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Abstract

Theclass CR of completely regular semigroups (unions of groups or algebras with the associative
binary operation of multiplication and the unary operation of inversion subject to the laws
x=xx"'x, (x_l)"l =x and xx ' = x_lx) is a variety. Among the important subclasses
of CR are the classes M of monoids and I of idempotent generated members. For each
C € {I, M}, there are the associated mappings V — VN C and V — (V N ), the variety
generated by V N C. The lattice theoretic properties of these mappings and the interactions
between these mappings are studied.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 20 M 07, 20 M 10.

1. Introduction and summary

We consider here completely regular semigroups (unions of groups) as alge-
bras with the binary operation of multiplication and the unary operation of
inversion. As such they form a variety to be denoted by CR. The operators
alluded to in the title of the paper refer to certain operators on the lattice
L(CR) of all subvarieties of CR induced by mappings of the following form.
Let I and M stand for the classes of completely regular semigroups which
are idempotent generated or have an identity element, respectively. We con-
sider next mappings on L(CR) definedby V — VNI and V — VNM. The
images {VNI|V € L(CR)} and {VNM|V € L(CR)}, whose members we dub
I- and M-varieties, respectively, are lattices under inclusion. The partitions
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of L(CR) induced by these mappings are complete congruences on L(CR).
Considering the ends of the intervals of £(CR) which constitute the classes
of these congruences, we arrive at four operators on the lattice L(CR).

This paper consists of an investigation in the same general spirit as the au-
thors’ article [10] where the classes of E-disjunctive and fundamental com-
pletely regular semigroups were used in the same setting as are here ] and
M. These additional mappings give rise to further operators on £(CR). The
semigroups generated by certain sets of these operators induced by the upper
ends of the intervals were characterized in authors’ paper [9] in terms of gen-
erators and relations. The present paper is thus a natural continuation of the
two preceding articles on the study of these types of mappings and operators
on L(CR). This work and that of [10] provide a natural setting for them
within a general investigation of the structure of L(CR).

Section 2 contains all the preliminary material needed in the paper. In
Section 3 we prove that the mapping 6,: V — VNI is a complete homo-
morphism of L(CR) onto the lattice of I-varieties of completely regular
semigroups. Its restriction to the lattice of varieties of completely simple
semigroups plays an important role in [8]. In the same and the next section,
we consider lattice properties of operators associated with the homomor-
phism 6, . In Section 5 we perform a similar analysis with the class M of
completely regular monoids by considering the mapping 8,:V - VN M.
The restriction of 8, to the lattice of varieties of bands was considered in
[13] and [14]. In Section 6 we consider commutativity of the various oper-
ators associated with lower ends of intervals. In the final section, Section 7,
we calculate the multiplication table for the semigroup generated by two of
these operators.

2. Preliminaries

If 6 is a mapping of a set 4, then 8 denotes the equivalence on A
induced by 6. If also B C 4, then 6|, denotes the restriction of 6 to B.
The equality relation on any set is denoted by ¢.

Let S be a completely regular semigroup. For any a € §, a® denotes
the element a"'a, E (S) the set of idempotents of S, C(S), the core of
S, the subsemigroup of S generated by E(S) and C(S) the lattice of fully
invariant congruences on S.

We shall use the following notation:

T —trivial semigroups,
L Z—Ileft zero semigroups,
R Z—right zero semigroups,
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R B—rectangular bands,

Re G—rectangular groups,

S—semilattices,

B—bands,

G—sroups,

$ G—semilattices of groups,

C §—compiletely simple semigroups,

0 G—orthogroups (idempotents form a subsemigroup),
C G—cryptogroups (X is a congruence),

0CgG — 06 n CG—orthocryptogroups,

CR—completely regular semigroups,

c(u)—the set of variables appearing in u,

[u = v]—the variety of completely regular semigroups determined
by the identity u = v .

The lattice of subvarieties of a variety V shall be denoted by L(V). For
any V € L(CR), we shall denote by FV the (relatively) free object in V on
R, generators. For a non-empty subclass A of CR, HA, SA, PA and (4)
shall denote, respectively, the homomorphic closure, the (completely regular)
subsemigroup closure, the direct product closure and the variety generated
by 4.

In the first result of this section we give two retractions of sublattices of
L{CR) that will be used later.

LEMMA 2.1. The following mappings are complete endomorphisms:

(1) YV=YNngG (VeL(CR));
(i) V—=>VYnNnCS (VeL({CR).

ProoF. Parts (i) and (ii) can be found in [5, Theorems 3.1 and 3.3, re-
spectively].

Let A be a class of completely regular semigroups. Call its members A-
semigroups. We will say that A is a pre-image class if it is closed under direct
products and homomorphic images and has the following property:

for any epimorphism 6: S — T, where S € CR and T €
(P) A, there is a completely regular subsemigroup R of S with
ReAand RO=T.

A subclass K of A is an A-variety if it is closed under the formation
of direct products, homomorphic images and A-subsemigroups. Denote the
class of all A-varieties by L, (CR). If A = CR, then all A-varieties are
varieties.
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PROPOSITION 2.2. Let A be a pre-image class of completely regular semi-
groups.

(1) L,(CR) is a complete lattice.

(ii) The mapping

0,:V—-VYNA (Ve L(CR))
is a complete homomorphism of L(CR) onto L4(CR).

PROOF. (i) We first show that the mapping 6, defined in (ii) is a sur-
Jection of L(CR) onto L, (CR). Since both V and A are closed under
direct products, homomorphic images and A-subsemigroups, it follows that
VNnAe€ L,CR) and that 8, maps L(CR) into L,(CR). Now let K €
L,(CR). Since K is closed under the formation of direct products, (K) =
HS(K). Let T € (K)n A. Then there exist U € K, a completely regular
subsemigroup S of U and an epimorphism ¢:.S — T. By property (P),
there exists R € A, which is a completely regular subsemigroup of S, such
that Rp = T'. But then R is a subsemigroup of U and, since K is closed
under A-subsemigroups, R € K. Now K is also closed under homomorphic
images. Hence 7 € K. Thus (K)N A C K. The reverse inclusion is obvious
and therefore K = (K) N A. It follows that @, is a surjection and from this
we can conclude that £, (CR) is a set.

In addition, it is evident that £, (CR) is closed under arbitrary intersec-
tions and has a greatest element (namely, A) so that £, (CR) is, therefore,
a complete lattice.

(i1) Clearly 6, respects arbitrary intersections. In order to show that it
is a complete \/-homomorphism, we let V, € L(CR), for a € 4, and must

show that
(1) (\/ va)ﬂ/l=\/(van,4).
a€A a€A
Indeed, let T € (V,c,V,) N A. Then there exist ¥ € V, , a subdirect

product S of the V , o € 4, and an epimorphism 6:S — T . Since
T € A and A has property (P), it follows that there exists a completely
regular subsemigroup R of S with R € A and RO =T. Then R is a
subdirect product of the projections R , a € 4, of R into each V. Since
each R is a homomorphic image of R, it follows that R € V N A for all
a € A. This proves that the left hand side in (1) is contained in the right
hand side; the opposite inclusion is trivial. Therefore 6, is also a complete
V-homomorphism.

One immediate consequence of Proposition 2.2 is that the class of A-
varieties is a set.
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The following result of a lattice theoretical nature will be useful.

LEMMA 2.3 [6, Lemma 4.10]. Let p be a complete congruence on a com-
plete lattice L. For each x € L, let x* be the least element of xp. Then for

any ACL, wehave \/ ,c,x" = (V,c %)

3. Idempotent generated completely regular semigroups

Denote by I the class of all idempotent generated completely regular
semigroups. For V € L(CR), let

VC = {S € CRIC(S) € V}.

Equivalently, VC consists of those S € CR all of whose idempotent gen-
erated subsemigroups belong to V. Since HSP(VC) = VC, as is easily
verified, it follows that VC € £L(CR) . Further let

I={C(S)|S € CR} = {S €CR|S = C(S)}.

THEOREM 3.1.
(i) I is a pre-image class.
(ii) The mapping

6,:V—>VnI (VeL(CR))

is a complete homomorphism of L(CR) into L,(CR). Moreover, for any
V € L(CR), we have VO, =[(VNI), VC].

PrROOF. (i) Let S€CR, T €I and 6 be an epimorphism of S onto T .
Forany e € E(T) and any a € S such that af = ¢, we have a0 =e , Where
@ eE (S). Since T is idempotent generated, it follows that C(S)8 =T
and that I has property (P). Clearly I is closed under direct products and
homomorphic images so that (i) holds.

(ii) It follows immediately from (i) and Proposition 2.2 that §, is a com-
plete homomorphism of L(CR) onto L (CR).

Let V € L(CR). It follows easily that

ynnHnI=vynIi=vCnlI,

so that (VNI), \)Ceve_]. Nextlet U € L(CR) besuchthat UNnI =VYnI.
Then (VNI) = (UNI) CU. Also, for S € U, wehave C(S) € UnI =VYNI so
that S € VC. It follows that U C VC. Consequently VE =[ynI), VC],
asserted.
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-COROLLARY 3.2. Forany U,V € L(CR), we have
UNnI=¥YnleUnI)={(YNnI)ecUC=YC.

In order to study the mapping V — (V N I), we need some preparation.

LeMMA 3.3. The following conditions on V € L(CR) are equivalent.
(i) vCcog.

(i) (YnI)CB.

(iii) YNnI=VYnB.

PRrROOF. (i) implies (ii). Clearly YNI = YN8 and thus (VNI) =VYnNB C B.

(ii) implies (iii). Evidently YNNI C (VN I) C YN B and the inclusion
VNBC VNI always holds.

(iii) implies (1). If S€V,then C(S)e VNI =VNB and hence S€0§.
Therefore VC 0§.

LEMMA 3.4. The mapping
V—-Vn3 (Ve L£(06))
is a complete endomorphism of L(0G).

Proor. Let {V, },., be a family of varieties of orthogroups and let S €
(Vaea V,)NB . For each a € 4, there exists V, € V_, a subdirect product P
of the V., a € 4, and a homomorphism ¢ of P onto S. Then E(P) isa
subsemigroup of E([T,c,V,) =Il,c,E(V,) and hence E(P) is a subdirect
product of its projections P, in the product [] ., V, . Note that P, € YV N8
for each a € A. Furthermore, since S € 8, the restriction ¢| Ep) Is
homomorphism of E(P) onto S. Consequently S € V .,(V,NB8). This
proves the inclusion (V ., V,)N8 C Vaec4(V,NB); the opposite inclusion is
obvious. Since the above mapping is trivially a complete ()-homomorphism,
the assertion of the lemma follows.

We are now ready to give some properties of the mapping related to the
lower bounds of the intervals V6, .
THEOREM 3.5. The mapping
V—-{(¥ynl) (Ve L(CR)
is a complete \/-endomorphism of L(CR) but is not an (\-homomorphism.
Its restriction to L(0G) is a complete endomorphism of L(0G).

Proor. The first assertion follows directly from Theorem 3.1 and Lemma
2.3.

https://doi.org/10.1017/51446788700030202 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030202

7] Operators on regular semigroups 7

In {4, Example 4.10] an instance of a variety U of completely simple
semigroups is given with the following properties:

(i) every X-class of the core of every member of U is generated by elements
of order 3;

(ii) there exists a member of U with an element of order 2 in its core.

Let V be the variety of completely simple semigroups over abelian sub-
groups of exponent 2. Then Z, € (UNI)N(VNI). On the other hand, let
Ge{UNVYNI)ngG. Since UNVNI is closed under direct products, there
must exist @ € UNV NI, acompletely regular subsemigroup P of Q and
an epimorphism 6: P - G. If e = 167! , where 1 is the identity of G, then
H = ePe is a subgroup of Q and 6|, is an epimorphism of H onto G.
Now every }-class of Q is abelian (since Q € V) and generated by elements
of order 3 (since @ € YN I) and so must be of exponent 3. Consequently
Z,¢ (UNVYNI)NnG so that the mapping V — (V N I) does not respect
intersections. This establishes the second claim of the theorem.

The final assertion of the theorem follows from Lemmas 3.3 and 3.4.

Some of the mappings discussed in this section were considered in [8]
for varieties of completely simple semigroups. In particular [8, Proposition
5.7] describes (V N I) for any variety V such that RB C V C C§ and [8,
Theorem 7.5(iii)] asserts that CZ = [4, D]. Here, for completely simple
semigroups, we use the following notation:

A—maximal subgroups are abelian,

C—products of idempotents are in the centre of the containing sub-
group,

D—maximal subgroups of the core are abelian.

4. Operator C

We are aiming here at an analogue of Theorem 3.5 for the operator C
and some supplementary results. Let

ReB = [a0 =a, axya = axayd],
ROG = [aobo = (aobo)0 ) axoyoa = axoaoyoa]
denote the varieties of regular bands and regular orthogroups, respectively.

The main result of this section is the following, the second assertion of which
answers a question posed in [11, page 29].

THEOREM 4.1. The operator C is a complete (\-endomorphism of L(CR)
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but is not a \/-homomorphism. Its restriction to L{(ROG) is a complete en-
domorphism of L(ROG).

ProOF. The first assertion follows directly from Theorem 3.1 and the dual
of Lemma 2.3; see also [11, Result 7.2(2)]. The proof of the second assertion
needs some preparation.

For the ensuing discussion, let X = {x;|i € I'} be a countably infinite set,
fix 1€l andlet I'=1\{1}. Let

Z={glienyuip,li,kel},

F, be the free group on Z and let P = (ij) with p,, =p,, =1, the
identity of F,. Then the Rees matrix semigroup

FCS=M(I,F,;,I;P)
is a free completely simple semigroup over X with embedding x;, — (i, g;, i),
see [1, Theorem 7.4] and [12, Theorem 1]. In addition, let F, and F, denote
the subgroups of F, (freely) generated by {g,|i € I} and {p,|j, k € Iy,
respectively. For any normal subgroup N of F,, the relation p, defined
by

(i,8, pytk,h, ) i=k,gh™' eN, j=1I,

is a congruence on FCS with p, C X.

LEmMA 4.2 [12, Theorem 3). (i) There exists a family of endomorphisms &
of F, such that, for any normal subgroup N of F,, py is a fully invariant
congruence on FCS ifand only if N € N, the lattice of &-invariant normal
subgroups of F, .

(i1) If, in the usual anti-isomorphism between the lattice of subvarieties of
CS and fully invariant congruences on FCS, V — p,,, then forall V €
[RB, CS] there exists N, € N such that p, = p Ny Moreover, the mapping
V — N,, is an anti-isomorphism of [RB, CS] onto XN .

Forany M e N, let
Mq=MﬂFq, Mp=Man

and for any subgroup N of F,,let N A denote the normal subgroup of F,
generated by N .

LeMMA 4.3 [8, Proposition 5.1]. Forany V € [RB, CS], with N=N,,,
we have N, . = NpA.

https://doi.org/10.1017/51446788700030202 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030202

91 Operators on regular semigroups 9

Let U,V €[RB,(CS], Ny=M and N, =N. Then
UCVVC =UVV)C & Ny NN, = N(uvv)c
& M) NN} =(MnN); =(M,nN,)".
Therefore, in order to show that C does not respect joins it suffices to
find M, N € N such that
(2) M)NN; #(M,nN)".

Let M and N be the fully invariant subgroups of F, corresponding to the
varieties of abelian groups of exponent 2 and exponent 3, respectively. Then
Mp , Np and Mpan are the fully invariant subgroups of Fp corresponding
to the varieties of abelian groups of exponents 2, 3 and 6 respectively. We
will show that (2) holds.

Let o € §,, the symmetric group on {1, ..., 9}, be the 6-cycle

a=(123456).

Let 4 and B be the normal subgroups of S, generated by o? and o, re-

spectively. Now o’ = (1 4)(2 5)(36) which is an odd permutation. Since the
only non-trivial normal subgroups of S, are 4, the alternating subgroup,

and S, itself, we must have B =S;. Moreover ol = (1 35)(246) and so,
with = (1 7)(3 8)(59) we obtain

[, Bl=0""p'a’B
=(153)264)(17)(38)(59)(135)(246)(17)38)59)
=(153)(789).

Let y = [a®, B]. Then
o’y = (14)(2 5)(3 6)(153)(789)
=(145236)(789)
while
ya® = (15 3)(7 8 9)(1 4)(2 5)(3 6)
=(125634)(789)
so that a3y # ya3 and therefore [y, a3] # ¢, the identity of S, .
Now let 8: Z — S, be any surjection such that pjk0 =a forall j, kel .

Then 6 extends to a unique epimorphism of F, onto S; which we will
also denote by 6. Then Fp0 = {a), a cyclic group of order 6. Hence

M,NN, Ckerf and therefore (M, N Np)A Ckerd.
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Let p=pj, for some j, keI, andlet x = g; be such that x6 = §.
Then p2 € Mp so that

a=[p’, x1=p*(x"'p’x) € M.

On the other hand b = p3 € Np C le . Hence

[a,b]=(a"'b"'a)b=a"'(b"'ab)e M, NN,
However, \ , \
ab =[p", x10 =[(p9)", x0]=[a", Bl =7
and b6 = p30 =a’ so that
[a, b]0 =[af, bO] = [y, a’] # .

Consequently [a, b] & ker @ and therefore [a, b] € M: N N: but [a, b] ¢
M,NN,. Thus (2) holds and C Isnota \/-homomorphism on L(CS).

This proves the second assertion of Theorem 4.1; we now turn to the proof

of the last assertion. The first lemma below shows that the action of C on
L(0G) is really determined by its action on L(B8).

LEMMA 4.4. Let V€ L(OG). Then
VC=(VNB)C ={SeO0GlE(S) e VnB}.

PrOOF. We have
VC ={SeCRIC(S)e V}
={Se€eCR|IC(S)e VNB} sinceVCOG
=(VynB)C
while clearly
{S€CRIC(S)eVNB}={Se€O0G|E(S)e VnB}.

LEMMA 4.5. Let V € L(0G) and
YN8 =[x°=x, ux, ..., x,)=v(x;, ..., x,)N
Then

0_0,0

VC=[x0y°=(x y), u(x?, ...,x,?):v(x?, ...,x,?)].

ProoOF. By Lemma 4.4, we have
VC={SeO0G|E(S)e VnB}

and clearly, for S € 0G, E(S) satisfies the identity ¥ = v if and only if S

satisfies the identity u(x? yeees xg) = v(x? Y eees x,? ).
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LEMMA 4.6. The restriction of C to L(ReB) is a complete monomorphism
of L(ReB) into L(ROG).

ProoF. The lattice of subvarieties of R-% is displayed in Figure 1. From
Lemma 4.5 we can determine a basis of identities for each of the varieties
VC(V € L(ReB)) and can then, with the help of [2, Section 10], identify
these varieties in [2, Figure 8.5]. We indicate what this image is for each of
the subvarieties of R-8 in parentheses in Figure 1 with the obvious inter-
pretation of the abbreviations used. By inspection of [2, Figure 8.5] it can be
seen that {VC|V € L(ReB)} is a sublattice of L(ROG) and therefore that
V — VC is a complete monomorphism.

LEMMA 4.7. The restriction of C to L(ROG) is a complete \/-endomor-

phism.
ReB A (ROG)
{LQNOG) a o (RONOG)
(LROG)( trB NB (RROG)

Figure 1. Varieties of regular bands
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ProOF. For V € L(ROG), a€ A4, we get

(1)e-(y))e mimmse

= (\/ (v, n B)) C  byLemma 3.4

aEA
=\ (v,nB)C by Lemma 4.6
a€A
= V V,C by Lemma 4.4.
a€A

This concludes the proof of Theorem 4.1.

We supplement the preceding discussion by showing that the operator C is
also an endomorphism when it is restricted to the context of 0CG = 0GNCG.
In other words, we are going to consider the mapping

C:V—=VCn0oCG (VeLOCS)).

First we recall

LEMMA 4.8 [7, Theorem]. The mapping
V—-(VYNB,VNngG) (Ve L£(ocg)
is an isomorphism of L(OCG) onto L(B)x L(G) withinverse (U, V) — UVYV.

LEMMA 4.9. Forany U € L(B) and V € L(G), we have (UVV)C" =UV§.

PROOF. Let W =(UVvV)C* and SeWNB. Then Se€(UVV)CNB so
that S=C(S)e(UVvV)nB. By Lemma 3.4,

UVVINB=UNB)V(VNB)=UVT =L.

Thus WnNB CU and so WNB = U since the reverse inclusion is obvious.
Also

TC'=TCNOCG=6Nn0CG=§
sothat 6 C W and WNG = G. Applying Lemma 4.8 we have W = UV §
and the result follows.

We bring these observations together in the next result.

https://doi.org/10.1017/51446788700030202 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030202

[13] Operators on regular semigroups 13

PROPOSITION 4.10. The mapping C* is a complete endomorphism of

L£(0CG).
ProoF. For U € L(OCG) with a € 4, we have
(V ua) C' = (V(uanB)v(uang)) c*
a€A a€A

[y o)l

(V U, n B)) VG byLemma 4.9

a€A
=\ (@, nB8)vy)
a€A
= \/ 4,C" by Lemma 4.9.
a€A

The result now follows by Theorem 4.1.

5. Completely regular monoids

Denote by M the class of all completely regular monoids. For V € £(CR),
let
VL = {S € CRleSe €V for all e € E(S)}.

Equivalently, VL consists of those S € CR all of whose submonoids are
in V. It is easily verified that VL € £(CR). For more information on the
operator L see [11, Section 6], where the notation P is used.

The main result of this section is the following.

THEOREM 5.1. (i} M is a pre-image class.
(ii) The mapping

0,: VoV M (Ve L(CR))

is a complete homomorphism of L(CR) onto L, (CR). Moreover, for any
V € L(CR), we have V8, =[(VNM), VL].

ProoF. (i) Clearly M is closed under direct products and homomorphic
images. Nowlet S€CR, Te M and @ be an epimorphism of S onto 7.
Let a € S be such that af = 1, the identity of T, and R = a’Sa’. Then
Re M and R =T. Thus M has the property (P) and (i) holds.
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(i) That 6,, is a complete homomorphism of L(CR) onto L, (CR) fol-
lows immediately from part (i) and Proposition 2.2,
Let V € L(CR). It is easily shown that

VAMNM=VNM=VLNM,

sothat (VNM), VL € V@, . Nextlet U € L(CR) besuch that UNM = VM.
Then

(VaM)y=({UnNM)CU.
Also, for S € U, we have eSeec UNM=VYNM forall e € E(S) so that

S € VL. It follows that U C VL. Consequently V8, =[(VNM), VL], as
asserted.

COROLLARY 5.2. Forany U,V € L(CR), we have
UnM=yVynMeUNM=(VYNM)s UL=VL.

THEOREM 5.3. The mapping
V= {(VNM) (Ve L(CR))

is a complete endomorphism of L(CR).

Proor. That the mapping is a complete join endomorphism follows di-
rectly from Theorem 5.1 and Lemma 2.3. Let U, € L(CR), a € 4, and
S €N,eq{l,NM). Then S €, U, sothatif S has an identity, then

Se (gua)nMg<(gua)nM>.

Thus suppose that S does not have an identity and let S' denote S
with an identity adjoined. Then, for each o € 4, there exist U, € U N M, a
(completely regular) subsemigroup R, of U, and an epimorphism 6, : R, —
S. Since S does not have an identity neither does R . But Rl =R U{l},
where 1 is the identity of U_, is a subsemigroup of U, and we can extend 6,
to an epimorphism 6’ : R! — S' by defining 16, = 1. Thus S' €U N M,

forall a € A, thatis, S' e (Nyeq U,) N M and therefore

({02}

Consequently (), (U, N M) € ((N,e4sU,) N M) and, since the reverse con-
tainment obviously holds, we have equality.
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Our next goal is to indicate how to obtain a basis of identities for (VN M)
fromonefor V. If V € L(CS),then VNM = (VNM) =VNG. The problem
being trivial in this case, we restrict our attention to non-completely simple
varieties.

PrOPOSITION 5.4. Let V = [u, = v ] ., € L(CR), where c(u,) = c(v,)
Jor all a € A. For each o € A, let M be the set of identities obtained
Jrom u_=v_ by deleting all occurrences of some subset (including the empty
subset) of variables. Then S € (VN M) ifand only if S satisfies all identities
of M forall a€A.

PROOF. Direct part. Let S € (VN M). Since VN M is closed under direct
products, there exists M € ¥V N M, a (completely regular) subsemigroup 7'
of M and an epimorphism of 7 onto S. Let u =v be a member of M_.
Then M satisfies ¥ = v since M satisfies ¥, = v, and we may substitute
the variables in #, = v, which are missing in u = v by the identity of M .
Hence T and thus also S satisfies u = v.

Converse. The given condition implies that S ! satisfies u, = v, forevery

a€A. Hence S' € VN M whence S € (VY N M), as required.

PrOPOSITION 5.5. The following conditions on V = [u, = v]
L(CR), where c(u,) =c(v,) for all a € A, are equivalent.

@B YnM)y=Yv.

Gi)If Se€V, then S'e V.

(iii) Every S € V satisfies all identities which can be obtained from some
u, = v, by the deletion of all occurrences of a subset (possibly empty) of
variables.

a€A €

PRrROOF. (i) implies (ii). Let S € V. Then S € (VN M) and hence there
exist M € VN M, a (completely regular) subsemigroup T of M and a
homomorphism ¢ of T onto S, since VNM is closed under direct products.
Assume that S does not have an identity. Then T also has no identity.
Letting 1 be the identity of M, welet T' = TU{1} so that 7’ is a monoid.
Adjoin an identity e to S thereby obtaining a monoid S'. Now extend ¢
to a homomorphism ¢’ of T’ onto S'. It follows that S' € (VN M) =",
as required.

(ii) implies (iii). Let u = v be such an identity and let S € V. Then by
hypothesis, S' €V and S' satisfies u = v since S' satisfies u, =v, and
u = v is derived from some such identity by setting some (possibly empty)
set of variables equal to 1. But then S also satisfies u =v.

(iii) implies (i). Let S € V. The hypothesis implies that for every a € 4,
S' satisfies u, = v, and hence S '€ Y. It follows that S' € VA M and thus
S € (VN M). Therefore V C (VN M) and the opposite inclusion is trivial.
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6. Commutativity between operators

In [10] and the previous sections we have introduced various classes of
completely regular semigroups and have shown how each determines a de-
composition of £{CR) into certain intervals. Associated with the lower and
upper ends of these intervals are various operators on £(CR) and we devote
this section to the study of the interaction of the operators associated with
the lower ends. Information about the operators associated with the upper
ends can be found in [9].

Let p be a congruence on S € CR. Then

ker p = {a € Slape for some e € E(S)}

is the kernel of p and trp = p| E(S) is the trace of p. The greatest congruence
on S for which ker p = E(S) is denoted by 7 and the greatest congruence
such that trp = ¢ isdenoted by u. If T = ¢, S is E-disjunctive, and if
uw=¢, S is fundamental. For any equivalence relation A on S, A% denotes
the largest congruence p on S containedin A. If AC S, let

A% = (4 x A)u (S\4) x (S\4))".

In terms of this notation, 7 = E(S)° and u=X°. If £°=¢, then S is left
Sundamental.
The classes considered in [10] were
D = {S € CR|S is E-disjunctive},
F = {S € CR|S is fundamental},
LF ={S € CR|S is left fundamental}.

Taken together with the classes discussed in the preceding sections, this
leads us to consider the following operators (all defined on L(CR)):

d:V—-{(ynd), t:V-(Yn7),
t:V—-(YnLl¥F, c:V-(¥YnlI),
1:V - {(YnM).

In the first result we identify which pairs of the above operators commute
with each other. This section consists of the proof of this statement.

THEOREM 6.1,
() dl=1d. (ii) t;, =t =1,. (iii) tc=ct.
(iv) d=1It. (v) ye=ct;. (vi) {1l =11,.

PrOOF. Part (i). We require the following lemma.

https://doi.org/10.1017/51446788700030202 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030202

[17] Operators on regular semigroups 17

LEMMA 6.2 [9, LEMMA 6.1]. Let S be a completely regular semigroup. If
e € E(S), then tg| 5, = 7,5, -

The proof of part (i) follows easily from the next lemma which, in fact,
provides additional information of independent interest.

LEMMA 6.3. Forany V € L(CR), we have
((VnD)nM)y=({(¥YnNnM)ND)y=(YNnMnD).

Proor. It suffices to prove that

(3) (YnD)ynMC(YnDnM),
(4) (VAM)ynDc(VYnDnM).

Let Se (VnD)yNnM. Since VN D is closed under direct products, there
exists @ € VN D, a (completely regular) subsemigroup P of Q and an
epimorphism ¢: P — S. Denote by 1 the identity of S, let e € E (lq)_l)
and U = eQe. By Lemma 6.2, 7 = 14|, = &, = &,. Therefore
UeD. Wethushave U € YNMND and S is a homomorphic image of the
subsemigroup ePe of U. Consequently S € (VN MnN D) which establishes
relation (3).

Now let S € (VN M)nD. Then there exist Q € VN M, a (completely
regular) subsemigroup P of Q and an epimorphism ¢: P — S . If § hasan
identity, then S € YN MND. So suppose that .S does not have an identity.
Since Q has an identity, it follows that P'isa subsemigroup of @ so that
P' € YN M and we can extend ¢ to an epimorphism of P' onto §' by
defining 19 = 1. Suppose that s! & D . Then there must be a non-trivial
congruence p on S' with kerp = E(Sl). Hence kerp|; = E(S). But
S € D. Consequently p|; = ¢ and therefore p can have only one non-
trivial class, namely 1p, and that class can contain only two elements, say
1p= {1, e}. Since kerp = E(S') , we must have e € E(S). But then Sl/p
contains (an isomorphic copy of) S as a subsemigroup and has ep = 1lp as
an identity. Hence e must be an identity for .S, which is a contradiction.
Therefore S' € D sothat S' € VNDNMC(VNDNM) and (4) holds.

Part (ii). For the claim that tf, = {;z = t,, we wish to establish, for any
V € L(CR), the following equalities:
(5) (VNFANLFA)=((VYNLFANF)=(VNLF).
Clearly LFC 7 and (VNFINF=VNF. Hence
VNFANLF=(VNFNFALF=VNFALF=VNLF
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and the first and third classes in (5) are equal. Further,
VNLF=(VNLANLFCYNLANTF

so that (VNLF) C ({(VNLF)NF). Since the reverse containment is obvious,
the second and third classes in (5) are also equal.

Part (iii). We will proceed to the proof of part (iii) via two lemmas, the
first of which gathers together the necessary information on u, the largest
congruence contained in ¥ .

LEMMA 6.4. Let S€CR.

(i) aub < a®=b° and a 'ea=b""eb forall e <d’.

(ii) If S is fundamental and e € E(S), then eSe is also fundamental.

(iii) If ¢: S — T is an epimorphism and a, b € S are such that aub,
then ag u by .

(iv) S/u is fundamental.

ProOOF. See [3, Theorem 5].

In the next lemma we shall require the following concept. For any p €
C(S), S € CR and any completely regular subsemigroup P of S, the sat-
uration P' of P by p is P' = ,c,pp. Clearly P’ is also a completely
regular subsemigroup of §S.

LEMMA 6.5. Forany V € L(CR), we have
((VynI)nFH=((YnFAnI)=(¥YnFnI).

PROOF. Letting
A=(YnI)n¥, B=(YnFnlI

and
C=(¥Nn¥nI),

it suffices to prove that AC(C and BCC.

First, let S € A. Since VNI is closed under direct produts, there exists
Q € VNI, a(completely regular) subsemigroup P of Q and an epimorphism
9: P — S. Let u be the greatest idempotent separating congruence on Q.
Since Q is idempotent generated, so is Q/u, and by Lemma 6.4(iv), Q/u
is fundamental. Consequently Q/u € VN Fn1I. Let P' be the saturation
of P by the congruence u and let 6 = yj, . Then P'/0 is a subsemigroup
of Q/u sothat P'/8 € C. Let a,b € P be such that a@b. Since 8 is
an idempotent separating congruence on P, we have au'b where y' is the
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greatest idempotent separating congruence on P’. It follows from Lemma
6.4(iii) that a¢ and bg are related by the greatest idempotent separating
congruence on S. By hypothesis, § € 7 and therefore ap = bgp. This
makes it possible to define a function y by

v:al — ag (aeP).
It follows easily that y is an epimorphism of P'/6 onto S. Therefore
Sec.

Next let S € B. In the above notation, we now assume that Q@ € V N
7. The expression for the greatest idempotent separating congruence, see
Lemma 6.4(i), shows that it depends only on idempotents. It then follows
that u| Q) is the greatest idempotent separating congruence on C(Q). Since
@O is fundamental, we get that C(Q) is fundamental as well. Thus C(Q) €
vnFnl, C(P) is a subsemigroup of C(Q), and ¢| cwp) is a homomorphism
of C(P) onto S since S €. Consequently SC.

Part (iii) is an immediate consequence of the above lemma.

Part (iv). We wish to show that for any V € £L(CR), we have
({(VOMNnF=((YnF)InM)=(YNnFnM).

Letting A= (VNM)NF, B=(VNF)NM and C = (VNFNM), it suffices
to prove that AC C and B C C. Let S € A. Then, since M is closed under
direct products, there exist M € VN M, a (completely regular) subsemigroup
T of M and an epimorphism ¢: T — S. Now S €V since M € V and
also S€ 7 whence SeVnfF. If SeM,then Se VNnFN M. Assume
that S& M. Then T & M; letting 1 be the identity of M, weget T' C M.
Adjoin an identity e to S and extend ¢ to T! by letting 1¢ = ¢. Then
S'eV and also ' € 7. Hence S' € C and thus S e C.

Let S € B. Then there exist F € VN 7, a (completely regular) subsemi-
group T of F and an epimorphism ¢: T — S. Now S€V since FeV
and also S€ M whence Se VNM.

Let 1 be the identity of S and let e € E(T) be such that egp = 1. Then
(eTe)p = S, eTe is a subsemigroup of eFe, and eFe € ¥ by Lemma
6.4(ii). Hence eFe€c VN MN ¥ and SeC.

Part (v). We first gather together various observations about £° which
parallel the observations in Lemma 6.4 for u = ¥ 0

LEMMA 6.6. Let Se€CR.
(i) If e € E(S), then L3|,, = LY, .

(ii) If S is left fundamental and e € E(S), then eSe is also left funda-
mental.

https://doi.org/10.1017/51446788700030202 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030202

20 Mario Petrich and Norman R. Reilly [20]

(iit) If ¢: S — T is an epimorphism and a, b € S are such that al’p,
then aq)ﬁob(p.
(iv) S/E0 is left fundamental.
0 0
(v) L cs) = BC(S)'
(vi) If S is left fundamental, so is C(S).

ProOOF. (i) See [9, Lemma 6.4].

(i1) This foliows directly from part (i).

(ii1) This is an immediate consequence of the observation that, for any
a,beeSe,

aﬁosb & xalxb forallxeS' s

(iv) See [6, Corollary 5.7].

(v) See [9, Lemma 5.4].

(vi) This follows directly from part (v).

The remainder of the proof of the equality in part (v) of Theorem 6.1 is
then entirely analogous to that of part (iii) but using Lemma 6.6 in place of
Lemma 6.4.

FPart (vi). The proof of this part is entirely similar to that of part (iv).

7. The semigroup generated by ¢ and /

The operators ¢ and / do not commute; for example CSc/ = G while
CSlc = T . However, it is possible without too much difficulty to determine
the semigroup generated by ¢ and /. We gather the basic observations that
we require in the next lemma.

LEMMA 7.1.

(i) F=c, *=1.

(i1) Icl =lc.

(iil) Vic C Vel forall V € L(CR).
(iv) cle=lc.

Prookr. (i) This is obvious from Theorems 3.1 and 5.1.

(ii) Let V € L(CR). From the definition of /, it is clear that Vic/ C Vlic.
In order to establish the reverse inclusion, it suffices to show that (VNnM)nNI C
Vicl. Let Se (YnNnM)nI. Since VN M is closed under direct products,
there exists M € VYN M, a (completely regular) subsemigroup R of M and
an epimorphism #: R — S. Since S € I and every idempotent in S is the
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image under € of an idempotent in R, § maps C(R) onto S. So, without
loss of generality, we may take R=C(R)e I.

If S contains an identity 1 and e € E(R) is such that ef = 1, then
(eRe)8 = §. Also

eReeVNMNIC(YNM)NI

so that S € (VN M)NI) and therefore S =S"€ Vicl.
If S does not contain an identity and 1 is the identity of M , then 1 ¢ R.
But

R'=Ru{l}evnMnIC{(VnMnNI)
and 6 extends to an epimorphism of R' onto S'. Hence
Ste((vaMynI)nM

and so S € Vicl. Thus Vic € Vicl and equality prevails.
(i11) By (ii), Vic = Vilcl C Vel forall V € L(CR).
(iv) For all ¥V € £L(CR), we have

Vic 2 Velc
2 Vicl by (iii)
=Vic by (i)
so that Vic = Vcic.

That the four operators /, ¢, /c and ¢/ are all distinct can be seen from
the following:
CSc=CS, CSI=CScl=Gl=G, CSlc=Gecl=T.
These observations combined with Lemma 7.1 clearly give the following re-
sult.

THEOREM 7.2. The semigroup generated by the operators ¢ and | has the
Jollowing multiplication table.

c |lc|cllc|lc
Ie | lc | lc | Ic | lc
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We conclude this section by demonstrating the non-commutativity of the
remaining pairs of operators from the list introduced at the beginning of this
section.

1. dt#1d.

For consider CS. If S€ (S, then S is a subdirect product of S/¥ and
S/t. Hence if S € CS\ReG, then S/t ¢ G for otherwise S would be a
subdirect product of a rectangular band and a group. Hence there exists a
non-group 7 € (SN D. Thus T/X is a non-trivial rectangular band and
T/He(CSND)NF so ((CSND)NF)# T. On the other hand

(CSNFNDy=(RBND)=(T)=T.

2. dt, #1d.

This is a variant of the above, where CSNLF = RZ.

3. dc#cd.

For consider SG. Let S = Zzo , where Z, = {e, g} is a 2-element group
with identity e. Let Y, be a 2-element semilattice. Then eg = g & E(S)
and 0g =0 € E(S) sothat (¢,0)¢ 7 and Y, = S§/¥. Thus Y, € (SGnD)NI
and ((SGND)NI)# T. On the other hand,

(SgNIynD)y=(SND)y=(T)=T.
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