SOLVABILITY OF ORDINARY DIFFERENTIAL
EQUATIONS NEAR SINGULAR POINTS:
AN ANALYTIC CASE

HOMER G. ELLIS

1. Introduction. The question of solvability of the differential equation
1) '(x) = Glx, f(x)),

with x ranging over an interval (0,a], and with the boundary condition
f(04) = 0, can be investigated as an initial-value problem at 0, which may
be a singular point for the equation. This has been done in (1), where it was
shown by application of a fixed-point theorem that the problem is solvable
if G is ‘restricted in growth somewhere near 0,”” and where criteria for un-
solvability of the problem also were given. In case G(x, w) is analytic in w,
that is

@) Glx, ) = ggxx)wﬂ,

somewhat different and more transparent conditions for solvability and for
unsolvability seem natural. Under these conditions the proofs become more
elementary, and in addition solutions can be expanded in infinite series of
integrals which are improper at 0.

The scheme for finding these expansions seems to have been hit upon first
by O. Perron (2). First one introduces the equation

F) = G, (@) = ggp<x>z7”<x>,

which reduces to the analytic case of (1) when z = 1; then one supposes that
f has a series expansion of the form

f= Zm: x4
=0

and seeks to determine recurrently the coefficient functions ¢,. There is then
the question of the convergence of this series, consideration of which will be
facilitated by a piece of notation and a lemma, as follows.
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If each term of the sequence {kq, 1, ...} is a complex number or each
term is a complex-valued function, the terms all having a common domain
in the latter case, then for » = 1,2,... and p = 0,1, ... the symbol %,,

stands for the coefficient of 27 in the formal expansion of (222, %, 29" into a
power series in z—which is to say that

hn,p = hp if n= 1,
and

/4
Tap =3 hohnrpy if > 1.
q=0

An easy consequence of this definition is that if z is a complex number and
each of m and # is a positive integer, then

i P 27| < (f |h,,z”|>
=0 =0

(Throughout the paper the inequality f < g, where each of f and g is a real-
valued function, is to be interpreted to mean that f(x) < g(x) for every
number x common to the domain of f and the domain of g.) It should be
noted that if ¢ < p, then the expression for %,,_, does not involve %, or any
succeeding term of the sequence {A,}, so that if each of ko, ..., h,_y has
been defined, %,,-, is fully determined. This fact will be used as a hidden
justification in some inductive definitions.

n

LeMMA. Suppose that each of Ko, K1, . . . is a complex number, r > 0, T is a
finite non-negative number, and

3) S KT < T.

=0

If s = Ky, and, for p =1,2,...,

?
“) Sp = Z:qu Se.p—0
=

then for each complex number z such that |z| < r the series 2= s, 2% converges
absolutely to a complex number t such that |t| < T and

(5) t =y K,
p=0
the convergence of the latter series also being absolute.

Proof. Let

e = 2 |5, &l forn =0,1,....
p=0
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Then

n ?
In = IKOI +;_1 ;Kq Se.p~¢ lzpl

< I + 2 30 1K) a2

=1 ¢=

Now #y = |so] = |[Ko| < T, and if £, < T for p = 0,1,...,n — 1, then

Kol + 3 3 (Ko o) (s0pe )]

p=1 ¢=1

= !K0| +§n_‘4 i [(K, 2°) (a0 2 )

=1 p=¢

= 1o+ 35 1 #1515 1)
<1l + 35125 1 21)°
= 1K + 3 K e

< [Ko| + 21 K| r°T*
p=

<T.

Hence the sequence {#,} is bounded above by T, so that the series >= s, 2
converges absolutely to a complex number ¢ such that |¢| < T It is not diffi-
cult to show that

Dosepd =t° forg=0,1,...,
p=0

and that, by an interchange of order of summation in an absolutely con-
vergent iterated sum,

t=Ko+2l(qu“)<g)sq,pz”>
- K,

absolute convergence of the latter series is implied by the inequalities

@

:L:,O K, 2| < ;0 K, I""T” < T.

This ends the proof.
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This lemma is slightly more general than subsequent applications require.

2. A criterion for solvability. If ¢ > 0 and % is a function whose domain
includes the interval (0, a¢], then the statement that % is integrable from 04
to x, x being any number in (0, ¢], will mean that if 0 < § < «x, then % is
Lebesgue-integrable on the interval [8, x] and [Z% approaches a finite limit
as 8 — 0; the symbol [% . h will stand for this limit.

Let P denote the non-compact complex plane and P,, the compact complex
plane. Suppose that, for each non-negative integer p, g,: (0, ») — P, and
g, is measurable.

For the analytic case of the differential equation under consideration the
following condition upon the coefficients g, will take the place of Hypothesis
A of (1).

Hypothesis A’. There exist a finite positive number ¢, a finite-valued non-
negative function # on (0, ¢], and, for each non-negative integer p, a finite
non-negative number K, such that

(i) go is integrable from 0+ to ¢ and

(6) ’f0+ 2| < Kou,
and

(ii) if p is a positive integer, then |g,|u? is integrable from 0+ to a and
) fo_,. g|u” < Ky u.

The following theorem is almost, but not quite, an existence theorem for
the initial-value problem. The property of the G’s being ‘‘restricted in growth
somewhere near 0,”’ defined in (1), finds its analogue for the analytic case in
the conjunction of the hypothesis of this theorem with the hypothesis of (ii)
of the conclusion of this theorem, with » = 1.

THEOREM 1. Suppose that Hypothesis A’ is true and that u and {K,, K1, . . .}
denote a function and a number sequence which jointly verify it. Then each of
the following statements is true.

(1) The recurrence formula

£o if P = O,
@8) Cp = po+
ngch,p—q ifp=1v21"'v
¢=1 0+
defines a function sequence {co, c1, . . .} each term of which includes the inierval

(0, a] in its domain.
(i) If r > 0 and there exists a finite non-negative number T such that

YK, "T? <L T,
p=0
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then for each complex number z such that |z| < r the series 2.2 ¢, 2" converges
absolutely on the interval (0, a], also uniformly on every set on which u is bounded,
to @ function f which has the property that

(@) |gpf?| is integrable from O+ to a for p =1,2,...,

b) f= Z;‘;J or &0 2f P, the convergence of this series being absolute, also
uniform on every set on which u is bounded, and

(c) If| < tu, where t satisfies

t=2 K, s
=0
and 1is the smallest non-negative number which does so.

Proof. As in the lemma let sp = K, and

Y4
Sp=ZIKqu,,,_q for p=1,2,....
=

The fact that the K,’'s are all non-negative implies by induction that each
sp > 0 and each s,, > 0.

Letco = f0+ 2o. Since g is integrable from 0+ to a, the domain of ¢, includes
the interval (0, a]. Now, by (6), |co] < Kou = sou, and therefore

le1,0] = |eo] < Sou = 51,00,
while if # > 0 and |cp,o] < Smou™ form =1,...,n — 1, then
len,ol = [co Cnmt0] < (S0%) (S0 %" 1) = sp0 0"
Hence if p =0,
9) leo] < spu

and, for each positive integer #,
(10) [Cnp| < Snp 2™

An inductive argument will now establish that if d is a positive integer
and ¢y, . .., cg—1 is a sequence which satisfies the recurrence formula (8), and
in addition the inequalities (9) and (10), for 0 < p < d — 1, and each of
Coy .+« ., Ca—1 includes the interval (0, ¢] in its domain, then the recurrence
formula generates a function ¢4, with (0, ¢] as a subset of its domain, for which
(9) and (10) hold when p = d. The argument is as follows.

Suppose that 1 < ¢ < d. From (10) it follows that |g, ¢;,a—| < Sg,a-q |g|%%
Because each of ¢, ..., ¢;—1 is continuous, ¢,., is continuous, and since g,
is measurable, g, ¢, s, is measurable. But this function, being measurable
and dominated by a function which is integrable from 04 to @, namely
Sq.a—q |€oJu?, must itself be integrable from 0+ to a, along with its absolute
value, and what is more,

(11) lfo+ 24 Cqa—q| < fo+ 8¢ €.a—a| < Squa— fo+|ga|”q-
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This being true for ¢ = 1, ..., d, the recurrence formula is thereby able to
generate the function ¢, determined by

d
Ca = Z f g4 Cqia—a>
=1 Y0+

cq is certainly defined at least on the interval (0, ¢], and

d
lcal <2 Sqraq f g lu’ < (ZK Sqvi— )u = S, U.

=1

It follows as before by induction on # that |¢s,q < $a,q #*. This completes the
induction on d and establishes (i).

Suppose now that |z| < 7. According to the lemma the series > @  s,|2/?
converges to a number { such that

©

t=> K, |z
p=0

Since in the present instance each s, > 0, so is . Also, it follows immediately
from the lemma that ¢ is the smallest non-negative solution of the last equation.
If # is a non-negative integer, then

(12) 2 el < (Z s,,[zl”)u < tu,
=0 =0

and therefore the series 2°© | ¢, z” converges absolutely on the interval (0, a]
to a function whose domain is that interval. Call this function f. Since, for

n=201...,
‘f - c,,z"l = i 3 ‘ < splzl">u = <t - splzl”)u,
p=0 p=n+1 p_n+1 7=0

it follows that the convergence is uniform on every set on which # is bounded.
Since

(12) implies that [f| < #u, so thatif p is a positive integer, then |g, f?| < #7|g,|u”.
Because f is a pointwise limit of continuous functions, it is measurable, and
so, therefore, is g, f?. Furthermore, in view of the last inequality and (ii) of
Hypothesis A’, g, f? is dominated by a function which is integrable from 0
to a, and, consequently, is itself integrable from 0+ to a.

Suppose that x € (0, ¢]. Then

16 = a6 + 5 55 ([ eveurs)?

=1 ¢=1
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The double sum converges absolutely, for if 7 is a positive integer, then, in
view of (11), (7), and (4),

81 ] < 2l
<3 (5 Ksurms) 2o

=1

- <=1 sp]zl”>u(x)

< (t — Ko)u(x).

Therefore the order of summation can be changed to yield

(13) F6) = o) + 3 5 ( f qu Come zp_”>zq

¢=1 p=¢

ROEDY <§J f(]:gq Cap zp)%“-

¢=1

Il

Now from the absolute convergence of 3> ¢, 2” to f it follows by induc-
tion that if ¢ is a positive integer, then

[ee]
Z Cq,p 2 = f ‘:
=0

with absolute convergence here, also. But from the last equation it follows
that if # is a non-negative integer, then

fi= Z;)Cqmzp i Cq,pzpl < <tq - ;)Sq,p 'Z|p>uq,

p=n+1
where use has been made of inequality (10) and the fact, mentioned in the
proof of the lemma, that

2 Sep lal” = £
p=0

(Here t = 2.2 ; s,|2|?, whereas in the lemma ¢ = } @ s, 2%.)

Therefore
< [Cled |0 =F
0+ =0

z n VZ
f gqfq _ZJ gch,pzp
0+ p=0 J 0+
n z
< <tq - Z S¢.p ‘Z|p> f ng'uqv
=0 0+

Z € Cep 8 = f g f
o+ o+

=0

so that
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hence in view of (13)
F=3 f uer
p=0 ¢ 0+
Now since, according to the lemma,

t = K, |z,

p=0
it follows that for each positive integer #,

Z J‘ 22 f7—
p=0 0+

< Z <J |gpfp|> 2"
p=n+1 04
< (t - > K, |z[”t”>u.
p=0

This inequality implies that the convergence of > 2 , f 01&» 2f? is absolute and
is uniform on every set on which # is bounded. This completes the proof.

n
D o
&2 f

p=0 0+

The preceding theorem will become an existence theorem for the differential
equation initial-value problem if its hypothesis is strengthened enough to
allow the conclusion that

f=2 J‘ gpzpfp=f 2 %% f7
=0 Yot 04 p=0
and hence the conclusion that
HOEDWHOLAE
pram

almost everywhere. The next theorem details such a procedure.

THEOREM 2. If to the hypothesis of Theorem 1 there were added the assumptions
that u(0+) = 0 and that there exists a positive number R such that 3.2 |g,|R?
converges uniformly on every interval [d, a) for which 0 < d < a, and the num-

ber b were then defined by
b =supfa’ € (0,a]|rTulx) < Rif 0 <x < a'},

where v and T are the numbers mentioned in statement (ii) of the conclusion of
Theorem 1, then to statement (ii) of the conclusion could be added the following:

(d) the series -2 g, 2°f? converges absolutely on the open interval (0, b) to
a function which, if 0 < x < b, is integrable from 0+ to x, the convergence
being uniform on every interval [d, b) for which 0 < d < b, and

(&) if 0 < x < b, then

f@) =) > &2f
0+ p=0

and
F) = i (@) (x)

almost everywhere (everywhere, if each g, is continuous).
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Proof. From the lemma it follows that ¢ < T, and therefore |f| < Tu. Hence,
if 0 <x < b and p is a non-negative integer, then

|g» (2)2%f7 (x)] < |gp () |[rTu(x)]P < g, (x)|R2.
The series 3= g, 2%f?, being thus majorized on the interval (0, 4) by the
series Z;;Ol g,|R?, converges absolutely on (0, ), and, also like the latter series,
it converges uniformly on every interval [d, b) for which 0 < d < .
Let

h = Z 2 2f°
p=0

and suppose that x € (0,8) and 0 < d < x. On the closed interval [d, x], &
is a uniform limit of functions which are integrable from 0+ to ¢ and, con-
sequently, from d to x. Therefore % is integrable from d to x, and

Lfh=11m Zgz"f”
da

n-sw ¥Yd p=0

-t ([ Zer - [ L eer)
=3 e =% [awr

= f(x) — f(d).

Since #(04) = 0 and |f| < tu, f(0+) is also 0, and it follows, upon letting d
tend to 0, that % is integrable from 0+ to x, and that

1@ == e
0+ 0+ p=0
so that

J'x) = Z & @)z 7 (x)

p=0
almost everywhere in (0, b). If each g, is continuous, then so is %, so that
the word “‘almost’” can be omitted in that case.

3. A criterion for unsolvability. The final theorem to be presented is
approximately a converse of Theorems 1 and 2. It is analogous to the last
theorem in (1) and requires for its formulation an assumption about the g,’s
somewhat antithetical to Hypothesis A’, i.e. the following Hypothesis B’. It
is for the analytic case the counterpart of Hypothesis B in (1).

Hypothesis B’. There exist a finite positive number «, a non-negative meas-
urable function « on (0, a] and, for each non-negative integer p, a non-negative
number K, such that

(i) if & € (0, a], then there is a number x such that 0 < x < & and
u(x) # 0,
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G1) if x € (0,a] and g is integrable from 04+ to x, then

vz
J g()
0+
and

(iii) if x € (0, @] and p is a positive integer, then either |g,|u” is not inte-
grable from 0+ to x, or else it is and

(14) > Kou(x),

(15) J lgo|u” > K, u(x).
o+

THEOREM 3. Suppose that Hypothesis B’ is true and that w and {Kg, Ky, . . .}
denote a fzmctzon and a number sequence which jointly verify it. If r > 0 and
there does mot exist a finite non-negative number 1" such that

SK, 1< T,
p==0

then for mo complex number z such that |z| > r do there exist « number b in the
interval (0, a] and a function f: (0, b] — P such that

(16) > l fgl +ZJ & 21

p=1

in particular if z > r, f0+g(, >0, and g, > 0 for p = 1,2,..., then there do
not exist @« number b in (0, a) and a non-negative function f on (0, b] such that

f= JMZZ & 2f7,

or even such that

f:Z J gpzp ?
p=0 0+

Proof. Suppose that there do exist such a number b and a function f:
(0, 8] — . This implies, among other things, that if 0 < x < b, then g is
integrable from 04 to x, and that |f] > \f0+g° so that, according to (14),
}_/L; > K[] u.

Now let ty = K,, and define ¢4, s, . . . inductively by the formula

@
4 » 4
.=ZI&,,1'£,,_1,

=0

S~
=

allowing the possibility that f, = « from some term onward. The sequence
tto, b1, . . .} is non-decreasing, for clearly ty < t1, and if ¢,_; < ¢,, then

=2 K, 7"t <K, r"t) = tyiy.
=0
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Furthermore, lim, ¢, = «, for if T = lim,. {,, then
T =Y K,/"T*
=0

and by hypothesis cannot be finite.

On the other hand, |f| > Kou = tyu, while if #» is a positive integer and
Ifl > to1u, then |[f| > £, u. This latter comes from the following considera-
tions.

If |[f| > ti—1u, and p is a positive integer, then

|Zo|?? (tae1 )? < |gp 2°f7).

The function on the right is, by hypothesis, integrable from 04 to 4, and
since, as may easily be seen, neither » nor #,_1 can be 0, the function |g,|u?,
being non-negative, measurable, and dominated by a function which is inte-
grable from 0+ to b, must itself be integrable from 04 to 4. In addition

f0+|g1’ 2f7 > fo+|gﬂ]rp(tn—lu)p > K, 7"t 1 u,

in which the last step utilizes (15); therefore it follows from (14) and (16)
that

Ifl > Kou + > K, *ty_{u = tyu.
=1

The fact that [f| > f,u for » = 0,1, ..., coupled with the fact that, for
at least one number x in the interval (0, 8], #(x) £ 0, leads to a contradiction,
since lim ¢, = », while the values of f are supposed to be finite.

The final part of the conclusion follows without difficulty from the first
part.

4. Remarks. In closing, let it be remarked that the foregoing analysis
can be applied to the equation

= Eogpzp(f — )
P
with the initial condition f(0+) = ¢, where ¢ can be any complex number.
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