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SK>; AND K; OF DIHEDRAL GROUPS

REINHARD C. LAUBENBACHER AND BRUCE A. MAGURN

ABSTRACT. New computations of birelative K> groups and recent results on K3
of rings of algebraic integers are combined in generalized Mayer-Vietoris sequences
for algebraic K-theory. Upper and lower bounds for SK>(Z G) and lower bounds for
K3(Z G) are deduced for G a dihedral group of square-free order, and for some other
closely related groups G.

0. Introduction. Shortly after J. Milnor introduced the definition of K, of a ring
in 1968-69, J. B. Wagoner discovered that pseudo-isotopy obstructions can be found in
K>(Z G), where G is the fundamental group of a smooth manifold (see [28]). Since then
there have been several attempts to compute K»(Z G), but this has proven difficult, even
for the smallest groups G.

To date, the only complete calculations of K,(Z G) have been those of M. Dunwoody
[5], when G has order 2 or 3, and M. Stein [26], when G is cyclic of order 4 or 5, or
dihedral of order 6 or 10. Beyond these computations, only lower bounds for the order of
K>(Z G) have been found. In 1976, K. Dennis, M Keating and M. Stein published lower
bounds for the order of K»>(Z G) when G is an elementary abelian p-group, p a prime
(see [4]). These were based on surjectivity of K, of the map reducing Z G modulo p, and
grow exponentially with the rank of G. These results were complemented by S. Chaladus
in 1979 (see [2], [3]) who produced lower bounds when G is a cyclic p-group by using
iterated Mayer- Vietoris sequences to establish surjectivity of K, of the inclusion of ZG
into its integral closure in QG.

In the mid-1980’s (see [20], [21]), as part of his conquest of SK|(Z G), R. Oliver gen-
eralized the bounds of Dennis-Keating-Stein to arbitrary finite p-groups, replacing reduc-
tion mod p by completion at p, and conjectured lower bounds for these same p-groups
involving the cyclic homology of Z G. In addition, Oliver generalized and improved the
bounds obtained by Chaladus, obtaining lower bounds for the case of finite cyclic groups
of arbitrary order.

In this paper we focus on the kernel, SK>(Z G), of K, of the inclusion of Z G into QG.
This kernel has trivial intersection with the part of K»(Z G) detected by Chaladus. We
obtain lower and upper bounds for SK,(Z G) when G is cyclic or dihedral of square-free
even order. Our upper bounds show that Oliver’s bounds in the cyclic case detect more
than just SK,(Z G); the precise relationship of SK; to those bounds is unclear. Our lower
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bounds for both classes of groups include bounds on the minimum number of generators
of SK>(Z G), not merely on its order. Our bounds for square-free order dihedral groups,
and for certain of their extensions including dicyclic groups (see Theorem 9.10), are the
first ever obtained for K,(Z [—]) of these groups.

Our approach continues a line of work begun by M. Stein in [26], using Mayer-
Vietoris sequences which incorporate a measure of the failure of excision for relative
K>. That measure is the birelative K, introduced by D. Guin-Walery and J.-L. Loday in
[7] and by F. Keune in [10]. In [13] and [14], the first author of our paper constructed
long exact generalized Mayer-Vietoris sequences for the K-theory Z G, which exist for a
large class of finite groups G, including those of square-free order. The underlying idea
is that, if G has square-free order, then Z G is a subdirect product of a hereditary order
in QG. The inclusion map from Z G into the hereditary order induces the long exact
Mayer-Vietoris sequence. The third term in the sequence involves K3-groups of various
semisimple quotients of the hereditary order, as well as birelative K,-groups associated
to all the fiber squares occurring in the description of Z G as a subdirect product.

To use this sequence to get a complete computation of K»(Z G), one needs to know
the K, of rings of integers in certain number fields. This is a very hard problem, but there
has been substantial progress toward its solution (e.g., see [11]). However, to compute
SK>(Z G) from the sequence requires only the determination of birelative K,-groups, the
K3-groups of the hereditary order and semisimple quotients, and the boundary map in
the sequence from dimension 3 to dimension 2.

In Sections 1-3 we construct a filtration of SK,>(Z G) with one filtration quotient as-
sociated to each prime factor of the order of G. Sections 4-6 contain the birelative K3
computations. Section 7 is devoted to the determination of K3 of the hereditary order,
using M. Keating’s work on tiled orders to reduce to the determination of K3 of rings
of integers, the latter having been independently completed by M. Levine in [15], and
A. Merkurjev with A. Suslin in [18]. Finally, Section 9 contains the upper and lower
bounds for SK>(Z G), and lower bounds for K3(Z G). We anticipate that a better under-
standing of the K3-level maps in the sequence will eventually close the gap between our
upper and lower bounds.

Before we begin, a few remarks about notation are in order. If R is the ring of integers
in a number field F, and A is an R-order in a finite dimensional semisimple F-algebra
X, then for n > 0, SK,(A) denotes the kernel of K,, of the inclusion map from A into X.
Second, we use @ to denote the direct (cartesian) product of rings, as well as the direct
sum of abelian groups. Third, the term “fiber square” refers to any commutative square
of ring homomorphisms:

R — §

T — U
for which the induced map

R—S®T
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is injective, and for which any pair of elements in S and T with the same image in U have
a common pre-image in R. This is also called a “cartesian square” or a “pullback” in the
category of rings.

1. Filtrations of SK,,(ZG). IfA,...,A, are rings, it is a property of algebraic K-
functors K, (n > 0) that projections to each coordinate induce a natural isomorphism:

m

Kn(@AI) = @ K,,(A,)

i=1 i=1

This property is useful in calculating K,,(Q G) for a finite group G, since QG is a direct
product of its simple components. But the topological invariants which provide major
applications of K-groups take their values in K,(Z G) or in closely related groups, and
Z G does not decompose, having no central idempotents aside from 0 and 1 (see [27],
Corollary 8.1).

To take advantage of the decomposition:

i=1
of QG into its simple components Z;, consider Z-orders defined as follows: If 7 C

{1,...,m} let A(T) denote the image of the projection:

ier
If p={n,...,7,} isapartitionof {1,...,m}:
nU---Urn={1,....m}, nNnn=0ifi#j

then
R(p) = P A1)
j=1

is a Z-order in QG containing ZG. If p/ is a refinement of p, then R(p) C R(p/).
If, in passing from a partition p to a refined partition p/, a part 7; = 7 is divided into
two parts 7/ U 7", there is a fiber square of ring homomorphisms:

Ar) — AT

|

A"y — S

where the top and left sides are projections. (This is described more fully below.) Under
some conditions there are Mayer-Vietoris sequences in K-theory which can be used to
study K,, of the inclusion:

A(T) — AT & A(T").
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Beginning with { 1,...,m}, define a sequence of partitions, each refining its prede-
cessor by dividing each part into at most two parts. Denote the associated orders by:

ZG=RyCR C---CR =PAG).
i=1

Then K, of each inclusion R,_; — R; is the direct product of maps:
K.(A()) = Ka(AGT") & Ko (AGT"))

for each 7 that is divided, and identity maps on K,,(A(T)) for each 7 that is left alone.
For 0 < i <k, let F' denote the kernel of K,(ZG — R;). The inclusion ZG — QG
factors through the inclusion Z G — R;; so each F' is a subgroup of SK,,(Z G). Thus there
is a filtration:
0=FCF C---CF CSK(ZG).

The last layer SK,,(Z G)/ Fkis isomorphic to the image of SK,,(Z G) under K,(Z G — Ry),
which is contained in SK,(Ry). When each A(i), and hence also Ry, is hereditary, and n
is even,

SKy(Ry) = SGu(Ry) = 0

by [12], Theorem 1.1. This happens, in particular, when all Sylow subgroups of G are
cyclic.

To compute the other layers, we use the following rephrased version of [14], Propo-
sition 2.3, presented here with a corrected proof:

PROPOSITION 1.1. Suppose Ry C --- C Ry are Z-orders in a Q-algebra and
q1,- - ., qk are pairwise relatively prime positive integers with q;R; C Ry for 1 <i <k.
Then for0 <i< j<kandn> 0,

ker K,(Ro — R;)

—————— ~kerK,(Ri — R;
ker K,(Ro — R)) n(Ri = Rj)
where the arrows are inclusions.

PROOF. Taking A = Ry, B = R; and C = R, it is sufficient to prove that if

ALB&c

are inclusions of Z-orders in a Q-algebra, and pC C B, gB C A for relatively prime
positive integers p and g, then the image of K,(f) contains the kernel of K,(g) for all
n > 0. For then the map K, (f) induces an isomorphism:

ker K,.(gf)

ker K, (f) = ker K,(g),

as required.
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Let K(—) = BQP(—) be the K-theory space functor, so that
Ko(=) = mui (K(=),0).

Consider the commutative square of homotopy fiber sequences:

X — K®A — K(B)
N [N N
| X —  K@AI/p) —  KB/pD
(1.2) ! !
Y—|— KA — | — KO |

Y —  KAll/p) —  K(C[1/p]

where the maps between K-theory spaces are induced by inclusions, and the spaces X,
X', Y, Y are appropriate homotopy fibers.

Let S denote {p" : n > 0}. Since gB C A and pZ +gZ = Z, the inclusion A C B
induces an isomorphism: A/ sA = B/ sB for each s € S. In other words, the inclusion
of A into B is an analytic isomorphism along S. By a theorem of M. Karoubi (see [8],
Appendix 5, and [30], Theorem 1.1), B ®4 (—) is a natural equivalence of categories
HL(A) — H{(B), where, for any ring R, HL(R) is the category of finitely generated S-
torsion R-modules of projective dimension < 1. Let a: Z — Z’ denote the induced map
between homotopy fibers of the vertical maps in the square:

KA — KB

K@A[l/p) — K(B[1/p])

which is part of diagram (1.2). Combining the above category equivalence with the lo-
calization theorem for projective modules (see [6], Example 1), one obtains o as a com-
posite of weak homotopy equivalences:

Z ~ BQH(A) ~ BQH{(B) ~ Z .

Further, putting in all homotopy fibers, one obtains a commutative diagram:

X' — z e z

| | |

X — K@) — K(B)

s

X — KAll/p) — K@®B1/p)

with every row and column a homotopy fiber sequence. Since « is a weak homotopy
equivalence, X" is weakly contractible: so m,(3) is an isomorphism for all n > 0.
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Since pC C B, the front vertical maps in (1.2) are identity maps. So for every n > 0,
the map m,(7) is split injective (follow the left side of (1.2)). From a chase through the
commutative ladder of homotopy exact sequences obtained from the back of (1.2), one
sees that ker(K,,(B) — K,,(C)) is contained in image(K,,(A) — K,,(B)), foralln >0. =m

Returning to the discussion prior to Proposition 1.1, each inclusion R;_; — R; in the
filtration described there is the direct product of identity maps and inclusions:

AT) — AT ® AT")

in which A(7) projects onto each direct factor, A(7’) and A(r"). For notational conve-
nience we write A, A/, A” for A(T), A(T"), A(t") respectively. If I is the kernel of A — A’
and J is the kernel of A — A”, then IN J = {0} ; so there is a fiber square of canonical
ring homomorphisms:

A — AJIZN

| |

N =ANJ — AU+,

in which A/ (I + J) is a finite ring (being a quotient of Z G whose tensor with Q must
vanish because Q ® (—) of the above square is still a surjective pullback). In fact I + J
is the conductor from A’ @ A” into A, and the characteristic of A/ (I +J) generates the
ideal (/+J)yN Z of Z.

By [13], Theorem 2.1, if that characteristic is a prime p and, for all n > 0, K, (A/ I+
J)) is a torsion group with no p-torsion, then there is a long exact Mayer-Vietoris se-
quence:

s Kt (N) @ Kyt (N') = Kot (A (1 +)) @ Kn(A 1,J)
— Ku(A) = Kn(A) © Ky(A") = -

where K,,(A; 1,J) are the birelative K-groups (see [7]) associated to the fiber square. The
kernel of K,,(R;,—; — R;) is the direct product of the kernels of the maps:

Kn(A) — Ky(N @ A") ~ Ky(A) @ Ku(A")

in these Mayer-Vietoris sequences, as A ranges over the direct factors which are split up
as we pass from R;_; to R;.

To provide such sequences for each A — A’ & A” from R;_| to R;, we shall require
that each g; is a prime p;. To avoid p;-torsionin K, (A/ (1+J)) itis sufficient that A/ (1+J)
be semisimple, hence a product of matrix rings over finite fields of characteristic p;; for
D. Quillen’s formula (see [22]) for K, of such a field yields a cyclic group of order rela-
tively prime to p,. These constraints lead us to consider decompositions of QG derived
from square-free order cyclic normal subgroups of G, with index relatively prime to their
order.
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2. Filtrations based on cyclic normal subgroups. For the rest of this paper, as-
sume G is a finite group with a cyclic normal subgroup H generated by an element a of
order m, and by, ..., b; is a full list of coset representatives for G / H, withb; = 1. The
group algebra QG is a (left and right) free Q (@] (= Q H)-module with basis by, ..., bs.
Its multiplication is determined by relations:

b,-a = a"(i)b,', bibj = ag(i")bk

where n(i), £(i,j) € Z and n(i) is relatively prime to m.
If d is a positive divisor of m, let {; denote the primitive d-th root of unity e
Replacing a by {; defines a surjective ring homomorphism,

2r/d

Ya: QG — X(d),

where X(d) is a Q-algebra with the above description, but with {; substituted for a. As
in [16], Section 7, there is a @ -algebra isomorphism:

QG =~ P x(d)

dlm

which is ¢, in each d-component.
If D is a set of positive divisors of m, let O(D) denote the image of the projection:

71G— @ ().
deD

Let o = aq denote the image ((;)4cp 0of a in O(D). Then O(‘D) has the same description
as QG, but with Q replaced by Z and a replaced by o: O(D) is a (left and right) free
Z [a]-module with basis by, . .., by; its multiplication is determined by the relations:

bia = a"%b;,  bib; = a'Ppy.
Note that the minimal polynomial of o g over Q is:

Ypx) = [[ @ax)

deD
where ®,4(x) is the minimal polynomial of {; over Q. Since each ®,(x) is monic with
integer coefficients, s0 is Yp(x). So Z [a] has Z -basis 1, ar, ?, ..., a®~!, where
b =b0p= 73
deD

is the degree of Y p(x).
Now suppose p is a prime factor of m and p does not divide any element of D. Then
there is a fiber square of surjective ring homomorphisms:

ﬂpq)

o(DuUpD) O(pD)

Q2.1 " |
oD) m—og; O(D)/ pO(D)
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where 7y, m,p are projections and the right vertical map may be defined by commuta-
tivity of the square. To justify this, note that there is a surjective fiber square beginning
with these projections, and by [16], sections 8-9, the bottom map in such a square has
kernel pO(D).

Note that the left vertical map 7y in the square (2.1) is a split surjective ring homo-
morphism. To see this, note that for each d € D, Z[{;] C Z[{,q]; and by compatibility
of the multiplicative relations, X(d) is a subring of Z(pd), and then O(D) is a subring of
O(pD). The splitting of 7 is the ring homomorphism taking x to (x, 0 (x)), where

9: 0(D)— O(pD)

is the g-power map on a followed by inclusion, where g is the inverse of p under
multiplication modulo r = Icm(D).

To produce Mayer-Vietoris sequences for all such squares, we need to assume m (=
order of a) and s (= index of {a)) are relatively prime, so that p never divides s:

LEMMA 2.2. If D is a set of positive divisors of m with least common multiple r, and
p is a prime not dividing rs, then the ring O(‘D)/ pO(‘D) is semisimple.

PROOF. The map ZG — O(D) (a — ayp) factors through Z G,, where G, =
G/ (d"). So there is a surjective homomorphism:

F,G, — O(D)/ pO(D).

Since G, has order rs, F,G, is semisimple artinian by Maschke’s Theorem. "
If m is square-free, we obtain a filtration:

ZIG=RyCR C---CR = 0@
d|m

as follows. Say m = pp, - - - p, for distinct primes p;. Let D; denote the set of all positive
divisors of m/ (py - - - p;). Define

dlpipi

Note thatif d|p; - - - pi—1, then dD;_; = dD; U dp;D;, and the sets dD; and dp;D; do not
overlap, and are in bijective correspondence via multiplication by p;.
The inclusion R;_; — R; is just the direct product of inclusions:

OdD;—) — OdDy) ® OdpiDy).

Considering the squares (2.1) above, we see that p;R; C R, for each i.
Let B, (D, pD) denote the birelative K,,-group associated to the square (2.1). With the
R; just defined and with
F = kerK,(ZG — R)

as in Section 1, we have machinery in place to analyze SK,(Z G):
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COROLLARY 2.3. Suppose m is the product of distinct primes p) - - - p, and is rela-
tively prime to s. There is a filtration:

0=F CF C..-CF CSK(ZG)

in which SK,(Z G)/ F' is isomorphic to a subgroup of @am SK,,(O(d)), and F'| F~ 1 is
the direct product over all divisors d of py - - - pi—i of the cokernels of the maps:

K (O(Pid@i)) — Ky (O(d@i)/PiO(d@i)) @ B, (dD;, pidD)
in the Mayer-Vietoris sequences of squares (2.1) withp = p; and D = dD,.

PROOF.  From Proposition 1.1 we know that F'/ F"~! is the direct product of the
kernels of the separation maps:

K.(OWdDi-1)) — K,(0dD)) ® K, (O(pid D)

in the specified Mayer-Vietoris sequences. Now use the exactness of those sequences
and the split surjectivity of O(dD;—) — OdD). .

Note that for each ordering of the prime factors of m, one obtains a different filtration
of SK,(Z G). The easiest layer to compute is F’/F‘”', since in this case dD, = d, and
the Z(dD,) = X(d) are closest to simple components of Q G. However, the X(d) need not
be simple, and this impedes the computations.

3. The filtration for square-free G. The filtration of SK,(Z G) described in Sec-
tion 2 does not reach all the way to the direct product of images of ZG in the simple
components of QG, unless G = H is cyclic. But in the special case where |G| = ms
is square-free and G/ H is abelian, we can extend this filtration to have a step for each
prime factor of ms, and thereby reach the simple components.

Since m and s are relatively prime, we can choose by, ... b, to be an abelian subgroup
B of G. If B acts faithfully on Z [(4], then X(d) is a crossed product Q((y) o B, which is
simple.

On the other hand, if the kernel of B — Aut(Z [(4]) has an element b of prime order p,
then in G, = G/ (a?), the element ab generates a cyclic normal subgroup of order dp.
Thus, replacing G by G, and a by ab, the previous £(d) and O(d) become Z(d, pd) (=
>({d,pd}))and O(d, pd) (= O({d,pd})). Now we can form R.,; by replacing O(d, pd)
by O(d)@® O(pd) for each d for which p divides the order of the kernel of B — Aut(Z [{4]).
Then pR.+1 C R, and we obtain a new subquotient F**' / F' of SK,(Z G), isomorphic to
the direct product of the kernels of separation maps in the mayer-Vietoris sequences of

squares:
Od,pd) — O(pd)

Ood) — Od)/pO(d)

Iterating this process for each prime factor of s, we eventually reach the decomposition
of QG into simple components.
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EXAMPLE. Suppose G is the dihedral group of order 70, with generating rotation a
of order 35, and with b; = 1, b = b, where b*> = | and ba = a'b. Take p1 = 5Sand
P2 = 7. Then

Ro=7G = 0(1,5,7,35),
R = O(1,7)® O(5,35),
Ry = O(1)@ O(7) @ O(5) ® O(35).
Under conjugation, { 1,b} acts faithfully on Z[(,] for d = 5,7, and 35. But the kernel
of {1,b} — Aut(Z) is of order p = 2. Replacing G by G, = {1,b} and a € G by

ab = b € G, the previous O(1) = Z[{1,b}]becomes O(1,2), where O(1) = Z and
OQ2) = Z. And then

Ry=7 &Z & O0()® O(5) & 0O(35),
corresponding to the decomposition:
QG=Q® QX7 B E(5) D Z35)

of QG into its simple components.
The squares produced in this process all have the same form as (2.1). In the next
section we compute the birelative K,-groups of the squares of type (2.1).

4. Birelative K, computation. In this section we put no restrictions on the positive
integers m and s in the description of the group G in Section 2. If R is a ring with ideals
I and J, where IN J = {0}, the birelative K,-group K>(R; I, J) has been determined (in
[7] and [10]) to be

1/ P @ J] I,

where R¢ is additively the same as R®z R, and its multiplicationis extended Z -bilinearly
from

(1 @ s1)(rn® s2) = rir; ® 28

for all r;, s; € R. Here I is a right R°~-module with:
m-(r®s) = smr

form eI, r,s € R; and J is a left R°~-module with
(r®s)-m=rms

form € J, r,s € R. So I g J is an abelian group. Since IJ C I N J = 0, this group is
equalto I/ I° ®g: J/ J*.
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Putting in the kernels, the square (2.1) of Section 2 above is part of the commutative

diagram:
0 0
I =, r
4.1 0 — J — OWDUpD — O@pD) — 0

|- |

0 — J — o(D) — O(D)/pO(D) — 0

| |
0

0

with exact rows and columns. Every object in this diagram is a Z G-bimodule, where Z G
acts through the maps from Z G to O(D U pD), O(D) and O(pD); and every map in
the diagram is Z G-linear on each side, and multiplicative. So the projections m,p, Tp
induce Z G-linear multiplicative isomorphisms:

rP=r/r, jr=r/r,

respectively.
As shown in [16], Section 7, if D C ‘E are sets of positive divisors of m, the kernel
of the projection mp: O(E) — O(D) is:

Yp(ag)O(E) = O(E)YYp(ag),

where

Yp(x) = [] @ulx)
deD

as in Section 2, and a ¢ is the image of a.
To see concretely why Yp(a ) generates the same ideal on the left or right, note that
since every d € D is relatively prime to each n(i) (from b;a = a""b),

O, (") = [] Puelx)
e|n(i)

because these have the same roots and degree, and the left side is separable. So

(4.2) by plag) = Yplag) [ T Palar)b:
deD e|n(i)
e>1

A similar expression for sliding b; to the left is obtained by replacing n(i) with its multi-
plicative inverse mod m.
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LEMMA 4.3.  Right multiplication by Yp(a,p) induces a left 7 G-linear isomor-
phism:
opD)/I'=1]1".

Right multiplication by Y, p(ap) induces a left 7 G-linear isomorphism:

o)1 =1]J"

PROOF.  Let O denote O(pD) (resp. O(D)) and ¥ denote Yp(a,p) (resp. ¥,p(ap)).
Since each projection is an isomorphism on kernels, I (resp. /') = Oy = YO. So I’
(resp. J' 2) = 072 Right multiplication by ¥ induces a left Z G-linear surjection:

0/Ov— Ov/ Oy

Since p does not divide any d € D, Y is nonzero in every Z [{ ]-coordinate, hence is not
a zero-divisor in O. Therefore the above surjection is also injective. n

Since O(D) has the Z -basis
{a'b;:0<i<§,1<j<s},

where

6= ) ¢d),

deD

cosets of these elements form an F,-basis of O(D)/pO(D). We have established left
Z G-linear isomorphisms:

opD)/I'=T1/I"=1/P

o)/ poD)
B oDy I =TI =]
which are additive, hence F,-linear. So 1/ I has F ,-basis:
{abpyp(a):0<i<§,1<j<s},
and J/ J? has F ,-basis:
{aby,p(a): 0<i<§,1<j<s},
where a = aqp,p. Therefore we have proved:

PROPOSITION 4.4. If I and J are the kernels of the projections in the square (2.1),
then 1/ I> @7 J| J* is anF ,-vector space with basis:

{a'by - Ypla)@dby - Vyp(a): 0 <ij< 6,1 <kt <s}. .
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NOTE. Since Yp(a) annihilates both I/ I and J / J?, if r is the least common multiple
lem(D), the actions of ZG on I/ I? and J/ J? factor through Z G,, where G, = G/ (a’)
has the same descriptions as G, except with m replaced by r. So in the tensors which form
the basis of 1/ P ®z J/ J2, we may assume that a has order r. The range 0 < i,j < § is
unaffected, since

b= o)<y pd=r

deD dlr

The birelative K, of the fiber squares we are considering is
1/ P @k J)J?,

where we may take R to be either O(DU pD) or Z G (which acts through its projection to
O(DU pD)), or, in view of the preceding note, Z G,. To compute this birelative group,
which we denote B,(D, pD), we need only reduce the F,-vector space I/ I ®z J/ J?
modulo the subspace generated by the additional relators:

(x-9®y) - (x® @)

where z € Z G¢. This expression is additive in z, so we can generate all additional relators
by using those with z = g ® h (for g, h € G,). If z is a product, such a relator is a sum of
relators in which one factor at a time is moved across &; so we only need those relators
withz=a®1,b;® 1,1 ®aorl® b;(1 <i <s5s). The relators are also additive in x
and y, so we only need those relators where x and y come from the F,-bases of / / 1% and
J/ J?, respectively. This reduces us to a finite list of relators:

(a'bi - Yp(a) - a® dby - Vpp(@)) — (a'by - Yp(a) ® @by - V,yp(@))
(a™ b - Y p(@) @ by 7 pp(@)) — (aby - V(@) ® &by - Vypla) - a)
(a'bx - Yp() - by @ @by - Vyp(@)) — (a'by - Yp(@) ® budby - V,p(a))
(bua'by - Yp(a) ® @by - Vpp(a)) — (a'bx - Yp(a) ® @by - Vpp(a) - by)

4.5)

where 0 < i,j < § and 1 < k,£,u < 5. One need only express these relations as [ -
linear combinations of the basis of // I* ®z J/ J?, using relations such as (4.2), and then
mechanically determine the quotient B,(D, pD).

Notice that the relators (4.5) generate all relators of the same form, but with i and j
unrestricted integers; for this larger set of relators is zero in By(‘D, pD). Since we may
take a € G,, the exponents i and j can be understood as elements of Z /rZ, where
r = lem(D).

When D consists of a single divisor d of m, the situation simplifies somewhat:

Ypx) = Py(x),  Vpp(x) = Ppa(x),

ap = Qf’ apﬂ) = CPd'

The computation of B,(D, pD) can always be reduced to this case:
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PROPOSITION 4.6. If the prime p does not divide any member of ‘D, the birelative
K>-group B,(‘D, pD) of the square (2.1) satisfies:

By(D,pD) = P By(d, pd).
deD

PROOF. Let S denote Z — pZ. By localizing the diagram (4.1) at p, we obtain the
surjective fiber square:

ST'O(DU pD) — S~'o(pD)
@.7) | |
S O(D) — S (0(D)/ pO(D))
with birelative K,-group
B3 (D,pD) = S/ 1) ®s-10puppy S/ TP)
=(s7'a/Pyez ST'I/ M)/ R,
where R is the subgroup generated by the elements:

(e ®y) = (x®cy)

for c € ST'O(D U pD)°. Since multiplication by an element of S is bijective on I/ I*
and J/ J?, localizations of these at p are S~!'Z-linear isomorphisms, inducing a group
isomorphism:

I/P®1J] 2SI/ PS8 'J)/JP).

Under this map, the extra relations for B,(D, pD) are mapped onto R, so
By(D,pD) = By(D.pD).
Since p does not divide any d € D, the square (4.7) is isomorphic to the square:
STHDUpD) —> S'H(pD)

! !

ST H (D) — S(H(D)/ pH(D))

where

H(E) = D 0d);

deE

this follows from the fact that ¥H (E) C O(E) if r = lem(‘E), and [16], Section 9. Since
all maps in the latter square operate coordinatewise, its birelative K,-group is

D Bx(d, pd). .
deD

If Proposition 4.6 is used to determine B,(D, pD), one may obtain a complicated
description of its generators. In the computations to follow, where G is dihedral or cyclic
a more direct determination of By(D, pD) is expedient.
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5. Birelative K, for dihedral groups of order 2m,m odd. To express the relators
(4.5) interms of the [ ,-basis given in Proposition 4.4, one must move each b; past v p(a)
and Y,p(c). This can be done with the aid of (4.2), but the extra factor from Z [« ] that
is produced as a by-product is rather complicated. A simpler formula is available when
G is dihedral of order 2m. Of course if G is cyclic of order m, matters are even easier,
since the only b; is b; = 1. In this section we study the dihedral case. Having done that,
we describe in the next section the parallel but simplified arguments which derive the
birelative K, for cyclic groups.

For the rest of this section, assume G is dihedral, with presentation:

(@,b:a"=1,b*>=1,ba=a'b),
and take b; = 1 and b, = b. Then for any set E of positive divisors of m,
byz(a) = Ye(a )b, Yz(a)b = byz(a").
To rewrite Yz(a~!), we use the symmetry of cyclotomic polynomials: In Z [x, x 1,

X PDdy(x), ifd> 1,

—1y _
Q") = {_x—wwq,d(x), ifd=1.

This is easily verified by induction on the number of prime factors of d, using the standard
cyclotomic identities:

Dy(x"), if p|d,

Ppalr) = {%w)/ O, (0, ifpfd,

for every prime p.
So if D is a nonempty set of positive divisors of m, p is a prime not dividing r =
lem(D), and § = Yy ¢(d), then

— ba™® -Yp(a), iflgD
b= > s
Yo(@) {—ba**S Apla), ifleD,
and
Yyp(@) - b= ba 0PV (@),
sicne 1 & pD.

Now we simplify notation by writing (g, k) for

g Yp(a)®h-Y,pla)

inf/ I’ ®7 J/ J?, where g and h come from Z G,. The birelative K,-group B,(‘D, pD) of
the square (2.1) in the dihedral case is generated by all (a'b*, @b’ ) with 0 < i,j < r and
0 <k, ¢ <1.(Replacing r by §, we get anF,-basis of I/ I* @7 J/ J*.)
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The relations (4.5) become:

(]) (ai+l’aj) — (ai,a/}l)

(i) (@ 'b,d)=(d'b,d"")

(i) (@™, db) = (a',d"'b)

(iv) (@ 'b,db) = (a'b,d"'b)

(V) (ai+l’aj) — (ai’a/#l)

(vi)  (@*'b,d) = (d'b,d™)
(vii) (@™, db) = (d',d'b)
(viii)  (a™'b,d'b) = (a'b,d"'b)

5.1

(ix) + (a"“‘S b,aj) = (ai,a'jb)

(x) + (@, d) = (d'b,a”'b)

(xi) + (@b, db) = (d',a”)
(xii)  +(d"°,db) = (d'b,a”)
(xiii)  (a7'b,d) = (@', " Vb)
(xiv) (@, d) = (@b, d? " Vp)
(xv)  (a'b,db) = (d',d?PV)
(xvi) (@, db)= (a'b,d PP

where the + sign means + if | ¢ D, and — if | € D. Among those generators with
0 < i,j < 6, these are a full set of defining relations for B,(D, pD). And among the
generators with 0 < i,j < r (which means for any i,j € Z since a” = 1 in G,), the
equations (5.1) are true for all integers i and ;.

From the relations (5.1), we deduce:

(@.d)=(1,a")  (by (i)
(a',db) = (1,ab)  (by (iii))
=(1,d'b) (by (vii))
(@'b,dy = (1,a"7*P Dby (by (vi), (xiii))
(@'b,db) = (1,d°P=D)y  (by (viii), (xv)).

By proper choices of i and j, the integers i +j and i — j can be made into any two integers
congruent modulo 2. So B> (D, pD) is generated by the elements (1, b), (1,ab) and (1, ah,
for0 <i<r.

For the rest of this section, assume the order m of the rotation subgroup is odd, so that
r = lem(‘D) is odd, and the prime p is also odd. Then

(1,ab) = (1,a"*"b) = (1, b).
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So for all integers i,
(@'.b) = (1,b).

By linearity of ® in the first variable,

0 = (Yp(a),b) = Yp(1)(1,b).

If 1 ¢ D, then by Diederichsen’s formula (see [16], Lemma 9.3), Yp(1) is relatively
prime to p. Since p(1,b) = 0, it follows that (1,5) = 0. On the other hand, if 1 € D,
then by (5.1) (ix), ' ‘ o
0= (a"b,d)+(d,a’b)
= 2(1,b),

since
(a'b,a") = (d',a"b) = (1,b)

forall t,u € Z. Since p is odd and p(1, b) = 0, it follows that (1, b) = 0 in this case too.

THEOREM 5.2. Suppose G is dihedral of order 2m, m is odd, B,(‘D, pD) is the birel-
ative K, of the square (2.1), & = ap, andd = Y 4cp p(d). There is a surjective additive
homomorphism

fiFlal— B2(D,pD)

taking a' to (1,a') for all i € Z, and the kernel of f is the subgroup R_ generated by the
elements:

al—a P if1 gD,
al+a P ifleD.

So Bo(D,pD) = F ]/ R is an elementary abelian p-group of rank:

§/2. if1 ¢ D,
{(5 ~1/2, ifleD.

PROOF. Among the generators (1,a’), 0 < i < r, of Bo(‘D, pD), relations (5.1) (x),

(xv) imply
(1,d") = (bb,a’)
(5.3) = d(1,a " 00)
= +(1,a7%77)

where + applies if 1 € D and — applies if 1 € D. Since Yp(a) annihilates J/ J?, we are
led to another set of relations: If, fort € Z,

XYp() Y et (cu € 1),

then
Y eu(l,at) = (1,d"Vp(@) = (1,0) = 0.
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So the homomorphism of additive groups:
Z[x] — B:(D,pD),

taking x' to (1, @') for each i, has Y p(x)Z [x] +pZ [x] in its kernel, so induces a (surjective)
homomorphism
fEla]l— By(D,pD)

taking o to (1,a’) for all integers i (recall @” = 1 where r = lem(‘D)). And by the
relations (5.3), f(R) = 0; so we have an induced homomorphism,

[ Flal/ R — ByD,pD).

Next we construct an inverse to f. Define V to be the F,-linear span of the elements
(1,a)for0 < i< § inl/ P ®z J/J*. Define

Fi:l/P®7J] P —V
to be the [ ,-linear map taking:

(@, d)— (1,a")
(a'b,d) — 0
(d@,db)—0

(@'b,db) — (1,a/~ 207 D)

(5.4)

for those i and j with 0 < i,j < 4. The images lie in V because each power of a is a
Z -linear combination of 1,4, ...,a*~! modulo Y p(a).
Since Z [a ] (C O(D)) has Z -basis 1, «x, ..., a® !, the quotient

Fpla] = Z[a)/pZla]

has an [ ,-basis consisting of the cosets of these elements. So there is an F,-linear iso-
morphism,
Fz: V— IFp[oz]

taking (1,a’) to o’ for0 <i < §.
Let
F3:Fpla]l —=Fyla]l/ R

be the canonical map. Then define
FI/P®7J]J* —Fla]/ R

to be the composite F3F,F.

Since Yp(a) annihilates both 7/ 1% and J/ J?, the effects (5.4) of F| are true for all
integers i and j. (The fourth effect in the list is verified by using the involutiona — o ~!
on Z [« ].) Thus F; has the same image when applied to both sides of each of the relations
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(5.1) except for the relations (x) and (xi); and F3F>F; has the same image when applied
to both sides of (x) and (xi). Therefore F induces an [ ,-linear map

F:By(D,pD) — Fylal/ R

inverse to f.

For the assertion about rank, note that complex conjugation in each d-coordinate de-
fines the ring automorphism of Z [« ] taking & to & ~!, and induces an automorphism
of the ring F ;[ ]. The maps

T Fpla]l —=Fylal, x—x+0(x),
T :Fpla]l—=Fpla]l, x—x—0(x),

are [ -linear, and using the fact that p is odd, so 2 is a unit in F,, it is straight-forward to
show that:

kernel (T*) = image (T~), and
kernel (T7) = image (T™).

By the linearity of these maps, image(7 ) is spanned by the elements o’ — o~ fori > 1,
and image(T™) is spanned by 2 and the al+a ifori > 1.Since o’ + ™" = 2, we can
drop the initial 2 from the spanning set of image(7™).

By [16], Proposition 9.1, since p /r = lem(‘D), the inclusion:

Zla]— P 74l

deD

induces an isomorphism of rings:

Fplo] = @ ZI[&)/pZIGl.

deD

And T* respects this decomposition, so has image:

D Z1u+& "/ pLIG+¢ ).

deD

thus the [ -rank of image(7™)

_ [Tiepe@d/2=146]2, if1¢D,
1+ Yicgenp@)/2= G +1)/2, ifl €D,

and the F,-rank of F [ ]is §. Soif 1 &€ D,
Folal/(a'—a:i>1) =F)/%

andif 1 € D,
IFp[a]/<05i+a'i (i>1) gﬂ:p(é—l)/z'
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Recall that ar, = 1, so the exponents of « can be taken from Z / rZ . Let t denote the
multiplicative inverse of 2 in Z / rZ . Multiplication of the ring F,[«] by the unit a 97!
is an invertible [ ,-linear map taking the above denominators to & ; so

5/2 .
F ifl1¢D

Fyla] a(g{ o : .

e/ V2 it e .

NOTE. In the filtration of Section 2, derived when m is square-free, each D has the
form q; - - - ¢;D;, where q, ..., qi, qis1, - - -, qn are distinct primes and D; is the set of all
positive divisors of g4 - - - g,,. In this case,

deD

Also, multiplication by o ~®”" in the above argument is unnecessary exactly when
a~®" = 1, that is, when r|§ . Since

b= 93 pd=r,

deD dlr

this adjustment is unnecessary if and only if D consists of all positive divisors of r =
lem(D); and this is equivalent to O(D) = Z G,, where G, = G/ (a"). For such squares:

LG, — ZGm/<¢p(ar)>

76, — F,G,,
we obtain B,(D, pD) = lF,:rwl)/z.

6. Birelative K, for finite cyclic groups. Suppose G is cyclic, generated by an
element a of order m. Then the birelative K,-group B,(‘D, pD) of square (2.1) can be
computed just as in Section 5; but the details are simpler.

THEOREM 6.1. If G is cyclic of finite order m generated by a, then:

By(D,pD)=F,, § =3 ¢,
deD

with [ ,-basis:

{yg(a)®ai.’yp@((x):0§i< 5},
where a = ap_pp.

PROOF.  As in the proof of Theorem 5.2, B>(D, pD) is generated by all elements
(a@',&) for 1 <i,j <r, and these satisfy:

(a,d) = (1,da"), and
> cu(l,a") = 0, whenever X Yp(x) = 3 cpx with ey, € Z.
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So ay — (1,a") induces an F,-linear map
FiFplapl — Bo(D.pD).
To define an inverse to f, we proceed as in the proof of Theorem 5.2 to define:
By(D,pD)— V =Fylap]
(@,d)— (1,a") — aly.

7. K3 of some orders. To see how much of each birelative K; survivesin SK»(Z G),
one must examine the preceding groups K3(O( Q))) and K3(O(pr)) in the
Mayer-Vietoris sequences for squares such as (2.1). Direct computations of these are
not yet accessible unless D) contains only one element d.

We begin with no assumptions except the following: Suppose d > 1 and {; is a primi-
tive d-th root of unity. Suppose B is a subgroup of Aut( Q (Q;)) of order s, relatively prime
to d. Define A to be the twisted group ring Z [{;] o B with trivial factor set, F,; to be the
fixed field Q({;)®, and Ry to be alg. int. (F;). Where convenient, we drop the subscript
d.

Any basis of both Q(¢) over F and Z[{] over R yields a matrix representation:

Q(¢) o B = My(F)

taking A into My(R). (The Q (¢ )oB-module defining this representation is Q (¢ ), on which
B acts by evaluation.) Since d and s are relatively prime, and the only primes ramified in
Z[(] are those dividing d, while their ramification index from R to Z[{ ] divides s, the
Z -order A is a tamely ramified twisted group ring. By a theorem of M. Rosen (see [23],
Theorem 40.13), A is therefore a hereditary order.

Thus A falls within the class of “tiled orders” for which M. K. Keating has computed
the K-theory in terms of the K-groups of their center and of residue rings of their com-
pletions at primes of the center. The center of A is R.

Using the matrix description of hereditary orders over a complete discrete valuation
ring (see [23], Theorem 39.14), we find that, for each maximal ideal p of R, if J = rad f\u s
then A,/ J is a direct product of r matrix rings over R/ y, where

JZIC) = pZIC]

(see [23], Corollary 39.18). If u fd, then r = 1, for as in [16] (proof of Proposition 10.2),
dMy(R,) C A,,

and by the matrix description referred to above,
uM(R,) C Ay

so, since 1 € dR + p, MS(RM) = ﬂ”. On the other hand, if u|d, so that u fs, then, as in
[17] (p. 182),
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where Py, ..., P, are the primes of Z [{] over p. Then
JZ[(]=(P1--Py)Z[(]1=pZ[(]

if and only if r = e = the ramification index of y in Z[(].
Using this determination of r in Keating’s theorem ([9], Theorem 2), we get:

(7.1) KA 2 KM @& @ (e(n)— 1)Ka(R/ )
pEmMax R
for all n > 0, where M is a maximal R-order containing A, and e(u ) is the ramification
index of p in Z[(]. By [23], Corollary 21.7, M is Morita equivalent to R; so K,(M) =
K.(R).
Now consider K3(A). In independent work, M. Levine [15], and A. S. Merkurjev with
A. A. Suslin [18], have established formula

(Z/22y '@ /2wi(F)Z, 1 >0
Z/WZ(F)Z’ rp =0,

where F is a number field with r; real embeddings and 2r, imaginary embeddings, and
R = alg. int. (F). The number w,(F), which figures in the Birch-Tate conjecture, is the
order of the etale cohomology group

KyR) =~ 7" ®{

HY(F.Q/Z(2)).
For each prime £, the £ -primary part of this group is

llmHO(F, Won X ,U[r') = lim(ul" ® #Z")AUI(F‘/F)’

n n

where F* is the separable closure of F and p¢» is the group of £"-roots of unity in F*
(see [25], Section III). Here the action of G = Aut(F*/F) is diagonal, so there is a
G-isomorphism

Hen @ pgn = phgn,

where G acts on the latter by g - ¢ = g*({). An element ¢ of p» is fixed by that action
if and only if Aut(F(Q )/ F) has exponent at most 2 (see [18], Section 4.19.1). So the
¢ -primary factor of w,(F) is £", where n is the largest integer for which Aut(F(C ) F )
has exponent at most 2.

In the two examples of direct relevance to the present analysis, a straight-forward
computation shows:

wa(Q(G) = wa(QG+¢h)
= lem(24, 2d).
Assembling these facts, we have:
Z/4SZ, ifd=1or2,

(72) K%(Z[CJ]) = { Zw(d)/Q o) Z/ lem(24,2d)Z, ifd > 2.
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Further, if G is dihedral with rotation subgroup H = (a), then for odd d greater than
1, O(d) is the tamely ramified twisted group ring Ay = Z[{,] o B described above, with
Fi= QG+ "), Ry = Z[{+¢ 'Tand s = |B| = |{1,b}| = 2. By [16], pp. 408409,
if this odd d is divisible by two distinct odd primes, then all the ramification indices e(u)
are 1; so

K. (O@) = Ku(Z[+¢'D.

But if, instead, d = p" for an odd prime p and r > 1, then p is the only prime ramified in
Z [{4], and there, it ramifies totally. So there is only one prime y of Z [(; +{; '] ramified
in Z [{4], and its ramification index is the degree s = 2 of Q({y) over Q({; + (d_l). Also

Z[G+¢ ' 2F,.

So
Kn(Od)) = Kn(Z1¢i + ') @ Ka(F)).

This proves:

PROPOSITION 7.3.  For odd d > 1 and G dihedral with rotation subgroup H = (a),

K3(O(d)) =
(Z/22)# D/ 107 /21emQ24,2d)L & Z [ (p* — V)L, ifd = p' for p an odd
prime, t > 0.
(Z /229 DID-1 @ 7 [ 21em(24,2d)Z , otherwise.

8. K3 of the semisimple corner. To complete our inventory of the pieces of
the Mayer-Vietoris sequence of a square of the type (2.1), we now consider
K3(O( D/ pO(fD)). Since p does not divide any member of D,

(8.1) D)/ pO(D)= @@ 0@d)/ pO(d),
de

by [16], Proposition 10.1.
For now, fix a choice of d > 2, and take G to dihedral, with rotation subgroup H =
(a). By [16], Proposition 10.2,

O(d)/ pO(d) X My(Z &+ &'/ pZIG+ D).

Since p fd, p is unramified in the Galois extension Q (¢, + (d“) over Q. So there are
positive integers f and g for which fg = ¢(d)/ 2, pZ [ +¢; '] is a product of g distinct
maximal ideals: P, - - - P, and for each i,

Z(G+ ¢ P Ey.
So, by the Chinese Remainder Theorem,

O(d)/ pO(d) = My(F ).
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As in [24], p. 23, the residue degree f is the order of the Frobenius substitution:
op € Aut(Q(G+& )/ Q).

By [29], p. 14, the Frobenius substitution &, in Aut(Q(Cd)/ Q) takes ¢y to (d” . So the
restriction of 6, to Q({; + ;") satisfies the property that defines o, Thus the restriction
map:

Aut(Q(G) — Aut(QG+¢ )
takes &, to 0,; it is also surjective, with kernel of order 2, generated by complex conju-
gation. The order of &, is the order of j in (Z / dZ)*. So the order of 0}, is

(o =T,
2P, it =T e (p).
Thus this order f is the smallest positive integer with

P = +1(modd).
So we have:

PROPOSITION 8.2.  Suppose G is dihedral of order 2m with rotation subgroup H =
(a), and p and D are chosen as in (2.1). Then

K:(O(D)/ pO(D)) = @ Ks(O)/ pOKe)
de

and foreachd > 2 in D,
K3(O(d)/ pO(d)) = [K3(F )17 ¥
22/ @Y = D20,
where f is the least positive integer withp' = £1 (mod d), while:
K3(0(2)/ pO2)) = K3(O(1)/ pO(1))

o~ ‘ KyF, ®F,) =[Z/(p* — DL, if p is odd,
T\ KFlZ /22y = Z7/22 ©Z)6Z, ifp=2

The last isomorphism:
KyFol2/22)=7/27 ®1)]6Z

may be found in [1], Theorem 9.16, p. 175.
Suppose, on the other hand, that G = (&) is a cyclic of any finite order m, and p and
D are chosen as in (2.1). Since p f lcm(D),

O(D)/ pO(D) = D Z1Ul/pZI).

deD

Since p fd, p is unramified in Z [{;]. So there are positive integers f and g withfg = ¢ (d),
PL[{] = Py --- P, for distinct maximal ideals P;, and for each i,

(&) Pi=Ey,.
This f is the multiplicative order of p (mod d). Thus:
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PROPOSITION 8.3.  Suppose G is cyclic of order m generated by a, and p and ‘D are
chosen as in (2.1). Then

K3(O(D)/ pO(D)) = @ K3(Z1&l/ pZ i),

deD

and for each d € D,

KA(Z [/ L)) = [Ks3(F )29
~(z/pY - 1)Z 7D

where f is the least positive integer with p/ = 1(mod d). [

9. The bounds on SK>(Z G) and K3(Z G). When the computations of Sections 48
are assembled as in Sections 1-3, we obtain lower and upper bounds for SK»(Z G) and
lower bounds for K3(Z G). As in Corollary 2.3, for each ordering of the prime factors
P1,--.,p: of m, there is a filtration:

0=F C-.-CF CSKyZG);

and, for each i, F'/ F'! is the direct product, over all positive divisors d of p; - *pi_1,
of the cokernels of maps:

©.1) K3(O(pidDy)) — K3(OdDy)/ pi) & Bo(dD;, pid D))

from Mayer-Vietoris sequences of the square (2.1). Recall that D; consists of all positive
divisors e of pi;1 - - - p;. As we saw in Sections 2 and 4, the codomains of these maps are
finite abelian groups; so their quotient F'/ F'~! is too. By Proposition 4.4, By(d'D;, p:d‘D;)
is an elementary abelian p;-group, and by Lemma 2.2 and Quillen’s formula for K, of a
finite filed, K3 (O(dﬂ)/p[) has no p;-torsion.

So the p;-primary part of F'/ F'~! comes exclusively from the birelative groups; it is
a direct product, over all positive divisors d of p; - - - p;_i, of the cokernels of the maps:

K3(O(pidD,)) — Bo(dD;, pid D).

The domain of this map is presently intractible if i < 7 (so that 2; has two or more
elements). But the p,-primary part of F'/ F*~! is the direct product, over all positive
divisors d of m/ p,, of the cokernels of maps:

K3(O(pid)) — Ba(d, pid),

and these cokernels can be estimated by using the computations of the domain and
codomain, exemplified in Sections 5, 6 and 7.

On the other hand, if p is a prime and p # p;, the p-primary part of the layer F*/ F*~!
has no contribution from the birelative groups; it is the direct product of the p-primary
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parts of the cokernels of K3 of the top maps in commutative squares of ring homomor-
phisms:
O(p:idDy) — 0dDy/ pi
9.2) N R
Beip-p, Opide) — Byip,.,p, O(de)/ p:

as d ranges over the positive divisors of p; - - - p;_;. A lower bound for these cokernels is
obtained by using an upper bound for their images, and for these we may use the images
of K3 of the bottom maps in (9.2). So for p # p;, the p-primary part of F'/ F*~! maps
onto the direct product of the p-primary parts of the cokernels of the maps:

9.3) K3(O@ic)) — K3(O(0)/ pi)

as ¢ (= de) ranges over all positive divisors of m/ Di.

The direct product of the p-primary parts of the codomains of the maps (9.3) is an
upper bound, mapping onto the p-primary part of F'/ F'~!, for the product of the p-
primary parts of these codomains is the p-primary part of

9.4 D[K3(0(0)/ pi) @ Bale, pic) |;

[
i

and this (finite) group is isomorphic, by Proposition 4.6 and equation (8.1), to the direct
product of the codomains in (9.1), which map onto F'/ F'~.

We organize these estimates of p-primary torsion as follows: If p divides m, order the
prime factors of m so that p = p, is last. In the resulting filtration, estimate the rank
of the p-primary part of F'/ F' ~! using birelative computations. Then obtain upper and
lower bounds for the p-primary part of F'/ F'~! for i < ¢ by using the codomains and
cokernels of the maps (9.3). Note that these bounds are independent of the order chosen
for the prime factors of m/ p.

For those primes p not dividing m, there is no birelative contribution to p-primary
torsion in F'. The p-primary part of each F'/ F'=' (1 < i < 1) is between those of the
codomains and cokernels of maps (9.3), and these bounds are independent of the order
chosen for the prime factors of m.

Before assembling our final theorems, we record one more way in which cyclic and
dihedral groups are cooperative:

PROPOSITION 9.5.  Suppose a group G is a cyclic of square-free order m, or dihedral
of square-free order 2m. Suppose

0=F C---CF CSKy(ZG)

is the filtration from Corollary 2.3 associated with the prime factors p, . ..p, of m. Then

F' = SK>x(ZG).
PROOF. In the cyclic case, F' is the kernel of a homomorphism:

SKZ(ZG) — P SK»(Z [&)),
d\m
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and by localization sequences, the groups SK»(Z [(4]) vanish.
If G is dihedral of square-free order 2m, we can extend the filtration of Section 2:

9.6) ZG=RyCR C---CR =0
dlm

by one step: R, € Ry as in Section 3. In this last step Z [Z/ZZ] is splitinto Z & Z,
with conductor 2. .

Then SK»(Z G)/ F™*1is isomorphic to subgroup of SK>(R,41), which vanishes by [12],
Theorem 1.1, because Ry, is hereditary. And Fr+! / F' is (by Proposition 1.1) the kernel
of the map f in the Mayer- Vietoris sequence:

K3(Z) ® K3(Z) — K3(F2) © Ba(1,2) — Ko(Z[Z [ 27)) L Ka(Z)® Ko(Z) — Ka(F2).

By computations of Dunwoody [5] and Silvester [19], Section 10, the domain and co-
domain of f are both Z /2Z & Z / 27 ; since K»(F,) vanishes, f is an isomorphism. =

NOTE. The last argument is a proof that the corkernel of K3(Z — Z / 27) and
SKy)(Z|Z / 27 1) both vanish. But these facts have been known for a long time (see [26]).

For finite cyclic groups there is a great gap between those upper and lower bounds for
SK>(Z G) which we can produce without a better understanding of the maps in the Mayer-
Vietoris sequences. The reader can use as upper bounds, the groups in (9.4), computed
in Theorem 6.1 and Proposition 8.3. The difficulty in obtaining lower bounds is due to
the substantial free part of K3(Z [(24]). However, birelative groups provide the following
lower bound:

THEOREM 9.7. Suppose m is an even square-free integer greater than 2. If G is a
cyclic group of order m, then SK>(Z G) has a quotient which is an elementary abelian
2-group of rank at least:

(m/2)+1
=

21—1
where t is the number of prime factors of m.

PROOF. Apply Corollary 2.3 with s = 1 and p, = 2. Then by Proposition 9.5,
SK»(ZG) = F'; and F'/ F'~! has 2-primary part which is the direct product, over all
positive divisors d of m/ 2, of the cokernels of the maps:

K3(Z[Gal) — B2(d,2d).

By Theorem 6.1,
By(d,2d) = (Z /27 )?.

If d = 1, the cokernel in question vanishes (see the end of the proof of Proposi-
tion 9.5). On the other hand, since d is odd, if d > 1, formula (7.2) shows that K3(Z [(4])
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is generated by ¢(d)/2 + 1 elements. So the 2-primary part of F'/ F""! is elementary
abelian of rank at least:

> e (501 = 257 )

g e
d>1 d>1
2)—1
_m/D-1 )
:(m/§)+l_2t—l' -

To describe the bounds for SK>(Z G) when G is a square-free order dihedral group,
we introduce some simplifying notation. If p is prime, ¢ > 2, and p fc, there is a least
positive integer f with p/ = &1 (mod c). Define

o(p,c) = (p¥ = 7.

The exponent,
8(p.c) = p(c)/ 2f
is the number of primes in Z [ + ('] lying over p. By Proposition 8.2, o(p, ¢) is the
order of K3 of a certain finite ring.
Suppose py, ..., p; are distinct odd primes with product m. For each prime p, let p(p)
denote the largest integer p for which p* divides

t

Hl II oi.c),
i Clﬁ

c>1

and let v (p) denote the largest integer v for which p” divides
t
17— .
i=1

THEOREM 9.8. Suppose G is a dihedral group of square-free order 2m, and p is a
prime factor of m. Then SK»(Z G) has a quotient SK»(Z G)/ F which is an elementary
abelian p-group of rank at least:

(m/p)+1
2
where t is the number of prime factors of m. The group F has p-primary part of order p“,

where 2 #
=122 ifp#3,
p(p)+2v(p) 2 u 2 p(p) +v(p) {(t_l)zf“, ifp=3.

If q is a prime not dividing m, then SK,(Z G) has g-primary part of order q*, where
nig) +2v(g) > v

t—1
2 s

0, ifq# 2.3
S ey ] 27 ifq =13
ZH@OHVD TN (05 9(0.0) 41327 +1). ifg =2,
c>1
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NOTE. The happy coincidence of the formulas for birelative contributions in Theo-
rems 9.7 and 9.8 appears to be just a coincidence. The expression:

n+1
— 2k

2
where n is the product of k distinct odd primes, has nonnegative value and is zero only
forn = 3.

PROOF. Apply Corollary 2.3 with s = 2 and p, = p. By Proposition9.5, SK»(ZG) =
F'; and F'/ F"~! has p-primary part which is the direct product, over all positive divisors
d of m/ p, of the cokernels of:

K3(O(pd)) — Ba(d. pd).
By Theorem 5.2,
~ [(Z)pT)? D2, ifd > 1
B, (d, pd) = (Z/p ,
2(d.pd) {0, ifd=1.

By Proposition 7.3, K3(O(pd)) has only cyclic p-torsion. So the p-primary part of
F'/ F~! is elementary abelian of rank at least:

o2 2
d>1
— (m/P)+l _2[—1

Take F to be the kernel of the composite of F* — F'/ F'~! followed by projection to
the p-primary part; so the p-primary parts of Fand F*~! are the same. For upper and lower
bounds of the p-primary parts of each F' / F~!, where i < t, we use the direct products
of the p-primary parts of the codomains and cokernels, respectively, of the maps (9.3),
as ¢ runs through the positive divisors of m/ p;.

Since p|m, p # 2. There is nothing about the groups K3(O(p,-c)) and K3(O(c) / pi),
computed in Propositions 7.3 and 8.2, that would prevent the maps (9.3) from being
injective on p-primary parts. So for our lower bounds, we must assume this injectivity.
Suppose p" is the largest power of p dividing p? — 1. If p # 3, the p-part of the order of

K3 ( O(p,-c)) is:

p, ifp|c,

{1, ifc# 1andpfc,
pt, ifc=1,

and the number of divisors ¢ of m/ p; which are divisible by p is the number of positive
divisors of m/ p;p, namely 2'~2. On the other hand, for p = 3, the p-part of the order of

K3 ( O(pic)) is:

3 ife =1,

[3, ifc # 1,
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and the number of positive divisors ¢ of m/ p; is 2°~". So the upper and lower bounds for
the p-part of the order of F'/ F'~! differ by a factor of p raised to the power:

n+272 ifp#£3,
n+271 ifp=3.

Multiplying these factors over all i with 1 < i < ¢, we obtain the asserted bounds for the
p-part of the order of F.

Now assume ¢ is a prime not dividing m. If ¢ # 2, the bounds on the g-part of the
order of SK>(Z G) are obtained just as they were for the order of F above, except that we
multiply over all i with 1 <i <1t.

But if ¢ = 2, it is not appropriate to assume injectivity on g-primary torsion of the
maps (9.3). By Proposition 7.3, if 2" is the largest power of 2 dividing pi2 — 1, the 2-
primary part of K3(O(p,~c)) is:

{(Z/ZZ)W’W’/”’ ®7/16Z, ifc # 1,

©-9) (Z)22) PO/ V7 /167 HL)2"Z, ifc=1.

And by Proposition 8.2, if f(c) denotes the least positive integer f with p,f =
+1 (mod c), then the 2-primary part of K3( o)/ pi) is that of:

[Z/(pff(c)— DZPOIYO if e £ 1,
12/} = DZP, o=t

If ¢ # 1, the image (in K3(O(c)/pi)) of the first term in (9.9) is contained in, and may
be as large as:
[Z/zz]w(c)/Zf(C) — [Z/2Z]g("i’6),

which contains all elements of order 2 in K3 (O(c) / pi). The image of the second term in
(9.9) is cyclic of order at most the minimum of 16 and the 2-part of p?f ) _ 1 (the latter
is a multiple of 8, and is divisible by 16 if and only if either p; = £1(mod 8) or f(¢) is
even). So for ¢ # 1, the image of (9.3) has 2-primary part of order at most 2 raised to

the power:
gpi,c)+4—1.
If ¢ = 1, the image of the first term in (9.9) is at most:
0, ifp; =3,
{Z/ZZ, if p; =5,
2/22&7/2Z, ifp;>1.

The image of the second term is cyclic of order at most the minimum of 16 and the
2-part of p? — 1 (which is a multiple of 8, and divisible by 16 if and only if p; = +1
(mod 8)). The image of the third term is cyclic of order at most the 2-part of p?— 1. Taking
intersections of these images into account, the image of (9.3) for ¢ = 1 has 2-primary
part of order at most 2 raised to the power:

2+4+n—-2=4+n
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where 2" is the 2-part of p? — 1.
Summing these exponents over all positive divisors ¢ of m/ p;, and again over all i for
1 <i <t we obtain:

i >8P0 +1(327 ) + 1) +v(2),

i=1c[2

as an upper bound for the power to which 2 divides the direct product of the images in
the maps (9.3). The direct product of the codomains of those maps has 2-primary part of
order 2 raised to the power 1 (2) + 2v(2). n

NOTE. As a perusal of the above proof shows, the lower bound for 2-primary torsion
in SK»(Z G), for G dihedral of square-free order 2m, may be sharpened for some m, by
considering the primes p; dividing m for which p; < 7 or

16 f(p7 @ —1).
If G — G’ is a split surjective homomorphism of finite groups, then for all n > 0,

SK,(Z G') is aquotient of SK,,(Z G). In case G’ is dihedral of square-free order and n = 2,
we obtain similar results even if G — G’ is not quite split:

THEOREM 9.10. Suppose D,, is a dihedral group of square-free order 2m and G
is a finite group with a normal subgroup N of order relatively prime to m, for which
G/ N = D,,. Then SK»(Z D,,) is a subquotient of SK»(Z G).

PROOE. By Proposition 9.5, in the filtration

2D, =Ry C R C - CR = Od)
dim

of Section 2,
SKQ(Z Dm) = kernel K2(R() — R,).

Now
QG=(1—-eQGCBeQGC

where e is the central idempotent

1
e:WZn.

neN

By means of the isomorphism G/ N = D,,, we can identify eZ G with Z D,,,. Let 4 denote
(1 —e)ZG. Then

IGCADRCABRI C---CABR,
is a filtration with conductors | N|, p1, . . ., p; satisfying the hypotheses of Proposition 1.1.

Hence
SK>(Z D,,) = ker K»(Ry — R,)

X kerKr)(ADPRy— ADR)
~ kerKo(ZG— ADR,)
" kerK»(ZG — A® Ry)
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which is a subquotient of SK>(Z G). »

EXAMPLE. If Q,, is the dicyclic group of order 4m (presented by generators a, b
subject to relations a™ = b%, b* = 1, ba = a~'b), and if m is odd and square-free, then
SK>(Z D,,) is a subquotient of SK»2(Z Q).

If p is an odd prime, the Mayer-Vietoris sequence of the square (2.1) for G = D,,,
with D = {1}, reduces to a sequence:

K(ZDy) - K3 (0(p)) = K3(O(1)/ p) = SKA(ZDy) — 1

which is exact except at K 3(0(1))), where we only know that ker(g) C image(f). The
vanishing of the groups SKZ(O(p)) and SKz(O(l)) have been discussed above in the
proof of Proposition 9.5.

For primes p dividing the odd square-free integer m, the unknown size of the image
of g accounts for the contribution v (p) to the gap between upper and lower bounds in
Theorem 9.8. This gap could be narrowed if we know the actual size of SK»(Z D)) for
each prime p dividing m.

On the other hand, since the kernel of g is contained in the image of f, we can use this
kernel to determine some lower bounds for K3(Z D). By Proposition 7.3,

K3(O@) =(Z /22)7 @ 7 /21emQ4.2p) T ® Z | (> — DI
and by Proposition 8.2,

K;(om/p) =12/ (p* - DZ).

So the kernel of g has p-primary part Z / pZ , and has 2-primary part containing a copy
of
(Z)22)"3/2,

Since there are split surjective homomorphisms: Z D,, — Z D, for every prime factor p
of the odd square-free integer m, we obtain:

THEOREM 9.11. If G is a dihedral group of square-free order 2m, then K5(Z G) maps
ontoZ /[ mZ, and onto (Z | 27 )(”_3)/2f()r every prime factor p of m. ]
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