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Classification of Simple Tracially AF
C*-Algebras

Huaxin Lin

Abstract. 'We prove that pre-classifiable (see 3.1) simple nuclear tracially AF C*-algebras (TAF) are
classified by their K-theory. As a consequence all simple, locally AH and TAF C*-algebras are in
fact AH algebras (it is known that there are locally AH algebras that are not AH). We also prove the
following Rationalization Theorem. Let A and B be two unital separable nuclear simple TAF C*-
algebras with unique normalized traces satistying the Universal Coefficient Theorem. If A and B have
the same (ordered and scaled) K-theory and Ko(A)+ is locally finitely generated, then A ® Q = B ®
Q, where Q is the UHF-algebra with the rational Ky. Classification results (with restriction on Kp-
theory) for the above C*-algebras are also obtained. For example, we show that, if A and B are unital
nuclear separable simple TAF C*-algebras with the unique normalized trace satisfying the UCT and
with Kj(A) = Kj(B), and A and B have the same rational (scaled ordered) Ky, then A = B. Similar
results are also obtained for some cases in which Kj is non-divisible such as Ko(A) = Z[1/2].

Introduction

The purpose of this paper is to show that the pre-classifiable class of tracially AF C*-
algebras can be classified by their K-theoretic data. In recent years rapid progress
has been made in classifying nuclear C*-algebras, an ambitious program initiated
by George Elliott (see [Ell1]) (we refer to Elliott’s report on ICM 94 [EIlI2] for more
reference). For example, in the case of separable simple nuclear C*-algebras of real
rank zero and stable rank one, a large class of C*-algebras has been classified using
K-theoretic data (see [EG]). These C*-algebras are direct limits of certain homoge-
neous C*-algebras with slow dimensional growth. C*-algebras in this class (denoted
it by Cy) also exhaust all possible K-theoretic data in the sense that every countable,
weakly unperforated ordered graded group with Riesz property arises from K-theory
of one of the C*-algebras in Cy. With these striking results, it becomes increasingly
important to classify separable simple nuclear C*-algebras of real rank zero and sta-
ble rank one without assuming that they are inductive limits of certain homogeneous
C*-algebras. One of the remarkable results in this direction can be found in [EE]
where irrational rotation C*-algebras are shown to be direct limits of circle algebras.
Tracially AF C*-algebras (TAF C*-algebras) are introduced in [Ln6] in an attempt
to replace the class of (simple) quasidiagonal C*-algebras of real rank zero, stable
rank one and with weakly unperforated Ky-group. It is shown in [Lné6] (by a re-
sult in [EG]) that every C*-algebra in C; is in fact TAF. Furthermore, it is shown
that every unital simple TAF C*-algebra A is quasidiagonal, has real rank zero, stable
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rank one and weakly unperforated Ky(A). In [Ln7] we show that every separable nu-
clear quasidiagonal simple C*-algebra of real rank zero, stable rank one, with weakly
unperforated Ky(A) and finitely many extremal normalized traces is TAF, if it is “lo-
cally” type I (for example, a direct limit of type I C*-algebras). It would be of great
interest and importance to classify separable simple nuclear TAF C*-algebras. As the
first step, we show in [Ln6] that every unital simple nuclear TAF C*-algebra A sat-
isfying the Universal Coefficient Theorem, with K;(A) = 0 and Kq(A) = Q as an
ordered group is isomorphic to a UHF-algebra. In this paper, we introduce a class
of C*-algebras that we call “pre-classifiable”. We prove, using the results in [Ln5],
that pre-classifiable TAF C*-algebras are indeed classified by their K-theory. As an
immediate consequence, we show that simple TAF C*-algebras which are locally AH
can be classified by their K-theoretic data. This allows us to drop the assumption that
C*-algebras are direct limits of homogeneous C*-algebras and provide a generaliza-
tion of the classification theorem in [EG]. We also show that other C*-algebras can
be shown to be pre-classifiable.

In order to be classified by their K-theoretic data, C*-algebras are assumed to
satisfy the Universal Coefficient Theorem (UCT). In this paper we also study the
unital, separable, nuclear, simple TAF C*-algebras with unique normalized traces.
Assuming A and B are two such C*-algebras with the same K-theory and assume
that the positive cone of finitely subgroups of Ky(A) is finitely generated, we show
that A ® Q = B ® Q, where Q is the UHF-algebra with K;(Q) = Q (see 6.7). This
is what we call the Rationalization Theorem. Without using tensor product with Q,
we obtain a classification theorem with certain restrictions on their Kj-theory (see
Theorems 6.6 and 6.11). For example, if Kj(A) = Q and if A and B are separable
nuclear simple TAF C*-algebra with the UCT and the same (scaled ordered) K, then
AX~B.

The striking part of these classification results is that we do not assume that C*-
algebras have any special structure, such as direct limits of certain C*-algebras of
rather special forms or cross products of certain kinds. For example, if A is a unital
separable simple nuclear TAF C*-algebras with torsion free K; and Ky = Q, then,
from our results, we know A has to be a direct limit of circle algebras. If K;(A) = Z
and Ko(A) = Z[1/2], then A is a Bunce-Dedden’s algebra.

After this paper was first circulated we learned that Dadarlat and Eilers also ob-
tained a result similar to ours in Section 6 (in the case that Ky(A) = Q). Also they
independently obtained a version of 5.9.

Acknowledgements This work is partially supported by a grant from the National
Science Foundation. We have benefited from communications with N. C. Phillips.
We would also like to thank Marius Dadarlat for making available to us his preprints
[D3-5], and Claude Schochet for some e-mail correspondences.

1 Preliminaries
1.1

We start with some conventions. Let A be a C*-algebra.
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(i) Leta € A be a positive element. We denote by Her(a) the hereditary C*-
subalgebra of A generated by a.

(ii) Lete > 0, F and S be a subset of A. We write x €. S, if there exists y € S such
that ||x — y|| < e, and write F C. S, ifx €. Sforallx € F.

(iii) Let A and B be two C*-algebras with A unital. Let h, h,: B — A be two linear
maps and F be a subset of B. We write (for € > 0)

hi~.h, on F

if there exists a unitary u € A such that ||u*h;(b)u — hy(b)|| < e forall b € F;

and,
hl e h2 on F

if [l (B) — hy(b)|| < € forall b € F.

Definition 1.2 ([Ln6]) Let A be a unital simple C*-algebra. Recall that A is tracially
approximately finite dimensional (TAF for brevity), if it satisfies the following: for
any € > 0, any finite subset F of A which contains a non-zero element x;, and any
nonzero a € A, there exists a finite dimensional C*-subalgebra F C A with p = 15
such that

(1) |llp,x]|| < eforallx € F;
(2) pxp C. Fforallx € &
(3) 1 — pis unitarily equivalent to a projection in Her(a).

(For non-simple TAF C*-algebras, see [Ln6]).

A TAF C*-algebra is not in general an AF-algebra, but a “large” part of it is approx-
imately finite dimensional. When (quasi) traces are good measurements for projec-
tions, i.e., t(p) < t(q) for all normalized (quasi) traces ¢ implies that p is equivalent
to a subprojection of g, (3) can be replaced by

(3") 7(1 —p) < o for all normalized quasi-traces on A. (Note that if A has real rank
zero, stable rank one and weakly unperforated Ky(A), then A has the “funda-
mental comparability” (see [BH]).)

Furthermore, in [Ln6], we prove the following theorem.

Theorem 1.3 (3.4 and 3.6 in [Ln6])  Every unital simple TAF C*-algebra A is quasidi-
agonal and has real rank zero, stable rank one and weakly unperforated Ky(A).

1.4

Let A = lirn(A,,, (15,,), where A,1 = @T(n) Pn(j)Mn(j) (C(Xn(j))) Pn(j) and Xn(j) are
finite connected CW complexes and P,(j) are projections in M, (C (Xin( j))) . When

A is simple, A is said to have slow dimension growth if

lim dim(Xn(j))

max =0.
n—00 1< j<m(n) rank(Pyj))
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We denote by Cy the class of those simple unital C*-algebras of the above form
(with slow dimension growth) having real rank zero. The classification theorem
in [EG] combination with the reduction theorem in [G1] and [D1] shows that the
C*-algebras in Gy are classified by their scaled ordered group (Ko (A),Ko(A)+, [14],
K; (A)) . It also shows that, given any countable weakly unperforated graded or-
dered group ( Go, (Go)+, Gl) with the Riesz decomposition property, there exists a
C*-algebra A € Gy such that (KO(A),KO(A)+,K1 (A)) = (Go, (Go)+, Gl). In [Lné6],
we show that every C*-algebra in € is TAE.

In [Ln7] we show that every unital separable nuclear quasidiagonal simple C*-
algebra A of real rank zero, stable rank one with weakly unperforated Ky(A) and with
finitely many extremal normalized traces is TAF, if it is also locally type I (or a direct
limit of type I C*-algebras).

Definition 1.5 Let A and B be C*-algebras, let L: A — B be a contractive com-
pletely positive linear morphism, let ¢ > 0 and let F C A be a subset. L is said to be
F-e-multiplicative, if

|L(xy) — Lx)L(y)|| < e

forallx,y € &.

Definition 1.6 Let A be a C*-algebra. Denote by P(A) the set of all projections in
Moo ((A® Cy)), Moo (C(SY) ® (A® C,)), n = 1,2,..., where C, is an abelian
C*-algebra so that K;(A®C,,) = K.(A; Z/nZ) (see [Sc2]). In this paper we will often
use the following six term exact sequence.

Ko(A) —— Ko(A,Z/kZ) —— K;i(A)

E [

Ko(A) +—— Ki(A,Z/kZ) +— K, (A),

where k(z) = kz for z € K, (A) ([Sc2]). Asin [DL2], we use the notation

KA = P KAZ/nz).

1=0,1,n€Z,

By Hom (K (A),K (B)) we mean all homomorphisms from K(A) to K(B) which re-
spect the direct sum decomposition and the so-call Bockstein operations (see [DL2]).
HomA(K(A), K(B)) . is the subset of those maps « such that a(KO(A)+ \ {O}) -
Koy (B)+ \ {0}. It follows from [DL2] that if A satisfies the Universal Coefficient The-
orem, then Hom (K(A),K(B)) = KL(A, B).

Given a projection p € P(A), if L: A — B is an F-J-multiplicative contractive

completely positive linear morphism with sufficiently large I and sufficiently small
d, then || (L®id)(p)—p’|| < 1/4 for some projection p’. We will define [L](p) = [g’]
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in K(B). It is easy to see that this is well defined (see [Ln2]). Suppose that g is also
in P(A) with [q] = k[p] for some integer k, by adding sufficiently many elements
(partial isometries) in F, we can assume that [L](q) = k[L](p). Let P C P(A) be a
finite subset. We say [L]|p is well defined, if [L](p) is well defined for every p € P and
if [p'] = [p]land p’ € P, [L](p") = [L](p). We see that this is possible by making
F sufficiently large and ¢ sufficiently small. In what follows, when we write [L]|p
we mean that [L] is well defined on P. To save natation, abusing the language, the
reader should be aware that in later use, we will not distinguish [L](p) from [L]([p]).
Moreover, it is sometimes rather convenient to write a(p) and «|y instead of a([p])
and o[p), where a € HomA(K(A), K(B)) .

1.7
Let A be a stably finite C*-algebra with the tracial state space T(A). Let ps: Ko(A) —
Aff( T(A)) be defined by pa(x) = 7(x) for all 7 € T(A). Note that if p € M,,(A), we
defined 7(p) = (7 ® Tr)(p), where Tr is the standard trace on M,,.

1.8

Fix a unital C*-algebra A. Let P C P(A) be a finite subset. We denote by Py the
subset of P consisting of projections in M, (A), by G the subgroup generated by P,
and by Gy the subgroup of K((A) generated by Py. Let B be another C*-algebra and
let L: A — B be an F-e-multiplicative completely positive linear contraction. We
may assume that [L]|p is well defined. Suppose that G = Z"®Z/k\Z& - - - D Z/k,, Z.
Letgi, g, - - -, gn be free generators of Z" and t; € Z/k;Z be the generator with order
ki,i=1,2,...,m. Since every element in Ky(A) may be written as [p;] — [p,] for
projections p;, p» € A® M, for some I > 0, with sufficiently large F and sufficiently
small £, one can define [L](g;) and [L](t;) (see 1.6). Moreover (with sufficiently large
F and sufficiently small €), the order of [L](¢;) divides k;. Then we can define a map
[L]|G by defining [L](>_} nigi + ZT mjtj) = Zf mi[L)(g;) + ZT m;[L](t}). Note, in
general, [L]|p may not coincide with [L]|g on P. However, if F is large enough and
¢ is small enough, they coincide. In what follows, we say [L]|¢ is well-defined and
write [L]|¢ if

(1) [L]is well-defined on {g1,£,---,&ut1, - - -, tm } With the order of [L](¢;) divid-
ing k,‘,
(2) [L]]p = [L]|g on P.

Suppose that A is stably finite and T'(A) is the tracial state space. Let Gy C Ky(A)
be a finitely generated subgroup of Ky(A). Since im p, is torsion free, we may write
Gy = F @ E, where E C ker p4 and (p4)|F is injective.

Suppose that G; and G, are ordered groups, F; C G, F, C G, are subgroups and
~v: F; — F, is a homomorphism. We say = is positive if v(F; N Gi1) C F, N Gy
With this convention, we say [L]|g, is positive if [L]g,nk, ), is positive. Note if [L]g,
is positive, pB( [L](E)) =0.
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2 Automorphisms of Simple TAF C*-algebras and a Uniqueness
Theorem

The following theorem was proved in [Ln5]. This is very important for this paper.

Theorem 2.1 (A) Let A be a unital separable nuclear simple C*-algebra satisfying the
UCT. For any € > 0 and any finite subset I C A there exist a positive number § >
0, a finite subset § C A, a finite subset P C P(A) and an integer n > 0 satisfying
the following: for any unital C*-algebra B with real rank zero, stable rank one and
weakly unperforated Ko(B), if ¢, ¢, 0: A — B are three G-0-multiplicative contractive
completely positive linear maps with

(l]p = [¥]]»
and o is unital, then there is a unitary u € M,,1(B) such that
H u* diag(¢(a),o(a),...,o(a)) u — diag(¥(a),o(a),...,o(a)) H <e
forall a € F, where o(a) repeats n times.

Lemma 2.2 (6.10 in [Ln6]) Let A be a nuclear simple unital TAF C*-algebra. For any
€ > 0, and any finite subset F C A and any positive integer n > 0, there exist projections
p1 and p, such that (1 — p1)A(1 — p1) = M,(p2Ap2) with py = pa, and there are
unital F-e-multiplicative contractive completely positive linear maps ¢: A — Fy, where
F, is a finite dimensional C*-subalgebra of p,Ap,, such that

(a) ||[pi,x]|| < eforallx € F;
(b) ’xf (plxpl ® diag(¢(x),q5(x),...,d)(x))) H < eforallx € F (where ¢(x)

repeats n times).

Theorem 2.3  Let A be a separable unital nuclear simple TAF C*-algebra satisfying the
UCT. Then, for any € > 0, and any finite subset 7 C A, there exist 0 > 0, a finite subset
P C P(A) and a finite subset G C A satisfying the following: for any unital C*-algebra
B of real rank zero and stable rank one, and any two G-§-multiplicative morphisms
L],Lzl A — Bwith

(Li]]p = [L2]]p,

there exists a unitary U € B such that
ad(U)oL, ~. L, on JF.

Proof Let §; = G(F,¢), §; = 6(F,¢) and P, = P(F,¢) be as required in Theo-
rem A. Also let n be the integer in Theorem A. Choose a finite subset G, and a positive
number 7 < &) /2 satisfying the following: if H;: A — Bare both G,-n-multiplicative
with

Hy ~,H, on G
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then [H]|p, = [H,]|p,. Let §, = min(d,/2,n/4).

Since A is nuclear, from the above lemma, there exist a finite dimensional C*-
subalgebra F of A with p, = 1p and G,-9,-multiplicative morphism ¢: A — F such
that

ida 5, p1xp1 @ diag(d)(x), o(x), ..., (b(x)) on G,

where ¢ repeats n times, and (1 — p;)A(l — p;) = M,(p2Ap2). Moreover, 7 is so
small that [¢]|p, and [@]|», are well defined and [¢]|p, & [@]|p, = [ida]|p, where
P(x) = pyxp; for all x.

Fix F. Choose a large 93, a small §; > 0 and a finite subset Q C P(F) so that 6.8 in
[Ln5] applies, i.e., if A;: F — B, A; are G3-05-multiplicative morphisms and [A;]]o
are well defined and are the same, then

Ay N77/4A2 on  &(G1).

Now let § = min(d;/2,62,05/2), § O ¢(G1) U(G1) U ¢(92) U(G2) U G5 and
choose P = P; U Q (note that P(F) C P(A)). We also assume that 14, 14 — p, and
diag(0,0, ..., p,,0,...,0) (i-th placeis p,) are in G.

Suppose that L;: A — p,Bp; is as in the theorem with the above §, § and P.

Put L!(x) = Li(w(x)) ,i=1,2. Then

n/4 . ’
L = dlag(LiyLi O¢7Li © ¢7 .oy Lio ¢7Li © ¢)
on §G. Note that L;| are G,-0,-multiplicative. We also have

[Li]|p, = [diag(L{,Lio ¢,Lio¢,...,Lio¢,Li o P)],.

Furthermore, we have
(L | Fllo = [L, | Fl|o.

By applying 6.8 in [Ln5], we obtain a unitary V € B such that
ad(V) oLy ~y4 Ly on  ¢(G1).
Note that diag(0,0, ..., p5,0,...,0) arein . So we have
Ly ~yp2 diag(L),Lyo¢,Lio¢,...,Liop,Lyop) on G.
As a consequence (by the choice of 1),
[L2]|p, = [diag(Ly,Li 0 ¢,Li 0 ¢,...,Li 0 p,Li 0 @)]|»,.
Since we also have [L,]|p, = [L,]|p,, we obtain that
[Lil]p, = [L3]],-
Now Theorem A provides a unitary U € B such that

ad(U)oL,~. L, on . |
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Theorem 2.4  Let A be a unital nuclear simple TAF C*-algebra which satisfies the UCT.
Then an automorphism oc: A — A is approximately inner if and only if [a] = [id4] in
KL(A, A).

Proof The “only if” part follows from 4.5 in [Ln5] (see also [R]). Now assume that
[a] = [id4] in KL(A, A). Then, for any finite subset P C P(A), we have

[allp = [idal]>.

It follows from 2.3, for any finite subset ¥ C A and any € > 0, that there exists a
unitary U € A such that

ad({U)oa~,idy on F.

This implies that « is approximately inner. [ ]

3 Classification of Nuclear Simple C*-algebras of TAF by their K-
Theory
Definition 3.1 A nuclear C*-algebra A is said to satisty condition (K) if for any uni-
tal simple TAF C*-algebra B, any o € HomA(K(A), K(B)) . and any finite subset

P C P(A) with [14] C P, there exists a sequence of completely positive linear con-
tractions L,: A — B ® X such that

IL.(a)L,(b) — L,(ab)|| = 0
forall a,b € A and

(Lil]p = afp.

A nuclear separable simple C*-algebra is said to be pre-classifiable if it satisfies the
UCT and if for any € > 0 and any finite subset F C A, there exists a C*-subalgebra
A; of A which satisfies condition (K) such that

FC. AL

Lemma 3.2 Let Ay be a C*-subalgebra of a C*-algebra A and let B be a C*-algebra.

(1) Suppose that B is a finite dimensional C*-algebra and ¢: Ay — B is a unital com-
pletely positive linear map. Then there exists a unital completely positive contrac-
tion : A — B such that |4, = ¢. (See [Pa, 5.2 and 5.3].)

(2) Suppose that there is a completely positive linear map ¢: Ay — B. Then, if either
Ay or Bis nuclear, for any € > 0, and any finite subset F C A, there is a completely
positive linear map 1: A — B such that ||¢|| = ||$|| and

¢(a) —p(a)]| <e

foralla e F.
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Proof Part (1) is a corollary of 5.2 in [Pa]. We note by 5.3 in [Pa], ¢ is a contraction.
LetB =M, ®--®M,, and e; be a unit of M,,,. Let ¢;(a) = e;p(a)e;. Then ¢;: Ay —
M, are unital and completely positive. By 5.2 in [Pa], there is a unital completely
positive map v;: A — M, such that (¢);)[s, = ¢;. Define ¥(a) = @, i(a). Then
1: A — Bis unital and completely positive. By 5.3 in [Pa], it is a contraction.

Fix £ > 0 and a finite subset F C Ay. Let § = ¢(F). Since B is nuclear, there
are completely positive contractions L; : B — M,, and L, : M,, — B for some positive
integer n such that

lb—LyoLyd)| <e
for all b € G. Consider the completely positive map h; = L o ¢: Ag — M,,. By 5.2
in [Pa], there exists a completely positive map v1: A — M, such that ||y || = ||¢]|
and ¥, |4, = Ly o ¢. Define 1) = L, o 1);. Then clearly 1 satisfies the requirements.
The proof when A is nuclear is the same. But we first approximately extend id,, to
a completely positive linear contraction from A to Ay. ]

Lemma 3.3 Let A be a separable C*-algebra such that there exists a sequence {A,}
C*-subalgebras which satisfy condition (K) with the following property: for any e > 0
and any finite subset F C A, there exists a C*-subalgebra Ay such that

F C. A;.
Then A satisfies condition (K).

Proof Let o € HomA(K(A),K(B)) .- Given any finite subset P C P(A), we may
assume that P C M,,(A ® C) for some abelian C*-algebra (see 1.6). The restriction
of @ on Ky(A ® C) is an element in Hom(Ko(A ®C),Ky(B® C)) R

Let P = {p1, p2,- .., pn}. Clearly, there is kg > 0 such that, for each k > ko, there
are projections q(lk), qgk), ..,q® € M, (Ax ® C) such that

g — pill < 1/2*".

(So [gi] = [pi] in Ky(A ® C).) Let jx: Ax — A be the embedding. Denote by
o' an element in KK(A, B) with image « in HomA(K(A),K(B)). Denote v €
HomA(K(Ak),K(B)) for the image of j; x «’ in KK(Ag, B). Then 'y(ql(»k)) = a(pi),
i = 1,2,...,n. By the assumption, we have a sequence of finite subsets F, C Ay
such that the union Uk Fy is dense in the unit ball. Since each A; satisfies condi-

tion (K), there are completely positive contractions ¢y : Ay — B which are 1/ 2k F, -
multiplicative such that

[6:1(q) = 7(g) = alpi).

Since A is nuclear, by the above lemma, there are completely positive contractions
Ly: A — Bsuch that

ILi(a) — de(a)]| < 1/2%*!
for all a € Jy. It is easy to see that, for large k,

[Lellp = alp. ]
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Lemma 3.4 Let A be a unital pre-classifiable C*-algebra and B a unital C*-algebra
with the cancellation. Then for any a € KL(A, B)+ with a([14]) = [15], any finite sub-
set P C P(A), any finite subset G C A and any § > 0, there exists a G-d-multiplicative
morphism L: A — B such that

[L]|p = ap.

Proof For any G; and §; > 0, since A is pre-classifiable, by 3.3, there is a G;-d;-
multiplicative contractive completely positive linear morphism L: A — B ® X such
that [L]|p = a|p. We may assume that 14 € G;. There is a projection g € B® M,
which is close to a = L(1,4). So without loss of generality, we may assume that
L = gLq. Furthermore, since a = L(1,4) is close to g, we may assume now that L(14)
is invertible in g(B ® M,)q. So by replacing L by |a|~'/2L|a|~'/?, we may further
assume that L(14) = gq is a projection. So, with [14] € P, we may assume that
[L(14)] = [1p], since a([14]) = [15]. Since B has cancellation, there exists a unitary
W € B ® M,, such that
W*L(14)W = 1.

Now ad(W) o L meets the requirement of the lemma. [ |

3.5

Let A = lim, o (A,, ¢y) and B = lim,_, (B, ¥,) be two direct limits of C*-
algebras, where ¢,: A, — A, and ¢,: B, — B,4; are connecting homomor-
phisms, respectively. We also denote by 1, o the homomorphism from B, to B in-
duced by the direct limit system. Suppose that we have the following not necessarily
commutative diagram

B, B, B,
l L% l L% l b
Ay Ay As
where each L; and A; are contractive completely positive linear morphisms. Suppose
further that there are finite subsets &, C B, and G, C A, with ¢,(F,) U A,(G,) C
Fue1 such that (U2, ¥ 0o(F,) is dense in B, and with ¢,,(S,) U L,(F,) C Gui
such that U;’il ®n,00(Gn) is dense in A, respectively, and suppose that there are de-
creasing sequences of positive numbers {e,}, {e,} and {6,} with Y ° &, < oo,
> en <ooand ) 2 8, < oo such that L, are F,-6,-multiplicative, A, are G,,-

n=1
0,-multiplicative,

A

Yy e, NyoL,onF, and ¢, ~,, Ly oA,onG,.

Then the diagram is (two-sided) approximately intertwining. A now standard argu-
ment of Elliott (see 2.1, 2.2 and 2.3 in [Ell1], also see [Th]) shows that there is an
isomorphism h: B — A.

Let L;: A — B be a F;-6;-multiplicative contractive completely positive linear
morphism. We say L, is 1-F-invertible, if, for any finite subset set §; C Band d; > 0,
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there exists a §;-d;-multiplicative contractive completely positive linear morphism
11: B — A such that
’ll)] o} L1 ~3 ldA on §1~

We say L, is k-F-invertible, if 1); can be further chosen to be (k—1)-G; -invertible (as a
morphism from B to A). We say L, is recursively J; -invertible, if it is k-F;-invertible
for all integers k > 0.

Theorem 3.6 (Elliott) Let A and B be two separable C*-algebras. Suppose that there
is a recursively F-invertible L: A — B (for some finite subset I C A). Then there is an
isomorphism h: A — B.

Proof By the definition, one can construct an approximate interwining diagram:

A
Lo A Lo A Lo
g i p T i p o
So by, 3.5, there exists an isomorphism i: A — B. ]

Theorem 3.7 Let A and B be two unital separable nuclear simple pre-classifiable TAF
C*-algebras. Then A is isomorphic to B if and only if there exists an order isomorphism

v: (Ko(A), Ko(A)+, [14], K1 (A)) — (Ko(B), Ko(B)s+, [15],Ki(B)) .

Proof By [RS], there exists « € KK(A, B) such that a induces the isomorphism +.
Let 8 € KK(B, A) such that 3 = a~!. We also use « for the corresponding element
in KL(A, B). For any finite subset P C P(A), since A satisfies condition (K) and B
is unital simple TAF C*-algebra, by 3.4, for any finite subset ¥ and any ¢ > 0, there
exists a F-e-multiplicative completely positive contraction L, : A — B such that

(Li]]|p = afp.

Similarly, for any finite subset Q C P(B), any finite subset § C B and § > 0, there
exists a §-J-multiplicative completely positive contraction ¢;: B — A such that

[¢1]]0 = Blo.
With sufficiently large Q, we have
[¢1 0 Li]|p = [idal|p.

Thus, by 2.3, for any given finite subset 1 C A and ¢ > 0, with sufficiently large F,
G, and P, and sufficiently small € > 0 and 6, there exists a unitary u; € A such that

ad(u;)o¢pr oL ~,idy on F.
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Define ¢y = ad(u;) o ¢;. Repeating the above, for any finite subset ¥; C A and
1 > 0, we obtain a F;-n-multiplicative completely positive contraction L,: A — B
such that

Lyot ~4ppidg on §.

Since this process continues, we see that L, is recursively F-invertible (and v is re-
cursively G-invertible). It follows from Theorem 3.6 that A is isomorphicto B. W

4 Pre-Classifiable C*-algebras

In this section we will give some classes of C*-algebras that are pre-classifiable.

Definition 4.1 A C*-algebra C is said to be in the class SA, if C is isomorphic to
a finite direct sum of matrices over the unitization of Cy(X;) ® A, where each X; is
a connected finite CW complex with one base point £ excluded and A is a nuclear
separable stably finite C*-algebra satisfying the UCT and admits tracial states. Let
C = (CO(X) ® A~). Suppose that p,q € M,(C) are two projections with 7(p) =
7(g), where m: C — C/Cy(X) ® A = C is the quotient map. Then, for each ¢t €
X, p(t) is homotopy to p(£) which is identified with a projection in M,, since X
is connected. Therefore p(t) is homotopy to g(t) for every t € X. In particular, for
every trace 7 on C, 7(p —q) = 0. This implies that Ko(C) = Z& G, where G = ker p¢
(see 1.7), and Ko (C) C N & ker pc U {0}.

A C*-algebra B is said to be in the class LSA (locally 8A), if for any finite subset
F C Band any € > 0, there exists a C*-subalgebra C € SA such that

Fc.C.

Lemma 4.2 Let A be a unital C*-algebra, B be a unital separable simple TAF C*-
algebra and F be a finite dimensional C*-subalgebra of B. Let G be a subgroup gener-
ated by a finite subset of P(A). Suppose that there is a F-§-multiplicative contractive
completely positive linear morphism 1p: A — F C B such that [1]|g is well defined.
Then, for any € > 0, there exist a finite dimensional C*-subalgebra C C B and a F-
d-multiplicative contractive completely positive linear morphism L: A — C C B such
that

[L]6nkoazkz) = [Wllerkoazizy, and 1(1c) <e

for all tracial states T in T(B) and for all k > 1 so that G N Ky(A, Z/kZ) # &, where L
and 1) are viewed as maps to B. Furthermore, if [1]nk,(a) is positive, so is [L]| Gk, 4)-

Proof We assume that G N Ky(A,Z/kZ) = @ for k > K. To save the notation,
we first consider the case that F = M,. Let p = 1 and ey, e;, ..., e, be mutually
orthogonal minimal projections in F. By [BH], the image of pg (see 1.7) is dense in
Aff( T(B)) . From this, it is easy to find projections g1, qo < e; such that ;g0 = 0,
[q1] + K![qo] = [e1] and 7(q1) < e/n for all 7 € T(B). Therefore we obtain a C*-
subalgebra C C B such that C = M,, and its minimal projection are equivalent to
q1- In particular 7(1¢) < e forall 7 € T(B). Let ¢: F — C be an isomorphism.
Define L = ¢ o). Let j;: F — Band j,: C — B be embedding. By the choice
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of q1, [q1] and [e;] have the same image in Ko(B)/kKy(B) for all k < K. Therefore
(j1)« = (ja 0 @)« on Ko(F, Z/kZ) for all k < K. Since K;(M,,) = 0, by the six-term
exact sequence in 1.6, both [L] and [¢] map Ky(A, Z/kZ) to Ky(B) /kKy(B) and factor
through Ko(F, Z/kZ). Therefore

[Lllenkoaz/iz) = [W)lonkoaznzy, i=1,2,...,K.

The general case that F is a finite direct sum of matrix algebras follows immediately.
|

Theorem 4.3  Every unital separable simple C*-algebra in LS8A is pre-classifiable.

Proof Following Definition 3.1, let A be a unital separable simple C*-algebra in LSA
and B be a unital separable simple TAF C*-algebra. We first prove the following:

Claim There is a simple unital C*-algebra C € €, such that (KO(C),KO(C)+, [1c],
Kl(C)) = (KO(B),KO(B)Jr7 [15], Ky (B)) and there exists a unital embedding j: C —
A which induces the identity maps on K, (C) (= K, (B)).

Note that, by [Ln6], (KO(B), KO(B)+) is a countable weakly unperforated ordered
group with the Riesz decomposition property. By 4.18 in [EG], there is a unital simple
C*-algebraC € C (see 1.4) which is an inductive limit of P,C,P,,, where each C, has
the form @};(:"1) Mi;»(Xjx) and P, € C, is a projection, where X is of from s,
Ty; and Ty (see notation in Section 4 in [EG]) such that (KO(B), Ky(B)+, Kl(B)) =
(KO(C), Ko (C)4, Ky (C)) and in Ky(B), [1¢] = [1g]. The point is that Ky(C,,) has no
infinite cyclic part of infinitesimal elements.

To construct j, by the proof of 3.7 (using only one sided approximate intertwin-
ing), it suffices to show that each P,C, P, satisfies condition (K). By considering each
summand, we may assume that C,, = M) (X)), where X, is as above. Let
a € KK(C,,B),. Fix a finite subset P € P(P,C,P,) = P(C,) and a finite subset
F c P,C,P,. Since P, is in fact a projection of C,,, it is clear that it suffices to have a
G-e-multiplicative contractive completely positive linear morphism L: C, — M;(B)
(for some 1) with some sufficiently large G and sufficiently small € such that [L]]¢ is
well defined and [L]|g = a|g, where G is the subgroup generated by P.

It follows from [DL1] that one can construct a unital §-&/2-multiplicative con-
tractive completely positive linear morphism L; : C,, — My (B) for some large integer
N, such that

[Li]le = alc + [hl|a,

where h: C,, — My(B) is a one-point evaluation.

Take a small 0 > 0 and n > 0. Since My(B) is TAF, there exists a projection
p € My(B) and a finite dimensional C*-subalgebra F C My(B) with 1z = p such
that

(1) |Ilp, Lx)]|| <nforallx € G,
(2) pL(9)p C, Fand
(3) 7(1 — p) < o for all tracial states 7 on My(B).
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Thus Ly(a) = (1 —p)Li(a)(1 — p) (fora € C) is G-e-multiplicative, if i) is sufficiently
small. Note that K,.(C,) is finitely generated. We may assume that G is sufficiently
large and ¢ is sufficiently small so that any §-e-multiplicative contractive completely
positive linear morphism L from C,, induces a well defined [L] on K, (C,,) and on G.
By 3.2, that there exists a completely positive linear map L;: C, — F such that

| pLi(x)p — Ly(x)|| < &/2

for all x € G. We have
(L] = [La]|6 + [Ls]]g

provided that ¢ is small enough and § is large enough. Since the image of L is in
F, [L3]l6nk,c,) = 0 and [Ls]|gntor(ko(c,) = 0. By 4.2, there are a projection p’ €
pMy(B)p with 7(p’) < o, a finite dimensional C*-subalgebra F; C p’My(B)p’
with 15, = p’ and G-e-multiplicative morphism Lj: C,, — F; such that

[L3)|Gnko(cozizy = [L3l|cnko(coz/kz) -

Since both L; and L factor through a finite dimensional C*-subalgebra,
(Ls]lonkicoz/kzy = 0 = [L3lenk,(c,.z/kz)- Without loss of generality, we may as-
sume that L(1¢,) and Lj(1¢,) are projections. With small o, we may assume that
[(1—p)+p'] < [1g]. Therefore, since Ko(C,) = Z P tor(Ko(Cn)) , there is a point-
evaluation h;: C, — (p—p )Mn(B)(p—p’) such that [1]|¢ = a|c—[L2]lc—[L}]]6-
Define Ly: C, — My(B) by defining Ly(a) = Ly(a) + Lj(a) + h;(a). We have that
[La(1c,)] = al[lc,]). Since B is TAF there is a unitary U € My(B) such that
U*Ly(1¢,)U < 1p. Define L = ad(U) o Ly. Then L maps P,C,P, to B. This proves
the claim.

Now suppose that H is the unitization of Co(X) ® S, where X is a connected finite
CW complex with one base point excluded and S is a separable nuclear stably finite
C*-algebra satisfying the UCT and admits tracial states. Let « € KK(H, B);. Since
[f] is an invertible element in KK(C, B);, we set v/ = « x [j]™!. Without loss of
generality, we may assume that a([1g]) = [15].

Let D’ = Cy(Y) such that K;(D’) = K, (CO(X) ® S) (see for example 23.10.5
of [Bl]), where Y is a locally compact metric space. Let D" = S*D’ = Cy(R?) ®
D’ =2 Cy(R?> x Y). Let D be the unitization of D’’. Then D = C(Z), where Z is
the one-point compactification of R* x Y. Z is connected. Thus Ky(D) = Ky(H),
ker py = ker pp, Ko(D)4, Ko(H)+ C Nédker pyU{0} (see4.1) and K1(D;) = K1 (H).
Let z € KK(H, D) such that z induces the identity map on K;(H). The existence of
such z follows from the Universal Coefficient Theorem.

Then, it follows from the unsuspended E-theory of [DL1] that for any finite sub-
sets § C Hand P C P(H) and any £ > 0, there is a unital §-&/4-multiplicative
contractive completely positive linear morphism ¢: H — My(D;) for some large N
such that

[L]lp = z|p + [¢]]p,

where ¢: H — H/Cy(X,S) = C — My(D) is a unital homomorphism such
that @|c,xes = 0. Note that for any 7 € ker pp there exists [, € N such that

https://doi.org/10.4153/CJM-2001-007-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-007-8

Classification of Simple Tracially AF C*-Algebras 175

(I,m) € Ko(D); for all I > Iy. Thus, by adding several copies of ¢ if necessary, we
may assume that [¢] is positive on G(P), the subgroup generated by P. Suppose
that [¢p(1g)] = (m, &), where m € Z and £ € ker pp. There is a homomorphism
¢': H— H/Cy(X,S) = C — D such that [¢'](1g) = (I, =€) for some ] > 0. So by
replacing ¢ by ¢ & ¢’, we may assume that [¢](1y) = (m+1,0). We identify [¢](1y)
with the integer M = m +1 > 0.

We now show that D satisfies condition (K). Write D = lim,,_, ., D,,, where each
D, = C(Y,), where each Y}, is a finite connected CW complex. Therefore, by 3.3, it
suffices to show each D, satisfies condition (K). From the claim, we may assume that
target algebras are in Cy. Therefore it follows from [Li] (see also Remark 4.5 below)
that D,, satisfies condition (K). Denote vy = [1] x z~! x ~’, where 1: D, — D is the
embedding.

To show that A is pre-classifiable, by 3.3, it suffices to show that H satisfies condi-
tion (K). Without loss of generality, we may assume that the image of ¢ are contained
in D,,. Thus (since D, satisfies condition (K)) the proof ends if we show that there is
B € KL(D,,,C); such that

ﬂ(l +M)[1D,,] < [lC]7 /6|kerpun = Py‘kerppnv

!
ﬁK,-(D,,,Z/kZ) = VIKi(Dy,Z/kZ)

(k = 1,2,...). In fact, let ¢ € C be a projection such that [q] = [1c] — B(1p,).
Then, there is a homomorphism h;: H — gCq by hy = h{ o w, where 7: H —
H/Co(X) ® S = Cand h{: C — Cq. Therefore 3’ o 1) & [h;] = «. Since we have
shown that D, satisfies condition (K), it remains to show that such [ exists.

Suppose that K is the largest torsion order of K;(D,) (i = 0, 1), by 2.10 of [DL2],
we only need to prove the above for k < K!.

Since C is TAF, it is easy (see the proof of 4.2) to find nonzero mutually orthogonal
projection q;,q, < 1¢ such that

(1] + (KD!Hge]l = 1+ M)[1c] and  (1+M)[qi] < [1c].

Define a map ( as follows: 8(m) = m(q,] (m € Z) onZ C Ko(D,) = ZPker pp,,
B‘ker Dy ’Y|ker PDy and
Blkw.z/kz) = V|ki0,,2/k2)-
Since v € HomA(K(Dn),K(C)) , the following diagram commutes for 0 < k <
(KN!.
Since B|x,p,.z/mz) = V|ki(Dpz/mz)» i = 0,1 forall 0 < m < (K)! and if 0 < m,
k < K!, km < (K!)!, therefore (3 also preserves the short exact sequences

Kini(—, Z/kZ) — Ki(—,Z/mZ) — Ki(—, Z/kmZ) — Ki(—,Z/kZ), i€ Z/2Z

for all 0 < k, m < K!. Therefore, by 2.10 of [DL2], 8 € KL(D,,,C). This ends the
proof as shown earlier. ]

Corollary 4.4  Every simple locally AH-algebra of which satisfies the UCT is pre-classi-
fiable.
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KO(Dn) KO(DmZ/kZ) Kl(Dn)
~ Y
Ko (C) Ko(C,Z/kZ) —— Ki(C)
f
Ko (C) K\(C,Z/kZ) <«— K;(C)
) v \7
KO(Dn) Kl(DmZ/kZ) Kl(Dn)

Remark 4.5 By applying [DL1], one can prove 4.4 without using [Li], since here
one needs approximate multiplicative maps not homomorphisms. One should note
that, in the corollary, we do not assume the condition of slow dimension growth.
We do not even assume that the algebras in question are direct limits of so-called
homogeneous C*-algebras. In [DE], examples are given that locally AH-algebras that
are not AH, in general. The corollary shows that, if a locally AH-algebra is simple and
TAF, then it is an AH-algebra (with no dimension growth). To show all simple C*-
algebras in €y are TAF does not use the full strength of [EG]. So the proof here also
provides an alternative proof of the main result in [EG].

Remark 4.6 Let A be a unital, separable, nuclear, simple TAF C*-algebra satisfying
the UCT. We know from [Ln6] that A has real rank zero, stable rank one and weakly
unperforated Ky(A). Suppose that B € €, with the same ordered and scaled K-
theory. From the proof of 3.7, we see that, if we can have a sequence of asymptotically
multiplicative morphisms from A to B which induces an identity map on every finite
subset of P(A), then the same proof shows that A = B. In the next section we attempt
to construct such a map.

5 An Unsuspended E-Theory

5.1

5.2

The main purpose of this section is to prove 5.9. Let A be a direct limit of residu-
ally finite dimensional C*-algebras. Roughly speaking, 5.9 says that for any B, and
any @ € Homy (K (A),K (B)) o there are asymptotic multiplicative morphisms {¢, }
which induce o modulo some morphisms with images contained in finite dimen-
sional C*-subalgebras. This section is inspired by Section 3 of [Ph] and [D5].

IfL: A — Bisahomomorphism then [L]|g, is always well-defined and positive (G
isasin 1.8). Let C C A beaC*-subalgebra. Suppose that P C P(C) and the subgroup
Gy of Ko(C) generated by Py is isomorphic to Gy (one always has a homomorphism
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from Gj onto Gy) and h: C — B is a F-¢/2-multiplicative contractive completely
positive linear morphism so that [h]g, is well defined and positive. Suppose that
the finite subset J required by 1.6 is also in C. Suppose further that either A or B is
nuclear. Then there is sequence of completely positive linear contractions L,: A — C
such thatlim, L,(a) = aforalla € JF (3.2). One sees easily that, for large n, L = hoL,
gives an F-e-multiplicative completely positive linear contractions such that [L]|g, is
well defined and positive. This will be used later.

Definition 5.3 Let A be a residually finite dimensional C*-algebra (RFD C*-
algebra). Recall that A has a separating family of finite dimensional irreducible rep-
resentations. Let B be a C*-algebra. We use the notation B* for the C*-algebra ob-
tained by adding a unit to B (even if B is unital). An asymptotic sequential mor-

phism ¢ = {¢, } from A to B is a sequence of completely positive linear contractions
{én}: A — B* ® K such that

(1) ||¢pn(ab) — dn(a)p(b)|| — 0asn — oo, fora,b € A,
(2) there exist two sequences of homomorphisms h,, h,: A — B* @ X with finite

dimensional range satisfying the following: for any finite subset P C P(A), there
is n > 0 such that, [¢¢]|p is well defined for all k > #,

[ox D hel|p — [hl|p = [¢n @ hallp — [hy]]2

and {[¢, ® h,] — [h.]} defines an element in HomA(K(A),K(BJr ® fK)) , 1.e.,
there exists « € Hom A(K (A),K(B* ® ZK)) such that, for each finite subset
P C P(A), ([¢pn ® hy] — [h])|» = a|p for all large n.

From the definition, it is easy to check that the composition of two asymptotic
sequential morphisms is an asymptotic sequential morphism.

Let ¢ and % be two asymptotic sequential morphisms from A to B. We say ¢ is
equivalent to 1 and write ¢ ~ 1 if there are two sequences of h,, h),: A — B* @ X
with finite dimensional range and unitaries 4, € (B* ® X) such that

|| u, diag((bn(a), hn(a)) Uy, — diag(q/zn(a), h;(a)) || —0 as n— oo.

We denote by (¢) the equivalence class of asymptotic sequential morphisms repre-
sented by ¢ and denote by €(A, B) the set of the equivalence classes of asymptotic
sequential morphisms from A to B.

One should note that if {h,}: A — B* ® X is a sequence of homomorphisms
with finite dimensional range, then h = {h,} is an asymptotic morphism from A to
B. Moreover, any two such asymptotic morphisms are equivalent.

Let ¢ and 1 be two asymptotic sequential morphisms from A to B. We define
¢+ by (¢ +)(a) = diag ( o(a), w(a)) . This clearly gives an addition on £(A, B).

In the rest of this section A is a separable RFD C* -algebra unless otherwise stated.

Proposition 5.4

(1) E(A, B) is an abelian group;
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(2) For fixed A, E(A, —) = E4(—) is a covariant functor from separable C*-algebras to
abelian groups which is homotopy invariant, stable and split exact.

Proof To obtain (1) we apply Proposition 2 in [D3] which asserts that there is a
sequence of completely positive contractions 7,: A — My,)(A) and a sequence
hy: A = M+ (A) of homomorphisms with finite dimensional range such that

nli)n;(}”diag(a, Tu(a)) — hy(a)|| =0

for all a € A. We claim that {7,,} forms an asymptotic morphism. Fix a homomor-
phism with finite dimensional range h’. Then we have

([l + [ Dlp = [hallp = [1'] = [ida]lp

for any finite subset P C P(A) and for all large n. Therefore {7,} is an asymptotic
morphism.

Let F,, be the range of h,,. Suppose that {¢,} is a asymptotic sequential morphism
from A to B* @ K. Let {F,} be an increasing sequence of finite subsets of A such that
the union is dense in the unit ball of A. Since dim F; < 00, there exists n(k) ( n(k) >
n(k — 1)) such that

| u(a) — gP(a)]| < 1/(n+k)

forall a € hi(Fy) and n > n(k), where g,ﬁk): F, — B" ® X is a homomorphism.
Therefore, we see, by letting 7/ = 74, h!, = h and ¢, = g for n(k) < n < n(k+1))
(and noting that ¢, are contractive), that

lim | diag (), ¢ 0 7,(a)) =ty 0 hy(@)]| =0

for all a € A. Note that ¢, o h, is a homomorphism with finite dimensional range.
Since {®, } is an asymptotic sequential morphism, ¢, o 7,/ is also an asymptotic se-
quential morphism. This implies that €4 (B) is a group. This proves (1).

It follows that £4(—) is a covariant functor from separable C*-algebras to abelian
groups. It is obvious that it is stable. The homotopy invariance follows from the
proof of [D4] (see also 1.4 in [D2]).

To see that €4 is splitting exact, let

0= JhDE Ccso0

be a splitting exact sequence of separable C*-algebras. It is clear that the embed-
ding induces an injective map from E4(J) to E4(D). It follows from the fact that the
short exact sequence of C*-algebras splits that the map from £4(D) to E4(D/]) is
surjective. Let ¢ = {&,} be an asymptotic sequential morphism from A to D. As-
sume that 7, o (¢) = 0 in E(A,C). This implies that {m o ¢,} is equivalent to a
sequence h = {h,} of homomorphisms h,: A — C* ® X with finite dimensional
range. Without loss of generality, we may assume that {7 o ¢,,} = {h,} for some of
those {h, }. For each #, let F,, be a finite dimensional C*-subalgebra of D* ® K such
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that im h, C F,. Write F, = M,, ® M,,, ® - - - & M,, with p; the central projection
corresponding to the summand M,,. Let ¢; < p; be a minimal projection in M,,.
There is a C*-subalgebraC C C: 1p» @ K withC = M,, @ --- & M,, with central
projections P; and minimal projections q; < P; such thate; < ¢g; and p; < P;. Clearly
without loss of generality, we may assume that e; < g; and p; < P;. Furthermore, we
may assume that d; = gq; — ¢; # 0. Thus we obtain an isomorphism ¢, from F, to

(3=, P) (D' @ K) (3 Pi) such that

{a®h(a):acF)C (ZP,») (15 ®J<)<ZP,»).

Letg, = ¢, om0 ¢,. Then {7 o (¢, ® g,)} has the range in Clc+ ® K. This implies
that ¢, @ s o g, has the range in J* ® XK. This proves that

0— Es(]) = EA(D) = ED/]) — 0

is exact. The fact that it splits follows immediately, since the corresponding sequence
of C*-algebras splits. ]

5.5

There is a map I' from KK(A,B) to Homy (K(A), K(B)) (see [DL2]). It is
known that KK(A, —) is a covariant functor from separable C*-algebras to abelian
groups which is homotopy invariant, stable and split exact (see Section 2 in [H]).
Hom} (K (A),K (—)) is also a covariant functor from separable C*-algebras to abe-
lian groups. From the definition, we see immediately that it is homotopy invariant
and stable. Suppose that

0I15BE.C=0

is a splitting exact sequence, where j: I — Bisan embedding, 7: A — C is surjective
and 7 o s = id¢. We obtain the splitting exact sequences

0 — Hom (K. (A, Z/nZ), K.(I,Z/nZ)) %3 Hom (K. (A, Z/nZ), K. (B, Z/nZ))
=,. Hom(K.(A,Z/nZ),K.(C,Z/nZ)) =0

(n=0,1,...). Since j, m and s are homomorphisms, j., 7, and s, respect the two
exact sequences

Ki(=) 25 Ki(=) 25 Ki(—, Z/nZ) 25 Kinr (=)
and

i+1 i i
B o B

Kini(—,Z/nZ) — K;(—,Z/mZ) —% K;(—,Z/mnZ) — K;(—,Z/nZ)
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forall m,n € N, i € Z/2Z. Therefore we have the splitting exact sequence
0 — Hom, (K(A),K(I)) "> Hom, (K(A), K(B))
(7]
=(;) Hom, (K(A),K(C)) — 0.

We define a subset F of HomA(K(A),K(BJr ® iK)) as follows. We say a € F,
if there exists a sequence {h,} of homomorphisms from A to B* ® X with finite
dimensional range such that, for any finite subset P C P(A), there exists n > 0 such
that

Oé|g> = [hn”fP
We write x ~ y for x,y € HomA(K(A),K(BJr ® fK)) if there exists a sequence
[h)], [h]'] € F such that, for any finite subset P C P(A), there exists n > 0 satisfying

x+ [hwllp =y + [h,]]9

forall m > n. Clearlyif x ~ y thenx+z ~ y + z. Since HomA(K(A), K(—)) is split
exact, we may view Hom (K(A), K(B)) as a subgroup of Hom (K(A), K(B* ®3C)) .
Denote by KLg(A, B) the quotient of Homy (K(A),K(B)) + F by the equivalence
relation “~” defined above. So KLg(A, B) is a quotient of Hom (K(A), K(B)) . We
use q for the quotient map. In particular, if x € F, then g(x) = 0.

Proposition 5.6 Let A be as above. Then KLp(A, —) is a covariant functor from sep-
arable C*-algebras to abelian groups which is stable, homotopy invariant and splitting
exact.

Proof It is clear that KLp(A, —) is a covariant functor. It is clearly stable. Since ho-
motopy images of finite dimensional C*-algebras are finite dimensional C*-algebras,
one checks easily that KLg(A, —) is also homotopy invariant. To see it is split exact,
let _
0=»JLD=C—0

be a split exact sequence of separable C*-algebras.

We use the similar argument used in the proof of 5.4. From the splitting exact
sequence

0 — Hom  (K(A),K(J)) 25 Hom, (K(A), K(D))

[7]
=(y Hom, (K(A),K(C)) — 0

one easily checks that the induced maps from KLr(A, J) to KLr(A, D) is injective and
from KLp(A, D) to KLg(A, C) is surjective, respectively. Let x € Hom (K(A), K(D))
such that [7] (q(x)) = 0. Then there is a sequence homomorphism {¢, } from A to
C* ® X with finite dimensional range such that, for any finite subset P C P(A), there
exists n > 0 satisfying:

(Vullp = [7](x)]p.
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Then {so1),} is a sequence of homomorphisms from A to D* ® X with finite dimen-
sional range. Let y = x — [s]([ﬂ'](x)) in HomA(K(A),K(D)). Then [7](y) = 0
in Hom y (K(A)7 K(C)) which implies that y € Homy (K(A), K(])) . It follows that
q(y) € KLg(A, J). Since

[s1([7](x)) |9 = [s© Pl

we conclude that q( [s] ( [7‘(](36)) ) = 0, whence q(x) = g(y). This implies that the

splitting exact sequence of C*-algebras gives a short exact sequence
0 — KLp(A, J) — KLp(A, D) — KLg(A,C) — 0.

It follows easily that it in fact splits. ]

5.7

There is a homomorphism 3% from €,(B) to KLr(A, B) defined as follows. Let ¢ =
({¢pn}) € Ea(B). By the definition, there are homomorphisms h,, h): A — Bt @ X
with finite dimensional range such that x = {[¢, ® h,]} — {[h,]} defines an element
in Hom, (K (A),K(B*® fK)) . Note that we have a splitting exact sequence

0 — Hom, (K(4), K(B))

[m

— Homy (K(A), K(B* ®K)) = Homy (K(A),K(C- 15 ®K)) — 0.

Then x — [so 7] (x) defines an element z in Hom (K(A), K(B)) . We define 35(¢) =
q(z). To see it is well-defined, suppose that f,, f,’: A — B* ® X are two sequences
of homomorphisms with finite dimensional range such that y = {[¢, ® f,/1 —[f,]}
defines an element in Hom (K(A), K(B'® fK)) . Then, let {P,} be an increasing
sequence of finite subsets of P(A) with |J,_, P, = P(A), we have (by passing to a
subsequence if necessary)

=y + ]+ £ Dlp, = (] + ]

P+

So q(x) = q(y). Suppose that ¢’ = {¢,} is an asymptotic morphism which is
equivalent to ¢. Then there are two sequences of homomorphisms g,,¢,: A — B* ®
X with finite dimensional range and a sequence of unitaries #, € (B* ® X)" such that

|| u;; diag (pu(a) ® gu(a)) u, — diag( ¢, (a) ® g,(a)) || — 0,

asn — oo for all a € A. Therefore, we may assume that

(6 & gullp, = (&, @ gu]lo,-

A similar argument above shows that ¢ and ¢’ define the same element in KLg(A, B).
This implies that q(y) = q(x). So 3% is well defined. It is clear that 3: E4(—) —
KLgp(A, —) is a natural transformation.

We denote by I'Lr(A, B) the image ofl"(KK(A, B)) in KLg(A, B) (see 5.5. for I').
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Lemma 5.8 The transformation 34 maps E5(B) onto I'Lg(A, B) for each separable
C*-algebra B.

Proof By 3.7 in [H], there is a unique natural transformation a: KK(A,—) —
E4(—) such that as(14) = (14). Let v: KK(A,—) — KLg(A, —) be the natural
transformation induced by the map I': KK(A, B) — Homy (K(A),K(B)) and the
quotient map from Hom y (K(A), K(B)) to KLr(A, B). We have

Baoaa(la) = q([14]),

where [14] is the image of the identity map in KL(A, A). Since y(14) = g([14]), by
the uniqueness (3.7 in [H]),
Boa=r.

Since v maps KK (A, B) onto I'Lg(A, B), Ba: €4(B) — TI'Lg(A, B) is surjective for
each B. [ |

Theorem 5.9 Let A be a separable C*-algebra satisfying UCT such that A is the closure
of an increasing sequence {A, } of RED C*-algebras and B be a unital nuclear separable
C*-algebra. Then, for any o € HomA(K(A), K(B)) o there exist two sequences of
completely positive contractions ¢\ : A — B® X (i = 1,2) satisfying the following:

(1) |69 (ab) — ¢\ (a)p P (b)|| — 0asn — oo,

(2) for each n, the images of 9 are contained in a finite dimensional C*-subalgebra of
B ® X and for any finite subset P C P(A), [(¢\P]|p and [¢'?]|, are well defined
for all large n, where Gy is the subgroup generated by Py (see 1.8),

(3) for each finite subset of P C P(A), there exists m > 0 such that

[60]p = a+ [P]]»

foralln > m.

(4) For each n, we may assume that ¢\?) is a homomorphism on A,,.

(5) If Gy N Ko(A), is finitely generated, then we may also assume that [¢?] |, is posi-
tive.

(The condition that B is nuclear can be replaced by the condition that each A,, is nuclear).

Proof We first prove this for all RFD C*-algebras and o € I‘(KK(A, B)) . So we
assume that A is a RFD C*-algebra. It follows from 5.8 that all conclusions remain
valid if we do not demand that images of maps are contained in B ® X (they are in
B* ® X). Furthermore, gi),(f) can be taken to be homomorphisms. Therefore, with the
same notation, we may assume that we have obtained ¢") satisfying (1)-(4) but with
images in B* ® X. Since B is unital, we have B @ X = (B ® K) & K. Therefore,
we may write ¢, = ¢®' @ ¢@"’, where ¢0)': A - B®@ K and o) : A — K. It
immediately follows that

6 e = (a+ (62 D).
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Now we consider the general case. We write A = lim, A,,, where each A, is a RFD
C*-algebra. So for a finite subset P C P(A), we may assume that there is a RFD C*-
algebra A,, C AsuchthatP C P(A,,). We may also assume that Gy C (j)« (Ko (Am))
and ((Go)+ C (j)« (Ko (Am)+) ,if GoNKoy(A) is finitely generated), where j: A,, — A
is the embedding.

By Lemma 2.2 in [DL2], we have the following commutative diagram

0 —slim' KK(A,,B)—  KK(A,B) — lim KK(A,, B) —0

r| | timr,

Hom (K(A), K(B)) —lim Hom, (K(4,), K(B))

where the upper row is the Milnor lim' exact sequence ([Br] and [Scl, 7.1]). When
A has the UCT, by [DL2], I is surjective. So, from the commutative diagram, the
map lim, I, is also surjective. We may assume that there is § € F(KK (A, B)) C
Hom (K(Am), K(B)) such that

ao [julp = Blp.

Fix ¢ > 0 and a finite subset ¥ C A. By choosing an even larger m, we may assume
that & C A,,. By applying the first part of the proof to 5 and A,,, we obtain an
F-¢/2-multiplicative completely positive contraction ¢: A,, — B ® X and a homo-
morphism h: A,, — B ® X such that

(]lp = (B + [h])]>.

By 3.2, we may extend ¢ to A. To see that [¢]]g, is positive, if (Gp) is finitely gener-
ated, we note that (Gy); C (j)« (Ko(Am)+) (for some large m) and h|,,, is a homo-
morphism. ]

Corollary 5.10 In 5.9, let B be a unital simple C*-algebra of real rank zero and stable
rank one, o, (a) be an isomorphism from Ko(A) onto Ko(B). Suppose that Ko(B) is
divisible and torsion free. Then we can assume that, for each finitely generated subgroup
of Ko(A), there is n so that o + [¢'P] is injective on that subgroup. Furthermore, if we
assume that A has unique normalized quasitrace T, and T(Ko (A)) is a divisible dense
subgroup of R containing 1 and Ky(A) is weakly unperforated, then we may assume that
T(a + [¢n](2)] (1,) is a rational number.

Proof Let G, be a finitely generated subgroup of Ky(A) and v = [¢{?] be well de-

fined on it. Since Ky(A) = Ky(B), to save notation we may assume that Ky(A) =

Ko(B). We view K(A) as a linear space over Q. Let G; be the subgroup generated by

Gy and v(Gp) and let V be the finite dimensional linear subspace generated by G;.

Since now V is a divisible subgroup of Ky(A), we extend + so it is defined on V. We

also assume a(x) = x on V. Therefore there exists a positive integer m > 0 such that
—1

T is not an eigenvalue of 7. In particular,

-1

v(x) # m(x)
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for any nonzero x € V. This implies that

x+y(x) +1/my(x) #0

for any nonzero x € Gy.

Let C be a finite dimensional C*-subalgebra of B ® K which contains the image
of ¢£3). Since B has real rank zero, stable rank one and divisible Ky(B), each minimal
projection of C can be written as a direct sum of m equivalent projections. From this
it is easy to see that there is a monomorphism ¥: C — C’ (C B ® X) such that
[¥]([q]) = 1/mlq] on every projection g € C. Now define ¢?" = ¢2 & ¥ 0 ¢
If we replace ¢? by ¢?) ', we see that the first part of the corollary follows.

Suppose that A has unique normalized quasitrace and 7 (Ko (A)) is divisible dense
subgroup of R containing 1. Suppose that [¢?](14) = 6. If § is rational, then the
above proof works. Otherwise, assume that k — @ > 0 for some positive integer
k. Let C be as in the first part of the proof. By considering a corner of C, we may
assume that ¢{?) is unital. It is easy to obtain a monomorphism h,: C — B such
that 7(hi(1¢)) = k — 0 (see the last paragraph). Let (¥ = ¢ + hy o ¢'?). Then
s= [wﬁlz) 1(14) is a rational number. Note also s+s/m is also a rational number. Thus,
in the first part of the proof replacing ¢!? by 1), we see that we may assume that
T ( (o + [@[1512)])(1,4)) is a rational number. [ |

6 Classification of Simple TAF C*-algebras with Unique Normalized
Traces

Every simple separable TAF C*-algebra is quasidiagonal (see [Ln6]). So a nuclear
separable simple TAF algebra is strong NF (see [BK2]). It follows from [BK1] that A
is the closure of the union of an increasing sequence of RFD C*-algebras. So we can
apply 5.9. The main result of this paper is that under certain restrictions on K-theory,
two unital separable simple nuclear TAF C*-algebras A and B satisfying the UCT are
isomorphic if they have the same K-theory. The typical cases are:

(i) Ko(A) = Z[1/p] and K (A) is torsion free,

(i) Ko(A) = Qand K;(A) is any countable abelian group,

(i) Ko(A) =Qd Tor(Ko(A)) and K;(A) is torsion free,

(iv) Ko(A) = Q@ Z/pZ (p is prime) and K;(A) is any countable abelian group
without element of order p.

Precise conditions are stated in 6.6, 6.7, 6.8, 6.10, 6.11 and 6.13.

6.1

Let A be a stably finite C*-algebra. We say Ko (A), is locally finitely generated, if for
any finitely generated subgroup G C Kj(A), there exists a finitely generated subgroup
F C Ky(A) such that G C Fand F N Ky(A); is finitely generated, i.e.,

FNKy(A), = {Zmig,-:mi €z, andg,...,g eFﬁKO(A)+}.

i=1
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Let G C R be a countable (additive) subgroup containing 1. If G is a subgroup of
Q, then G, is locally finitely generated. Suppose that Gy containing 1 is generated by
1,72,y € Go. We may assume that r; = p;/q;, where p;,q; € Z,, q; # 0 and
(pi,qi) = 1. There are ny, n, € Zsuch that nyq; + nyp; = 1. Thus ny + ny(r;) = 1/g;
(i = 1,2,...,n). Therefore 1/q; € Go. Let g, = k'K ... k"™ be the prime
decomposition. Then 1/ k’;(] ) € Gy. From here, one concludes that 1 /m € Gy where
m is the least multiple of g1, g, . . ., q,. This implies that G, is generated by 1/m.
It is clear that Gy N G, is generated by 1/|m|. This also shows that any positive
homomorphism h: Gy — Gy has the form h(g) = rg for some r € Gy.

If G is dense in Q, from the above, it shows that there is a sequence of (increasing)
integers {p,} € Gsuchthat1/p, € G.

On the other hand, if G, is locally finitely generated, then G does not contain any
irrational number. In fact, if G contains an irrational number 8 > 0, Gy = Z + Z0 is
finitely generated. But (Gp); contains arbitrary small positive numbers. This shows
that (Gg)+ can not be finitely generated.

6.2

Let A be a separable simple C*-algebra of real rank zero, stable rank one and with
weakly unperforated Ko(A). Let S be the normalized quasitrace space of A. Let
d: Ko(A) — Aff(S) be defined by d(x) = t(x) (+ € S). It is known (see [BH])
that, if A is not elementary, then im d is dense in Aff(S). Furthermore

Ko(A)y = {x € Ko(A) : x =0ord(x) > 0}.

Let
05 ]G5 D=o0

be a short exact sequence of countable abelian groups and D be an ordered dense
subgroup of R. It is well known that a positive homomorphism h: D — R has the
form h(r) = h(1)r,r € D,if1 € D. Let G, = {g € G : d(g) > 0, or g = 0}
Let Gy be a finitely generated subgroup of G. Since D is torsion free, we may write
Go = J' @ Dy, where J' C Jand d is injective on Dy. Suppose that 1 € Dy. It is clear
that if Dy € Q, then h(r) = h(1)r. If D, contains an irrational number, then Dy is
densein R. So h(r) = h(1)r forall r € D.

Lemma 6.3 Let G, ], D, ]' and Gy be as above. Suppose thaty: Gy — G is a positive
homomorphism on (Gy, Gy N G,). Suppose that v(x) # 0. Then y(x) > 0 if and only
if x > 0. Therefore, v maps J' to J. In particular, if vy is injective then its inverse is also
positive.

Proof We need to show that if x € Gy with y(x) > 0 then x > 0. Write x = xo & x;
according to the decomposition Gy = ]’ @ D,. Suppose that x; # 0. If x is not
positive and nonzero, then x; < 0. Therefore —x = —xy & (—x;) > 0. In particular,
~v(—x) > 0. This would imply that y(x) < 0. This is impossible. Therefore x; = 0,
ie,x € J'.Letg € (Gy)+ and g # 0. Since y(x) > 0, we have a positive integer n > 0
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such that nd(’y(x)) > d(’y(g)) . This implies that d(v(—nx + g)) < 0. However,
—nx + g > 0. This contradicts the assumption that « is positive. So far we have
shown that y(x) > 0 implies that x > 0. The proof also implies that v maps J’ into
J. The last part of the lemma also follows. |

Lemma 6.4 Let G, ], D, ]’ and Gy be as above. Suppose that v: Gy — G is a positive
homomorphism on (Gy, Go N Gy) such that d o vy(x) = rd(x) for somer > 0in D and
rs € D forall s € D. Suppose further that ] is divisible. Then there exists a positive
homomorphism 4: G — G such that §|g, = . In particular, this holds when ] = 0.

Proof Since J is divisible, we may write G = ] @ D. Suppose that Gy = J' @& Dy,
where J/ C Jand Dy C D. Let p;: G — Jand p,: G — D be the projections.
Define y; = p; oyand 7y, = p; 0. Clearly 1,(x) = rd(x) and y,(x) = rp2(x).
Define 4,(x) = rp,(x) for all x € G. Since ] is divisible, there is 4;: G — J such that
()]G, = 71- Now define ¥ = 4; + 4. To show it is positive, let 0 < x € G. So
d(x) > 0. Then

d(7(x)) =d(52(x)) = rpa(x) = rd(x) > 0.
Thus 7 is positive. It is clear that ¥|g, = 7. ]

Theorem 6.5 Let A be a unital nuclear separable simple TAF C*-algebra with the
unique normalized trace T, torsion free K.(A) and let Ky(A) be a dense subring of R
with [14] = 1 such that Ky(A)+ is locally finitely generated, and let B € Cy be a unital
separable simple C*-algebra with the same (ordered) K-theory and let o € KL(A, B),
be such that a|g,a) = id, i = 0, 1. Then for any finite subset P C P(A), a finite subset
F C Aande > 0, there exists an F-c-multiplicative completely positive contraction
®: A — Bsuch that

[®]]p = afp.

Proof It follows from [BK2] that A is a simple strong NF algebra. By [BK1], A is the
closure of the union of an increasing sequence of {A,, } of (nuclear) RFD C*-algebras.
We will apply 5.9. First we assume that A is not elementary. Otherwise the theorem is
known. Let P be a finite subset of P(A) which contains 14 and let P be the subset of
P which represents the element in Ky(A). (Note that here we only consider Ky(A) and
Ki(A).) Let Gy be the subgroup generated by Py. Let D = Ky(A) which we identify it
with a dense subring of Q (see 6.1).

Let ¢, = ¢V and ¢{?) be as in 5.9 (corresponding to « here). Without loss of
generality, we may assume that [¢("]|(p) is well defined. By the assumption, we may
assume that (Gy)+ = Gy N Ky(A), is finitely generated. Therefore, we may assume
that both [¢,]|g, and [¢?]|g, are positive (5.9), s = [¢,](14) € Dands = 1 +¢,
wheret = [¢§2)](1A) € D. Furthermore, ¢,(1,) is a projection. From the discussion
of 6.1, there exists a sufficiently large integer g € Z, such that 1/q € D and

q=Nt+1,
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where N > 0 and [ > 0 are integers such that

I/g <1/s.
Letk; = (q/t)(l — (l/q)s) . Then
k=Q0Q/0)(g—-1-1t)=(1/t)(Nt —lt) =N — 1
isinZ,.

Define 3(r) = (I/q)r for all r € D. Thus §: Ko(B) — Ky(B) is a positive ho-
momorphism. From the classification of circle algebras (see [Ell1]), there is a ho-
momorphism h: B — B such that [h]|g, = 8 and [h]|k, 5 = idk, ) (here we
identify Ko(B) with Ko(A) = D). If 1/q = 1/s, welet & = h o ¢,. Otherwise,

we let B1(r) = (k;/q)r for r € D and hy: B — B such that [h]|g,p = 61 and
[61]|k ) = idk,(B)- Set ¥ = h; o #?). Note that

(ki/q)t = (q/0) (1 = (I/q)s) (t/q) = 1 = (I/q)s.

So
(/q)s+ (ki/q)t = 1.

Therefore
[ho@ul([14]) + [¥I([14]) =1 and  [ho ¢u] + [¥]|k,a) = k()
Set ® = ho ¢, ® V. Since [P] is positive on Gy C D, from the discussion of 6.1,
[@]]p = alp
as desired. ]

Theorem 6.6 Let A and B be two unital separable simple nuclear TAF C*-algebras
satisfying the UCT, with the unique normalized trace, torsion free K, such that Ko(A) is
a subring of Q. Suppose that

(Ko(A),Ko(A)+, [14], K1 (A)) = (Ko(B), Ko(B)+, [15],Ki1(B)) .
Then A = B.
Proof We may assume that B € Cy. In particular B is pre-classifiable (so the desired

map from B to A exists). Thus the theorem follows immediately from the proof of
3.7 and the proof of 6.5. ]

Let Q be the unital UHF algebra with K,(Q) = Q.
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Theorem 6.7 (The Rationalization Theorem) Let A and B be two unital separable
simple nuclear TAF C*-algebras satisfying the UCT and with unique traces. Suppose
that Ko(A) is locally finitely generated and

(Ko(A),Ko(A)+, [1a], K1 (A)) =2 (Ko(B),Ko(B)+, [15],Ki(B)).
ThenA® Q= B® Q.

Corollary 6.8 Let A be a separable unital nuclear simple TAF C*-algebra with the
unique normalized trace and satisfying the UCT. Suppose that K;(A) = 0 and Ko(A)+
is locally finitely generated. Then A ® Q is a simple AF-algebra.

Theorem 6.6 includes those C*-algebras A with Ky(A) = Q or Ko(A) = Z[1/p],
where p € N is an integer, with usual order.

Finally we expand the classification results to include C*-algebras with any K; and
with torsion in their Kj.

Lemma 6.9 Let A be a unital simple C*-algebra in Cy (see 1.4). Then, for any finite
subset P C P(A), a finite subset I C A, 6 > 0 and € > 0, there exists a projection
p € AwithT(p) < ¢ forall T € T(A) such that

(1) ||lp,x]|| < eforallx € F,

(2) ids =. Y D LonF, where ¥(a) = pap and L is an F-e-multiplicative completely
positive contraction from A to a finite dimensional C*-subalgebra C C (1—p)A(1—
p) with the property that [U]|p and [L]|p are well defined.

Moreover, if A has the unique normalized trace, Ky(A)/ tor (Ko (A)) is divisible and

elements in tor(Ko (A)) have bounded order, we may choose p so that 7(p)/7(14) is a
rational number. Furthermore, if Ko(A), is locally finitely generated, [¥] and [L] can
be assumed to be positive on Gy.

Proof The first part of the lemma follows from 3.27 and 4.18 in [EG]. It is the second
part of the lemma requires a proof. By [EG], we write A = lim, (A, ¢,,), where A, =
DAL, Ani = PpiMp (C(Xn,,-)) P, ;, and each X,,; is a connected CW complex
with dimension no more than 3. We write (see 3.27 and 4.18 in [EG]) each partial

mapby¢fj,{+l A — Ay jand (with L(n, i, j) — oo as n — 00)

S0 (f) = diag (i (), B, . BED (), 1O ()

where h(t) (t = 0,1,...,L(n,1, j)) are one-point-evaluations, L(n,1,j) > 1/4,
(L n,i

n ; ](1 An,) oy D1 A,;) are unitarily equivalent trivial projections in A, ; and
¥n,i,i(1a,;) and hn,](lA 1) have the same rank. Therefore T(wn(wﬂij( A,,i))) =
T(z/)n( nl](lAm))). Moreover, m](An,) 2 M, for all j and s. Note we may

assume that 7(14) = 1. Let k > 0 be an integer such that 1 /k < ¢ and b be the largest
order of elements in tor (KO (A)) . In particular, b!z = 0 for all z € tor (Ko (A)) . Set

https://doi.org/10.4153/CJM-2001-007-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-007-8

Classification of Simple Tracially AF C*-Algebras 189

I=kbl+1.Solz=zforallz € tor(Ko(A)) . By passing to a subsequence, we may
assume that L(n, 7, j) > [+ 1 forall 4, j.

Let effi?j’t, K =1,...,I(n,i) be minimal projections in h;t_zyj(Am,-).

Fix n, i, j, and s. Since K¢(A)/ tor(Ko(A)) is divisible, there are x’ € Ky(A),
such that Ix’ — [, | = z € tor(Ko(A)). Define x = x’ — z (in Ky(A)4). Then

i, ot
Ix=I'—-lz=Ix'—z= [eifi? j.¢)- Hence there are mutually orthogonal and mutually

equivalent projections q; ;x> s = 1,2,...,Lt = 1,2,...,L(n, i, j) in A such that

Doibijisk = eflKl) j+- We also have mutually orthogonal and mutually equivalent
projections g; josx>S = 1,2,...,lin Asuchthat Y~ _g; josx = effi?j,O’ where effi?m is

a minimal projection of hff?ﬁj(An,,-). Set gijes = D g dijKts S = 1,2,...,land t =
0,1,...,L(n,i, j). We have [q; j,c] = 0 forall c € h{") .(A,,). Defining b5, .(f) =

n,i,j ni,j

Wi (Nijes Letm(i,j) = 1+ Lini, j) — L Rename hif; ;s = 1,2,...,] and

t=1,2,...,Ln,i,j), by H), i, ] = 1,2,...,IL(n,i, j),and b, ;s = 1,2,..., by
Fhips= 1,2,...,L Set

n7

dij = diag (i ;(1a,), HY (14, Hyt (1,0, B (14,)

To save notation, in the following computation, we do not distinguish projections in
A,+1 and their image in A. Note that T(an’i’j(lAmi)) =7 ( Ky j(lAm.)) . So

7(d; ) = ZT(HL}}J(IAM)) +m(i, j)T(H,g},.{j(lAn,,.)) +(1/1)T(h5337j(1m7,,))

= (1+L(n,i, /) 7(H;(14,)) + /D7 (H) (14,))
L(n,i,j)
= (/D7 [$uisla) @ Y K (14, )] + (/D7 (KD (1a,.))
t

= (1/D7(14,,).

Set d; = €, di ;. Then [¢,(d;)] = (1/D)[¢n(14,,)]. Definee = > . diand p =
Yns1(e). Then [p] = (1/1)[14]. From the above, we see that with the choice of p the
lemma follows.

Finally, if Ky(A)+ is locally finitely generated, as in the proof of (5) of 5.9, we may
assume that both [¥] and [L] are positive on Gy. [ |

Lemma 6.10 Let A be a unital nuclear separable simple TAF C*-algebra with
the unique normalized trace 7, Ko(A) = Ko(A)/tor (Ko (A)) @ tor (Ko (A)) ,
KO(A)/tor(Ko(A)) is divisible, Ko(A); is locally finitely generated and the order in
tor(Ko(A)) is bounded. We also assume that (k,m) = 1 if k is the (positive) order of an
element in tor(Ko(A)) and m is the order of an element in tor(K1 (A)) (for example,
tor(Ko (A)) = 0). Suppose that B € C is a unital separable simple C*-algebra with the
same K-theory and o € KL(A, B) 4 such that a|,a) = id, i = 0, 1. Then, for any finite
subset P C P(A), a finite subset F C A and € > 0, there exists an F-e-multiplicative
completely positive contraction W: A — B such that

(T]]p = a|p.
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Proof It follows from [BK2] that A is a simple strong NF algebra. By [BK1], A is
the closure of the union of an increasing sequence of {A,} of RED C*-algebras. We
will apply 5.9. First we assume that A is not elementary. Otherwise the theorem is
known. Let P be a finite subset of P(A) which contains 1, and let P be the subset
of P which represents the element in Ko(A). Let G; = Ko(A)/ Tor(Ko (A)) and Gy
be the subgroup generated by Py. Since G is assumed to be divisible, we may write
Ky(A) = G & tor(Ko(A)) . Therefore we may write G; = D & G; N ker d, where
D= d(Ko(A)) . Consequently, we have Ky(A) = D @ ker d. Let 7, : Ko(A) — D and
m,: Ko(A) — ker d be the projections.

Let ¢V and ¢{?) be as in 5.9 (corresponding to  here). Denote ¢, = ¢'). We
assume that [¢,]| is well defined, [¢,]|¢, and [¢'?]|g, are positive. Furthermore the
image of ¢?) is contained in C’, a finite dimensional C*-subalgebra. Since [¢{?]|g,
is positive, d( [¢\P](g)) = d(mi(g)) forallg € Go.

We may assume that 1/ = qﬁff)(lA). Choose an integer K > 0 so that K —
d([1¢/]) > 0. Since D is divisible, it is easy to obtain a monomorphism hj: C’ —
Mjs(B) for some possibly large integer S such that d(h{).(1¢c/) = K — d([1¢/]). By
replacing ¢\?) by ¢\2) @ h o ¢\?), we may assume that § = d([¢{P](14)) = d[lc/]
is a rational number. Let j': C’ — Mg(B) be the embedding (for some large S > 0).
Write [1¢/] = (0,x) in D & ker d. Define A(r,z) = (r,—z) for (r,z) € D & ker d.
Then ) is positive. So one has a monomorphism h’': C’ — Mg(B) such that (h'), =
Ao (j)«. Then, if ¢ = (r,z), where r = 7,(g) and z = m,(g),

([&:7]+ (). 0 [617]) (9) = (26 - 1,0)
for g € Gy. So, by replacing ¢?) by ¢'?) @ h’ 0 $'?, we may assume that [¢?](r,z) =
(26r,0) for g = (r,z) € Gp. Therefore, [¢,](r,z) = (s1,2) for all g = (r,z) € Gy,
where s = 1 + 26 is a rational number.

Let F be a finite dimensional C*-subalgebra such that d)f) (A) C F. Since K;(F) =
K\(F,Z/kZ) = 0, we have [¢{”]|¢nk, ) = [6P]|Grk,(az/kzy = 0. From the exact
sequence

0 — Ko(A)/kKo(A) — Ko(A,Z/KZ) — kerk — 0,

where ker k is a subgroup of tor (K1 (A)) (see 1.6) and the fact that [¢{¥] lGnk,(a,z/k2)
factors through Ko(F,Z/kZ), we conclude that [¢*)] maps G N Ky(A,Z/kZ)
into Ko(B)/kKo(B) = tor(Ko(A)) /kKy(A) (KO(A)/tor(KO(A)) is divisible) and
[62) |Gk (az/kz)nwor(Ko(A)) ko) = 0. Therefore [¢{?]]Grk,(a,z/kz) is induced by a
homomorphism from ker k to tor (KO(B)) /kKy(B)) = tor (Ko (A)) /kKy(A). Since
(my,my) = 1, if m, is the order of an element in tor (KO(A)) and m, is the order of
an element in tor (K1 (A)) , there is no nonzero maps from any subgroup of ker k to
tor(KO(A)) /kKy(A). Hence [¢;2)]|GQKO(A7Z/;(Z) = 0. Therefore

[¢nllenk) = lonki)  and  [@allonk, (a,z/kz) = lerk. (az/kz)-

We denote G, the image of Gy under [¢,].
Fix a sufficiently large n. We now apply 6.9. We will use some of notation there.
Assume that P = ¢,(14) is a projection in My(B). Write

idpmyp = ¥ B L,
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where both ¥ and L are §-n-multiplicative contractive completely positive linear
morphisms with any given § and 7, the image of L is contained in a finite dimen-
sional C*-subalgebra Cy, [¥]|p and [L]|p are well defined, [¥]s, and [L]g, are pos-

itive. Furthermore, T(\IJ(¢"(1 A)) ) = t so that t/s is a rational number, where
s = T(qﬁn(l A)) is also a rational number and # < 1/2. This also implies that ¢ is
a rational number. Denote L; = ¥ o ¢, and L, = L o ¢,,. Since the image of L is
contained in a finite dimensional C*-subalgebra and K, (B) = K.(A), as above, we

may assume that [L1]|Grk,4) = ek, a) and [Li]|Gnk, a.z/kz) = @l6nk. (a,z/kz)- De-
note by j: C; — PMy(B)P the embedding. Let A;: Ko(B) — Ky(B) be defined
by Al((r,z)) = ((1 —t)r/(s — t),z). Note (1 — #)/(s — t) is a rational num-
ber. So A; is a positive homomorphism. There is a homomorphism H: C; —

(1 f [\If](gbn(lA)))MN(B)(l — [\1/](¢n(1A))) sothat Ho = Ao j. Set ® =
Vo ¢, ® HolLo ¢, Notethat, on Gy, [V o ¢,] = [¢,] — [L o ¢,]. So (with
g = (T, Z) S GO))

[Lo¢ul(r,2) = ((s = t)r,my 0 [Log,l(g))
and
(¥ 0 ¢ul(r,2) = (tr,z =m0 [Lo¢,](g)) -
One then computes that
[®1(r,2) = (tr,z =m0 [Lo¢,](Q)) + M ((s— 1), m 0 [LodulQ))
= (tr,z—mo [Lo¢,](g)) + ((1 —t)r,m o [Lo¢,l(g))
=(r,2) = a(r,2)

for (r,z) € Gy. From the above, we have [®]|p = 5. [ |

Theorem 6.11 Let A and B be two unital separable simple nuclear TAF C*-
algebras satisfying the UCT, with unique normalized trace such that Ky(A) =
Ko(A)/ tor(Ko(A)) &) tor(Ko(A)) , Ko(A)/ tor(Ko(A)) is divisible, Ko(A)+ is locally
finitely generated, tor ( Ko (A)) has bounded order and (k, m) = 1 for any positive order
k in tor (Ko (A)) and any positive order m in tor (K1 (A)) .

Suppose that

(Ko(A),Ko(A)s, [14], K1 (A)) = (Ko(B), Ko(B)+, [15],Ki(B)) .
Then A = B.

(This includes the cases in which Ko(A) = Q and any K;(A), and the cases in
which Ky (A) = Q & G, where G is any finite abelian group, and K (A) is torsion free.
Also included are the cases that Ky(A) = Q & Z/2Z and any K, (A) such that K (A)
has no finite even order elements.)

Proof The proof is the same as 6.6 but we apply 6.10. ]
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6.12

The condition that Ky(A), is locally finitely generated is used (only) to make sure
that both [¢'V]|g, and [¢'?]|, are positive. From 5.9, it suffices to assume [¢{?]|g,
is positive. A unital separable simple TAF C*-algebra is a direct limit of RFD C*-
algebras, i.e., A = lim, o0 (Ay, V), where each A, is a unital RFD C*-algebra. Sup-
pose that each (¢,,). does not map non-positive elements to (non-zero) positive ele-
ment, then (g o0 )« (KO(Ak)) . C (k00 ) (KO(A;()Q . By (4) in 5.9, we may assume
each ¢?|4, is a homomorphism. Therefore, we may always have [¢{?]|g, is positive.
Consequently, we may always assume that [¢(!]|, is positive. Therefore, the condi-
tion Ko(A) is locally finitely generated can be dropped. So we have the following:

Corollary 6.13 Let A = lim,(A,1,) be a unital separable nuclear simple TAF C*-
algebra where each A, is a unital RFD C*-algebra and homomorphism (), does not
map non-positive elements to (nonzero) positive elements. Then all conclusions of 6.5,
6.6, 6.7, 6.8, 6.10 and 6.11 hold without assuming that Ky(A) is locally finitely gener-
ated.

6.14 Final Remark

A theorem for classification of nuclear C*-algebras usually contains two parts: a
uniqueness theorem and an existence theorem. In earlier situations, the harder part
always lies in the uniqueness. Theorem A (2.1) is powerful enough to handle all
simple TAF C*-algebras. This is clearly demonstrated in Theorem 3.7. An existence
theorem would completely classify simple separable nuclear TAF C*-algebras. How-
ever the existence theorem (5.9), which is unlikely to be improved under present
assumptions, is not powerful enough. It is really an existence theorem modulo some
morphisms with finite dimensional range. It seems technically difficult to recover
the information lost in the quotient. In particular, the order of K-theory seems hard
to recover. When C*-algebras have unique normalized traces, we are able to recover
most of them. That is the reason that we are able to prove 6.6—6.11. There is no doubt
these results can be improved. However, to get the general classification theorem, one
needs to improve what we have in 5.9. Some technical improvement has been made
as this paper is revised.
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