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Abstract

A module is uniserial if its lattice of submodules is linearly ordered, and a ring R is left serial
if R is a direct sum of uniserial left ideals. The following problem is considered. Suppose
the injective hull of each simple left i2-module is uniserial. When does this imply that the
indecomposable injective left fl-modules are uniserial? An affirmative answer is known when
R is commutative and when R is Artinian. The following result is proved.

Let R be a left serial ring and suppose that for each primitive idempotent e, eRe has indecom-
posable injective left modules uniserial. The following conditions are equivalent.

(a) The injective hull of each simple left R-module is uniserial.

(b) Every indecomposable injective left R-module is uniserial.

(c) Every finitely generated left R-module is serial.
The rest of the paper is devoted to a study of some non-Artinian serial rings which serve

to illustrate this theorem.

1980 Mathematics subject classification (Amer. Math. Soc): primary 16 A 52, 16A 53; secondary
16 A 04.

Introduction

A module is said to be uniserial in case its submodules are linearly ordered by
inclusion and it is serial if it is a direct sum of uniserial submodules. A ring R is
left serial if RR is serial and R is serial if it is both left and right serial. When
R is also Artinian a well-known theorem of Nakayama states that any module
over R is serial. For modules over non-Artinian serial rings Nakayama's theorem
is in general false. However for finitely generated modules the theorem may still
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« Fac example If EL is left (right! Noetherian the finitely generated left
(right) modules are serial [8j.

Ivanov [4] has a theorem which links the structure of the finitely generated
modules to the indecomposable injectives. His theorem states that the finitely
generated left (right) i?-modules are serial if and only if each indecomposable
injective left (right) i?-module is uniserial. It is an open question whether one
can replace 'indecomposable injective' with 'injective hulls of simples' in Ivanov's
theorem. Section 1 of this paper deals with this problem. The above question
is reduced to the consideration of local rings (Proposition 1.5). An affirmative
answer is given when R is right (left) Noetherian and when eRe is commutative
for each primitive idempotent e.

Sections 2 and 3 are devoted to the construction of some classes of non-
Artinian serial rings. These rings are shown to have finitely generated left and
right modules serial if and only if eRe is a complete discrete valuation ring for
each primitive idempotent e.

All rings considered have an identity and all modules are unital. The Jacobson
radical will be denoted by J, and for a given module M the injective hull of M
will be denoted by ER{M) or simply E(M) when R is understood. The socle
of M, defined as the largest semi-simple submodule of M, will be denoted by
S(M).

1. Rings whose injective hulls of simple modules are uniserial

In this section we consider the following problem: Let R be a left serial ring
whose injective hulls of simple left modules are uniserial. When does this imply
that R has indecomposable injective left modules uniserial? A solution to this
problem is known to exist in two distinct cases: When R is commutative [3] and
when R is left Artinian [2, Theorem 5.4].

We make the following definition: Let R be a left serial ring and Ra a cyclic left
i2-module. Ra is said to be primitive in case there exists a primitive idempotent
e 6 R such that a = ea. Thus Ra is primitive if and only if it is isomorphic to a
factor module of a principal indecomposable left ideal.

1.1 LEMMA. Assume R is left serial and let M be an indecomposable left
R-module with Ra and Rb non-zero primitive submodules of M. Suppose there
exists K C Ja such that Ra/K C Rb/K. Then Ra C Rb.

PROOF. By hypothesis there exists a primitive idempotent e such that a = ea.
Therefore, a = 76 + Jfc (7 € eR, k £ eK). As K C Ja, k = xa for some x G eJe.
Therefore (e — x)a = 76 and since e — x is a unit in eRe, Ra C Rb.
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1.2 LEMMA. Let R be a left aerial ring whose injective hulls of simple left
modules are uniserial and M a left R-module generated by two primitive submod-
ules Ra and Rb with RadRb^ 0. Then

(a) There exist submodules Ra\ C Ra and Rb\ C Rb such that Ja\ — Jb\ =
Ja D Jb.

(b) Suppose that M is not uniserial. Consider 0 ^ ca € Ja D Jb. Then there
exists a simple submodule T of (Rai + Rbi)/Jca such that

+ Rbi)/Jca = Rai/Jca © T = Rbi/Jca © T.

PROOF. The case when M is uniserial and therefore generated by Ra or Rb
is trivial. So we will assume that Ra g Rb and Rb g Ra. We first prove that
for a given 0 ^ ca e Ja D Jb statement (b) holds and then show that (a) is an
immediate consequence of (b).

Let 0 ^ ca € Ja D Jb and consider M/Jca. Clearly S(M/Jca) ^ 0 and
contains S = Rca/Jca. If S{M/Jca) = S then by hypothesis Ra/Jca C Rb/Jca
or Rb/Jca C Ra/Jca and by 1.1 this implies that Ra C Rb or Rb C Ra. So we
may assume that there exists a simple left .R-module T C S{M/Jca) such that
5 D T = 0. Thus T = (R(fia + 76) + Jca)/Jca where /z, 7 € R. Set ax = /xa,
61 = 76 and consider the submodule Rai + Rbi. Observe that the socle of
(Rat + Rbi)/Jca also contains S and T. Now T C Rai/Jca or T C Rbi/Jca
imply that S = T. Thus T has zero intersection with Rai/Jca and Rbi/Jca.
Therefore Rai/Jca © T = Rh/Jca © T = (.Rai + Rbl)/Jca and (b) is proved
for a given ca.

We observe that a\ — kb\ +t € Jca for some ib € R and t+Jca € T. Let x € J .
Then zai — xfc&i € Jca. Since Jca C J a D Jb C J6 1 ; we obtain J a i C J&i.
Using a symmetric argument yields J a i = Jbi = Jad Jb. In order to prove
(a) and (b) we need only note that using a different value of ca in the above
construction still yields the same values for Rai and

1.3 PROPOSITION. Suppose R is a left uniserial ring with J ^ J2 . Then the
left injective hull of R/J is uniserial if and only if each indecomposable injective
left R-module is uniserial.

PROOF. In one direction the result is obvious. So assume that the injective
hull of R{R/J) is uniserial. First observe that R/J2 satisfies the same hypothesis
as R since ER/j2(R/J2) C ER{J/J2). SO R/J2 is an Artinian left uniserial ring
whose injective hulls of simple left modules are uniserial. Therefore applying [2,
Theorem 5.4] R/J2 is uniserial. This implies that J/J2 is cyclic both as a left
and right i?-module. Since J 2 ^ J, J2 is superfluous in J and so J is a cyclic
left and right .R-module. Using this fact an easy argument shows that there
exists a t e J such that Rt = tR = J. Now let E be an indecomposable injective
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left i?-module and Ra and Rb non-zero submodules of E. Applying 1.2 we may
assume tha t Ja = Jb = Jan Jb. Therefore ta = -yft with 7 e J • Thus ta = tab
for some a € R. So t(a — ab) = 0 which implies tha t J(a — ab) = 0. Therefore
a = ab or a — ab ^ 0 and R(a — ab) is a simple submodule of E. Either case
yields tha t E is uniserial.

Recall tha t a ring is said to be duo in case all the one sided ideals are two
sided.

1.4 COROLLARY. Suppose R is a left uniserial ring whose left injective hull
of R/J is uniserial. If R is left or right Noetherian then R is a duo unise-
rial Noetherian ring whose indecomposable left and right injective modules are
uniaerial.

PROOF. Applying 1.3 and [4] R is a uniserial ring whose indecomposable
injective left i?-modules are uniserial. Since R is left or right Noetherian a well
known argument shows that H Jn = 0 and that R is a duo, Noetherian principal
ideal ring. An application of [4, Theorem 2] yields that R has indecomposable
injective right modules uniserial.

1.5 PROPOSITION. Suppose R is left serial and injective hulls of simple
left R-modules are uniserial. If for each primitive idempotent e, the ring eRe
has indecomposable injective left modules uniserial then R has indecomposable
injective left modules uniserial.

PROOF. Let E be an indecomposable injective left fl-module with Ra and
Rb non-zero primitive submodules of E and M = Ra + Rb. We will suppose
that Ra % Rb and Rb % Ra and show that this yields a contradiction. By virtue
of 1.2 we may assume that RaflRb = Ja = Jb. The proof is divided into three
separate cases.

Case 1. Let e be a primitive idempotent and suppose that a = ea, b = eb
and eR • ca ^ 0 for all non-zero ca € Ja. Consider the e/?e-module eM. Then
eJea is essential in eM. For consider eT ^ 0, eT C eM. Thus ReT n Ja ^ 0.
Therefore there exists ca G ReT fl Ja such that eReca ^ 0. This means that
eTC\eJa ^ 0. Thus EeRe{eJa) = EeRe(eM). Since eJa is uniserial EeRe(eJa) is
indecomposable. So by hypothesis EeRe(eM) is uniserial. Therefore ea € eReb
or eb G eRea. In either case Ra C Rb or Rb C Ra.

Case 2. We suppose that a = ea, b = eb and there exists a non-zero submodule
K C Ja such that eK = 0. Consider the set of all non-zero elements of K
indexed by a set A. For each a e A let Ma = M/Jcaa. If for some a, S(Ma) —
Rcaa/Jcaa we are through by 1.1. So assume the contrary. In that case 1.2
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implies that for each a there exists a simple module Ta which is a direct summand
of Ma. Each Ta is generated by an element a+7Q6 modulo Jcaa where 7Q = e^a.
So consider the set {o -I- 7Q6} (a € A). First observe that for Rcpa C Rcaa the
image T'p of Tp under the natural homomorphism of Mp to Ma is a non-zero
simple direct summand of Ma. Therefore Ma = Ta® T'0 or Ta = T'p. The first
case cannot occur since it would imply that Raf)Rb = Jcaa. This would mean
that Rcaa = Ra a contradiction. So there exists a unit fiap € eRe such that
a + 7a6 = fiap(a + 7/j6) modulo Jcaa. That is

a + 7Q6 — nap{a + 7/36) = xcaa for some x & J.

But excaa = 0 so that a+7Q6 = Haffia+lpb). Therefore i?(a+7Q6) = i?(o+7/j6)
for all a, /? e A. Setting T = R(a + 7Q6) yields for each aeA,TnRaC Jcaa.
Now p) i?caa is simple or zero. If the intersection is simple apply the hypothesis.
If it is zero then TC\Ra = 0 a contradiction as E would then contain two non-zero
submodules with intersection zero.

Case 3. Suppose that a = ea and b = fb with e and / primitive orthogonal
idempotents such that Re ^ Rf. We may assume that Ja is not zero and
choose 0 ^ co € Ja. Applying 1.2(b) there exists a simple module T such
that T is a direct summand of M/Jca and T n (Rca/Jca) — 0. As before T
is generated modulo Jca by an element t = a + 76. Obviously 76 £ J6 since
containment implies T = Rca/Jca. Therefore R^b = Rb. Since fRa C J a
we obtain Rt/Jt = Rb/Jb = Rf/Jf. Using a similar argument we also have
Rt/Jt = fla//a = fle/Je a contradiction as Re ^ i ? / . Thus in all cases
Ra C Rb of /?6 C .Ra.

Now suppose that / is a primitive idempotent and E = E(Rf/Jf). By a
result of Roux [6, Lemma 3.4], fE is the left fRf injective hull of fRf/fJf. If
E is uniserial so is fE. Thus we have the following lemma.

1.6 LEMMA. Let R be a left aerial ring and suppose that the injective hull of
each simple left module is uniserial. Then for each primitive idempotent f, the
left injective hull of fRf/fJf is uniserial.

REMARK. It is easy to see that Proposition 1.5 and Lemma 1.6 reduce the
problem of when injective hulls of simples being uniserial implies that all inde-
composable injectives are uniserial to the study of local rings. In fact one can
say a little bit more. As a consequence of Proposition 1.3 one need only consider
the problem for the case when R is local and J = J2.

1.7 THEOREM. Let R be a left serial ring and suppose that for each primi-
tive idempotent e, eRe has indecomposable injective left modules uniserial. The
following conditions are equivalent.
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(a) The injective hull of each simple left R-module is uniserial.
(b) Every indecomposable injective left R-module is uniserial.
(c) Every finitely generated left R-module is serial. Under the above conditions

R is a serial ring.

PROOF. The last statement and the equivalence of (b) and (c) is just [4,
Theorem 2]. For (a) implies (b) apply 1.5. That (b) implies (a) is trivial.

1.8 COROLLARY. Let R be a left serial ring and suppose that for each prim-
itive idempotent e, eRe is commutative. Then conditions (a), (b), and (c) of 1.7
are equivalent.

PROOF. It suffices to show that (a) implies the other two conditions. If (a)
holds apply 1.6 and [3, Theorem, page 142] to get that eRe has indecomposable
injectives uniserial for e a primitive idempotent. Now apply 1.7.

1.9 COROLLARY. Suppose R is a left or right Noetherian ring. Then condi-
tions (a), (b), and (c) of Theorem 1.7 are equivalent.

PROOF. Apply 1.3, 1.6, and 1.7.

2. Indecomposable injective modules over a class
of non-Noetherian serial rings

A discrete valuation domain A (not necessarily commutative) is a uniserial,
Noetherian integral domain with a non-zero radical. A is said to be complete
if it is complete with respect to its J-adic topology. Let Q be the skew field of
quotients of A, and R be the ring of matrices of the form

A Q
0 Q

where addition and multiplication are just addition and multiplication for ma-
trices. So R is a serial, right Noetherian, right hereditary ring but is not left
Noetherian. This section is devoted to describing the indecomposable injective
left /^-modules. We will let A denote the completion of A, and Q the skew field
of quotients of A. Set

* ~ l o Q\-
Note that Q/J(A)n = Q/J(A)n canonically for all positive integers n.
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2.1 PROPOSITION. The following conditions are equivalent for a discrete
valuation domain A with skew field of quotients Q.

(a) A is complete.
(b) For any pair of A-submodules I and K of Q and homomorphism <p €

Honu (Q/I, Q/K), there exists dGQ with Id C K such that (p(q + I)=qd + K
for allq + Ie Q/I.

(c) A*EndA(Q/A).
If K = 0, statement (b) is true without the hypothesis of completeness.

PROOF, (a) implies (b). Let / and K be left A-submodules of Q and <p e
HomA{Q/I,Q/K). Consider the following diagram with TTI and ir? the natural
projections from Q to Q/I and Q to Q/K respectively.

Q

Q - ^ Q/K -> 0

Now A being complete is equivalent to Q being quasi-projective over A [7, The-
orem 8]. Therefore the map ipiri can be extended to a homomorphism r which
is given as a right multiplication by an element d&Q. Let q €Q. Then

f^i {Q) = £>(<7 + 1 ) = T2T{q) = qd + K.

It is clear that Id C K. (b) implies (c). Take I = K = A. Thus Ad C A implies
that d G A. The rest is trivial, (c) implies (a). This is immediate and is left to
the reader. The last statement is also straightforward and is left to the reader.

We will need the following concept: A module N is said to be injective relative
to M in case for every submodule K of M and homomorphism 6: K —• JV there
is an extension of 6 to M. When M = N, N is said to be quasi-injective.

2.2 LEMMA. Let R be a ring and M an R-module. Suppose that M/K is
quasi-injective and has the property that for any submodule L of M and non-zero
homomorphism f': L —• M/K, K is contained in the kernel of f. Then M/K is
injective relative to M.

PROOF. Using the hypothesis / factors to a homomorphism

f'-.L/K^M/K.

Since M/K is quasi-injective / ' can be extended to / " : M/K —> M/K. Set
h = f"n where w is the canonical projection of M to M/K. A straightforward
computation shows that h extends / .
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2 . 3 THEOREM. Let R = [AQ]- The indecomposable injective left R-mod-

ules are of the following three types.

(a)J*>=[§].

(b)£x = £o/[o] where Eo=[%}.
(c)E2 = E0/[

Q
0].

PROOF. Using that Q/A = Q/A it is clear that all the modules in question
are indecomposable. We need only show injectivity. An application of 2.2 shows
that the modules of type (c) are injective. The proof for the type (a) case goes
like the one for type (b) with suitable modifications, so we will give the proof
for the type (b) case.

Consider E\. We will first show that E\ is injective as an JZ-module relative
to EQ. Suppose there is an R-homomorphism <p: I —• E\ where / is an R-
submodule of [5] . Thus the image of I is contained in [ (i

A] C E\. Since
[ QA] is canonically A-isomorphic to the .A-injective module Q/A, <p can be
extended to [g] . So we need only consider the following diagram

Since <p is naturally an ^4-homomorphism, apply 2.1(b) to get t ha t ip is given by

right multiplication in the first coordinate of E\ modulo A by a fixed element

a E Q. Extend <p to the m a p <p' t h a t carries a given x — [ ^ ] G £ b to <p'{x) =

Now if / contains [^] observe that <p restricted to the second coordinate will
be given by right multiplication by some a & Q and that <p restricted to [^]
will be given by right multiplication by the same & modulo A. So extend (p to
Ei using the same map as before.

Now a routine computation shows that any .R-homomorphism from an R-
submodule of EQ to Ei can be extended to an .ft-homomorphism on a suitable
i2-submodule of 25o- Therefore Ei is injective relative to Eo as an .R-module.
This shows that Ei is iZ-injective since R can be embedded in 2 copies of Eo.

As a consequence of 2.3 it is easy to see that the indecomposable injective left
i2-modules are uniserial if and only if A is complete. Thus by 1.7 we have the
following corollary.

2.4 COROLLARY. Let R be as in 2.3. The following conditions are equiva-
lent.
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(a) A is complete.
(b) The injective hull of each simple left R-module is uniserial.
(c) Every indecomposable injective left R-module is uniserial.
(d) Every finitely generated left R-module is serial.

REMARK. Since R is right Noetherian the right analogues of (b), (c), and (d)
of 2.4 are always satisfied.

3. The semi-direct product ring of a valuation domain
by its ring of quotients

Let A be a ring and V a two sided bimodule over A. Then R = (A, V) is the
semi-direct product ring of V with multiplication defined by

( a , x) • ( a ' , y) = (aa1, ay + x a ' ) , a , a' e A , x , y € V.

Thus R is isomorphic to the ring of matrices of the form

a * ] , aeA,xGV,

with addition and multiplication being the obvious ones. We consider the case
when A is a commutative discrete valuation domain and V — Q the ring of
quotients of A. Thus R = (A, Q) is a non-Noetherian commutative uniserial
ring. Recall that a ring is said to be maximal if every family of pairwise solvable
congruences of the form x = xamod(/a) has a simultaneous solution where
xa E R and each Ia is an ideal of R. R is called almost maximal if each of its
proper homomorphic images is maximal.

3.1 PROPOSITION. The ring R = (A,Q) has every indecomposable injective
module uniserial if and only if A is complete.

PROOF. Consider all the factor rings of R with a non-zero socle. They
are either Artinian or are of the form (A, E), E = E(A/J(A)). Applying [1,
Corollary 6.B] these rings are self injective if and only if A is complete. An easy
consequence of the results of [3] shows that these rings are self injective if and
only if they are maximal which is the case if and only if R is almost maximal.
Now applying [3, Theorem, page 142] shows that this is the case if and only if
R has every indecomposable injective uniserial.

REMARKS. (1) The class of rings characterized in 3.1 yields commutative
uniserial rings whose indecomposable injective modules are not all uniserial by
taking A not complete.
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(2) Since E{A/J(A)) =* Q/A, the rings of Fai th [1, Corollary 6.B] are jus t the

factor rings of the rings in 3.1 which have a non-zero socle.

(3) If A is complete, Proposition 3.1 gives examples of uniserial rings whose

finitely generated modules are serial bu t which satisfy no chain conditions.
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