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1. Introduction. One of the most important results of operator theory is the
spectral theorem for normal operators. This states that a normal operator (that is, a
Hilbert space operator T such that T*T = TT*), can be represented as an integral with
respect to a countably additive spectral measure,

T= AdE(A).
o(T)
Here E is a measure that associates an orthogonal projection with each Borel subset of C.
The countable additivity of this measure means that if x € # can be written as a sum of

o
eigenvectors x = ¥ x;, then this sum must converge unconditionally.
j=1

It is of interest therefore to know when an operator is normal. One well-known
characterization of normality is that T have an isometric functional calculus for the
continuous functions on the spectrum of T,0(T). That is there exists a C*-algebra
homomorphism 1 : C(a(T))— B(%) such that ¥ maps the polynomial p(A,A) to
p(T, T*). The details of this may be found in [5]. The aim of this paper is to show that
the algebra C(o(T)) may be replaced by a smaller algebra consisting of the absolutely
continuous functions on some rectangle containing the spectrum of 7.

This result is a special case of a condition which ensures that an operator on a
reflexive L space is scalar-type spectral. A scalar-type spectral operator on a Banach
space is one which possesses the same type of spectral representation as that which the
spectral theorem gives us for normal operators.

The corresponding result, showing that a Hilbert space operator which possesses a
contractive functional calculus for the absolutely continuous operators on some compact
interval of the real line is self-adjoint, was first proved by Fong and Lam in [6]. The
extension of this to reflexive L? spaces appears in [2], where it is also shown that the
existence of such a functional calculus does not imply that an operator on L' or L* is
spectral.

2. Definitions. Throughout # will denote a separable complex Hilbert space, and
X will denote a complex Banach space. The set of bounded linear operators on X is
denoted by B(X), and the set of all projections (that is, idempotent operators) on X by
Proj(X). Suppose that & is a Banach algebra of complex functions on some subset S = C,
and that the functions e,(z) = z" lie in %. Then by an ¥ functional calculus we shall mean a
Banach algebra homomorphism v : F— B(X) such that y(e,)=e (T)=T", n=
0,1,.... A contractive functional calculus is one for which ||y|| = 1.

An operator T € B(X) is said to be scalar-type spectral if there is a spectral measure
E defined on 3, the Borel subsets of C, with values in Proj(X) such that

(i) E is countably additive on & in the strong operator topology;
(ii) TE(A)=E(A)T, for all A € B;
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(iii) o(T|E(A)X)c A, for all A€ B;
(lV) T= IO(T) A dE(A.)

On a Banach space which does not contain a copy of ¢,, an operator T is scalar-type
spectral if and only if T has a bounded C(o(T)) functional calculus (see [5, Theorem 6.24]
or [3, Proof of Theorem 2]). Thus scalar-type spectral operators may be regarded as a
Banach space analogue of normal operators on a Hilbert space.

To develop a theory that includes operators whose spectral expansions may only
converge conditionally, Smart [11] and Ringrose [10] introduced the notion of a
well-bounded operator. This is an operator T € B(X) which possesses a functional
calculus for the absolutely continuous functions on some compact interval of the real line.
In other words, there exist a, b, C € R such that

Dl =c{is@i+ [ g1 e

for all polynomials g. The spectral theorem for well-bounded operators on reflexive
Banach spaces says that this is equivalent to T having a spectral representation as an
integral with respect to a ‘spectral family’ concentrated on the compact interval
[a,b]=R. Just as the spectral representation of a normal or a scalar-type spectral
operator allows one to extend the functional calculus to include all bounded Borel
measurable functions, the spectral representation for a well-bounded operator (on a
reflexive space) allows one to extend its functional calculus to include all functions of
bounded variation on [a, b].

On a Hilbert space it is known that if the constant K bounding the AC-functional
calculus for T can be chosen to be 1, then T must in fact be self-adjoint. The greatest
difficulty in extending this result to cover normal operators, is the problem of deciding
how to define functions of bounded variation in two variables. The correct definition in
this context is the one due to Hardy [7] and Krause [8, p. 345]. Using this definition,
Berkson and Gillespie generalized the concept of well-bounded operator to ‘~clude
operators whose spectrum may not be a subset of R.

In the discussion that follows we shall identify subsets of R? with subsets of C in the
usual way. Let J=[a,b] and K =[c,d] be two compact intervals in R. Let A be a
rectangular partition of J X K:

a=s5,<5<...<s,=b, c=t<H<...<t,=d.

m

For a function f : J X K— C, define

Va= 21 21 1fCsis &) = f(sis 1) = f(5io1, 1) + F(sic0, ).
i=1j=
The variation of f is defined to be

var f =sup{V, : A is a rectangular partition J X K}.
JXK

We shall say that the function f is of bounded variation if varf, varf(-,d), and
IxK J
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vla<rf(b,.) are all finite. The set BV(J x K) of all functions f :J X K— C of bounded

variation is a Banach algebra under the norm
Wl =1fb,d)+ varf(-, d) +varf(b, ) + var f.

As with functions of one variable, there is the concept of an absolutely continuous
function. Let m denote Lebesgue measure on R% A function f :J X K— C is said to be
absolutely continuous if

(i) for all £ >0, there exists 6 > 0 such that

2 varf <g

Re® R

whenever 2 is a finite collection of non-overlapping subrectangles of J X K with
> m(R)<d;

Re%R
(i) the marginal functions f(-, d) and f(b, -) are absolutely continuous functions on J
and K respectively.

The set AC(J x K) of all absolutely continuous functions f : J X K— C is a Banach
subalgebra of BV(J X K), and is the closure in BV(J X K) of the polynomials in two real
variables on J X K. Equivalently, one can consider AC(J X K) to be the closure of the
polynomial functions p(z, ) onJ X K < C. It is clear that AC(J X K) = C(J X K) and that
Hfll==< Il flll for all f e AC(J x K). The full details of these spaces can be found in [1].

An operator T € B(X) is said to be an AC-operator if there exists a Banach algebra
homomorphism 3 : AC(J X K)— B(X) for which y(z+z)=T. Berkson and Gillespie
proved that this is equivalent to the condition that T can be written as T = U + iV, where
U and V are commuting well-bounded operators on X.

By L” we shall mean the usual Lebesgue space of complex valued, p-integrable

functions (or essentially bounded functions in the case that p =), on some positive
measure space.

3. The results. In this section we shall show that on the reflexive L” spaces, the
apparently weaker condition of having a contractive AC(J X K) functional calculus,
actually implies that 7 has a bounded C(J x K) functional calculus.

THEOREM 3.1. Suppose that 1 <p < and that T is a bounded operator on L". Then,
if there exist compact intervals J, K ¢ R such that T has a contractive AC(J X K) functional
calculus, then T is a scalar-type spectral operator.

Proof. Suppose that T has a contractive AC(J X K) functional calculus. Then T can
be written as T=U+iV for a unique pair of well-bounded operators. Suppose that
h e AC(J). Then the function defined by g(s + it) = h(s) lies in AC(J X K) and g(T) =
h(U). Note that || 4 || acyy = Il & | acuxx)» SO that

IR = (T = I8 Macuxxy= WAl ace.

By [2], this implies that U is a scalar-type spectral operator on L”. Similar reasoning
implies that V (and hence iV) is also a scalar-type spectral operator. It follows by a result

https://doi.org/10.1017/50017089500030792 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500030792

252 IAN DOUST

of McCarthy [9] that the sum of two commuting scalar-type spectral operators on a
reflexive L? space is also a scalar-type spectral operator. Hence T is scalar-type spectral.
Given an AC-operator T = U + iV acting on a reflexive L” space, we can define its
conjugate operator to be T = U — iV. Note that on a reflexive Banach space U and V are
uniquely determined, so T is well-defined. Whether this splitting into the ‘real and
imaginary parts’ of a general AC-operator is unique appears to be an open question.

CorOLLARY 3.2. Suppose that 1 <p < and that T is an AC-operator on L. Suppose
also that for all polynomials in z and z on J X K< C, ||g(T, T)|| =< [|g [lacuxx) Then
there exists C € R such that ||g(T, T)|| = C |Ig|lco(ry for all such g.

In Hilbert spaces we can show that these functional calculus conditions are
equivalent.

THEOREM 3.3. Suppose that T is a bounded operator on a Hilbert space ¥. Then the
following conditions are equivalent:

(i) T is normal,

(ii) T possesses an isometric C(0(T)) functional calculus;

(i) T possesses a contractive functional calculus for the bounded Borel measurable
functions on o(T);

(iv) there exist compact intervals J, K c R such that T has a contractive C(J X K)
functional calculus;

(v) there exist compact intervals J, K c R such that T has a contractive BV(J X K)
functional calculus;

(vi) there exist compact intervals J, K < R such that T has a contractive AC(J X K)
functional calculus.

Proof. The equivalence of the first four conditions is standard. To show that
(iti) = (v), it suffices to note that for f e BV(J X K),

AT = NIf Nacocry = f llwuxiy =T f l vy

That (v) = (vi) is trivial. To show that (iv) = (i), one can proceed as in Theorem 3.1. In
this case the existence of a contractive AC(J) functional calculus for U implies that U is
self-adjoint (see [5], [4]). It is easy to check that if U and V are commuting self-adjoint
operators, then T = U + iV is normal.

It is interesting to note that in general, it is not known whether an AC-operator on a
reflexive Banach space (or more generally, an operator on any Banach space which can
be written as T = U + iV with U and V commuting well-bounded operators of type (B)),
must have a BV(J X K) functional calculus.
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