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On the p-norm of an Integral Operator in
the Half Plane

Congwen Liu and Lifang Zhou

Abstract. We give a partial answer to a conjecture of Dostanić on the determination of the norm of a

class of integral operators induced by the weighted Bergman projection in the upper half plane.

1 Introduction

Let Π = {z ∈ C : Im z > 0} be the upper half-plane. For 1 ≤ p < ∞, let Lp(Π) be

the space of measurable functions on Π with

‖ f ‖p :=

(
∫

Π

| f (z)|pdA(z)

) 1/p

< ∞,

where dA = (1/π)dxdy denotes the (normalized) Lebesgue measure on the complex

plane.

In [2], Dostanić considered, for α > −1, the integral operator

Kα f (z) = 2α(α + 1)

∫

Π

(Im w)α

|z − w̄|2+α
f (w)dA(w).

This operator appears in a natural way when one considers the orthogonal projection

Pα from the weighted Hilbert space L2(Π, dAα) onto the weighted Bergman space

A
2
α (Π), where

dAα(z) = (α + 1)(2Im z)αdA(z)

and A
2
α (Π) is the closed subspace of all analytic functions in L2(Π, dAα). Explicitly,

Pα is an integral operator on L2(Π, dAα),

Pα f (z) = iα+2

∫

Π

f (w)

(z − w̄)2+α
dAα(w).

It is easy to prove that when 1 < p < ∞, Kα is bounded on Lp(Π), which immedi-

ately implies that the Bergman projection Pα is also bounded, in view of the obvious

relation ‖Pα‖p ≤ ‖Kα‖p. Here ‖Pα‖p and ‖Kα‖p, respectively, denote the operator

norms of Pα and Kα, acting on Lp(Π).

Moreover, Dostanić proved the following in [2].
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Theorem 1.1 Suppose that 1 < p < ∞. Then, for α = 2n, n = 0, 1, 2, . . . ,

(1.1) ‖Kα‖p =
α + 1

Γ2(1 + α/2)
Γ

(

α + 1 −
1

p

)

Γ

( 1

p

)

.

Dostanić conjectured that (1.1) is valid for any α > −1, p > 1 and p(α + 1) > 1.

In this note we confirm this conjecture under the additional assumption that p >
3/(α + 2). More precisely, our main result is the following theorem.

Theorem 1.2 For any α > −1, p > 1 such that p > max{1/(α + 1), 3/(α + 2)},

we have

‖Kα‖p =
α + 1

Γ2(1 + α/2)
Γ

(

α + 1 −
1

p

)

Γ

( 1

p

)

.

1

−1 1

α

p

p =
1

α + 1

p =
3

α + 2

Figure 1: The solid shaded regions indicate the points (α, p) for which ‖Kα‖p is exactly deter-

mined, while the crosshatch regions indicate where the question is still open.

It would be of interest to reformulate Theorem 1.2 as an integral inequality. For

simplicity, we consider only the case α = 0.

Corollary 1.3 Let 1 < p < ∞ and q := p/(p−1) (the dual exponent). If f ∈ Lp(Π)

and g ∈ Lq(Π), then

∣

∣

∣

∫

Π

∫

Π

f (z)g(w)

|z − w̄|2
dA(z)dA(w)

∣

∣

∣
≤

π

sin(π/p)
‖ f ‖p‖g‖q.

Moreover, when p > 3/2, the constant π csc(π/p) is sharp.
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Note the analogy of this result with the classical Hilbert inequality [5, Theorem

316]. If f ∈ Lp(0,∞) and g ∈ Lq(0,∞), then

∣

∣

∣

∫ ∞

0

∫ ∞

0

f (x)g(y)

x + y
dxdy

∣

∣

∣
≤

π

sin(π/p)
‖ f ‖Lp(0,∞)‖g‖Lq(0,∞),

and the constant π csc(π/p) is the best possible. So Corollary 1.3 may be thought of

as some kind of the “2-dimensional Hilbert inequality”.

We now mention other related works. The norm of the Berezin transform on unit

disc is calculated in [3]. There is also a nice paper of similar nature by K. Zhu [9],

where an asymptotic formula for the norm of the Bergman projection on Lp spaces of

the unit ball is given. Also, although not directly related to our results, the determina-

tion of the exact Lp norm of singular integral operators has been studied extensively.

Results of this type include Pichorides’ determination of the p-norm of the Hilbert

transform [8] and Iwaniec–Martin’s work on the Riesz transform [7]. Also, an out-

standing open problem of the past 25 years, known as the Iwaniec conjecture, is the

computation of the p-norm of the Beurling–Ahlfors transform [6]. For the present

best known estimates on the Lp-norm of the Beurling–Ahlfors transform, see [1] and

references therein.

2 Preliminaries

A number of hypergeometric functions will appear throughout. We use the classical

notation 2F1 (a, b; c; z) to denote

2F1 (a, b; c; z) =

∞
∑

k=0

(a)k(b)k

(c)k

zk

k!

with c 6= 0,−1,−2, . . . , where

(a)0 = 1, (a)k = a(a + 1) · · · (a + k − 1) for k ≥ 1.

We list a few formulas for easy reference (see [4, Chapter II]):

2F1 (a, b; c; 1) =
Γ(c)Γ(c − a − b)

Γ(c − a)Γ(c − b)
, Re (c − a − b) > 0.(2.1)

2F1 (a, b; c; z) = (1 − z)c−a−b
2F1 (c − a, c − b; c; z) .(2.2)

2F1 (a, b; c; z) =
Γ(c)

Γ(λ)Γ(c − λ)

∫ 1

0

tλ−1(1 − t)c−λ−1
2F1 (a, b; λ; tz) dt,(2.3)

Re c > Reλ > 0; | arg(1 − z)| < π; z 6= 1.

The following two lemmas are well known; we include the proofs for the reader’s

convenience.
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Lemma 2.1 Suppose that a > 0, b > −1, and 2a − b > 2. Then

(2.4)

∫

Π

(Im w)b

|z − w̄|2a
dA(w) =

Γ(b + 1)Γ(2a − b − 2)

22a−2Γ2(a)
(Im z)2+b−2a.

Proof It will be convenient to use real coordinates, so we let z := x + iy and w :=

u + iv. We compute

∫

Π

(Im w)b

|z − w̄|2a
dA(w) =

1

π

∫ ∞

0

{

∫

R

du

[(x − u)2 + (y + v)2]a

}

vbdv

=
1

π

∫ ∞

0

{

∫

R

du

[u2 + (y + v)2]a

}

vbdv

=
1

π

{

∫

R

du

(1 + u2)a

}{

∫ ∞

0

vbdv

(y + v)2a−1

}

=
1

π

{

∫ ∞

0

u−1/2du

(1 + u)a

}{

∫ ∞

0

vbdv

(1 + v)2a−1

}

yb−2a+2.

Recall the well-known identity

∫ ∞

0

t p−1dt

(1 + t)p+q
= B(p, q),

where B is the Beta function. We then have

∫

Π

(Im w)b

|z − w̄|2a
dA(w) =

1

π
B
( 1

2
, a −

1

2

)

B(b + 1, 2a − b − 2) (Im z)b−2a+2.

Finally, an application of the formula

Γ(2z) = π−1/222z−1
Γ(z)Γ

(

z +
1

2

)

completes the proof.

Lemma 2.2 For a ∈ R and b > −1, we have

1

2π

∫ 2π

0

dθ

|1 − ze−iθ|2a
= 2F1

(

a, a; 1; |z|2
)

,(2.5)

and
∫

D

(1 − |w|2)b

|1 − zw̄|2a
dA(w) =

1

1 + b
2F1

(

a, a; 2 + b; |z|2
)

.(2.6)

Proof We first recall that the binomial expansion

(1 − λ)−a
=

∞
∑

k=0

(a)k

k!
λk
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holds for λ ∈ D and a ∈ C. This, together with the well-known fact

1

2π

∫ 2π

0

ei(m−k)θdθ =

{

1, m = k

0, m 6= k,

allows us to rewrite the left-hand side of (2.5) as

1

2π

∫ 2π

0

{ ∞
∑

k=0

(a)k

k!
zke−ikθ

}{ ∞
∑

m=0

(a)m

m!
z̄meimθ

}

dθ =

∞
∑

k=0

{ (a)k

k!

} 2

|z|2k,

which is exactly the right hand side of (2.5).

Next,

∫

D

(1 − |w|2)b

|1 − zw̄|2a
dA(w) =

1

π

∫ 1

0

(1 − r2)b
{

∫ 2π

0

dθ

|1 − ze−iθ|2a

}

rdr

=

∫ 1

0

(1 − t)b
2F1

(

a, a; 1; t|z|2
)

dt.

Equation (2.6) then follows from an application of (2.3).

The following lemma is crucial.

Lemma 2.3 For a ∈ R and b > −1, we have

(2.7)

∫

Π

(Im w)bdA(w)

|z − w̄|2a|w + i|2b−2a+4
=

22a−2b−2

1 + b
|z + i|−2a

2F1

(

a, a; 2 + b;
|z − i|2

|z + i|2

)

.

Proof Recall that the inverse Cayley transform

ζ = φ(z) :=
z − i

z + i

maps the upper half plane Π conformally onto the unit disc D. Also, it is easy to

check that for any z,w ∈ Π,

∣

∣1 − φ(z)φ(w)
∣

∣

2
=

4|z − w̄|2

|z + i|2|w + i|2
;

1 − |φ(w)|2 =
4Im w

|w + i|2
;(2.8)

|φ ′(w)| =
2

|w + i|2
.
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Now we write the left-hand side of (2.7) as

22a−2b−2|z + i|−2a

∫

Π

{ |z + i|2|w + i|2

4|z − w̄|2

} a{ 4Im w

|w + i|2

} b{ 2

|w + i|2

} 2

dA(w) =

22a−2b−2|z + i|−2a

∫

Π

(1 − |φ(w)|2)b

∣

∣1 − φ(z)φ(w)
∣

∣

2a
|φ ′(w)|2dA(w).

After the change of the variable ζ = φ(w), we get

∫

Π

(Im w)bdA(w)

|z − w̄|2a|w + i|2b−2a+4
= 22a−2b−2|z + i|−2a

∫

D

(1 − |ζ|2)b

|1 − φ(z)ζ̄|2a
dA(ζ).

The lemma then follows from (2.6) and (2.8).

3 The Proof of Theorem 1.2

It has been proved in [2, p. 227] that if α > −1, p > 1, and p(α + 1) > 1, then

‖Kα‖p ≤
α + 1

Γ2(1 + α/2)
Γ

(

α + 1 −
1

p

)

Γ

( 1

p

)

.

So we only need to prove that

‖Kα‖p ≥
α + 1

Γ2(1 + α/2)
Γ

(

α + 1 −
1

p

)

Γ

( 1

p

)

provided that

(3.1) α > −1, p > 1 and p > max
{ 1

α + 1
,

3

α + 2

}

.

Fix 0 < ǫ0 < 1 and for ǫ ∈ (0, ǫ0], consider the function

fǫ(z) =
(Im z)(ǫ−1)/p

|z + i|2+α+2(ǫ−1)/p
.

Note that our assumption (3.1) (more precisely, the condition p > 3/(α + 2)) guar-

antees that fǫ ∈ Lp(Π) . Moreover, by (2.4), we have

(3.2) ‖ fǫ‖
p
p =

Γ(ǫ)Γ(2p + αp + ǫ− 3)

22p+pα+2ǫ−4Γ2(p + pα/2 + ǫ− 1)
.
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Also, by Lemma 2.3 and (2.2), we have

Kα fǫ(z) = 2α(α + 1)

∫

Π

(Im w)α+(ǫ−1)/pdA(w)

|z − w̄|2+α|w + i|2+α+2(ǫ−1)/p

=
2−2(ǫ−1)/p(α + 1)

α + 1 + (ǫ− 1)/p
|z + i|−(2+α)

× 2F1

(

1 +
α

2
, 1 +

α

2
; 2 + α +

ǫ− 1

p
;
|z − i|2

|z + i|2

)

=
2−2(ǫ−1)/p(α + 1)

α + 1 + (ǫ− 1)/p
|z + i|−(2+α)

(

1 −
|z − i|2

|z + i|2

) (ǫ−1)/p

× 2F1

(

1 +
α

2
+
ǫ− 1

p
, 1 +

α

2
+
ǫ− 1

p
; 2 + α +

ǫ− 1

p
;
|z − i|2

|z + i|2

)

.

Note that the condition p > 1/(α + 1) is sufficient for the application of Lemma 2.3;

the condition p > 3/(α + 2) is not necessary here. We write this in the form

Kα fǫ(z) =
α + 1

α + 1 + (ǫ− 1)/p

(Im z)(ǫ−1)/p

|z + i|2+α+2(ǫ−1)/p
Ψ

(

ǫ,
|z − i|2

|z + i|2

)

,(3.3)

where

Ψ(ǫ, λ) = 2F1

(

1 +
α

2
+
ǫ− 1

p
, 1 +

α

2
+
ǫ− 1

p
; 2 + α +

ǫ− 1

p
; λ

)

.

Lemma 3.1 The function

y 7→ Ψ

(

ǫ,
|x + iy − i|2

|x + iy + i|2

)

is a decreasing function on (0, 1) when x ∈ R and ǫ ∈ [0, ǫ0] are fixed.

Proof We first notice that the hypergeometric function Ψ(ǫ, t) is an increasing func-

tion of t on the interval [0, 1), since all its Taylor coefficients are positive. Next, an

easy calculation shows

∂

∂y

( |x + iy − i|2

|x + iy + i|2

)

=
−4x2 + 4(y − 1)

|x + iy + i|4
,

which implies that the function y 7→ |x + iy − i|2/|x + iy + i|2 is decreasing on [0, 1)

for any fixed x ∈ R. The lemma is proved.

Define

Ψ
∗(ǫ) :=

Γ(2 + α + (ǫ− 1)/p)Γ((−ǫ + 1)/p)

Γ2(1 + α/2)
.
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Lemma 3.2 For each ǫ ∈ (0, ǫ0] and x ∈ R,

lim
y→0+

Ψ

(

ǫ,
|x + iy − i|2

|x + iy + i|2

)

= Ψ
∗(ǫ).

Moreover, the convergence is uniform on [0, ǫ0].

Proof The first statement follows immediately from (2.1). To prove the second as-

sertion, we view Ψ(ǫ, |x + iy − i|2/|x + iy + i|2) as a family of continuous functions of

ǫ on [0, ǫ0] indexed by y. By Lemma 3.1 and the first assertion, we know that these

functions tend monotonically to Ψ
∗ pointwise as y ց 0. Besides, Ψ∗ is continuous

on [0, ǫ0]. Therefore, the convergence is uniform by Dini’s theorem.

Lemma 3.2 implies that for any η > 0, there exists a δ ∈ (0, 1), independent of ǫ,
such that

Ψ

(

ǫ,
|x + iy − i|2

|x + iy + i|2

)

≥ (1 − η)
Γ(2 + α + (ǫ− 1)/p)Γ((−ǫ + 1)/p)

Γ2(1 + α/2)
,

whenever 0 < y < δ. Combining this with (3.3), we conclude that

Kα fǫ(z) ≥ (1 − η)
(α + 1)

Γ2(1 + α/2)
Γ

(

1 + α +
ǫ− 1

p

)

Γ

( 1 − ǫ

p

)

fǫ(z)χE.

where E := {z : 0 < Im z < δ}. Since ‖Kα‖p ≥ ‖Kα fǫ‖p/‖ fǫ‖p, we have

‖Kα‖p ≥ (1 − η)
(α + 1)

Γ2(1 + α/2)
Γ

(

1 + α +
ǫ− 1

p

)

Γ

( 1 − ǫ

p

)

×

(

1 − ‖ fǫ‖
−p
p

∫

Π\E

| fǫ(z)|pdA(z)

) 1/p

Lemma 3.3

(3.4) lim
ǫ→0+

‖ fǫ‖
−p
p

∫

Π\E

| fǫ(z)|pdA(z) = 0.

Proof A similar calculation to Lemma 2.1 leads to
∫

Π\E

| fǫ(z)|pdz =

{
∫ ∞

0

x−1/2

(1 + x)p+pα/2+ǫ−1
dx

}{
∫ ∞

δ

yǫ−1

(1 + y)2p+pα+2ǫ−3
dy

}

=
Γ(1/2)Γ(p + pα/2 + ǫ− 3/2)

Γ(p + pα/2 + ǫ− 1)

∫ ∞

δ

yǫ−1

(1 + y)2p+pα+2ǫ−3
dy.

Also,

∫ ∞

δ

yǫ−1

(1 + y)2p+pα+2ǫ−3
dy =

{

∫ 1

δ

+

∫ ∞

1

} yǫ−1

(1 + y)2p+pα+2ǫ−3
dy

≤
1 − δ

δ
+

∫ ∞

1

dy

y2p+pα−2
=

1 − δ

δ
+

1

2p + pα− 3
.
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Note that δ is independent on ǫ (by Lemma 3.2). Thus,

sup
ǫ∈[0,ǫ0]

∫

Π\E

| fǫ(z)|pdz < ∞,

but in view of (3.2), limǫ→0+ ‖ fǫ‖
−p
p = 0, which proves (3.4).

Now, letting ǫ → 0+, we have

‖Kα‖p ≥ (1 − η)
(α + 1)

Γ2(1 + α/2)
Γ

(

1 + α−
1

p

)

Γ

( 1

p

)

.

Since η is arbitrary, this completes the proof of Theorem 1.2.
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