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Abstract  Let Un(q) denote the upper triangular group of degree n over the finite field F, with ¢
elements. It is known that irreducible constituents of supercharacters partition the set of all irreducible
characters Irr(Uxn(q)). In this paper we present a correspondence between supercharacters and pattern
subgroups of the form Uy (q) N “Uk(q), where w is a monomial matrix in GLg(q) for some k < n.
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1. Introduction

Let ¢ be a power of a prime p and let Fy, be a field with ¢ elements. The group U, (q)
of all upper triangular (n x n)-matrices over F, with all diagonal entries equal to 1 is
a Sylow p-subgroup of GL,(F,). It was conjectured by Higman [8] that the number
of conjugacy classes of U,(q) is given by a polynomial in ¢ with integer coefficients.
Isaacs [10] showed that the degrees of all irreducible characters of U, (q) are powers of
q. Huppert [9] proved that character degrees of U, (q) are precisely of the form {¢°: 0 <
e < p(n)}, where the upper bound p(n) was known to Lehrer [13]. Lehrer conjectured
that each number N, .(q) of irreducible characters of U,(q) of degree ¢° is given by
a polynomial in ¢ with integer coefficients. Isaacs [11] suggested a strengthened form
of Lehrer’s Conjecture, stating that N, .(q) is given by a polynomial in (¢ — 1) with
non-negative integer coeflicients. So, Isaacs’s Conjecture implies Higman’s and Lehrer’s
Conjectures.

Many efforts have been made to understand more about U,(q); see [1,3,5,7,10,
11,14,15], among others. Supercharacters arise as tensor products of some elementary
characters to give a ‘nice’ partition of all non-principal irreducible characters of U, (q)
(see [1,12]). Supercharacters have been defined for Sylow p-subgroups of other finite
groups of Lie type (see [2]), and in general for algebra groups (see [5]).
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Here, for U, (q) we show a natural correspondence between supercharacters and pattern
subgroups (Theorem 2.8). To highlight the main idea of construction, we have deferred
all of our proofs to § 3.

2. Supercharacters and pattern subgroups

Let ¥ = X,_1 = (a1,...,a,—1) be the root system of GL,(q) with respect to the
maximal split torus equal to the diagonal group (see [4, Chapter 3]). Set o;; = a; +
i1+ -+ aj for all 0 < i < j < n. Denote by X" the set of all positive roots. The
root subgroup X,, ; is the set of all matrices of the form I,, + ¢ e; j 1, where I,, = the
identity (n x n)-matrix, ¢ € F, and e; ;11 is equal to the zero matrix except for a ‘1’ at
entry (i, 5+ 1). The upper triangular group U, (q) is generated by all X, where o € XT.
We write U for U, (q) if n and ¢ are clear from the context. For convenience when using
the root system, we consider the upper triangular group as a tableaux:

1 * *x *x x
Qp | 012 | 013 | 14

1 *x *x x
Q2 Q23 | (24
1 x x| — : :
Q3 | (3.4
1 = J
Qg

1

A subset S C X7 is called closed if, for each a, 3 € S such that a+5 € X7, a+B € S.
A pattern subgroup of U is a group generated by all root subgroups X, where o € S a
closed positive root subset.

Let G be a group. Set G* = G\ {1}. Denote by Irr(G) the set of all complex irreducible
characters of G, and let Irr(G)* = Irr(G) \{1¢}. For H < G, let Irr(G/ H) denote the set
of all irreducible characters of G with H in the kernel. If K < G such that G = H x K,
then for each character £ of K we denote the inflation of £ to G by &g, i.e. &g is the
extension of £ to G with H C ker(£¢). Furthermore, for H < G and £ € Irr(H), we define
by Irr(G, €) = {x € Irr(G): (x,€Y) # 0} the irreducible constituent set of ¢&, and for
x € Irt(G) we denote its restriction to H by x|u.

For a field K, let K* be its multiplicative group. In the whole paper, we fix a non-trivial
linear character ¢: (F,,+) — C*. For each a € Xt and s € Fy, the map ¢q,s: Xo — C*,
Zo(d) = (ds) is a linear character of the root subgroup X,, and all linear characters of
X, arise in this way.

For each o ;, we define

arm(a; ;) = {ap: 1 <k <j} and leg(a; ;) = {on;:i <k <j}

If i = j, iy = @, then arm(q;) and leg(w;) are empty. For each o € Xt we define the
hook of o as h(w) = arm(a) Uleg(a) U{a}, the hook group of o as H, = (Xg: § € h(a)),
and the base group V, = (Xp: 8 € X1 \ arm(e)). Since [V, Vo] N X, = {1}, for each
s € F there exists a linear A, s € Irr(Ve) such that Aq s|x, = Pa,s and Ao s|x, = 1x,
for other root subgroups Xg C V,, 8 # «. Denote by Irr(V,/[Va, Va])* the set of all
these linear characters of V.
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Lemma 2.1. \V _ is irreducible for all s € F;.

Proof. See [1, Lemma 2] or [12, Lemma 2.2]. O

We call )\g,s an elementary character of U associated to a. A basic set D is a non-

empty subset of X7 in which none of the roots are in the same row or column. For each
basic set D, define

E(D) = P Irr(Va/[Va, Val) *.

For each basic set D and ¢ € E(D), we define a supercharacter, also known as basic

character in [1],
§D,¢ = ® Ag,s'
>\o¢,s€¢

It turns out that each supercharacter {p 4 is induced from a linear character of a pattern
subgroup.

Definition 2.2. We define
Vp= (Ve and Ap= (X) Aaslve-

aeD Aa,s€P
Lemma 2.3. We have {p , = \5.
Proof. See [12, Lemma 2.5]. O

It is easy to see that Vp is generated by all Xg, where § € X\ (,cp arm(c)), and
Ap is a linear character of V. For each basic set D, it can be proven that the diagonal
subgroup of GL,(gq) acts transitively on E(D) by conjugation. So it makes sense when
we write Ap here instead of Ap 4, and it also says that the decomposition of £p 4 is
dependent only on D. To know more about supercharacters, see, for example, [5, 6].
Here, we recall the main role of supercharacters as a partition of Irr(U)*.

Theorem 2.4. For each x € Irr(U)*, there exist uniquely a basic set D and ¢ € E(D)
such that x is an irreducible constituent of {p 4.

Proof. See [1, Theorem 1] or [12, Theorem 2.6]. a

Denote by Irr(£p,4) the set of all irreducible constituents of {p . Here, to prove Hig-
man’s Conjecture, it suffices to prove that |[Irr({p )| is a polynomial in g.

Now for each basic set D of size k = |D|, we define an associated monomial (k x k)-
matrix wp € GLg(q). First of all, we define two partial orders on X7.

Definition 2.5. We define <, and <3, on Xt as follows:
(1) @i <r aupif j <k (ie. to the right);

(i) ;5 <p ouk if @ <1 (i.e. to the bottom).
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Figure 1. Positions of v; ; and ~;,;.

An easy way to understand these two orders is <, standing for left to right and <y, for
top to bottom. It is noted that, on a basic set, <, and <y, are total orders.

Now we fix a basic set D of size k ascending order of <,. Let D = {rq,..., 7}, where
Ti <. 7j if i < j. We define wp = (a; ;) € GLg(q) as follows:

B 1 if 75 is the ith element of D in ascending order <,
! 0 otherwise.

For example, if D = {ag3,01,4, 035}, |D| =3,

] a14
Q33
a3
then
01 0
wp = 1 0 0
0 0 1

It is clear that wp is a monomial matrix in the Weyl group Sy of GLk(q). Here, wp
somehow gives pivots of D by considering only rows and columns containing roots in D.
Hence, it is equivalent to applying the (total) orders <, <} to these monomial matrices
on their non-zero entries.

For each pair 0 < i < j < k, if 7, <p 75, let 7; ; be the root on the row of 7; such
that ~v; ; +71; € X+ otherwise, i.e. 7j <b Ti, let v;; be the root on the row of 7; such
that v; ; +7; € Xt For example, 7; = Qmi, Tj = 04,5, where i < 7, so if o <1, v,
i.e. m <, then v; j = aum—1; otherwise, if oy ; <1, am, i.e. I <m, then v; ; = agm—1.
It is easy to see that v; ; exists if and only if two hooks h(7;) and h(r;) are parallel;
otherwise, ; ; exists (Figure 1).

Let I'p be the set of all v; ;, let Ap be the set of all v; ; and let Ap = I'pUAp. Hence,
by the definitions for the existence of +; ; and v; j, I'p N Ap = 0.

Definition 2.6. We define Rp = (Xy: v € I'p) and Cp = (X,: v € Ap).
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The next lemma provides interesting correspondences between the size of D and Ap,
and between wp and I'p or Ap. Moreover, it shows that (Vp, Rp) = VpRp, and the
pattern subgroups Rp, Cp are only determined by wp in a natural way.

Lemma 2.7. Let D be a basic set of size k. The following are true.
(i) Ap is closed and (X, : a € Ap) is isomorphic to Ug(q).

(ii) I'p is closed. For each pair i < j, if v; 5,7, exist and v; s +v; € X7, then s = j
and v; j + Vjr = Yir-

(iii) Ap is closed. For each pair i < j, if v; s,vj, exist and v; s + vj, € T, then s = j
and Vi j + Vijr = Vir-

(iv) Rp is isomorphic to Uy(q) N*PUx(q) and Cp is isomorphic to U(q) N"“°"? Uk(q),

where
0 --- 1

wo =

is the longest element in Sf.
(v) VpbRp is a pattern subgroup of U and Rp normalizes Vp.

For example, let D = {a1 2,034,245, 026} be a basic set in X :

R

2.6

a
Ur(q) = 34

Q45

and

o - e
]

The next result is the main theorem, which provides a correspondence between super-
characters {p  and pattern subgroups Rp.

Theorem 2.8. Let £p 4 be a supercharacter. The following are true.
(i) €pp = AP T)Y.
(ii) For each x € Irr(VpRp, Ap), XY € Irr(ép 4).

(iii) If x1 # x2 € Irr(VpRp, Ap), then x¥ # x¥Y.

https://doi.org/10.1017/50013091512000156 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000156

182 T. Le

Therefore, to decompose &p 4, it suffices to decompose )\‘E/,D Rp Moreover, the induced
character \}P®P is equal to

R
(Aplvinrp Vo Rp @0,

where 6 is some linear character of VpRp (in Lemma 3.1). We see that Ap|{}°  is a
‘very special’ constituent of the regular character 172 . Hence, the decomposition method
of all supercharacters {p ¢ of U,(g) with the same wp is generally restricted to the one
of the regular character 1%p.

Here, we attempt to make a link for this special pattern Rp = Uk(q) N*2Uk(q) in
Lemma 2.7. Denoting U N*U by U,,, where U = U, (q) and w € S,, is the Weyl group of
GL,(q), Thompson [16] conjectured that, for each pair r, s € S, the cardinality of the
double coset U,.\U/Us is a polynomial in ¢ with integer coefficients. In addition, U,, also
takes an important role when one studies GL,(q) as groups with a (B, N)-pair, such as,
for example, the Bruhat decomposition.

From Theorem 2.8 and Lemma 2.7 (v), we obtain a nice decomposition of £p 4.

Corollary 2.9. Let {p 4 be a supercharacter. The following are true:

(i) Iir(€p.g) = {(XY: x € ir(VpRp, Ap)};

(i) €p,p = erlrr(VDRD,)\D) x(xY.
Theorem 2.4, Lemma 2.7 and Corollary 2.9 give a clear proof for the following corollary,
which is a different version of [1, Theorem 1.4].

Corollary 2.10.

VbRp: Vp] if (D,¢)=(D',¢'),
0 otherwise.

(€D.p EDrgr) = {

3. All proofs

In this section, we prove Theorem 2.8 mainly to give a correspondence between super-
characters £p 4 and pattern subgroups Ux(q) N"? U (q), where k = |D|. First, we shall
prove Lemma 2.7.

Proof of Lemma 2.7. Suppose that D = {7y,..., 7} in ascending order <.

(i) If we rearrange D in ascending order of <y, to be {61,...,0}, it is clear that, on
the row of 0;, Ap has (k — i) roots and the row of 6; does not have any root in Ap.

For each pair ¢ < j € [1,k], let w;; € Ap be the root on the row of 7; such that
w;j +71; € X1, (Note that w; ; is either v € I'p or v € Ap.) Hence, if 7, = v, 4, <p 75 =
Qj, sy 1€ 91 < J1, we have w; j = a4, j,—1. Therefore, for each w; ;j = a4, j,—1 <y Wy =
Oy -1 € Ap, if w; j + wpy € X7, then j; must equal mq, and w; j +w;; = a4, 1,1 =
wj,;. This shows that Ap is closed, and the longest root in Ap is wy 2+ - Fwg—1,k = W1 k-
So w;,; corresponds to ; ;_1 in the positive root set X . Therefore, (X,: a € Ap) is
a pattern subgroup isomorphic to Uk (q).
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(ii) With the same argument as in (i), by the definition of 7, ; and ~y; ., if v, s + ;.- €
X%, then s = j. By the transitive property of <, and <y, on 7, 75, 7, from 7; <;, <p, 7
and 7; <., <p T we have 7; <y, <y, 7. S0 7, exists and vy; ; + vj,» = Vi, follows.

(iii) The argument of (ii) holds for v; s and v}, € Ap.

(iv) Let wp = (w;;) € S € GLg(g). Since wp is a monomial matrix, wy' = w},

the transpose of wp. For each X = (v, ;) € Ux(q), we observe Y :=wp - X -wp'. Let
Y = (y; ;). For each pair ¢ < j, we have

Yig = Y WisTar Wi
s,r€[1,k]
Since 4, j are fixed, there exist unique 1 < f, h < k such that w; y = 1 = w; », and others
w;s = 0 = w;j,. Hence, y; ; = w; s Ty pwj p.
Since h # f and all 2, = 0 if r < s, we have the following:
oy, ; =0if f > h,ie w;y <p w;p and w;p <e w; f;
e y;; has non-zero value if f < h, i.e. w; r <p wjp and wy p <y Wjp.
So Rp is isomorphic to Ui (g) NP Ui(g) by the definition of ; ; € I'p. And, hence, Cp
is isomorphic to Uy(g) N“° P U (q) by (i)—(iii) and Ap = I'p U Ap.
(v) From the definition of ~; ;, it is easy to check that Rp normalizes Vp. Hence, VpRp
is a pattern subgroup of U. O
Set
Kp=(Xs: Xo CVpand a ¢ D) =(X,: Xo CVpNker(Ap)).

It is clear that Kp is normal in Vp, [Vp : Kp] = ¢/Pl and Vp = Kp - []
Theorem 2.8, we need the following lemma.

rep X+ To prove

Lemma 3.1. Let {p ¢ be a supercharacter. The following are true.

(i) Kp C ker(A\PTP). Moreover, A\{PT? (z) = [VoRp: Vp]Ap(z) for all = € Vp.
(ii) (KpNRp) < Rp and (VpbNRp)/(KpNRp)CZ(Rp/(KpNRp)).
(iii) Let ¢p = {Aas € ¢: Xo € Rp}. We have

VbR R
Ap’ TP = ()\D‘Vé)mRD)VDRD ® < ® ()\O"S|VD)VDRD>'
Aa,s€PD

Proof. (i) It is enough to show the statement for all X, C Vp. By Lemma 2.7 (v)

Vp < VpRp, we have
NP @) = 3 Anla)
‘ D| yeEVpRp

for all z € Vp. For each « € X,, we suppose that there is X3 C VpRp such that
a+p € Xt and hence X,13 C Vp. We shall show that Ap(a¥) = Ap(x) for all y € Xp.

Since X, N [Vp,Vp] = {1} for all 7 € D, we have Xo13 C Kp C ker(Ap). Thus,
Ap(2), \p(y)] = Ap([z,y]) = 1 since [z,y] € Xa4p, i.e. Ap(z) " Ap(z¥) = 1.
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(ii) By the definition of Kp < Vp and Vp = Kp - []..p X, it suffices to show that
Kp N Rp) < Rp. This is clear because for all X, C Kp N Rp and all Xg C Rp either
B
Oz+ﬁ€2+ or Xo48 C KpNRp.

(iii) The inflations to Vp Rp of )‘D|VDORD and A\g s|v,,, forall Ay s € ép, follow directly
from (i). O

By Lemma 3.1 (iii), if RpNVp = {1}, )\ED Rp s equivalent to 177 the regular character
of Rp. In general, )\EDRD is equivalent to a constituent of 1P with Rp N Kp in the
kernel. Now we prove Theorem 2.8.

Proof of Theorem 2.8. (i) This is clear by the transitivity of induction.
(ii) Suppose that D = {7,...,7;} in ascending order <, and

AD = ® >\T1',Sri|VD7

T, €D

where s; € F.

First, we show that, for each x € Irr(VpRp, Ap), XV is irreducible. By the transitive
property of induction, we shall induce x from VpRp to U by a sequence of inductions
along the arms of 71, 7y, ..., T respectively by <, order. Now we setup these such induc-
tion steps.

For each 7; € D, let A(r;) = {a € arm(r;): Xo € VpRp}, and ¢; = |A(7;)|. Let
do =0and d; =d;_1 + ¢; for all i € [1,k]. Now, if ¢; > 0, i € [1, k], we arrange A(7;) in
decreasing order <, to be {84, ,+1,---,8d;_,+c; }- Let Mo = VpRp, M;y1 = M; x Xg,
for all i € [1, dy]. It is clear that Mg, 11 = U and X, normalizes M;; hence, this sequence
of pattern subgroups is well defined.

For each 3; € arm(7;), j € [1,dg], there exists a unique § € leg(r;) such that 3;+6 = 7;
and X5 C Kp, since if X5 ¢ Kp, there exists 7,, € D such that § € arm(7,,), so
Ti <r Tm, Ti <b Tm, and this implies 3; = ;. We number this § as J;, and let
L(D) = {6;: j € [1,di]}. By Lemma 3.1 (i), Xs C ker(x) for all 6 € L(D). Now we
proceed the induction of x from VpRp to U via a sequence of pattern subgroups along
the arms of all 7; € D, namely from My to M;,..., Mg, 41 =U.

Suppose that x™i € Irr(M;) for some M;, j € [1,dy + 1], and X5, C ker(x*) for all
t € [j,dg]. If j = di + 1, the proof is complete. Otherwise, the next induction step is
from M; to Mj1 = M;Xp,, and we suppose that it happens on the arm of 7;. For each
x € X§j7 since [Xs;, ] = X, there is some y € X5, such that A, ,,([y,z]) # 1 and

M) (y) = XM ( “) = xM ([ =ly) = Ao, ([, 2)DXM () # XM () = XM ().
Hence, X5, € ker(“(x7)), and
T (M) £ M foralleXX.

This shows that the inertia group In, x,, (x) = M and M5 Irr(M;Xp,, AD).

It is easy to check directly that X5, C ker( Mi%Xe;) for all t € [j + 1,d;] by using
[X3,, Xs,] C ker(x*7). Therefore, we have xV is irreducible for all x € Irr(VpRp, Ap)
by induction on j.
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iii) Now suppose x1 # x2 € Irr(VpRp, Ap) and XMj XMj for some M;. As above,
1 2 j

it is enough to show that
M; X, M;Xg,
X1 T X2 S

where 3; € arm(7;). Note that
X5, C ker()dwj) N ker(Xéwj).

By the Mackey Formula with the double coset M; \ M;Xpg, /M; represented by Xz, ,

M'Xﬁ. M:X[,m M. M.
a7 e ) = Z a7 (xe 7))
xeXﬁj

By using the same argument as in (ii),
X5, ¢ ker(*(x2™)) for all z € X5,

Hence, I(xéw") + Xiwj for all z € Xﬁxj since X5, C ker(Xiwj). Therefore,

M'Xﬁ. M'Xﬁ. M. M.
(Xl ’ ]7X2 ’ ]) - (Xl J’Xz J) =0,
since xiwj + Xéwj by the above assumption on M;. O

Note that VpRp is not normal in U. In the proof of Theorem 2.8, although all induc-
tions from VpRp to U are irreducible, Clifford correspondence cannot be applied. The
technique of a sequence of inductions from M; to M;11 C Ny(M;) has been used to
control distinct induced characters.

Since Vp is normal in VpRp and VpRp/Vp = Rp/(Vp N Rp), by Theorem 2.8
and Lemma 3.1 (iii), we only need to decompose A D|5§n r,, instead of decomposing the
supercharacter {p ¢ = AU, Hence, all work is restricted to a pattern subgroup of U(q),
where k = |D| < n.

Proof of Corollary 2.9. Theorem 2.8 gives a one-to-one correspondence on the
multiplicities and degrees between Irr(VpRp, Ap) and Irr({p ¢), i.e.

|II“1“(VDRD7 /\D)| = |II‘1"(§D,¢)|,

and if y € Irr(VpRp, Ap) has multiplicity ¢, then xU € Irr(ép 4) also has multiplicity ¢,
and
xY(1) = [U : VbRpx(1).

Therefore, it is enough to show that x € Irr(Rp, Ap|v,nr,,) has multiplicity x(1).
By Lemma 3.1 (i),

Kp N Rp C ker(Aplvpnry) Nker(Apli2ng,)

is normal in Rp. So Aplv,nr, can be considered as a linear character of the quotient
group RD/(KD ﬁRD). By Lemma 3.1 (11)7 (VD N RD)/(KD ﬂRD) C Z(RD/(KD ﬂRD))7
Ap|vpnRrp 18 a linear character of the centre and the claim holds. O
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