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1. Introduction. This note discusses the determination of the coefficients a,, in the dual
trigonometrical series

% nPa,sinnz = F(z) (0 <z <o),
n=1
........................... (1)

@0

3 a,sinnx = G(x) (c <z <),

n=1
where p = +1 and F (), G (%) are prescribed functions of z. It is shown that this problem and
the corresponding one in which the sines in equations (1) are replaced by cosines are easily
reduced to a form in which the results I have recently given in this journal [1] may be applied.

As with my previous paper on this subject, the analysis is purely formal and no attempt is

made to give precise conditions for which the solution is valid.

2. The reduction of equations (1). Let ¢, be the coefficient of sin nz in the sine series

representing G (z) in the interval 0 <z < = so that 3, ¢, sinnz = G(z) and
n=1
2 [ .
Cp = — f GX)SINNL AL, ceuveneriinieniiiiineriieiinenennen, (2)
7 Jo
If
A, = @y —Cpy  verereriiiieiii et eas (3)

equations (1) can therefore be written

§ n?A, sinnx = f(z) (0 <z <e¢),

”:‘ .............................. (4)
3, A,sinnx =0 (c<z <),
n=1
where
fl@) = F(x) - § TPCpy I L. wevvrrnernrneenneneneinsrnereiniines (5)
n=1

The problem of determining the coefficients 4, from equations (4) is precisely that given in
§§ 2, 5 of my previous paper [1} and the problem is therefore formally solved.

3. An example. Inequations(1)takep = 1,
F(z) = sinzf(cosc —cosz) and G(x) == - .
From equations (2) and (5),

c,,=gfﬂ (rr—x)sinnxdz=§, ................................. (6)

m™Jo

https://doi.org/10.1017/52040618500034158 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500034158

A FURTHER NOTE ON DUAL TRIGONOMETRICAL SERIES 199

and

sin & .
fl@) = — -2 Y sin nz
COSC—COST  nm)

sin }x cos {x
=t 2 COb AT, e 7
sin? 3z —sin® 4¢ cot @

if we take the Cesaro sum of the sine series. Writing sin 3z = p sin }c, we obtain
. . (1 - p?sin? §c)t

 sin-1 = = PR e
f{2 sin—1(p sin 4c)} p(FF <1)sin 3¢

Substituting this in equation (17) of my previous paper [1], we get
4 8 dp
XO) = e D
By writing p = s sin 6, the definite integral is easily evaluated and we find

_ 2
x(®) = - s(1—s?)tsin dc

Substitution in equation (7) of my previous paper then gives
1
A, = —4nsin® ic f s(1-8)tF(l+n,1-n; 2; gsin?dc)ds. ............ (8)
0

The definite integral in (8) can be evaluated as follows. From Watson [2, p. 401], since
0 <ssindec <1,

1

F(l+n,1-n; 2; s?sin? §¢) = -
ns sin ¢

®

f J o (8)J 1 (ts 8in? X¢) dt,
0

and substitution in (8) gives, after interchanging the order of integration,

A,

—4 8in ¢ f: Jon (t) dtf (1 —s2)~tJ, (ts sin 4¢) ds

1
0

L /2
—4sin e f Jon (t) dt f Jy(tsin desin o) dae (8 = sin a),
0 0

dt

4 f: {1 - cos (¢sin $0)} T2 () 5

when use is made of Watson [2, pp. 374, 333]. The value of this integral is again given by
Watson {2, p. 405] and we find that

A, = =(cosnc-1).

S

Using (3) and (6), we find that the required value of the coefficient a,, is given by

2 2
a, = A, +¢, = A, += = = cos nc.
n n n n n n
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4. The similar problem for cosine series. Here we wish to determine the coefficients
b, in the dual series

§ n?h, cosnx = Px) (0 <z <e¢),
n=1
o e, 9)
>, b,cosnz = Q(x) (c<z <),
n=1

where p = +1 and P(x), @(x) are now prescribed. Writing
a, = byfn, Fl(z) = f PO, G@) = - QUYL oo, (10)
0

we easily see, by integrating with respect to 2 between 0, z and z, = respectively, that equations
(9) reduce to equations (1) and this problem can be solved as before.
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SOME TRIPLE INTEGRAL EQUATIONS

by C. J. TRANTER
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1. Introduction. Potential problems in which different conditions hold over two different
parts of the same boundary can often be conveniently reduced to the solution of a pair of dual
integral equations. In some problems, however, the boundary condition is such that different
conditions hold over three different parts of the boundary and, in such cases, the integral equa-
tions involved are frequently of the form

-~

f : s (ru)du = fir) (0 <r<a),

IR A LR T I R L N — )
0

J: s, (ruydu =0 (b <r< oo),
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