalized
Aubert involution, and we will denote such parametrization by ﬂlzl,;) (v, ¢) later on.

In the next few sections, we would like to show that IT,, consists of }(G)-modules
obtained from restriction of 7> (v, ¢) for ¢ € 85". To do so, we will introduce two
kinds of generalized Aubert involution operators, one on the Grothendieck group
of representations of G (similarly also for representations of G viewed as 3(G)-
modules), and the other on that of GL(N) x (6y). We will start with G* following
[Moeg06b, Section 4].

6.2 Aubert Involution for G*°

Let us fix a positive integer X, and write xo = (Xo —1)/2. We also fix a self-dual irre-
ducible unitary supercuspidal representation p of GL(d, ). We denote by fP?;’ the set
of Xy-conjugacy classes of standard parabolic subgroups P of G whose Levi compo-
nent M is isomorphic to

(6.1) GL(ayd,) x - x GL(ayd,) x G( n- Y aidp).
ie[1,1]
Here we also require G(1 — ¥ ;1,11 @idp) # SO(2) when d,, # 1. Let A be the maxi-
mal split central torus of M. For P ¢ Ti" and 0> € Rep(M>), we denote by 022, the
P
direct sum of irreducible constitutes of o whose cuspidal support on the general linear
factors consist only of p||* with [x| < xo. In particular, when G(n - X1, aidp) =
SO(2) = GL(1), we also impose this condition on G(n — ¥;c1,1) aid)p)-
We define the generalized Aubert involution for G* with respect to (p, Xy) as
follows. For any 7> € Rep(G*°),
invex, (79) = 3 (-) A Inde! (Facpn (72 cry)
PETE,?
where
Jacpz, (m>°) ® wg, if G(n— i) 4idp) = SO(2),
Jacps, (>°), otherwise.

EEPEO (”20) = {

Analogously, we can define inv¢y, if we change all strict inequalities to inequalities
here. Just as for the usual Aubert involution, we have the following result.
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Proposition 6.5 ([Maeg06b], Proposition 4) As defined above, inv.x, is an involu-
tion on the Grothendieck group of finite-length smooth representations of G>°.

However, unlike the usual Aubert involution, it is by no means clear that inv.x,
preserves irreducibility. Because of this we would like to show it preserves irreducibly
at least for the class of representations that we have constructed in Section 6.1. The
key ingredient of showing this is the following proposition.

Proposition 6.6 ([Moeg06b, Proposition 3]) Let 7> (v, €) be a representation de-
fined as in Section 6.1, and let € be an ordered multi-set of half-integers such that for all
x € &, |x| < (ap,y,e —1)/2. If 7™ is an irreducible subquotient of x e p||* x 7™ (y, €),
then there exists an ordered multi-set &' satisfying

{eYu{-¢&={&uv{-¢}
such that

T xxeprpl[* 2 7 (v, ).

Combining Propositions 6.5 and 6.6, one can show the following theorem.

Theorem 6.7 ([Moeg06b, Theorem 4.1])  We have that inv.x, n>° (v, €) is irreducible
with a sign in the Grothendieck group of representations of G*. Moreover, the corre-
sponding irreducible representation |inv.x, 7> (v, €)| also belongs to the class of repre-
sentations constructed in Section 6.1.

One can also determine the sign in this theorem. Let

Jord(y, p, < Xo) = {a € Jord,(va) : & < Xo},

and we define

By, p,< Xo) :=

(—1)ord(wsp<Xo)l([Jord(ysp,<Xo)|-1)/2 —1)(e-D/2,

! Hae]ord(w,p,<X0)(
if Jord, (va) contains odd integers;

[acjord(y,p,<x0) (-1) o2, if Jord, (ya) contains even integers.
Proposition 6.8 ([Mceg06b, Proposition 4,2])

By, pr < Xo) invex, 7 (y,€) =
Hae]ord(w,p,<X0) S(P’ @ 6a)| inV<Xo > (W’ 5)|’
ifJord,(y,) contains even integers;

linvey, 7> (v, )], if Jord, (ya) contains odd integers.

Next we want to illustrate the second part of Theorem 6.7. This makes use of a com-
patible relation between this Aubert involution and the Jacquet module. To describe
this relation, let P = M N be in ng" and let wp be a Weyl group element in W (M) :=
Norm (A, G*)/M sending all f)ositive roots outside M to negative roots. We can
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also define invy;: by taking the usual Aubert involution on the general linear fac-
tors of (6.1). For any representation 7> of G, let Jacpzy ., (7>°) = (Jacps, (7™°) ) <x.
Then we have

>
Jacpsa, < |invax, (1) = Ad(wp)|inv2y) Jacps, o (7))
for all x < xo and 7> € Rep(G*®) (cf. [Mceg06b, Section 4.2]). From this equality,

one can easily conclude the following corollary.

Corollary 6.9 ([Moeg06b, Corollary 4.2])  Let a € Jord, (y) with ap y.. < a.
(D) Ifapye>bpye+2, then
[invea (770 (g €))] > p|orv=(vD2 s finv o (™ (v, €)),

where (y', €') is obtained by changing (p, ap,y.e» Op,y,e) 10 (Ps Apy,e = 2, 8p,y.¢)-
(i) Ifapye=Dbpy,e+2, then

|inv<,x(7rz°(1//, €))| — (—(Sp,l,,,g(ap,v,,s —1)/2,..85,y,6(bpy,e — 1)/2)
x | inveq (1™ (v, €))

where (y', ¢') is obtained by removing a, y,. and b,y from Jord, (v4).

>

It is easy to see from this corollary that |inv.x, 7% (v, €)| is in the class of Sec-
tion 6.1. In fact, from here one can even describe the pair (y!, ef) that parametrizes
linvex, 7> (v, €)|.

Theorem 6.10 ([Moeg06b, Theorem 5])  For n* (v, ¢), let yt be obtained from y
by changing 8, to —d, for all & € Jord,(y,) such that & < X, and let €' = & under
this correspondence. Then one can make suitable choices in the construction of rep-
resentation corresponding to this new pair (y!, e!) (see Section 6.1, (c)(1)) such that
75 (gt ) = invex, 70 (v €)].

Let Rep(G) be the category of finite-length smooth representations of G viewed
as H(G)-modules. We denote the elements in Rep(G) by [] for = € Rep(G), and
we call [7] irreducible if 7 is irreducible. Let

— {]acp+]acp 00y, if G=80(2n)and M% £ M,
Jacp =

Jacp, otherwise.

We can define parabolic induction and the Jacquet module on Rep(G) as follows:
Ind$[o]:=[IndS 0] and Jacp[n]:= [Jacpn].

Then the generalized Aubert involution inv.x, can also be defined for Rep(G) in an
analogous way, i.e.,

vy, ([2]) = 3 (~1)%™ 4% Ind§ (Tacp ([7])<x, ) -

Zo
Pepy0
For > € Rep(G*®), we have

[(Indfazf Jacpz, ﬂ2°)|G] = Indg IETCP[”Z”G]’
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[(invex, 7)6] = invex, ([7™[6]).

6.3 Twisted Aubert Involution for GL(N)

As in the previous section, we again fix Xy, x¢, and p. We denote by fP N the set of
On-invariant standard parabolic subgroups P of GL(N) whose Levi component Mis
isomorphic to

GL(ayd,) x ---x GL(a;d,) x GL(N -2 ) a,-dp) x GL(ayd,) x ---x GL(aid,).
ie[1,1]

Let Ap be the maximal split central torus of M, and (Ap)e, be the group of its
On-coinvariants. For P € 9’6” and 7 € Rep(M), we denote by 7., the direct sum
of irreducible constitutes of T whose cuspidal support on X;c[1,;] GL(a;d,) consists
only of p||* with |x| < xo. Then we define the generalized O - tw1sted Aubert involu-
tion for GL(N') with respect to (p, Xy ) as follows. For any self-dual representation 7
of GL(N), let 7" be an extension of 7 to GL(N) x (6x),

iy, (1) = Y (<1 Sy nd S M (Jacy (1) oy, ) -

PETPBN

We should pomt out that inv’ <X, is defined differently from that in [MW06, Section
3.1]). Here i 1nv %, (71") is only an element in the Grothendieck group of representa-
tions of GL(N) x (Oy) (see [MWO06, Section 3.2],), even when we take 7 = 7(y).
However, if we only consider the 6y-twisted characters of GL(N), we can still get a
theorem parallel with Theorem 6.10.

Theorem 6.11 ([IMWO6, Proposition 3.1])  Let y! be defined as in Theorem 6.10,

fulinv?y, (7 (1)) = fu(e* (W), f € CZ(GL(N) % Oy)
for certain normalization of n* (y') with respect to that of n* ().

To determine the normalization of 7+ (y!) in this theorem, we need the following
proposition.

Proposition 6.12 ([MWO06, Lemma 3.2.2]) Suppose that n* (y) in Theorem 6.11 is
normalized according to Meeglin and Waldspurger (cf. Section 5); then the correspond-
ing normalization of O on n* (y!) differs from 0w (yt) by B(w, p, < Xo).

The careful reader may notice that this proposition is slightly different from the
original result of Moeglin and Waldspurger, and that is due to a sign error in the state-
ment of [MWO06, Lemma 3.2.2]. As a consequence of this proposition, we can rewrite
Theorem 6.11 as follows.

Corollary 6.13
(6.2)
Sn(inv2y, (Taw (1)) = By po < Xo) S (arw (7)), f € CZ(GL(N) » ),
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where 1ty (W) and iy, (Y1) are normalized extensions of n(y) and n(y!) according
to Mceglin- Waldspurger.

6.4 Construction of Elementary Arthur Packets by Aubert Involution

In the tempered case, we already know that 7(y, €) is a Zy-orbit of discrete series
representations (cf. Proposition 1.5 and also [Xul5, Proposition 9.3]), and moreover
its parametrization by (v, €) is the same as Arthur’s if we make certain choices in our
definition of 7(y,€) (cf. Section 6.1, (c)(1)). To obtain the nontempered packet, we
need to use (6.2) and show that the following diagram commutes when restricted to
distributions associated with elementary parameters.

(6.3) SI(G) —— T(N?)

— .oy
invex, nv_y,

SI(G) —— T(N®).

Here, SI(G) is the space of stable invariant distributions on G, T(N?) is the space
of twisted invariant distributions on GL(N), and the horizontal arrows denote the
twisted spectral endoscopic transfers. The commutativity of this diagram (under our
restriction) essentially follows from the compatibility of twisted endoscopic transfer
with both Jacquet module and parabolic induction, and we will give its proof in Ap-
pendix A. If we apply this diagram to ITw () (see (5.8)) and expand using (5.3) and
(6.2), we get

FO( 2 &) invex, manw (w.8)) = By ps < Xo) fvo w (7(1))

€e8y

= By p< X)X sy )man (81,2)),

Eeg‘;n
where f € C°(GL(N)), and f€ € C>°(G) is its twisted endoscopic transfer. Hence,

64) Y &(sy) fo(invex, myw (v, €)) =

EGS—;
By, p,< Xo) 2 e(syt) fo (mmw (¥4, %)),
EES‘M

for any f € 3(G).
Lemma 6.14

Macjord(y.p,<x0) €(P> & 8a), ifJord, (va) contains even integers,
e(sy)/e(syr) = . ) .

1 ifJord,(y,4) contains odd integers.

Proof It suffices to note that
1 ifa < Xjand « is even,

SyS ,0,04) = N |
v (p «) {1 otherwise.
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Equality (6.4) suggests we can construct the nontempered Arthur packet by apply-
ing the generalized Aubert involution consecutively to tempered packet. So we have
the following definition.

Definition 6.15 Suppose y € ¥(G) is elementary; for & € 8/50 we define

73t (V2 €) = ©(pa,8,) Jord(yy:su=1 (| I0V<a | 0 | invea N30 (yas €)

and
T[M(W)E) = o(p,a,&z)€]ord(lp):5u=71(|ﬁ<a| ° |ﬁsa|)”W(V/d)E)>

where we have 8/1,27’ = 8/53 (resp. g; > S’w\d) by identifying Jord(y) with Jord(v,).

From Theorem 6.10, it is clear that 7'[12\,;’ (v, €) = 7™ (v, &) constructed in Section 6.1,
but with fixed parametrization determined by that of tempered representations (cf.
Remark 6.4). It follows from Theorem 4.3 that

(6.5) 0 (y, ee0) = ot (v, €) ® wo.

Moreover, [75° (v, ¢)|6] = 2mm(y, ) if G is special even orthogonal and Sf," =8y,
or 7y (W, €) otherwise. In particular, 7rp (v, €) is irreducible.

Theorem 6.16  Suppose y € ¥(G) is elementary; then
Muw () = 3 (sy)mm(y, %)

£e8y

Proof Note that in the tempered case 7y (v, €) = mw (¥, €) = mTmw (v, €), so this is
already known. Then from the tempered packet, one can apply the generalized Aubert
involution and use equality (6.4) step by step. Finally, note

(6.6) (sy)B(w, ps < Xo)invex, mpr (¥, €) = €(sys )y (Y4, €),

which follows from Proposition 6.8 and Lemma 6.14. ]

At this point, we have shown the elementary Arthur packets of G do contain irre-
ducible representations of G viewed as 3{(G)-modules obtained by restriction from
the class of representations of G* constructed in Section 6.1. However, to prove
Theorem 6.1 we still need to find the relation between 7y (y, €) and 7y (y,€). One
can think of this as a problem of parametrization, but in fact it is much more subtle
than that, for we do not know a priori that 7y (v, €) is irreducible or not. Nonethe-
less, we will show they are irreducible, and at same time compute the difference of
parametrization between my (v, €) and 7y (v, ).

To describe this difference, we have to introduce a special element sWM/ MW ¢ 83,“.
It is defined in the following way.

Definition 6.17  Suppose y € ¥(G) is elementary and « € Jord, (y4).

(i) Ifaiseven, sy/MW(p, a,0q) =1
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(i) If a is odd, let
m={a’ eJord,(ya) : &' > &, 00 =-1} and n=f{a’ €Jord,(yq): a’ <a}.
Then

M/MW 5 = =nm if 0o = +1,
&y (P> a, lx) {(_l)m-m if(?a -1

Theorem 6.18  Suppose y € ¥(G) is elementary; then

(9, 8) = maw (v, 28, "),

Proof The idea is similar to the proof of Theorem 6.16 in that we have to apply the
generalized Aubert involution step by step. First note that in the tempered case, we
have by definition 7y (v, €) = myw (v, €), and it is easy to check that sy/MW =1lin
this case. Next, let us assume y is some elementary parameter satisfying the theorem,
and we would like to prove the theorem for y!. In fact this is the critical step in our

proof. To be more precise, we now have

i (y,8) = mw (v, 28, ")

under our assumption, and we want to show
(Y1) = v, maa (9 2)] = maaw (9 52 ™).

The main ingredient of the proof is a commutative diagram analogous to the dia-
gram (6.3). Note that we can identify §,, with 8, and for any s € 8, = 8, let
(H,yu) — (v,s)and (H,yl;) - (y!,s), where H = G;xGrrand yy = yrxy;y. Then
the following diagram commutes when restricting to distributions associated with el-
ementary parameters, and this again follows from the compatibility of endoscopic
transfer with Jacquet module and parabolic induction (see [Hir04] and Appendix A).

(6.7) SI(H) —— 1(G)

<X0J/ lmvdo

SI(H) —— 1(G).

Here T(G) is the space of invariant distributions on G, SI(H) is the space of stable in-
variant distributions on H, and the horizontal arrows denote the spectral endoscopic
transfers. We define

—H —Gr —Gn

vy, =1nv x, X nv_x,
with inv_y, respecting p ® 7/, where = 1 in (Example 3.1(i), (ii)), and #’ = lin

(Example 3.1(iii)). Applying this diagram to T yrw (v) = Hayrw (vr) © Mayew (vir),
we get

B(yh,ps< Xo) fatw (vh) = > E(ssy) fo(invex, muw (v,8)),  f e H(G),

£€Sy
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where (v, p,< Xo) = f(vr,p ® ', < Xo) B(yir, p» < Xo). By our assumption, the
right-hand side can be written as

3 &(ssy) fo (invex, ﬂM(w,EWM/MW)) => 51,,1\/1/1\/”‘/(ss,,,)fc(inV<X0 (¥, 2)).

€S, €S,
Combining (6.6), we have
Fatw (W) = B(ym, py < Xo) Z\gyw(”w)fc(imdo (¥, 8))

eS8y

= B(ym. p> < Xo) Z\Qy/MW(st)ﬁ(%P) < Xo)&(sysyt) fo(mm(y1,€))
€Sy

= By pr < X0) B pr < Xo)E MY (s5y) 3 &(ssya) fa (mm (v, 2)).

EES;
Finally, it is a simple fact that sy/ MW(sW) =1.So

(68) farw(vh) =
By pr < X0)B(ys pr< XoJEWTM" (5) 32 E(ssyn) f(eas (9, ).
€8y
On the other hand, we have from the character relation that

Fatw (W) = > &(ssys) fo(mmw (v 2)) -

EGS’;}
Since we know from linear algebra that maryw (y#,€) are completely determined by
these identities for all s € 8, it remains for us to show
B(yr ps < Xo) By p> < Xo) = st/waﬁ/MW(s).

If Jord, (y4) contains even integers, then it is easy to show from the definitions that
both sides are equal to 1. So now let us assume that Jord, (y4) contains odd integers.
Note that Jord(y) = Jord(y; ® ") uJord(y ). Let u = |Jord(y;, p ® ', < X)| and
v = |Jord(yir1, p, < Xo)J; then

ﬁ(V/H’P’< XO)/-;(W),D’< XO) _ (_1)u(u—l)/2+v(v—1)/2—(u+v)(u+v—1)/2 _ (_l)uv
On the other hand, we can index Jord, (y4) according to the natural order of integers

and assume that Jord(y1, p ® ', < Xo) = {a, }4_;. Then

ey/MWsﬁ/MW(s) _ H(_l)(u+v—tj)+(tj—l) - (_l)u(u+v—1) _ (_1)uv‘

j=1

This finishes the proof. ]

Corollary 6.19  Suppose y € ¥(G) is elementary; let SWM/W = SWM/MWeyW/W. Then
mw (v, 28,"™) = mu (v, 7).

Proof The proof is clear from Proposition 5.6. ]
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In particular, this proves Theorem 6.1.

Corollary 6.20  Suppose G is special even orthogonal and v € ¥ (G) is elementary.
For € € 8y, let myw (v, €) = []. Then n% = 7 if and only ifSuz,“ #8y.

Proof This follows from (6.5). |

If v € ¥(G) is elementary, we can define H,f," to be the set of irreducible repre-
sentations of G*°, whose restriction to G belongs to IT,. Then it follows from Corol-

lary 6.20 and Theorem 4.2 that there is a canonical bijection between
> p)
81//0 _ Hl//O
&m0 (),
such that:
o [m2(y.e)lc] = 2mw(y,€) if G is special even orthogonal and 8;° = §,, or

nw (v, €) otherwise.
» Foranys € Si“ but not in 8, and (H, yg) — (v, s), the following identity holds:

fiwlym) = 3 e(ssy) fo(my (v.€))  f e CZ(G x b).

eeSy

Let us define 752, (v, ) := 22 (v, sewMW/W) for ¢ € Si"; then we can show in the

same way as Proposition 5.6 that for any s € Svyj" but notin 8y, and (H, yy) = (¥,s),

fﬁw(‘/’H) = Z s(ss,,,)fc(ni}’w(y/,s)) feCZ(Gx0y).

€€8y

At last, we can extend Theorem 6.18 to G*°.

Theorem 6.21 Suppose y € ¥(G) is elementary; then
M/MW
o (v, €) = oy (v ey ™M),

Proof We can assume that G is special even orthogonal and Sf," # 8. Since

(9, 8) = maw (v, 28, "),

o M
T[MW (W’ eeu/

Note that when v is tempered,

/MW):ﬂiI“(w,e) or ﬂi}’(q/,e)eawo,

sWM/MW = eyw/w =1 and 730 (y.e) = mp(y, ) = My (v, €).

So as in the proof of Theorem 6.18, we can assume

7[1%/}’ (v,¢) = ﬂi}’w(w, sst/MW)

for some parameter ¥ by induction, and the critical step is to show that

. M/ MW
mop (94, &) i= invax, mop (9, €)] = mytyy (e ™™).
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We identity 85," = 853, and choose s* € Si‘) but not in 8. Let (H,yx) — (y,s*) and

(H,y4) - (yt,s), where H = G x Gy and yy = y; x yyr. Then we can have the
following commutative diagram analogous to (6.7) (see Appendix A):

(6.9) SI(H) —— 1(G%)

. H ;
mV<XOJ J{an<xo

SI(H) —— 1(G").

Here, I(G?) is the space of §,-twisted invariant distributions on G, and the horizon-
tal arrows denote the twisted spectral endoscopic transfers. We define

G

G ®inV<X0

. H I
inv_y, = inv

with invgéo (resp. invf)’(’o) respecting p ® #; (resp. p ® n11). Applying this diagram to

ﬁMW(V/H) = ﬁMW(WI) ® ﬁMW(WII)) one can show
St (W) = By po < Xo)B(ws p < Xo)ey ™M™ (s%) T e(s™sys) fa(mip (vhe))
€8y
for f € C°(G % 6y) (cf- (6.8)). As in the proof of Theorem 6.18, we also have

By, pr< Xo)B(y> p, < Xo) = & MW el MM (5%).

Since

fzf/flw(‘l’gz) = Z S(S*SW“)fG(”?JW(Wn’S))’

EeSy

> e(s syn) fo (mypw (vl e))

EESW

X ey MM (s fo (i (v o))

&

<5,
> e(s sy fa(mip (vhesyi™™)).
GSW“

By the linear independence of twisted characters, we have for any € € 8’1; ,

S(S*SW“)J(G( ﬂjzv?w(ll’u’ 5)) = S(S*swu )fg(nlzv}’ ( wﬂ) ssﬁ/MW)) i

and hence fo(m30, (v1, €)) = fo (m5 (w“,seﬁ/MW)), ie.,

p> b>
(vl e) :nN}’W(wn,ssw [ |

Remark 6.22  Later on we will see that Mo%/{,in defines 7112\/}’ (v, €) in the general case,
and if one also extends the definition of ey/ to the general case, then Theorem 6.21
is still valid (see Theorem 8.9).
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7 The Case of Discrete Diagonal Restriction

In this section, we would like to look into the Arthur packets associated with pa-
rameters having discrete diagonal restrictions. To be more precise, we want to give a
parametrization of irreducible constituents of 7y (y, €) (or equivalently 7w (v, €))
in this case. This parametrization is given by Mceglin, and we will follow her paper
[Moeg09] closely.

As in the elementary case, we start by constructing certain elements in the Gro-
thendieck group of representations of G*. These elements are parametrized by y €
¥(G) with discrete diagonal restriction and ¢ € Sf,".

Definition 71 Suppose y € ¥(G) has discrete diagonal restriction, and there exists
(p,A,B, () € Jord(y) such that A > B. Let ¢ € Si" and 7o := €(p, A, B, {). Then we

define
e (v, €) =
?B ](—1)A7C<53> oo, =(C) % Jac 12y, e Tae (V> €5 (P A B+2,0510)) @
Ce]B,A
EBI(-I)[(A‘B“)/”WA‘B”ﬂoA‘Bﬂfw” (v'.¢,(p, A, B+1,51), (p, B, B, (51110 ) »
n=+

where ' is obtained from y by removing (p, A, B, {), and ¢'( - ) is the restriction of

e(+).
Remark 72 (i) WhenA = B+1and 7o = -1, the term involving (p, A, B+2,{, 7o)

does not appear because ¢( - ) does not define a character of Suzl‘,’ in this case.
(ii) Itis clear by induction that

0 (y, ee0) = ot (v, €) ® wo.
(iii) We could also define 7y (y,€) in a similar way. Let
Jord(y") = Jord(y') U {(p A, B+2,0)},
and
Jord(y?) = Jord(¥') U { (p, A, B +1,€), (p, B, B, ) ).
We can identify 8, = 8,1 by sending (p, A, B,{) to (p, A, B + 2,(), and map
s € 8, into 8, by letting
s(p,A,B+1,{) =s(p,B,B,{) :=s(p, A, B,{).

Then 8, — 8, is of index 1 or 2. We denote the image of £ in S/v; by €. Let us
define

mm (Y, €) =
Ce]B,A]

@A(—l)[(A_BH)/Z]Ez(p,A,B +1, ()A_B+18(p,A, B, ()A_BﬂM(wszZ)-

Eg,€
£<g; Swz
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Again by induction, one observes the restriction of 7'[12\:/?(1{/, €) to G viewed as
H(G)-modules is 27y (y, €) if G is special even orthogonal and Si" = 8y, or
(v, €) otherwise. Later we will show that 722 (v, ¢) is a representation of
G*, and 7y (y, €) consists of irreducible representations of G viewed as H(G)-
modules in the restriction of nf,}’ (v, €) to G without multiplicities.

Next we want to show that ﬁw consists of 71 (v, €), and furthermore we would like
to compute the difference between the parametrizations of 7y (v, €) and 7pw (v, €).

To do so, we need to extend the definition of ev,M/ MW ¢ Si" in the previous section.

Definition 7.3  Suppose y € ¥(G) has discrete diagonal restriction, and (p, a, b) €
Jord(y).

(i) Ifa+bisodd ey™" (p,a,b) =1
(ii) Ifa+ biseven,let
m=4{(p,a’,b") eJord(y) : a’,b" 0dd, s p» = -1,]a" = b'| > |a - b},
and
n=4{(p,a’,b") eJord(y): a’,b" odd,|a’ - b’| < |a - b|}.
Then
1 ifa, b even,

st/MW(P, a,b) =1 (-1)"  ifa,bodd, {,p = +1,
(-)™" ifa,bodd, (= -1.

M/MW

There is a simple fact about this character ¢,

Lemma 7.4  Supposey € Y(G) has discrete diagonal restriction; then sv,M/ Mw(sw) =1

Proof From the definition, we see sv,M/ MW (p,a,b) =1if b is even. Then

o= T 8" (pab)=1 .

(p>a;b)eJord(y)
b even

Theorem 7.5  Suppose y € ¥(G) has discrete diagonal restriction; then

mu (. ) = muw (v, 2y ™M™,

Before we prove the theorem, for any s € §,, let

Taw,s(y) = ZE(SSW)ﬂMW(W’E)’
€8y
M,s(w) = D E(ssy)mm (s €).

€Sy

In particular, pw(y) = Hywi(w) and we denote Ty (v) = Tpi(w). For
T, (v), we have the following recursive formula.
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Lemma 7.6 Suppose y € ¥(G) has discrete diagonal restriction and s € 8. Let
(p, A, B, () € Jord(y) such that A > B; then

ﬁM,S(V/) =

Ce]B,A]
® (_1)[(A—B+1)/2]ﬁM’S( v, (p,A,B+1,(),(p,B,B,()),
where we let s(p, A, B, {) =s(p, A, B+2,{) =s(p,A,B+1,{) =s(p, B, B, ().

Proof By definition we have for any € € S,

€(ssy) mm(y,€) =

Ce]B,A]
@ (DI ley(p, A, B+1, 0 e(p, A, B, 4P

Fe5eS
“E(ssy) T (v, 6).
So it suffices to show & (ssy1) = €(ssy) and
&2(ssy2) = &2(p, A, B+1L,0)" P e(p, A, B, () Pe(ssy).

The first one is easy, because sy1 = s, under our identification. For the second one,
note that &,(s) = €(s) and

&(sy) = H e(p,a, b)”*1 = H e(p, A, B, ()A%B.

(p,a,b)eJord(y) (p,A,B,{)eJord(y)
Then

&2(542)[2(sy) = £2(p> A, B+ 1,0) By (p, B, B, )P~ [e(p, A, B, {) A5
Using the fact that &;(p, A, B+ 1,{)ex(p, B, B, {) = e(p, A, B, {), we have
e2(sy2)/e(sy)
= &(p, A, B+1,{)A B
-e(p,A,B, ()B—(Bsz(p)A’B +1, ()—B+(B/s(p)A’ B, ()A—(B
= &(p, A, B+1,0)4 5 e(p, A, B, ()B4
= e(p, A, B+1,0)* B e(p, A, B, )45,
This finishes the proof. u

Lemma 7.7 Suppose w € ¥(G) has discrete diagonal restriction; then T (y) =
T (y).

Proof Lemma 7.6 and Proposition 5.9 allow us to reduce this lemma to the case of
elementary Arthur packets, where the statement is already known. ]

Now we can give the poof of Theorem 7.5.
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Proof Since &2/ Mw(s‘,,) =1, it is enough to show that
M/MW

14
Ty, () = &y )uws ()

for all s € 8. From the previous lemma, we know this is true for s = 1. So we can
assume that s # 1 in the rest of the proof. By induction, we may assume the theorem
is true for y' and v, i.e.,

M/MW

Mars(¥) =, () Myw,s(¥),

M/MW

Tas () =&y () s (v°).

Suppose (H,yy) — (v,s) and g, := yg = yg x 1//11. We can assume (p,A,B,() €
Jord(yy;) because the other case is similar. Let y! = 1;11 x yl and y? = v x yi,.
In particular, y; = ¥} = y2. Note that Ty s (v!) (resp. Ty < (y?)) is the spectral

endoscopic transfer of ITyrw () ® T prw (w;) (resp. arw (v?) ® M prw (v3)). By the
compatibility of endoscopic transfer with Jacquet module and parabolic induction, we

can conclude that Iy, () is the spectral endoscopic transfer of
D (DM (B, .., -LC)
Ce]B,A] — 1
Jac(p+2),....cc(Mmw (v1) ® Taew (v17))
@ ()LD ()T (v]) @ Tharw (y7)-

Note that Jac;pITprw (y}) = 0 for any B + 2 < D < A, which follows from the corre-
sponding vanishing fact for Jacquet modules of 7(y}). Then we can rewrite it as

B (D e () Taw (v))
Ce]B,A] . _
® (((B,...,~(C) xJacy(gsay,...ccmw (¥1r))
@ (—1)[APDRIMMY ()T (v7) @ Tw ().

If we can show

(71) SWM/MW(S) = eﬁ/MW(s) = sWM/MW(s),
then that means ITy; s (v) is the spectral endoscopic transfer of e MW (T pw (v1)®
HMw(lllH). Hence,

Mo (y) = & () aaw.« ().

Finally, it is an easy exercise to verify (7.1). In fact, one can assume thats(p, A, B, {) = 1;
then the set of Jordan blocks (p, a’,b") such that s(p, a’, b") = -1 is the same for v,
v!, and y?, and it is enough to show

SWM/MW(p)aI)bI) M/MW(p)a b ) —gM/MW(p,a',b,)
for any (p, a’, b") in this set. Recall that

(p,A,B+2,0) = (p,a+2{,b-2{),
(p,AB+1,0) = (pa+(b-0),
(p,B,B,{) = (p,sup(0,a—b) +1,sup(0,b - a) +1).
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One checks easily that the contribution of (p, A, B, {) to the numbers m, n in Defini-
tion 7.3 for v is the same as (p, A, B + 2, () for ¢!, and (p, A, B+1,{), (p, B, B, {) for
y? modulo 2. Then the rest is clear. |

One consequence of Theorem 7.5 is that 7 (y, €) is an 3{(G)-module, which is
by no means clear from our definition. In fact, the main goal of [Mceg09] is to show
that 7 (v, €) is a representation of G and characterize its irreducible constituents,
which also implies that 7 (v, €) is an H{(G)-module independently of Arthur’s the-
ory.

Theorem 7.8 ([Moeg09, Theorem 4.2]) Suppose v € ¥(G) has discrete diagonal
restriction, and there exists (p, A, B, () € Jord(y) such that A > B. Let ¢ € 85," and
o = €(p, A, B, (). Then we have

mi(v.e)= D D
le[0,[(A-B+1)/2]] f=+ling=nA-B+1 HCE[BH,A—I](_I)[C]
((CBy.., ~CAY x - x (C(B+1-1),...,~C(A-1+1))
X 7[12\/}) (1//’ £,> UCE[BH,A—I] (P) C) C) (; W(_l)[c]))> >

where y' is obtained from w by removing (p, A, B, (), and &'(-) is the restriction of
e(+). In particular, when 1 = (A - B +1)/2 and no = 1, we will just take one value for
1, since both values give the same term.

Remark 7.9 The complicated condition on # comes from the fact that 5(-1)[¢]
with &'(-) needs to define a character ¢_ of Sif, where Jord(y_) is obtained from
Jord(y') by adding Ucerp1,4-17(p> C, C, {).

This theorem shows that nf,;’ (v, ¢) is a representation G* and allows us to de-
compose it according to two parameters [, 77, where [ is an integer-valued function on

Jord(y) and 7 is a Z,-valued function on Jord(y). In the notation of this theorem,
weletI(p,A,B,{) =l and (p, A, B,{) = n(-1)[B+1] Then

1(p.A,B,{)e[0,[(A-B+1)/2]],

and
£(p,A,B, C) _ ﬁ(p)A,B, ()A—BJrl(_1)[(A—B+1)/2]+l(p,A,B,().

Let us denote by ¢; , the character of S? defined by (I, 7) through this formula. Then
we define for any pair (I, ) such that e, , € 8142,“,
ﬂff(w,l,ﬁ) = <((B,...,—[A) X oo X
(C(B+1(p,A,B,{)-1),...,-((A-1(p,A, B, () +1))
oyt (v, 1,m ),

where y_ is defined as in the remark, and I_ and 1 are extended from [ and 5 by

letting I (p,C,C,{) = 0and 51 (p,C,C,() = 7(-1)I€). In the theorem, Mceglin
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shows that 7'[1%/}’ (y, L, i) is irreducible. In fact, one can also show that

e (v, L) —
(B (A
y . .

CABOTON B+ 1(p, A B -1) - —{(A-1(p.A,B,O) +1)

20(

X 7T

M

(p»A;B,{)eJord(y) Ce[B+1(p,A,B,{),A-1(p,A,B,{)]

(. C.C.n(p, A, B O (-1) AR )

as the unique irreducible subrepresentation. We define (v, I, ﬁ) to be the irre-

ducible representation of G viewed as 7((G)-module in the restriction of 3 (y, I, )

to G. Then
ﬂM(W)Lﬂ)(_)
(B —(A
X : :
,A,B,{)€eJord
(poABONADN r(B 4 1(p, A, B, L) 1) - ~{(A=1(psA,B,O) +1)

X ﬂM(
(PxAxB,()EIOTd(W) CG[B+1(P’A:Br()vA_l(P)A’B)()]

(P, C.C.&n(p, A, B, O (1) P40 )

as the unique irreducible element in Rep(G) forming an 3{(G)-submodule.
We define an equivalence relation on pairs (I, #) such that (I, n) ~3, ( r, n') if

and only if [ = I" and (n/n')(p,A,B,{) = Lunless I(p,A,B,{) = (A-B+1)/2. It

is clear that 77>? (v,Ln) = nlz\,}’(w,l',ﬁ') it (L 1) ~3, (l’,ﬁ')- In fact, the converse is
also true.

Proposition 7.10  Suppose w € ¥(G) has discrete diagonal restriction and ¢ € Si";
then

0 (v, e) = & (v, L 1).
{Lm)ie=ern}/~s5,

Moreover, 738 (y, 1, 7) = w2 (y, I, ) if and only if (L) ~s, (I 7).
Proof The only thing that may not be obvious from Theorem 7.8 is the fact that

e (v, Ln) ¢ e (w,l',ﬁ') if (L, 1) +3, (ll’ﬂ')- But this can be shown by comparing
the Jacquet modules of these representations. ]

Remark 711 If Jord(y) contains (p,a,b) with a = b, then our definition of
711%4“ (v, 1, n ) will depend on the choice of sign {, ,. However, it is not hard to show

that the representation 7. (, I, n) is independent of (5.
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If G is special even orthogonal, and y € ¥(G) has discrete diagonal restriction, we
define a Z,-valued function on Jord(y) by
-1, ifd,isoddand A €Z,

1, otherwise.

1,(ps4,B,{) ={

Then &(p, A, B, () = QO(P,A, B, {)*7B*1, and hence €Ly, = €Ly €o- In general, we
let 7,71 if G is not special even orthogonal.

Corollary 7.12  Suppose v € ¥(G) has discrete diagonal restriction; then
(72) m (WL ) = mf (v, 1,n) ® wo.

Proof This follows from the formula of 3¢ (v, I, n) and (6.5) in the elementary case.
|

We define another equivalence relation on pairs (I, 1) such that (1, 17) ~ (I ! n') if
and only if (1, 77) ~x, (ll,ﬁ') or (I,n) ~x, ([’,ﬂ’go). It follows from this corollary
that my(y, L, 77) = nM(w,f,ﬁ') ifand only if (1, 17) ~ (l’>ﬁ')-

Corollary 713 Suppose v € ¥(G) has discrete diagonal restriction and € € S;; then
m(p,e)= D am(yLa).
{(Lm)E=zgry}/~
Moreover,
@ mi(y.e)
consists of all irreducible representations of G*°, whose restriction to G belong to

ﬂM(l//, E)

Proof We can assume G is special even orthogonal. It follows from Proposition 7.10
that

m-mp (9, ) = myt (v, €)l6 = Q) e (v, L)l
{(Ln)e=ery}/~x,

where m = 2 if Si" = 8y, and m = 1 otherwise. By (7.2), one can easily see the right
hand side is

m D L)
{Lm)e=ery}/~

This proves the first part, and the second part should then be clear. ]

Motivated by this corollary, we can define Hi" to be the set of irreducible repre-
sentations of G*, whose restriction to G belong to ITy,. In the case where G is special
even orthogonal and y € ¥(G) has discrete diagonal restriction, suppose 83," # 8ys
then for any (1, 1),

(Lnn,) *s, (Ln),
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and hence 7% = 7 for any irreducible constituent [7r] in 7y (v, €) by (72). Then it
follows from Theorem 4.2 that there is a canonical disjoint decomposition

b
I = | my(y.e)
86850
such that

o [m2(v,e)lg] = 2mw(y,?) if G is special even orthogonal and SVZ," = 8, or
w (y, €) otherwise.
* Foranys € Suz," but notin 8, and (H, yy) — (v, s), the following identity holds

fwlyn) = 3 e(ssy) fa(myg (y,))  f e CZ(Gx ).

eS8,

Let us define 732, (v, €) = w2 (v, seM v )foree 8 °; then we can show in the

same way as Proposition 5.6 that for any s € Sw but not in 8, and (H, yy) — (v,5),

S = X e(ssy) fo (i (y:6)) £ € C2(G % 60).

€Sy,

At last, we can extend Theorem 7.5 to G>°.

Theorem 714  Suppose y € ¥(G) has discrete diagonal restriction; then

M/MW)

z z
”1\/?(1/5 €)= ”A/}’w(w’ £gy

Proof We can assume that G is special even orthogonal and SZ" 74 8y. The proof
goes in the same way as that of Theorem 7.5. First we choose s* e 8 but not in 8,
and we define

MW o () = Z\ﬁ(S*SW)TIIZ\,}’W(l//,s),
€8y

M3 (v) = X e(s"s)m (o).
€8y

Secondly, we can extend Lemma 7.6 to this case, i.e., for (p, A, B, () € Jord(y) such

that A > B,
Hi/?s* = @ (-D*B,...,~{C) % Jacypsa),.., 12\40,5*(1//) (p,A,B+2,0))

Ce]B,A]
@( 1) [(A- B+1)/2] Ms (wl’ (p,A,B‘Fl,(),(p,B,B, ()))

where we let s*(p, A, B,{) = s*(p,A,B+2,{) = s*(p,A,B+1,{) = s*(p, B, B, ().
The proof is the same. Then we can show by induction that

% (y) = eg ™Y (s, . ().
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This is because of Theorem 6.21 and the fact that (71) still holds in this case. Finally,
. — —M/MW
since my (v, €) = mmw (¥, €€, ), we have

e(s™sy) 2 (v e) = en /™M™ (s*) - eed ™Y (s )2 (ws e ™™
M/MW)

= e(s”sy) My (v ey
by the linear independence of twisted characters. Hence,

g (9, €) = mypyy (s ey ™).

8 The General Case

In this section, we consider Moeglin’s parametrization of elements in IT,, for general
v € ¥(G). The idea is similar to Section 5. We first assume that ¥ = y,, and fix
an order >, on Jord(y) satisfying condition (). We also choose a parameter v,
dominating y with discrete diagonal restriction and natural order, and we identify
852 S Sil. Then we define for ¢ € 85,2,

> . )
Tt (V> €) 1= ©(p,4,B.0)eJord(y) JAC(p, 4, B 0) (p,4,8,0) ot (Wos €)

where the composition is taken in the decreasing order. Since

20 (Y, £80) = 22 (Y, €) ® W0,

we have
nl%,}’ (v, ee0) = ﬂi}’(w,s) ® wy.
We also define
(8.1) M (Y, €) 1= 0(p,4,8,0)eJord(v) JAC(p, A B, O) o (9 4,B,0) M (Vs E).

It follows from the case of discrete diagonal restriction that the restriction of 7'[1%/}) (v, ¢)
to G viewed as ((G)-modules is 277y (y, €) if G is special even orthogonal and Si" =

8y, or my (v, €) otherwise.

M/MW

Next we extend the definition of &y € 85,2 to this case.

Definition 8.1 ~Suppose y =y, € ¥(G) and (p, a, b) € Jord(y). We fix an order >,
on Jord(y) satisfying condition (P).

(i) Ifa+bisodd ey™" (p,a,b) =1

(i) Ifa+ biseven,let
m={(p.a’,b") €Jord(y) : @', b’ 0dd, Car = —1, (p @' b') >y (ps b)),
and
n=4{(p.a’,b') e Jord(y) : a',b 0dd, (p,a’,b') < (p.a,b)}.

Then
1 if a, b even,

ey " (poa,b) = {(-)™  ifa,bodd, {yp =+,
(-1)™" ifa,bodd, {sp = —1.
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Proposition 8.2 Supposey =y, € ¥(G) and € € STP then
(v, ) = maw (y, 28, M),
Proof By the definition of (5.6) and (8.1), it suffices to show that

7TM(1//>>) 5) ﬂMW(V/>>> &€&y /MW)

One checks easily sy/ MW ele Mw by the definition. So now this proposition will

follow from Theorem 7.5 directly. ]

As a consequence, we have the following result.

Proposition 8.3  Supposey =y, € ¥(G) and € 8/1,,: Let p be a unitary irreducible

supercuspidal representation of GL(d,).

(i)  For { e {+1} and segment [x, y] with 0 < x < y, Jace,, ¢y (¥, €) = O unless
there exists a sequence of Jordan blocks {(p, A, B;, ()}, € Jord(y) such that
Bi=x,A,2>y,andB; <Bi.1 <A; +1

(i) Forx eR,let m={(p,A,B,{) €Jord(y) : (B = x}; then

Ex ..... x ﬂM(W’E) =0

ifn>m.

Proof Note that 7y (y,€) = TIMW(IV,£8M/MW) and

Taw (Ys esM/MW) {HW(W’ = iree

—M/MW— MW/W) M/MW MWW Sw

0, otherwise.

So it suffices to show the proposition for 7y (y,€) and € € g; As we see from the
proof of Proposition 5.7,

e(sy)
ISy

Z E(S)ﬁW,s (v),

se8y,

mw (¥, €) =

where Iy (v) is transferred from I1y,, for (H, yx) — (¥,s). By (4.1), it suffices to
show the vanishing of the corresponding Jacquet modules for m, := my, ® my,,. In
fact, it suffices to consider
Ty = X Sp(St(p,a),b).
(p>a,b)eford(y)
Then one can easily check that ]ac?x
Jordan blocks

¢y My = 0 unless there exists a sequence of

.....

{(p, Ai, Bi, )}y € Jord(y)
such that B; = x, A, > y,and B; < Biy; < A; + 1. Itis also easy to see that

if n>m. [ |
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Remark 8.4 This proposition implies that the same kind of statements are also true
for 720 (v, €).

For functions I(p, A, B, {) € [0, [(A~B+1)/2]] and 51(p, A, B, {) € Z, on Jord(y)
such that

£Lﬁ(P’A)B) () - ﬂ(P)A’ B, ()A—BJrl(_1)[(A—B+1)/2]+l(p,A,B,{)
defines a character ¢;,,, of 852, we define

13t (V> 1, 1) 3= ©(p,0,8,0)e10rd(v) JAC(p, A B O (p,4,8,0) Taf (W 1 1),

where the composition is taken in the decreasing order,

l(P)Aa B, () = l(PaA») B>>)() and ﬂ(PaA) B)() :ﬁ(P)A>>7 B>>>{)-

Then we have the following result about this representation.

Proposition 8.5 ([Mcegl0], Proposition 2.8.1)  Fory =y, € ¥(G), ma2 (v, 1, n) only
depends on >y, but not on Y. Moreover, nIZV}’(l//, 1 ﬁ) is either zero or irreducible. If

ﬂi}’(w,l,ﬂ) #0, then
Z > Z
Tyt L) — X X x iy (v, L, 7),
(Y, L) ( (p’A)B’()E]md(W)< (p,A,B,{))) m L)
where the product is taken in the increasing order.

Proof First, we would like to show nf,}’ (v, 1, n ) only depends on >,,. Suppose there

are two dominating parameters ¥ and y2 with discrete diagonal restriction and
natural order; we can always choose a third one %, that dominates both v, and y2 .
It is clear that

> i > *
”M(’(V’l»ala ﬁ) = 9(p,A,B,{)eJord(v) IaC(p,A;,B;,()H(p,A;,B;,c) 7T1v}’(‘If>>>L 1)

for i = 1,2, where the composition is taken in the decreasing order. For all
(p', A", B, (") >y (p, A, B, (), itis easy to check that

Jacto.an b0 (pas) AN JAC( arz g oy (Al B0
commute (cf. [Xul5, Lemma 5.6]). Also note that

Jac(p,ai, Bi, 00> (p,4,B,0) ©JAC(p,a% B ,0)s (p,4L BL,0) = JAC(p,4% ,BL. 0 (p.4BY) -
Then
.
©(p,A,B.0)eJord(y) JA(p, 4L, B0 (p,B.0) Tad (Voo 1o 11) =

©(p,4,B,)eJord(y) JAC(p, 4%, 82,000 (5,4 B,0) g (W Lo 1)
This finishes the first part of the proof.
Next we index Jord(y) according to >, such that
(pi>Ai, Bi, (i) >y (pi-1, Ai-1, Bicy, Gic1)-

Let ¥, be obtained from v by shifting (p;, A;, B, ;) to (pi, A; + Ti, B + T, (). We
also define y* from v, by shifting (p;, A; + Ti, B; + T;, {;) back to (p;, A;, B;, {;) for
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i < k. Suppose my? (v, 1, ) # 0; then e (y*, 1, 7) # 0 by definition. We would like
to show by induction that 75° (y*, I, n) is irreducible and that

Ck(Bi+ Tk) -+ Ck(Bi+1)
82) mp(y Ly — : : xye (v*, L)
Ck(Ak+Ti) -+ Ck(Ax+1)
is the unique irreducible subrepresentation. Note that y° = y, and y" = y, where
n = |Jord(y)|. So let us assume 750 (y*7, 1, n) is irreducible. For 0 < < Ty — 1, we
denote

k(B +Tx) -+ C(Bp+1+1)
1= : :
(A +Tx) -+ G(Ax+1+1)

Let wk’l’l be obtained from 1//"’1 by shifting (px, Ax + Tk, Bx + Tk, (k) to (pr, Ag +
1, B + 1, (k). We claim that 70 (y*~11, 1, n) is irreducible and

o (W L) — ey (vE L)

is the unique irreducible subrepresentation. In particular, y*~1* = y¥, so this is what

we want.
To prove the claim, we assume it is true for / + 1, and we would like to establish it
for I.
S, k-1 So(, k=1,141
72 (WAL ) o T3 (P L),
Since

there exists an irreducible representation alz" and C € [Bx +1+1, Ay + 1 +1] such that
nlz\;(l//k_l’l“,l,ﬁ) —(GC ., G(Ag+1+1)) 0120.

If C > By + I +1, then by Proposition 8.3 there exists (p;, A;, Bi, (;) € Jord(y) for
i < k such that

Pi:Pkaci:Ck:Bi>Bk+l+l and A; 2 Ap+1+1

But this is impossible by the condition (P) on >,. Therefore, we must have C = By +
I + 1. It follows that 012" is a constituent of 7112\/}’ (y*rh 1, ﬁ). Apply Proposition 8.3 to

l//k—l,l
(83) IaC{kcr el UIZO =0

.....

, and we have

for C' e [Bp+ 1+ 1, Ax + T ], C" € [Af + 1 +1, A + Tx]. To sum up,
(k(Bk +1 +1)

z k-1 z
771\/?(1// )1)7)(—)Tl+1>< X‘alo'

(k(Ak + l +1)
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If we apply ]aC(Pk’Ak+Tk’Bk+Tk:(k)’_’(Pk:Ak*'l)Bk"‘l’(k) to

(k(Bk +1+ 1)
(8.4) Tpa X : x a7,

(k(Ak +1+ 1)
we should get alz" by (8.3). So

S, k-1l ) B¢, k- b
n]\do (I// ! ’l’ﬁ) = Iac(pk,Ak+Tk,Bk+Tk,(k)>—>(pk,Ak+l,Bk+l,(k) 71-1\40 (1// 1’1’ﬁ) = o-l 0’
and (8.4) has a unique irreducible subrepresentation. Hence,
me (VL L) — 1y (v L)

is the unique irreducible subrepresentation. This completes the proof of our claim. W

Remark 8.6 It is an interesting problem to determine when 771%}(‘!” L,n) is not
zero, and a solution to such problem would have many applications (e.g., [Mcegllb,
Moeglla]). In a sequel to this paper, we will give a procedure for finding explicit non-
vanishing conditions on (I, 1) for 73° (v, 1, 17).

Corollary 8.7 Fory = y, € ¥(G), lf?'[lz\:;(l//,l,ﬁ) = nf}(w,l’,ﬁ’) # 0, then
(L) ~z, (s "),

Proof Suppose 7.0 (. 1, n) = 0 (y, 1, n') # 0; then by applying (8.2) step by
step, one can conclude that 75 (v, I, n) = ﬂlz\;(lll»,l,,ﬂ’). This implies (1, 7) ~3,
(1) u

Let ma (Y, I, n) be the irreducible representation of G viewed as H(G)-module in
the restriction of 7'[]%/;’ (v, Ln) to Gif 7'[]%/;’ (y,1,17) # 0, and zero otherwise. Then

ot (V> 1, 1) = ©(p, 4,80 ford(9)JAC(p, A B O (pod, 8,0 T (Y, L 1),

where the composition is taken in the decreasing order. The following proposition fol-
lows easily from the definitions and similar statements in the case of discrete diagonal
restriction (cf. Proposition 710 and Corollary 7.13).

Proposition 8.8 Fory =y, ¥(G)andee Siﬂ,

My (y,€) = ® e (v, L 1),
{(Ln):e=e1y}/~x,

(. 8)= D mu(y.La).
{(Ln)e=e,,}/~

Moreover,

B mi(ve)

a—eesj‘;
consists of all irreducible representations of G*°, whose restriction to G belong to

7TM(1//, E)
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Asa consequence, for y = y,, € ¥(G) we can define Hi“ to be the set of irreducible
representations of G>?, whose restriction to G belong to IT. In the case where G is

special even orthogonal, if Si" # 8y, then n% = 7 for any irreducible constituent

[7] in mp(y, €). So it follows from Theorem 4.2 that there is a canonical disjoint
decomposition

Hi" = |7|~ e (v, €)
seSf,“
such that:

o [ (v, e)lc] = 2mw(y,€) if G is special even orthogonal and Si" = 8y, or
nw (v, €) otherwise.
e Foranys e Si“ but not in 8, and (H, yg) — (v, s), the following identity holds:

fwlyn) = 3 e(ssy) fe(myg (voe)) [ CZ (G o).

€Sy

Let us also define for ¢ € 853,

2 — >
Tytw (V> €) = ©(p,4,8,0) eord(v) JAC(p,4.0 B, 1) (p,4,8,0) Tt (V> €).-

Then we have the following theorem.

Theorem 8.9  Suppose y =y, € ¥(G) and ¢ € 81//>’

e (v, ssMW/ ), ifssWMW/w € Si“,
0, otherwise,

Zow(V/’ 8) =

and
M/MW)

(W> €)= ﬂMw(W’ &gy

Proof We can assume G is special even orthogonal and Si" # 8. Since

0, otherwise

@y, ifey €5,

we have 22, (v, ssw wiw )#Oonlyifee SZ"

Let us choose s* ¢ Sw> but not in 8>, and we denote its image in Si" again by s*.
Then let us define

MW o (¥) = ;5(5 OW(V’)S),
S,

B4 |

WS*(‘//) = Zf s*sy)me (v, €).
eS8y,

As in Proposition 5.7 one can show

T2, o () = ey Y (s3T5 L (v)
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(cf. (5.7)). By the linear independence of twisted characters, we have for ¢ € 85“,

eeyw/w )nMW(l//, seMw/W) = Mw/w(s ) -e(stsy) M (v, €).
And hence,
MW/W
st (v ey ") = (v e).
This proves the first part. The second part follows from the case of the discrete diag-
onal restriction and the fact that eM/ MW _ ff/ MW, ]

The following corollary is a direct consequence of Theorem 8.9.

Corollary 8.10  Suppose y =y, € Y(G)ande e 852, let sM/W = SWM/MWSWMW/W-

Then
%o MW . M/W 5%
mye(y,€) = {HW(W’ eey '), ifeg,’” €8y,

0, otherwise.

Finally for y € ¥(G), IT, = my,, x I1,,. We define

12 .= X Sp(St(p,a),b)) = 1%,
v = (poab)Jord (yp) ) My,
wele)=( X Sp(silp,a),b)) %k (ype),
(prab)eJord(yp)
)= (X Sp(St(p.a).b)) i ()

(p>a,b)eJord(ynp)

foree Si". Then we have

7% (y, €) = na}’(l//,sst/W), if eey, M/w 68’%,
MR 0, otherw1se.
For I(p, A, B,{) € [0,[(A - B +1)/2]] and 51(p, A, B, {) € Z; on Jord(y,) such that
ey € S/i\g, we also define
p)
Bl =( X Sp(St(p.a),b)) % m(yp L),
WL = (pas)Jord (vip) ) g

oL =( X Sp(St(p,a),b)) % (L)
(pa,b)eford(ynp)

Proposition 8.11 ([Mceg06a, Theorem 6]) Fory € ¥(G), 22 (v, 1, n) is irreducible
or zero.

As a consequence of this proposition, 7y (v, 1, i7) is the irreducible representation

of G viewed as 7{(G)-module in the restriction of 22 (v, I, n) to Gif 0 (v, 1, n)#0,
and zero otherwise. To summarize, we obtain Mceglin's multiplicity free result for
Arthur packets.
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Theorem 8.12 (Mceglin) For v € ¥(G),
()= @ i pe) (resp TI(y) = @ mw(v.5)

seSio €8y,

is a multiplicity-free representation of G* (resp. 3(G)-module).

A Compatibility of Endoscopic Transfer with Aubert Involution

In this section, we want to establish the compatibility of (twisted) endoscopic transfer
with generalized (twisted) Aubert involution (¢f. (6.3), (6.7), and (6.9)). We will start
by considering the usual (twisted) Aubert involution. Let F be a p-adic field and let G
be a quasisplit connected reductive group over F. Let 0 be an F-automorphism of G
preserving an F-splitting. We denote the space of (resp. twisted) invariant distribu-
tions on G by T(G) (resp. T(G?)), and denote the space of stable invariant distribu-
tions on G by SI(G). Let P? be the set of f-stable standard parabolic subgroups of G.
Let Gt = G x (0). For any n* € Rep(G™), we define the 0-twisted Aubert involution
as follows:
inv?(7*) = 3 (-1)4mA90 [nd§ (Jacp 1),
Pepd

where Ap is the maximal split central torus of the Levi component M of P. Let H be
a twisted endoscopic group of G, and we denote by inv”’ the Aubert involution on
Grothendieck group of Rep(H). Then we want to show that the following diagram
commutes, where the horizontal maps correspond to the twisted spectral endoscopic
transfer:

(A1) SI(H) —— 1(G?)

ianl J{invg

SI(H) —— 1(G?),

To establish this diagram, we need to know the compatibility of twisted endoscopic
transfer with Jacque modules, and we will recall its formulation here following [Xul5,
Appendix C].

For simplicity, we will assume there is an embedding

f:LH—)LG

and {(*H) ¢ Cent(s,"G) and H = Cent(s,G)° for some semisimple s ¢ G » 0.
We fix (0-stable) Tg- sphttlngs (By, Tu, {X4,}) and (Bg, Tg, {Xq }) for Hand G
respectively. By taking certain G-conjugate of £, we can assumes € T x 0 and §(Ty) =
(‘.Tg)0 and £(By) € Bg. Let Wy = W(H, Ty) and Wge = W(G,‘J'G) ; then Wy can
be viewed as a subgroup of Wge. We also view “H as a subgroup of G through 3

For P = MN ¢ P with standard embedding ' P — LG, there exists a torus S C (‘.T‘9 )°
such that ' M = Cent(S,%G). Let Wy;o = W (M, ‘J'G)9 We define

Wgo (H, M) := {w € Wgo | Cent(w(S),“H) - W surjective }.

https://doi.org/10.4153/CJM-2016-029-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-029-3

On Meeglin’s Parametrization of Arthur Packets 947

For any w € Wgo(H, M), let us take ¢ € G such that Int(g) induces w. Since
Cent(w(S),“H) — Wr is surjective, g"Pg™' n L H defines a parabolic subgroup of
L H with Levi component g" Mg~ n L H. So we can choose a standard parabolic sub-
group P!, = M! N! of H with standard embedding *P/, < LH such that L P/, (resp.
LM! ) is H-conjugate to g" Pg~' n L H (resp. g" Mg~ n ! H). In particular, M/, can be
viewed as a twisted endoscopic group of M, and the embedding &y, : “M;, - “M is
given by the following diagram:

EM;,
L\P[:V LM:,V LM Lf
Ly Int(h) Ly £ Lg Int(g) LG,

where h € H induces an element in Wy. Note that the choice of & is unique up to
M, -conjugation, and so is & m,. If we change g to h'gm, where h' € H induces an
element in Wy and m € M induces an element in Wj,s, then we still get P!, but & M,
changes to Int(m™") o & M, up to M;,-conjugation. To summarize, for any element w
in
Wir\ Weo (H, M)/ Wygo

we can associate a standard parabolic subgroup P, = M/, N’  of H and a M-conjugacy
class of embeddings &y, : “M;, — M. Then the following diagram commutes,
where the sum is over Wy\ Wgo (H, M)/ Wy, and the horizontal maps correspond to
the twisted spectral endoscopic transfers with respect to £ on the top and &y, on the
bottom:

(A2) SI(H) ———— 1(G%)
D, ]ac%l J{]acl,
®,, SI(M!)) —— T(M?).

Let us denote the twisted spectral endoscopic transfer from H to G by Trango ,and the
twisted spectral endoscopic transfer from M, to M by Tranﬁz . Then we can translate
the diagram (A.2) into the following identity. For © ¢ SI(H),

> Tranﬁz Jacp, OF = Jacp Trange of.
It follows that
> Ind$ (Tranﬁz Jacp, ©") = Ind$ (Jacp TranIG: o).
By the compatibility of twisted endoscopic transfer with parabolic induction,
Ind§ Tranﬁz ( Jacp, o ) = Trange Ind?& ( Jacp, o ) .

So
TranIG; ( > Indgv,v Jacp, @H) = Ind$ Jacp ( Tranfle @H) .
w
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We can multiply both sides by (~1)4™(4»)e_ and then sum over P ¢ P?,

Trango ( >(-1 1)dim(4r)e ZIndP, Jacp, ®H) = inv ( Tranf,g o).
Pepd

To establish the diagram (A.1), it is enough to show

> (- —1)dim(4r)e Zlndp, Jacp, @7 = = inv ©".
PeP?

By the definition,

i@ = 3 (-1 1)4m A Indf Jac, @F,
P'ePH

where PH denotes the set of standard parabolic subgroups of H. So it suffices to prove
the following proposition.

Proposition A.1 ~ Forany P’ = M'N’ ¢ PH,

(A3) Z (—l)dim(AP)BaM',H,M — (_l)dimAP/,
Pepd

where
aM!’H’M = lj{w € WH\WGB(H)M)/WM9|P:V = P,}

Hiraga proved this proposition in the non-twisted case (see [Hir04]), and we will
extend his arguments to prove the twisted case here. First we need to introduce some
more notation.

Let AS? be the identity component of I'r-invariant elements in (‘J'e ), and let
AF be the identity component of I'z-invariant elements in Tg. By the choice of G-
conjugate of £, we can further assume that £ (AFI ) € A®? and there is a 6-stable
standard Levi subgroup M of G such that * M¥ = Cent(A",LG).

For any 6-stable standard Levi subgroup M of G, we denote by Ryes(M) the
root system (not necessarily reduced) obtained by restriction from the root system
R(M, ‘J’G) to (‘J‘g)o, and we denote the set of simple roots in Ryes(M) by Aes(M).
Let R%, (M) be the set of positive (negative) roots. We write rres(M) for the num-
ber of T'r-orbits in A e (]\71 ). Note that P? is in bijection with the I'z-stable subsets of
Ares(G). .

For any standard Levi subgroup M’ of H, we denote by R(M’) the root system
R(M, Ty) and we denote the set of simple roots in R(M’) by A(M”). Let R*(M")
be the set of positive (negative) roots. We write r(M") for the number of I'r-orbits in
A(M?). Note that P¥ is in bijection with the [z-stable subsets of A(H). It is easy to
see that R*(H) ¢ R%(G).

G,0

If we multiply both sides of (A.3) by (~1)%™A4™" then we will get

(A4) (1) gy gy = (1) OO0
PePo

We will break the proof of this identity into four steps.
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Step 1: We fix a 0-stable standard Levi subgroup M of G. Let
Do = {w € Wgs|w™ (Ares(M)) € Rii(G)},
Dy = {w € Wee|w™ (A(H)) € Ry (G)}.

We would like to show that Dy pe := D;}B N Dy is a set of representatives of
Wi\ Wgo/Wigo.

Lemma A.2 Dy (resp. Dy) is a set of representatives of Wi\ Wge (resp. Wiyge\ Wege).

Proof For any w € Wgs, let By := H n w(Bg). Then By is a Borel subgroup of
H. So there exists a unique wy € Wy such that WH(E H) = By. It follows that By =
wu(Hnw(Bg)) = Hnwyw(Bg), and hence wyw € Dy. By the uniqueness of wy,
we see Dy is a set of representatives of Wg\ We.

The proof for Wye\ Wes is similar. One just needs to notice Wgo = W(G', (Tg)o)
and Wy = W(M', (‘J’g)o), where G' (resp. M") is the identity component of -in-
variant elements in G (resp. M). [ |

For w € Wge, we define
Lo (w) = f{a € Ry (M)|wa € R, (G)}
ln(w) = fla € R (D)lwa € Ry (O)}.

Lemma A.3  Foranyw € Wgo, D pr0 0 WawWype # @.

Proof Since Dy is a set of representatives of Wy\Wgs, we can choose wy €
Wrw Wy such that wy € Dy. Note that wy' € Dy if and only if 1y (wg) = 0.
So we can make an induction on Iy (wo). Suppose Iye(wo) > 0; then there exists
& € Ares (M) such that woa € R, (G). We claim

Inge (Wosa ) < Ipge (wo),
where s, is corresponding the simple reflection. To see this, note that

sa(R(M) - Zya) = R}, (M) - Z,a and  woa € Ry, (G).

res res

So

Lo (wosa) = f{a’ € Riy (M) - Z,alwosqa’ € Ry (G)}

= H{a" € Rie,(M) - Zialwoa” € Rii(G)}.

Then _

Lo (wo) = Ly (Wose) + |Zya n R (M)| > Ly (Wosy ).
We still need to show wos, € Dy. For that, let us consider (wqsy) '(A(H)) =
sawy (A(H)). Since

SOC(R:es(G) ~Zya) = R:es(é) ~ L a,

we only need to show wy'(A(H)) N Z,a = @. This is guaranteed by the fact that
woa € R, (G). [ |

Now we have the following proposition.
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Proposition A.4 Dy yp is a set of representatives of Wi\ Wge / Wge.

Proof In view of Lemma A.3, we just need to show Wyw Wy contains a unique
element in Dy 0 for any w € Wgo. Suppose wo, wy € Dy po 0 Wyw Wyye; then we
can assume that wy = wywowye for wy € Wy and wye € Wype. First we want to
show that wy can be chosen to be trivial. Note that wyy = 1if and only if Iy (wg') = 0.
Suppose I (wg') > 0; then there exists a € A(H) such that wi'(a) € R™(H). Since
wo, W) € Dy, we have = wi'wila € R, (G) and w8 = (wg) "o € Ri((G). So
B € R;,,(M). Hence
Wy = WaWoWpe = (o * Sa )WHWoW 0 = SaWHS =16 WoW a0
= (Sawn)Wo(Syz1w=1aWho) = (SaWrH)Wo(SpWppo ).

As in the proof of Lemma A.3, one can show Iy (wg'sq) < lz(wg'). So by induction

on Iy(wy), we can assume that wy = wow . Since wo, w}, € D;/Ilg, we must have
wye = 1, and hence wy = wy. [ |

Next we would like to describe Dy 0 N Wge (H, M), which is a set of represen-
tatives of Wi\ Wgo (H, M)/ Wyo. Since "M = Cent((A%)°,"G), w € Wgo(H, M) is
characterized by the condition that

Cent(w(A?W)O, LH) — Wg
is surjective. For w € Dy, the above condition is equivalent to requiring W(A%)O c
A S0 let us define
~ _ ’é‘ 7
DMG = {W € DMG | w I(AM)O c AH}.
Then Dy ypo = 5;}9 N Dy is equal to Dy p0 N Wgo (H, M).
For w € Dy ypo, it is easy to see that M7, = w(M) n H. So we would like to define

M7, := w(M)nH forall w € Dy 0, and note that M/, is only a standard Levi subgroup
of H over F in this case. For any standard Levi subgroup M’ of H over F, let us define

Dy = {weWgo [w(A(M)) € R (G)}.
We also define
Dy pme = {w € Dy o | M, = M}, 5M’,H,M9 ={we BH,M" | M, = M'}.
It is clear that Dy e # @ only when M’ is defined over F.

Step 2: We again fix a 0-stable standard Levi subgroup M of G, and we will take M’
to be standard Levi subgroups of H over F (if not specified). Let

EMH: Z w and &y = Z w.

D weD
weD 9 M

Forany & = Lwew,, Aww, let us write
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Then we want to show

(A5) [£HEM9]H= > ay o [Emr]u
P’ePH

For any x € Wge satisfying x(AHY = AF its coefficient in [Ex& o]y is given by
the number of pairs (dp, dye) € Dy x Do such that x = dydye; in other words, we
need to count xD;}e N Dy.

By Proposition A .4, it is enough to count

(A.6) (xﬁ;v}e N Dy) N Wyw Wy
for all w € Dy pro. Let
(A7) w ™l = wyge (2, w) - d e (x, w)

for wye (x,w) € Wye and dye(x,w) € Dyo. Note that this decomposition makes
sense for all x € Wge.

Lemma A.5 Suppose x € Wge satisfies x(Aﬁ) = Af and w « Dy ye; then
dpe (%, w) € Dypo if and only if w € Dy ppo.

Proof Since xd (x,w)_l(A%)o = WWMe(X,W)(A%)O = W(A%)O, the lemma is
clear. ]

Before we give the result for (A.6), we would like to consider a slightly more general
situation.

Proposition A.6  For x € Wgo and w € Dy ypo,

{xdpo (x,w)™},  ifxdye(x,w)™ € Dy,

xD 7l N D) N Wgw Wy =
(*Diys 2 e a, otherwise.

To prove this proposition, we need the following lemma.

Lemma A.7  Suppose w € Dy y0, and every element in Wyw Wye has a unique ex-
pression as wgww ypo for wye € Wyge and wy € Dyj, 0 Wy, where M’ = M., Moreover,

I (wyow ™ wip) > In(wyy).

Proof Asin Lemma A.2, one can show that D}}, n Wy is a set of representatives of
WH/WMV. Then
waww e = (dyfwar ) wwige = dypw(w ™ wapw)wye

for dyp € Dpp and wyr € Wiy, Since Wy n wWyew™ = Wy, we have
wlwarw € Wye. This proves the existence of the expression. To see the unique-
ness, we can assume that wywwye = wyww? , in both the desired expressions. Then
WHWW pr0 (W6 )~' = wi;w. So we can assume instead that wgww 0 = wiw. It follows
WWyo = Wi whyw € Wgw. So wwyew™ € Wy. Hence, wyy = wwyow ™' € Wy
Now we get wywp = w}l. Since wH,w;{ € D;,}, N Wy, we must have wyys = 1. Then
wy =wyand wye =1.
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Next we want to show
ZH(WI_MlgW_lw;Il) > I (wif

for wye € Wy and wyr € D}, 0 Wy Note that

R*(H) = (R*(H) - wr(R*(M))) [ wr(R*(M)).
Then

wi (R*(H)) = (wi (R*(H)) - R* (M")) [ |R"(31).
We claim that a € wi} (R*(H))—R* (M) is positive ifand only if w ), w 't is positive.
It is clear that for a € R(H), a is positive if and only if w™'« is positive. So we only

need to show w™la ¢ Ryes(M) for a € wi(R*(H)) — R*(M’), or equivalently, « ¢
w(Ryes(M)). To see this, we consider

RY(H) nwyw(Rres(M)) = R*(H) n wH(R(FI) N w(Rres(ﬁ)))
= R*(H) nwu(R(M)).

Since wy € Dy}, N Wy, wy (R*(M")) € R*(H), and we have

R*(H) nwy(R(M)) =wy(R*(M)).
Therefore,

R*(H) nwgw(Rres(M)) = wu(R*(M)).

Multiplying both sides by w, and we get

wi (R*(H)) nw(Ryes(M)) = R*(M).
From this identity, one can easily see & ¢ w(Ryes(M)) for a € wi' (R*(H))—R* (M?).
This shows our claim. Consequently, we have

l(witew ™ wit) = In(wi) + j{ @ e R" (M) | wyjaw '@ € Ry (G) } > Ig(wy). m
Corollary A.8 Forw € Dy po, Dy 0 WawWye € w Wy,

Proof For wywwye € Dy 0 Wgw Wy, we can assume that wy € D3}, n Wy by
Lemma A.7. Then 0 = Ig(wyow'wy') > Ig(wi}'). So Ig(wy') = 0, and hence
wHg = L |

Now we will prove Proposition A.6.

Proof For x € Wge and
y € (xDyfo N D) N Wyw Wiy,

we can assume y = ww e for wye € Wy by Corollary A.8. There exists dye € Dy
such that

xdyfe =y = wwyp.
So wlx = wyedye. Compared with (A7), we get dy = dye(x,w) and
wye = wye(x,w). Then y = xdppe(x,w)™ € Dy. On the other hand, suppose
xdyo(x,w) ™" € Dy; it is clear that xd e (x, w)™" € xDj;, N Dy. Moreover,

xd o (6, W)™ = wwpge (X, w) € Wgw W,
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So xdpe (x,w) ™' € (xDy o 0 D) 0 Wyw Wyye. This finishes the proof. [
Since there is a decomposition

DH,MG = |_|DMI’H’M9,
P/

where the sum is over all standard parabolic subgroup P’ of H over F, we would like
to refine Proposition A.6 by restricting to Dy g az6.

Proposition A.9  For x € Wgo and w € Dy gy o, (XDjyjo 0 D) 0 WywWoye # &
if and only if x € Dy

Proof By Proposition A.6, it is enough to show that xd e (x, w)™ € Dy if and only
if x € Dy Since

R*(H) nw(Ryes(M)) = R* (M)
and xd o (x, w) ™' = ww e (x, w), we have

dygo (26, w)x ™ (RT(M7)) = dygo (e, w)x ™ (R (H)) 0owgo (%, w) 7w 7w (Rres (M)
= dpo (x, w)x {(RT(H)) N Ryes (M).
If xd 0 (x, w) ™" € Dy, then dygo (x, w)x ' (R*(H)) € R%(G). So
dye (X, w)x{(RT(M")) € R}, (M).
Then
xR (M) € dygo (%, w) " (Ryes (M) € Ry (G).
This means x € Dy

Conversely, suppose x € Dy; then x™'(R*(M")) € R},

dypo (x,w) ™ (dygo (x, w)x ™) (R (M) € Ry (G).

Since dyo (x, w)x{(RY (M) = wyo(x, w) W (R* (M) S Ryes(M), we must
have

(G). We can rewrite it as

dygo (%, w)x T (R* (M) € R}, (M).
So it is enough to consider
dyo (x,w)x " (R* (H) - R* (M)
= wao (x,w) w ™ (R*(H) - R* (M)
— wago (6, w) (w7 (R (D)) - w™ (R (FT))
= wye (6, w) 7 (W (R (H)) - w™ (R*(H) nw(Rees(M))))
= wago () (W (R (D)) = w™ (R (1)) 1 Rees (1))
= wyo (6, w) ™ (W (R (H)) = Rees (M)

Since @ € w™'(R*(H)) = Ryes(M) is positive and not in Ryes (M), wyse (x, w) a is
also positive. Therefore,

dyo (x,w)x™'(R* (H) = R* (M) € R;(G).
This implies xd 0 (x, w) ™ € Dy. [
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Next, we will modify Propositions A.6 and A.9 for counting (A.6).
Proposition A.10  For x € Wge satisfying x(AH) = A" andw e Dy ares

(xDylo N Dir) N WewWyo =
{{dee(x,w)_l}, ifw e Dy o and xdye (x,w) ™! € Dy,

&, otherwise.

Proof By Proposition A.6,

{xdpe(x,w)™'}, if xdye(x,w)™' € Dy,

xD3% N Dy) N WgwWye =
( Mo ") H M {@, otherwise.

So (xD}}y N Dy) N Wyw Wy # @ifand only if xdpe (x,w) ™' € Dyyand d o (x,w) €
Dye. By Lemma A5, this is equivalent to requiring xdye (x, w)™ € Dy and w €
DH)Me. |

As a consequence, we can restrict ourselves to the set D H,m¢ When counting (A.6).
Since

(A.8) Dywo= | Durpmos
PrePH

we can further restrict to each Dy 0.

Proposition A.11  For x € Wgs satisfying x(AF) = AT andw e Dy 1o
(xDyls N D) N WwWoypo # &
ifand only if x € Dpy.
Proof By definition, D e mme S Do g - Inview of Proposition A.9, it suffices to
show that for x € Dy,
(xD3} N D) N Wyw Wy # @.

Since in this case
(xDyjo N D) N WywWype # 2,

we have xd e (x, w)™ € Dy by Proposition A.6. Then the result follows immediately
from Proposition A.10. u

Corollary A.12
[EHEMHJH: Z aM',H,MG[EM’]H-

P/ePH

Proof Since ayy o = |Dpyoypol> this identity is an easy consequence of (A.8)
and Proposition A.11. ]
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Step 3: In this step, we would like to establish the following two identities:

(A.9) Z (_l)rres(M)gMg - (_l)rres(MH)W§WJ_VIH’
PePo
(A.10) S () M) [Epp ] = [EqwSw™ .
P'ePH

G MHy . . .
Here wZ (resp. w2 ) is the longest element in Wg (resp. Wyx). It is an easy exer-
H —~—
cise to show that w® € Wgo (resp. w™" € W yuy0). Moreover, we have wé(A?) =
AGP (resp. wM" (AG0) = ACH) o Wl wM" ¢ Wk,

First let us consider (A.9). Recall that the left-hand side of (A.9) is equal to
LHS(A9) = Y (-1)™=(D 3y,

PeP? WGBM(,

and we make the following observation.

Lemma A.13 Ifw € Dy, then w € Wcr;f,.

Proof Forw € Dy, we have

W (Ares(M)) € R},

res

(G) and w(A%)’c A"

by the definition. We take any o € I'r. Since AP ¢ AGE jtis easy to see that o(w) €
Wyew. On the other hand,

o(w) ! (Ares(M)) = 0(w ™ (Ares(M))) € 0(Res(G)) = Ries(G).
So g(w) € Dyo. By Lemma A.2, 0(w) = w. Hence, w € WGFS. [ |

As a consequence, we can restrict the summation on the left-hand side of (A.9) to

Wcr;‘;. Moreover, for w € Wé‘;, the condition that w € D0 is equivalent to

Rl (M) c w(Ri (M) € Ri,(G).

res

So
LHS(A.9) = Y. (-1)"=(D) D w
PeP? wewrg
G

R (MA)cw ™ (R}, (M))<RS, (G)

res res res

Y S )

wew'r P’ A
¢ w(REL,(MP)) R (M)ew (R (G))

res res res

Forw ¢ WGr{j, we define
I,={ac Ares(§)|nﬁa # 0 for some f3 € Ares(W)},

where wf =¥, A (@) 7« & Then we have the following lemma.
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Lemma A.14 Forwe W' I, = w(Ares(W)) if and only if

G%’
w(Riys(MT)) € R}, (M) € w(R;,,(G))

for some P e PY.

Proof If there exists P € P? such that
W(R:—es(MH)) S R:—es(ﬂ) S W(R:es(é)) >

then I, € Ares (M) € w(R%,(G)). Sow™(I,,) € R}, (G). We claim w(Aes(MF)) €
Ares(G). Suppose B € Ares(MH); since wpB € R, (M), we can assume that wp =
Y ael, Npa @ Where ng, > 0. Hence,
B=wT(wB) =3 ngs (w'a).
ael,

Since w™'a € R} (G) for a € I,,, this can only happen when ngo = 0 except for
one simple root, i.e., W € Ares(G). This proves our claim. As a consequence, I,, =
W(Ares(MH)). .

Conversely, if I, = w(Ares(M™)), we can let M, be the standard Levi subgroup
of G associated with the subset of simple roots I,,. Then we have

W(R:-es(]’\/I\H)) S R:es(ﬁlw) S W(R:-es(é\)) . u

In view of this lemma, we can assume that I,, = W(Ares(m)). Let M(w) be the
standard Levi subgroup of G associated with the subset of & € Ae(G) such that
wla € R, (G). It is clear that M(w) 2 M;, under our assumption. Then

LHS(A.9) = 3 ( Z (_l)rmw)) w
weWr‘; pep’
6L My, EMEM (w)
Ly=w(Ares (MT))

D S G

T,
wew
Go

Ty =w(Ares (M), My, =M (w)

Note that Tres(MIw) = rres(MH)’ SO

LHS(A.9) = (1)) » w.
e
= (s (BT ), My, =M ()

Then (A.9) follows from the following lemma.

Lemma A.15 Supposew € WGF‘; satisfies I,, = w(Ares(m)) and My, = M(w); then
w = wSwH"

G

Proof Since (w®° L=yG

H H
)2 = (wM)? =1, it is equivalent to show that w™ w™! = wC, ie,

WM W Ares(G)) € Rou(G).
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Since w™(I,,) = Ares(MH), wM" w(I,,) € R, (G). Since My, = M(w),
W (Ares(G) — Iy) € Ry (G).
Byw(I,) = Ares(]T/Iﬁ) again, we have W (Ares(G) = I,,) N Rres(]T/Iﬁ) = . Hence
WM W (Ares(G) — I,) € Ry (G).

This finishes the proof. ]
Next let us consider (A.10). Recall that the left-hand side of (A.10) is equal to

LHS(A10) = S (-1)"™) Sy,
P’ePH weD
w(aTy=aT

For w € Wge satisfying w(Aﬁ) = AH, we have that for any o € Ir and & € R(H),
w(«) and w™! (o (a)) are both positive or negative, where oy is the Galois action
in “H. This is because

w ()| m = w (alm) = w ' (ou(a)|,a) =w ' (ou(a))|,a #0.

So the subset of a € A(H) satisfying w™'a € R, (G) determines a standard Levi
subgroup M’ (w) of H. Then

(a1 = Y (% ()Y w- » w.

weWg pPlepH weWgg
MC R ME
w(AT)=AT  M'EM'(w) w(AT)=A7
w™ (A(H))<R, (G)

=" res

On the other hand, the right-hand side of (A.10) is equal to

RHS(A.10) = [EgwC]y - wM' .

One can check easily that Dyw consists of w € Wgo such that w™ (A(H)) € R (G).

res

So
RHS(A.10) = ( Z w) wI_VIH = Z w.
weWo weWio
w(aTy=aT w(aT)=a"
w (A(H))SR(G) w (A(H))ER (G)

The last equality is due to the fact that for w € W, satistying w(Aﬁ )= AR,
w ' (A(H)) < R (G)
if and only if
(™) (A(H)) < Riy (G).

One can show this by restricting the roots to AT Then the proof is completed by
comparing the last expressions of RHS (A.10) and LHS (A.10).
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Step 4: We will establish (A.4) by using the identities (A.9) and (A.10). First, we mul-
tiply (A.9) by &g, and compare it with (A.10):

(AH) Z (_1)h-es(M) [gH’gMg]H — (_1)h—es(MH) [EHW?WQ/IH]H

PeP?

= ()= S (1 Mg

P/ePH

Then we can use (A.5) to expand the left-hand side:

LHS(AL) = > (1)@ S gy o [Eanr ]

PeP? P/ePH
= ( > (—l)rm(M)aM',H,Mﬂ)[fM']H-
P’ePH ~ pepo

By the linear independence of [ £y ] g, we get
> ()™M ay, g = (~1) " MD+O0)
Pep?
for any P’ € PH.
A.1 Generalized Aubert Involution

We would like to generalize the diagram (A.1) to (6.3), (6.7), and (6.9). Note that we
will only show the commutativity of (6.3) and (6.7) when restricting to distributions
associated with elementary parameters. In fact, they are not commutative in general.
Let G be a quasisplit symplectic or special orthogonal group. We fix a positive integer
X, and write xo = (X¢—1)/2. We also fix a self-dual irreducible unitary supercuspidal
representation p of GL(d, ). Let P4, be the set of standard parabolic subgroups P of
G whose Levi component M is isomorphic to

GL(ady) x - x GL(aid)) xG(n— ¥ aid,).
ie[1,1]

Then we can define for 7 € Rep(G),

invex, () == % (=1)"™ 4% Indf (Jacp (77) <y )-
Pé'ydp

It is clear that
[invex, ()] = invex, ([7]).

So (6.3) is equivalent to

SI(G) —— T(N?)

. .6
1nvex, l J{mvg}"(o

SI(G) —— T(N?).
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To prove this, we can follow the argument for (A.1). For P € (PZN, we specialize the
P
diagram (A.2) in our case:

(A12) SI(G) ——— T(N?)

ﬂéw(]ac%)qOJ J(Iacp)q0

®, SI(M;,) —— T(M°),

where the sum is restricted to those w satisfying P,, € P, . Unlike (A.2), the above
diagram may not commute in certain cases when we apply it to distributions not as-
sociated with elementary parameters. This is the reason that we want to restrict (6.3)
(similarly (6.7)) to distributions associated with elementary parameters. By (A.12), it
suffices to show that for any P’ € Py ,

(A.13) Z (_l)dim(AP)eaM’,G,M _ (_l)dimAP/.
Pe?ﬁN
)
By Proposition A.1, we have
Z (—l)dim(AP)saM',G,M _ (_1)dimAP’.
PePON
Therefore, (A.13) follows from the simple fact that apy,g,p = 0 when P ¢ fPZN.
P
The case of (6.7) is similar. For (6.9), let fPS" be the set of 8-stable standard para-
P

bolic subgroups in P4,. Then we can define for 7> € Rep(G™),

. z
inv®, (%) = 3 (-1 Um0 Ind ] (Jacps, (170) <y, )-

[)
PeP’?
dp

For P « (PZ" and G(n — i,y aidy) # SO(2), it is clear that (Ay)g, = Anm and
4

Jacpz, = Jacpsy. If G(n = ¥icp1,17 @idp) = SO(2), then dim(Axr)g, = dim(Ay) — 1,

but the effect of IaAEPzO in taking the twisted character also differs from Jacpz, by a

negative sign. So we have

fo(inv%, (™)) = fo(invex, (7)),  f € C&(G x o).

As aresult, (6.9) is equivalent to
SI(H) —— 1(G%)
invaOJ( J{invig(o
SI(H) —— T(G%).
The rest of the argument is similar to (6.3).
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