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POSITIVITY NOTIONS FOR HOLOMORPHIC
LINE BUNDLES OVER COMPACT RIEMANN SURFACES

JosHuA H. RABINOWITZ

Since the early 1950's, when Kodaira "discovered" positive line
bundles, the notion of positivity has undergone a continuous
evolution. This paper is intended as an introduction to the
study of positivity notions. More specifically, I consider the
simplest case -~ line bundles over compact Riemann surfaces - and
compare five positivity notions for such bundles. The results
obtained are certainly not new; they are, in fact, known in much
greater generality. However, by restricting to the dimension one
case, I am able to make use of Riemann surface techniques to
significantly simplify the proofs. In fact, this article should
be easily understood by anyone familiar with the contents of

Gunning's Lectures on Riemann surfaces.

0.

The notion of a positive line bundle over a compact complex manifold
was originally introduced by Kodaira in the early 1950's to obtain his
famous characterization of projective manifolds (see [7], [§], [9]). Since
that time, the notion of positivity has undergone a continuous evolution.
Positive line bundles turned out to have many nice properties each of which
had a natural generalization to vector bundles. The resulting definitions,
however, were not always equivalent for bundles of fiber dimension greater
than one (see [11], [4]). Grauert, in [2], introduced the notion of weak

negativity and was thus able to extend Kodaira's results to normal complex
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spaces. Moreover, this notion extended to linear fiber spaces and thus, by
duality, implied the first positivity notion for coherent sheaves. More
recent work has centered on coherent sheaves and linear fiber spaces ([1],
[3], [712], [13]1, [141) although there do remain some open questions in the

locally-free case.

The object of this paper is to study the various existing positivity
notions in the simplest of all cases, line bundles over compact Riemann
surfaces. Here the various definitions are, for the most part, equivalent.
However, proving these equivalences does require some relatively high-
powered machinery. More specifically, use is made of the Serre Duality
Theorem, the Riemann~Roch Theorem, results from Kahler geometry, and
Remmert's holomorphic reduction theory. Thus, even this simple case
provides a serious introduction to the notions and methods of the study of

positivity.

We shall give four different definitions for positivity and prove that
they are all equivalent. A general outline of the notions and the methods
employed in proving equivalence is given in the following diagram (ef.

[41):

cohomological positivity

algebro-geometric
Riemann-Roch Theorem Serre Duality

numerical positivity (= positive Chern class)
topological
Kahler Identities Trivial

V
positive curvature

differential geometric

Trivial Holomorphic Reduction Theory

weak positivity

function theoretic
We also consider the notion of ampleness and prove that

very ample = positive

positive = sufficiently high powers are very ample.

In §1, we recall some basic facts about line bundles over compact
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Riemann surfaces. The primary reference here is {5]. In §2, we prove the
equivalence of cohomological and numerical positivity and that positivity
implies cohomological positivity. Then, in §3, we recall some basic
properties of compact Kahler manifolds and proceed to show that numerical
positivity implies positivity. §4 is devoted to a discussion of ampleness
and its relation to positivity. Finally, in §5, we consider Grauert's

notion of weak positivity.

1.

Let M be a compact Riemann surface and © the sheaf of holomorphic

functions on M . Let 8% be the sheaf of nowhere vanishing holomorphic
functions on M . Then (see [5]), Hl(M, 6*) is the group of equivalence

classes of holomorphic line bundles over M . If & € Hl(M, 6*) , then &

is represented by data of nowhere vanishing holomorphic functions {Eue}
with EdegﬁY = EGY . A section of & consists of functions {f&} with

o0
f& = Eanh 3 we may speak of continuous C , holomorphic, and meromorphic

o0
sections. A metric of & 1is given by data of C -functions {ra} with

2 . . . .
ra >0 and Pa = IEBGI rB . ({ra} induces a pointwise inner product on

sections by the formula (fa, ga) = f&r&ag which is well-defined since
— _ —_— — - 2 — _ —
fo¥o8y = ganhPagaBg‘ = f6|€a8| rdg = fbrsge .) The curvature form of the
metric {r,} is the globally defined (1, 1)-form
© = 33 log(r,) = -93 log(r,)
which is well-defined since EGB is holomorphic.
Consider the commutative diagram (with exact rows) of sheaves over

3 eanf

0+2 %06 ———08*>0

Ul |

J

0+2¥YC———Ct*>0

where Z 1is the constant sheaf of integers and C the sheaf of
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Cw-functions on M . This induces a commutative diagram in cohomology

H(M,8%) <> 52(M,2)

B (M,C%) —> B (M, 2)

5 .
For & € Hl(M, 6%*) , e(&) € H°(M, Z) is called the Chern class of £ ;
as the diagram indicates, ¢(&) depends only on the smooth structure of

the line bundle. Let € be the constant sheaf of complex numbers. Then

the sheaf inclusion Z =+ € induces a map H2(M, zZ) » H2(M, €) . We have:

PROPOSITION ([51, p. 100). Zet &= {g,} € (M, 8%) . ILet {r ]
be a metric on & with curvature form 0 . Then, under the de Rham

igomorphism, (i/2W)0 represents the image in HZ(M, €C) of the Chern
class of & . That is,

e(E) = ”M Lo=L ”M - 93 l0g(r) = = ”M 9 10g(r,)

Note. Since dimRM =2, HZ(M, €C) € . 1In the abqve proposition,
we have used the explicit isomorphism given by integration of forms.

Proof of proposition. The proof is a simple diagram chase; see [5]

for details.

Let f = {fa} be a global meromorphic cross-section of & and let
p €M . By the order of f at p , denoted \)p(f) , we mean the order at
p of the meromorphic function fot . Since fa = LEanB with gaS

holomorphic and non-vanishing, this definition is clearly independent of

the choice of & . Furthermore, since M is compact, \)p(f) = 0 for all

but a finite number of points of M (unless, of course, f is trivial).

PROPOSITION ([5], p. 103). Let &= {g ,} ¢ (M, 8%) and let

f=1 fa} be any non-trivial meromorphic cross-section of & . Then

elg) = ¥ v {(f) .
pem P
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Proof. Let {pi} be the set of points where f has non-zero order.
Choose a covering, {Ua} , of M such that for each pi there exists an
. i . . C V. n =
open set VL with pt € Vz Uai but such that ) Ua @ for

o # a - Let f = {f&} with fa meromorphic in U& and f& = Easfh .
2 . o s .
Then |f&| is € and non-vanishing in Uy - {(U pi) n Ua} . Thus
{lfa|2} may be altered in the various V. to yield data of c positive
functions {g } such that g = lg |2g and g = |f 12 in
a a af' 7B a a

-1 2 -1 -1 :
Uy - { Vi) n Ua} - It follows that g = = IgBaI gg sO {ga } defines

a metric in & and hence
S
e(£) = 2t f[

Now outside of U Vi we have log(ga) = log[lf&|2] = log(f&) + log(?;)

— =1 —_
33 log [ga ) = u7 99 log(g,)
M

and f& is holomorphic. Thus

e(E) = E%Z JJUV, 33 log(ga) = 5%;-; ij, EL log(gaj
Z
- 3], @ele) =T [, 3 reels)

Z

|-

"igjav d 10g(f,) =¥ v, (f

i

D

COROLLARY. If c(€) <0, then T(M, 8(£)) = O, 8(£)) = 0 .

Proof. The order of a holomorphic cross-section is non-negative.
2.

We have seen that for £ € Hl(M, 8%) , ecl(g) = JI g; © where 0O is
M

the curvature form of any metric on & . It follows that a sufficient
condition for ¢(&) > 0 is that & carry on a metric whose curvature form

© has the property that <0 is positive at every point of M . This
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suggests the following definitions.

DEFINITION. A (1, 1)-form ® on a compact Riemann surface ¥ is
positive if, for every point p € M , there exists a coordinate
neighbourhood (U, 2) of p such that w|U = Zedz A dz with ¢ >0
throughout U .

DEFINITION. A line bundle £ over a compact Riemann surface M is
called positive if there exists a metric on & with curvature form ©

such that €0 is a positive differential form.
DEFINITION. A line bundle £ over a compact Riemann surface M is
called numerically positive if c(§) € H2(M, Z) = Z is positive.
THEOREM. Let M be a compact Riemann surface and § € Hl(M, 8+)

If & 1is positive then c(&) >0 ; that is to say, positivity implies
numerical positivity.
Proof. Let {(Ua’ za)} be an open covering of U such that
g U = g A o . - . Py )
70| o upadza dza Let Py be a partition of unity subordinate to

{v,} . Then 10 = zZpaw dz AZEG
Thus

e(£)

Z 1 , -
——-O=—ZJJ ip ¢ dz_ Adz
JJM 2170‘ v a'a o o

o

am
” ip, @, (dx L Fidy ] A [dxa—idya)

L

1
T z ” PP, >
o Ua

We note that it is not at all obvious that numerical positivity implies

positivity.

DEFINITION. A line bundle & over a compact Riemann surface M is
called cohomologically positive if for any line bundle n over M there

exists an integer m = m(e(n)) such that

#M, 8(€™)) =0 forall n=m andall k >0 .

Note. The usual definition of cohomological positivity (see, for
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example [4]) is stronger in that n is allowed to be any coherent sheaf
and weaker in that m 1is allowed to depend on 1n itself rather than its

Chern class (even when n is invertible). The two notions are equivalent.

THEOREM. Let M be a compact Riemann surface and § € Hl(M, 6*) .
Then & <is cohomologically positive if and only if & is numerically

positive.

COROLLARY. Positivity implies cohomological positivity.

Proof of theorem. If u is any line bundle over M , then there is a
fine resolution of 8(u)

0 o(w » 0% = 2 20

where E’9(p) is the sheaf of smooth {p, g)-forms on M with
coefficients in p . It follows that for any u , Hk(M, 6(u)) =0 for
all k 2 2 . Furthermore, by the Serre Duality Theorem,
0 -1
B (i, o(w)) =& (m, o(ku"t))
where K 1is the canonical bundle over M . (S(K) = 91’0 equals the sheaf
of abelian differentials.)

Suppose now that £ is numerically positive. By the above remarks,

it suffices to show that for any line bundle n over M there is an
integer m such that HO(M, G(Kﬁ_nn-l)) =0 for all n=m . Now
O(KE'nn_l] = ¢(X) - ne(g) - e{n) . Since c(&) >0 , it is clear that,
for sufficiently large n , c(KE-nn_l) < 0 and hence

0 N~
H [M, G(KE n l)] =0 . [Actually we can compute the smallest possible
value for m since we know by the Riemann-Roch Theorem that e(X) = 2g - 2

where ¢ 1is the genus of M .)

Conversely, suppose that c(f) <0 . We will show that, in this case,

£ 1is not cohomologically positive by exhibiting a line bundle 1 such
1 En fes . . . :
that # (M, 6( n)) has positive dimension for arbitrarily large values of

n . Recall that if u € H'(M, 6*) then

aing [, 8(1))] - aimg [ (M, 6(W)] = (1) +1 - g ;
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this is the Riemann-Roch Theorem. By Serre Duality, this becomes

dimC[Ho(M, e(w)] - dimm[HO[M, B(Ku_l))] =e(p) +1-g.
Introducing the notation Y(o) = dimc[Ho[M, 9(0)]] , We may rewrite this as

y(n) - Y(Ku—l) =e(p) +1-g.

n
In particular, letting u = £n , we have

e(€) +1-g
ne(g) + e(n) + 1 -g
e(n) +1-¢g

y(&™) - y(xe™n™Y)

1A

since (&) =0 . Thus

yEET™ ™) 2 g-1-cn) +y(E™) 2g -1 - cln)

It follows that if n is chosen so that e¢(n) < g - 1 then
y(xe™n™) = aimg (10 (m, o(ke™n™))] = aimg[#* (m, 6(™))] > 0

for all n > 0 . (We note that line bundles of all Chern classes exist.
In fact if d € HO(M, D) is any holomorphic divisor on M and n is the
corresponding line bundle then ec(n) = -(order of d) .]

Note. We have shown that if c(Ku_l] < 0 then Hk[M, 8(u)) = 0 for
all k=1 . Thus, if pk! has positive Chern class then
Hk(M, 6(u)) = 0 for all k = 1 . Kodaira's Vanishing Theorem (see, for

example [7161) says that if uK_l is positive then Hk[M, 8(u)) =0 for
all k=1 . Thus, we have proven the Kodaira Theorem for Riemann surfaces
under the (a priori) weaker condition that only the Chern class be

positive.

3.

We now proceed to show that ¢(£) > 0 implies that & is positive.
This, in conjunction with our previous results, will establish the
equivalence of positivity, numerical positivity, and cohomological

positivity. We shall make use of the fact that every Riemann surface is,
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in fact, a Kihler manifold (see, for example, [16], p. 212). We recall the
following important property of Kahler manifolds:

PROPOSITION ([75], p. 72; {10], p. 130). Let M be a compact
Kihler manifold and let ¢ be a purely imaginary (¢ = —¢) exact
(1, 1)-form on M . Then there is a smooth real-valued function g on M

such that ¢ = 9d3g .
We shall need the following lemma.

LEMMA (ef. [5], p. 102). Let M be a compact Riemann surface. Then
there exists a positive differential form on M . (Note that any such form

is necessarily closed since dinM = 2 .)

Proof. Let R be the sheaf of smooth real-valued functions on M ,
and R* the sheaf of smooth positive functions. Clearly exp : R + R* is

a sheaf isomorphism; since R is fine, this implies
H (M, R*) = #(M, R) = 0 .
Let {(Ua, za)} be a system of coordinate charts for ¥ . Let
2

= 9 . = i
48 |3Za/ ZBI 3 then NueNg. =My SO0 Nyg isa cocycle and, by the
above, a coboundary. Thus there exist positive functions {ra} such that
N, =r,/r, , that is, r, =1n_,r = |3z_/3z 1’r . Let
af B a > "B af o a' "B "o

Wu = tradza A 35& . Then

. . 2 =z
¥, = ir de ndz = mlazs/aza| rB(aza/azB)dzB A (55&/338)dz
dzg = ¥

8
=1 A
LPdeB 8

on Uy n UB . Thus ‘{Wa} defines a global (1, 1)-form ¥ and V¥ is
positive by construction.

Note. Y 1is just the fundamental form of an Hermitian metric on the
holomorphic tangent bundle of M .

THEOREM. Let M be a compact Riemann surface and £ € Hl(M, 0%4) .
If e(g) >0, then £ is positive.

Proof. Let Y be a positive differential form on M . Then
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=1
certainly JJ ¥Y>0. Let a-= []J %] c(E) . Then a >0 so of is a
M M
positive form and, by construction, IJ a¥ = e(g) . Let {ra} be any
M
metric on & and © its curvature form. Then JJ (Z/2m)0 - a¥ = 0 ;
M

that is, (2/27)0 - a¥ represents the 0 cohomology class in H2(M, c)

and is therefore exact. Let § = -2mZ0Y so that < is positive and

(Z/2n)Q = afY . Then § - © 1is exact and thus, by the proposition, there

is a real-valued function g such that @ - @ = 359 . Let Oy = e_gra .

Then log(da] = =g + log(ra) and
-3 log(r’a) = 33g - 39 log(r’a] =33g+0=9.
Thus {oa} is a metric on £ whose curvature form § has the property

that <@ 1is positive; & 1is positive.

4.

We have seen that if c¢(§) < 0 then ¥y(&) = dimCEHO(M, 9(5))] =0 .

However Y(E) = 0 is not a satisfactory notion of negativity. Although
e(E) < 0 does imply Y(E) = 0 , it is possible for Y(£) to be zero even
if e(g) =2 0 . As an example, consider any line bundle £ which is
trivial as a differentiable line bundle but not as a holomorphic line
bundle. Then ¢(E) = 0 . If £ had a holomorphic section, then it would
have to be nowhere vanishing and that would imply that & is
holomorphically trivial. Thus Y({) = O even though ¢(g) =0 . It is
true, however, that if £ is "sufficiently" positive then £ must have
non-trivial sections. Indeed, by the Riemann-Rich Theorem,

Y(E) 2 e(E) + 1 - g soif e(§) =g then v(&) 21 .
The above remarks lead us to the consideration of line bundles with
"many" sections. For & € Hl(M, 6*) and p € M , we denote by E]p the

fiber at p of & . T(§) will, as usual, denote the complex vector space

of global holomorphic cross-sections of & and Fp(E) the subspace of
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T{£) consisting of those-sections that vanish at p . Let {(Ua’ za)} be

a system of coordinate charts for M . Then the canonical bundle, X , has

transition functions {kaB} where kaB = dzB/dza ; K is just the
holomorphic cotangent bundle. For each p € M , we introduce a map

Ap : Fp(&) > (EK)]p as follows: Y € FP(E) is given by data of
holomorphic functions {fa} with f&(p) =0 and f& = gané . Consider

| } . We have
a’p

afa/azslp(aze/azalp) = a(gasfs)/azelp(azs/azalp)
{(38,g/32) fy | ,#8,5 (35 /355 ] ) } (325702 | )
£ap (328732, 1)) (37g7024] )

the data {BfA/az

3fo/93,1,

since fé(p) =0 . Thus kp({f&}] = {BfA/Bza]p} is a well-defined element
of (€K)|p . (An element of (EK)|p is given by data of complex constants
{aa} vith a = EaB(p)(azB/azalp]aB .)

DEFINITION. A line bundle & over a compact Riemann surface M is
called very ample if

(i) the global sections of £ generate all its fibers; that
is, for each p € M there is an exact sequence
0+T (£) »T(E) »&]_ +0, and
p p
(ii) that map Ap : FP(E) - (EK)|p is surjective for each

p €M,

THEOREM. Let M be a compact Riemann surface and § € Hl(M, 8%) :
(1) if & s very ample then £ <is positive;
(2) <f E 1is positive then there is an integer n such that

Em is very ample for all m=n .

Proof. (1) If £ is ample and p € M , then, by condition (ii),
there is a section of £ vanishing at p . It follows that c(£) = 1 so

that £ is numerically positive and hence positive.

(2) sSuppose £ is positive and hence cohomologically positive. Let
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p € M and choose a system {(Ua’ za)} of coordinate charts for M such
that p €U but p ¢ U for a#a, . Let g be a meromorphic
% o 0 %

function in Ua with a single simple pole at p and, for a # o
0

0 ° let

ga be any nowhere vanishing holomorphic function in Ua . Let np be the
line bundle with transition functions {nGB} where ”aB = ga/gs . The
data {ga} satisfy 9y = ”aBgB and thus define a global meromorphic
cross-section of np . Thus c(np) = -1 and np has a global meromorphic

section with one simple pole at p . For any m , we have exact sequences:

¢
0->5mn—p—>€m->€m| -+ 0
p (p)
(1)
2 ¥ .
0+ €&m. —E g'_~>¢gM +0.
p P p (p)
The map wp : Emnp ad Em is defined as follows. A local section of Emnp
consists of data of holomorphic functions {fh} with
fo = Sag"uss = Fapdal9sTs -
Then wp({f&}] is given by the data {fa/ga} . (We are actually
contracting with the point bundle n;l = n* .] Wp is defined analogously.

The last sheaf in each sequence is defined by the sequence as the quotient
of the first two. Now these sequences lead to exact sequences in

cohomology:

0~ I‘[F,”'np] +~T(" » F[Eml(p)J > Hl[M’ e[e;’”np]]

(11)

F[Emnp] ” F[Emnpl(p)

LEMMA. () r[&”’np] = 1,(€")
(b) r[g’"|(p)] = g’”lp .
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fe/ r[Em“pl ] = E, -

(p)

Proof of lemma. (a) f € I‘[ﬁmnp] is given by data {foz} with

fo = SgsnanB . ¢(f) is given by the data {fa/ga} and thus

o(f)(p) = 0 . On the other hand, if f, = E';st with f (p) =0 , then

fuga is holomorphic for all o and thus defines a section of Emnp .
(b) h € F[Em|(p)J is given by data {ha}’ {fﬁ} such that
fz(p) =0, fg = «‘,’gYnBYfZ ,and h - ff;/gB = g'"BhB . (The aata {f‘g}

Q.

)
define a section of Emnp over Ua such that ha - @[{fﬁ}J = EZBhB .J
. 8 .
Since fa(p) = 0 , we have ha(p) = EZB(p)hB(p) so that {ha(p)} defines
a section of Emlp .

(¢) Proceed as in (b), considering {aha/Bzalp} .

Incorporating the lemma into the exact sequences (II), we get exact

sequences

0T (€ » T ~ ", - ”l{M’ G[Em”p]]
- @ - o)

for each p . By the cohomological positivity of £ , there is an integer

n = n[c[np), c[ng]] such that
o o) - o[ -

for all m=2n . But c(np) = -1, c[ns) = -2 for all p ; thus, the

integer 7 may be chosen simultaneously for all p . This completes the

proof.
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5.

In this final section, we consider Grauert's notion of weak positivity
and his proof of the equivalence of positivity and weak positivity for line
bundles. (It is not known whether weak positivity implies positivity for
bundles of fiber dimension greater than one.) In previous sections, we
have seen that restricting attention to Riemann surfaces led to simplified
proofs of the equivalence of various positivity notions. 1In this case,
however, we have no such simplification to offer. We content ourselves,

therefore, with a brief synopsis of Grauvert's argument.

Let M be a complex manifold, D < M an open subset, and ¢ a

twice-differentiable real-valued function in D . We denote by H¢ the

complex Hessian of ¢ ; H¢ is an Hermitian form on TM|D where TM is

the holomorphic tangent bundle of M . In terms of local coordinates

(2,5 -y 3 ) on M, H =Y (a%/az.aE.)dz. ®dz. . For the remainder
1 > n > Yo g1 J

of this section, it is useful to think of a line bundle over M as a

particular geometric object L 1lying over M rather than an element of
B (M, 6%)
DEFINITION. Let M bYe a complex manifold and D a relatively

compact subdomain of M with Cz-boundary. D is called strongly

pseudoconvex if there is an M-neighbourhood W of 3D and a real-valued
Cz-function ¢ on W such that:
(i) wnonD={p €W | olp) <0} ;

(ii) (dw)p #0 forall p €W ;
(iii) Hw is positive definite on all TbM for all p € W .

PROPOSITION. Let M be a compact Riemann surface, L +M a
holomorphic line bundle, and {ra} a metric in L . Let p be the

square-norm function on I induced by {ra} ; that is

_ _ F _ 2
p(E) =(&, 8 =g E = |E |7 .

Then {ra} has negative curvature if and only if the unit-dise bundle
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U=1{E €L | plE) <1} is strongly pseudoconvex.
Proof. Suppose first that {ra} has negative curvature, that is
-39 1og(ra] < 0 and hence 933 log(ra) >0 . Since U=1{g €L | p(g) <1}

it suffices to show that 30p is positive definite. Now

38p = 332198 - B(elogp'g log p} = p(d Llog p A 3 log p) + P33 log p -
Thus
p~ta3p
=3 1log P A D log p + 99 log p
= (3 10g £, * 9 log ra) A (3 1og Eﬁ + 3 log ru] + 33 log r,
{
_ 1l -1 ~l57 -1 Y
= lEa aga+ra Bra} A [Ea 9 +r ara] + 33 log r,
_ 2 = = = — 2 -
= {[1/|ga| ]aga A JE + (l/raEa] dr A aga+(1/gara) 3, A Bra+[l/ra] ar, A apa}
+ 99 log ry -
Now the term in brackets is easily seen to be positive semidefinite. Since
33 log ry is, by assumption, positive definite, it follows that
p‘la§b and hence a§b is positive definite.
Conversely, suppose that
U={geL | p(g) <1} ={€ € L | 10g p(g) < 0}

is strongly pseudoconvex. Then log p{{) is a "defining function" for a
strongly pseudoconvex domain; it follows (see [6], p. 262) that
33 1og P = 39 log r, 1is positive definite.

DEFINITION. A line bundle [ over a compact Riemann surface M is
called weakly negative if its zero-section has a strongly pseudoconvex

neighbourhood. [ 1is called weakly positive if L* = L' is weakly

negative.

THEOREM. Let M be a compact Riemann surface and L[ ~ M a
holomorphic line bundle. If L 1is positive then L is weakly positive.

Proof. If L 1is positive them L[* 1is negative and hence, by the
proposition, the unit disc bundle in L* is strongly pseudoconvex. Thus

L* 1is weakly negative and L is weakly positive.
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DEFINITION (see [2]). Let X be a reduced complex space and A a
compact analytic set in X . A is called exceptional if there is a
reduced complex space Y , a point p € Y , and a surjective holomorphic
map m : X+ Y such that w(A) =p and T : X-A + Y-{p} is a

biholomorphism.

We quote the following basic result of Grauert without proof (this is

where the holomorphic reduction theory comes in):

PROPOSITION (Grauert, [2]). Let M be a compact complex manifold
and L[ + M a weakly negative line bundle. Then the zero-section of L 1is

an exceptional analytic set in L .

THEOREM  (Grauert, [2], p. 34). ILet M be a compact Riemann surface
(or, more generally, a compact complex manifold) and L ~ M a holomorphic
line bundle. If L <is weakly positive then L <s positive.

Proof. Let @ ©be the zero-section of L* and let m: L* + Y be
such that 7 : @ +p € Y and w|L* - @ is a biholomorphism. Let V be a
neighbourhood of p = m(Q) in Y and let ¢ : V > " ve an embedding of

V into €' with o(p) =0 € " . Finally, let plz) =% ziE; be the
usual norm in €' and let P=pogo T : 7 3(V) » B . Then 3% is
positive definite off of § and @ = {€ € XY | BE) = 0} . Now define
2n .
~ 1 ~(.10
5(6) =EIO 5 (™) do .

This is well-defined in T = N ¢"[r!

g

(V)] . By differentiating under the

integral, we see that 35? is positive definite off of @ . Furthermore,

ﬁ is invariant under the action v . Choosing n sufficiently small we
can arrange that {£ € T | 5(6) <n}ac T and defines a disc bundle in L
which is strongly pseudoconvex. It follows that the metric whose unit disc

bundle is this disc bundle has negative curvature; the theorem is proven.
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