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A CALCULUS APPROACH TO HYPERFUNCTIONS III
TADATO MATSUZAWA

Introduction

In the previous papers, [18] and [19], we have given some basis of
a calculus approach to hyperfunctions. We have taken hyperfunctions
with the compact support as initial values of the solutions of the heat
equation. More precisely, let A’[K] be the space of analytic functionals
supported by a compact subset K of R* and let E(x,¢) be the n-dimen-
sional heat kernel given by

E(x,t) = (4nt)~"* exp [——4’:—,2] , t>0.

Then for u e A’[K], the function U(x, t) defined by
U, t) =u(E(x—y,t), xeR*, t>0,
satisfies the heat equation in R""' = {(x,?); x€ R", t > 0} and we have
u=1imU(,1),
t—04

where the limit is taken in the sense of (1.6) in Theorem 1.1. The main
purpose of this paper is to give some applications to microlocal calculus
on the basis of the results obtained so far. In Section 1, we recall some
basic facts on hyperfunctions given in [18] and [19]. Furthermore we
add to consider to characterize hyperfunctions in the whole space R"
(= #(R") in such a way that they are also initial values of the solu-
tions of the heat equation and locally equivalent to analytic functionals
with the compact support. At the end of Section 1 we shall recall the
notions of the wave front sets following the results of [18] and [19]. In
Section 2, we shall investigate the microlocal regularity of the solutions
of pseudodifferential equations in hyperfunction spaces as well as in
ultradistribution spaces. The fundamental tool is the local expression of
hyperfunctions given in (2.4) and (2.4), the latter is a special case of
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(2.4). The formula (2.4) was given in [22] in Schwartz distribution case
and in [19], (8.10) in hyperfunction case. We generalize this in the form
(2.4) by means of the results prepared in Section 1 and we shall see it
plays an important role in the mocrolocal calculus. The author would
like to thank Y. Morimoto for the stimulating discussion with him.

§1. Preliminaries
We use general notations such as |¢| =« + -+ + «, for a multi-

index & = (&, -+, a,) and D* =Dy ... Dir, D, = —idfox,, j=1,---,n,

J
etc.. Let K be a compact subset of R* whose points are denoted by x =

(x,, -+, x,). As in [19], let A[K] denote the space of all real analytic
functions in some neighborhood of K. A’[K] is the strong dual space of
A[K] and call its elements analytic functionals carried by K. Let ue
A’[K] then for every complex neighborhood o of K we have

(1.1) lu(p)| < C, sgplsol, peA,

where A is the space of entire functions in €. We refer to [19] the no-
tion of Gevrey spaces &% and &%, 1 <s < oo, etc. The n-dimensional
heat kernel is given by

(1.2) E(x, t) = (4nt) " exp [— |x['/4¢], (x,8) € R

Let u e A'[K] the function

(1.3) Ux, t) = u,(E(x, t)

is well defined in R**! and we shall call it the defining function of w.

Tueorem 1.1 ([19], Theorem 2.1). (i) Let ue A'[K] then U(x,t)e
C=(R**Y) and U satisfies the following conditions:

1.4) @/ot — HU(x,t) =0 in R

For every ¢ > 0 we have

(1.5) [U(x, )] < C, exp [(¢/t) — dis (x, K)*/4t] in R+
U(-,t) >u as t =0, in the following sense:

(1.6) ulg) = lim j Uls, hp(odx,  ped,

where Q is an arbitrary bounded neighborhood of K in R" and A is the
space of entire functions in €
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Conversely, every C=-function defined in R"*' satisfying the conditions

(1.4) and (1.5) can be expressed in the form (1.3) with unique element u e
A’[K].

(i) In case ue sy, 1 <s < oo, the condition (1.5) of the above as-
sertion is replaced by the following:
For any ¢, 6 > 0 we have

1.5),  |U(x, 0] < C, s exp [(e/0)V¢ -V — dis (x, K;)*/8¢] in R+,

where K; = {x; dis (x, K) < d}.
(iii)) In case u € &%, the condition (1.5) is replaced by the following:
There exists a non negative integer N = N(u) such that

(1.5), |U(x, t)] < Cit= exp [— dis (v, K;)*/8¢] in R,

We add the following characterization of the tempered distributions
which is also useful.

THEOREM 1.2. Let ue ¥ (R") then Ul(x,t) = u,(E(x — y,t)) € C(R"")
and satisfies the following conditions:

1.7 @fot — HU(x, t) =0 in R,
There are positive constants C, M, and N such that
(1.8) [U(x, t)] < Ct"(1 + [x)¥  in Ry
Ulx,t) > u in S(R*) as t —0,, ie.

(1.9) 1imf Uz, Dp(®)dx = ulp), pePRY).

04

Conversely, every C=-function defined in R'*' satisfying the conditions
(1.7) and (1.8) can be expressed in the form (1.3) with unique element u €
F(R").

The proof of this theorem is obtained by the similar way as in
Theorem 1.1 given in [18] and [19].

We can consider A'[K,] C A'[K,] if K, C K, € R™ and we set

A = A'(R") = LI_() A'[K].

We recall that the support of we A’(R") is the smallest compact set
K C R" such that ue A'[K]. Now let 2 be a bounded open set in R".
The space of hyperfunctions #(2) is defined by
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(1.10) A(Q) = A'[Q]/A'[62] .
We want to define hyperfunctions in R*. Let 2,, j = 1,2, ---, be bounded

open subsets of R™ such that R" = (J;., 2, If u;e A’[2,] and for all j,
k we have u; = u, in @, N Q, (that is, supp (u; — w) N 2, N Q) = &)
then for any bounded open set 2 C R"™ there is a unique u € %(22) with
u=u;in QN Q2;, j=1,2, .-, by virtue of a localization theorem, [19],
Theorem 2.4, ([7], Theorem 9.2.2) which implies the sheaf property of
A(2). We can therefore define a hyperfunction ue #(R") as a collec-
tion of uw; e A’[2,] such that u; = u; in 2, N 2, 1 <j, k< . The defi-
nition of ue #Z(R") is independent of such bounded open 2, sets with
R= U2,

DerintTiON 1.1. We call U(x, £) € C~(R**') an infra-exponential solu-
tion of the heat equation if it satisfies the heat equation in R"*' and for
any compact subset K of R* and ¢ > 0 we have

(1.11) | Ulx, t)] < C, ge t>0 xekK.

THEOREM 1.3. Let uc #(R"), that is, let u = {u;};., such that u;e
A1), u;=u, in 2, N 2y, 1 <j, k< co, where 9, are bounded open sets
with R* =UQ2,. Then there exists an infra-exponential solution U(x,t)
such that

(112) Ux,t) — Uyx, ) =0 as t—>0, in 2,,j=12---,

where Uy(x,t) is the defining function of each u; and — means the weak
uniform convergence in £,

Conversely, let U(x,t) be an infra-exponential solution, then there ex-
ists a unique ue #(R") satisfying U(-,t) - u as t—0, in the sense of
(1.12), that is, for any bounded open sets 2, with R* = \Jj., 2,, there exist
u, € A'[2,] whose defining functions Uj(x, t) satisfy (1.12).

Proof. Necessity. For simplicity we shall prove the one dimensional
case of n =1. Take @, ={xeR'; |x|<r;=24.,1/)}, =12, -, then
obviously we have R'=U{,. Assume that there are given u;e A’[2)]
such that u;, =u, in 2, =0, N2, 1<j<k<oo. Let U(x,?) be the
defining function of u;:

Uj(x’ t) = ujy(E(x - Y t)) ln RZ.H 3 j = 1, 29 )

We shall construct infra-exponential functions V,(x, ) such that
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(1.13) @0t — HV(x,8) =0 in R,
(1.14) V,=—0 as t—>0, in R™d2;, j=12,...;
(1.15) [Ujn — U; + V; — V4| < C277 exp [e4/t], t>0,

where C is a positive constant independent of j and ¢, -0 as j— oo.
Furthermore for any M > 0 there exists a number j, and a constant C,
such that

(1.16) J = jn '-:'ﬁ'Uj+l - Uj + Vj - Vj+1| < Cy27exp[— 1/Cyt],
t>0, |x|<M.
Then it follows from (1.16) and (1.13) that the limit

U""llm(U—V)——-U—‘V‘i"Z(UkH_U+V Ic+l)

jooo

exists and satisfies the heat equation in R"*'. U(x,t) is an infra-expo-
nential solution by (1.16) and U(x, t) — U/(x,t)==0 in 2,. It remains to
construct such V,(x,f). We take Vi(x,t) =0. Assuming that we have
V(x,t) we construct V,,,. Let v, e A’[92,] be the initial value of Vi(x, ?)
and put

Uy — Uy + v, = g€ A'[0,,1].
Then we have
supp [g;] C[— rjp, — 1 U [ry, rj.4]

and

1D Uyl ) — Ul ) — Vi, 0 = [ B — 3, 0g,()dy,

where we have used the integral in the distribution sense. For the sake
of the simplicity we assume supp [g;] C [r;, 7;.1]. By using the Taylor ex-
pansion of E(x — y,t) at y = r;,, the right hand side of (1.17) is written
by

> —l"E(a)(x = Tji, t) I (rj — y)“gj(y)dy .

a0 C(

Taking N a large number determined later, we set

N
Vi )= 2B = 1,10, 0) [ (0 = 9)°8,(9)dy

a=0
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If we apply the estimates of the derivatives of E(x, t) given in [19], Prop-
osition 1.1 and the inequality (1.1) for g,, we have

lUjH - U;‘ + VJ’ - Vj+1[

<| 3 B = 1) [ (0 — 9re(0)dy

asm+1 o)

<Gy 20 Cortofigl =V exp [— (x — r;.)"/8)(20)"

a2N+1

< Citexp [¢/t] exp [— (x — r;,.)/81] ; (2Cfjye)y, e>0.
a>N+
Taking ¢ = ¢; = (4CJj)?, this is majorated by the quantity of the form
C,t """ exp [¢,/t] exp [— (x — r;, /8] > (1/2)~.
a>N+1

If we take N sufficiently large for each j > 1, we obtain the estimate
(1.15). The other estimates are obtained similarly.

Sufficiency. We take a function +,(x, t) € C*(R"*") N L*(R**') such
that

V(x5 =0 for {x* + £ > j, t > 0},
Pix,t) =1 for (x* +42 < t>0},j=12---.
(cf. [7]), Corollary 1.4.11.)

Then by [14], Theorem 2.27 there exist ultradistributions \,[;]\i] e W (R")
such that {b]\(/] = +,U for ¢t > 0 and «,[r_]\(/] =0 for t <0. We define ultra-
distributions F’j e &Y (R™*Y) and \7]- e 2% (R"*"Y) by

Fx, t) = @fot — Dy, Ux, 1),  Vix,t) = ExF,,

where we consider E x as a pseudodifferential operator from &%'(R**!) to
(R, (cf. [17]). If we set

Ux, ) = 3,0(x, &) — Vi(x, 1), ¢t>0,

then taking notice of the support of F’j we see U,(x, ) is an infra-expo-
nential solution of the heat equation and

Ufx,) =—=0 as t—>0, in R™0,.

Thus by Theorem 1.1, there is a unique element u,;e€ A’[2,] such that
Uy(-,t) >u; as t -0, in the sense of (1.6). We have U(-,t) — U, (-, ) =20
as t—0, in £, since V,(-,) 20 as t—0, in £, which is verified by
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using the pseudolocal property of the operator E x, (cf. [17]). This com-
pletes the proof of Theorem 1.3.

Let we A, then the defining function U(x, t) = u,(E(x — y, ) is ex-
tensible as an entire analytic function in €" for each fixed ¢> 0. We
will consider the asymptotic property of U(z,t) as t—-0 for z=x +
1£e@m

THEOREM 1.4. (1) Let ue A’[K] then we have the estimate of the form

(1.18) [U(x + i&, t)| < C. exp [(€° + «(1 + [§]) — dis (x, K))/4¢] ,
x i@, t>0,¢>0.

A1) Let ueé&™, 1 <s < oo, then we have

(119) |U(x + i&, 1| < C. ; exp [£/4¢ + &((1/1)V¢ )
+ (|&)/t)¥s — dis (x, K;)*/81] , x4+ iEeC@,t>0.

(ii1) Let ue &' (R") then there are positive constants C, M and N such
that
(1.20) [U(x + i, )] < CE"(1 + |x| + &)Y exp [6°/41],

x4+ 1&e@", t>0.

Now remember the definitions of the wave front sets.

DerFINITION 1.2 ([19], Definition 5.1). Let uwe A(R"). We denote by
WF(u), WF (1), 1 <s < oo, and WF(u) respectively the complement in

T*(R")\O of the set of (x, &) such that there is a neighborhood V of
x, — 1& in €" and there are positive constants C and c¢ satisfying

(1.21) [U(z, t)| < Cexp [£2/4t — c/t], t>0,z=x-+1teV,
(1.21), |U(z, )| < Cexp [£%/4t — (c/D)*], t>0,2eV,

and there are positive constants C,, N=0,1, ---, such that
(1.21), [U(z, t)] < Cyt” exp [£%/41] , t>0, zeV,
respectively.

By this definition we have obviously the following inclusions:
(1.22) WF(u) € WF (uw) € WF(w), ueA,1<s< .

Let 2 be a bounded open set of R®. Let /" be an open cone in
R™{0} and set for 1 > 0

W={2eC@"; Rezel, Imzel, |Inz|<T}.
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Let f = f(2) be holomorphic in W, then it is well known that there is
unique boundary value b(f) e #(2) of f(z) from I". We have shown this
fact via heat kernel in [19], Theorem 5.2 and Theorem 5.3.

Tueorem 1.5 ([19], Theorem 5.4). Let ue A’ and (x, &) € T*(R")\O0.
Then

A (x,, &) e WF (u) if and only if there are open convex cones Iy, -- -,
I'yc{£eR"; (& &) <0}, bounded open neighborhood Z of x, in C", u,
holomorphic in Z, f(z) holomorphic in ZN{R"+il}}, j=1,.---,N, so
that

N
(1.23) w=uw+3b(f) inZNER.

1) (xné&)e WF(w), 1 <s< oo, if and only if u,e"(ZN R™) in
the above expression (1.23).

(1) (x,, &) ¢ WF(u) if and only if u,e &(Z N R™) in the above expres-
sion (1.23).

Conversely, Theorem 1.5 gives Definition 1.2, in other words, the
following description of the wave front sets.

THEOREM 1.6. Let ue A’ and (x, &) € T*(R)\0. Then

G) (x,, &) e WF(u) if and only if there exist positive constants C, c
and ¢ such that

(1.24) [U(x — io, )] < Cexp [(1 — ¢)/41], t>0, weS* !,

o — @] + [ — 2x,] <e, w‘,:ieS"“‘.
&l

(i) (xy, &) 2 WF (1), 1 <s < oo, if and only if there exist positive
constants C, ¢ and ¢ such that

(1.25)  |U(x — iw, )| < Cexp [1/4¢ — (c/ty”], t>0, weS™1,
0 — oo + |2+ 3| <&, @=L eS8,

€]
(i1) (x,, &) 2 WF(u) if and only if there exist positive constants ¢ and
Cyy N=0,1,2, --., such that
1.26) |U(x — iw, t)] < Cyt" exp [1/41] , t>0,N=0,1,2, .-,
o — ay] + | — 5] < e, woz—g"—eS”“.
€]
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As was pointed out by J. M. Bony [2], we can easily verify that these
definitions of the wave front sets are equivalent to those of L. Hérmander
in case u 1s a Schwartz distribution.

§2. Pseudodifferential equations

First we remember a class of pseudodifferential operators treated in
[5] [16] and [17].

DErFINITION 2.1. Let 2 be an open subset of R* and let — oo < m
Lo 0<a<p<l;0>1. 8%, (2 X R") denotes the set of all a(x, £) e

C~(2 x R*) such that for every compact subset K of © there are positive
constants C,, C, and B such that

@.1) sup la(5(x, &) < C,CP Halglelgprin | |5 = Blal’,
2EN

where a{§(x, &) = 0:Dia(x, &), 6 = max (1/p, o/(1 — d)).
We associate with such a symbol a(x, &) a pseudodifferential operator
alx, D) as follows:

a(x, Dyu(x) = (20) " j f e 10a(x, Ol ydyde . ue D).

It is well known that a(x, D) is extended to a continuous mapping from
&'(2) into 2(Q), (cf. [6]). We call a(x, D) an analytic pseudodifferential
operator if a(x, &) e 87, ,(2 X R"), ie. in case p=1, §=0 and ¢ =1 in
(2.1). Let a(x, D) be an analytic pseudodifferential operator and let
uec A'lK], K< . Then a(x, D)u(x) ¢ #(2) is well defined as follows:
Take a function X e Cy(2) such that Z = 1 in a neighborhood of K.
Let U(x, t) be the defining function of u. Then for every ¢ e A, we have

jxa(x, D)UY, o(x)dx — j 1)Uz, Dfalz, D)) dx, > 0.

By virtue of the analytic pseudolocal property of ‘a(x, D) proved in [5]
or [16], we have ‘a(x, D)Xo)(x) e A[K] and the right hand side of the
above equation tends to {(u, ‘a(x, D(Xp)(x)> as t — 0, (cf. (1.6)). We define
Ya(x, D)u by the formula

(ta(x, Dyu, o) = (w, ‘a(x, Dlpy, o€ A.

Then we have Za(x, D)u € A’[supp %]. On the other hand we have

(1 = Dalx, Dyu(x) = [ (1 = LK D)y & C(),
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where K(x,y) is the kernel of a(x, D) which is real analytic in 2 X 2\ 4,
4 = {(x, x); x €8}, (cf. [5], [16]). We define

(2.2) a(x, D)u = Xa(x, D)u + (1 — Da(x, Dyu e Q).

We can easily see that this definition is independent of such a function
X and agrees with the usual definition of a(x, D)u € 2'(2) when u e &'(Q).
We can see also a(x, D) u is analytic in 2\K. By this process we can
say that we have in the oscillatory sense

@.3) a(x, Du(®) = @) [ e Oa(e, a(E)de ,
= lim @2m)~" | e Pa(x, §)U(E, )¢
= lim (20) "~ [ e 0~ a(x, € alg)ds
An important tool in microlocal analysis is the following local expression
of a(x, D)u.
THEOREM 2.1. (i) Let a(x,&)eS7.(2 X R") and ueA’[K], Kc Q.

Then for any x,€ 2 and ¢ >0, 0 < e < 1, we have

@4 ol Du= e[| ulexplix — 3,8 - (5~ 32D

|B~20| <26
141=B
X a(x, E)(|&]/2r)**dpdE + w.(x),

where w.(x) e B(2) and w.(x) is analytic in |x — x,| <e. As a special case
with a = 1 we have

@y uw=eo [ ufexplicx — 5,6 — (5 — ylel2D)
16128

X (|&]/2z)"*dpdE + w(x),

where w.(x) € #(2) and w.(x) is analytic in |x — x,| < e.

(i) Let a(x,&) e S7, (2 X R") and ue &% (Q), where we assume the
number 6 = max (1/p, ¢ + 6/p) > 1. Then we have a(x, Dyu e 2% (2) and
the same formula as in (2.4) holds with w.(x) e 2%(2) and w.(x) is in
EM(x — x,] < e).

(iii) Let a(x, §) € (2 X R") a usual C~-symbol of the type (p,d) and
uedé'(2). Then we have a(x, Dyue 2'(2) and the formula (2.4) is valid
with w.(x) € 2/(Q) and wx) is in E(x — x| < e).
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Proof of (i). Let ue A'[K], K< Q. Since

(l2m [ exp[— (8 — yriél2ldg = 1

we have in the oscillatory sense as in (2.3)

(e, Dyu@) = @) [ uy(exp licx — 5,6) — (8 — 9 [¢l/2DaC; &)

X (&/2z)"*dBdE + u,(g(x, y)),
where

geey) = @) [[ e roals, dz.

The function g(x,y) is analytic in @ X R". Furthermore for any fixed
%€ and e > 0 sufficiently small so that {{y — x| < e} C £ the function

Fey) = ([ explicx = 5.8 — (3 — P [£l/2& )20 alx, E)dtdp
1§1<B

is analytic in the region D = {(x,y) e R" X R"; |x — x| <e, yeR"}. In
fact it is clear for |x — x| < e and |y — x,| < 2¢ since [ — y| > 0. In case
where |x — x| <e and |y — x,| > 3¢/2 we devide the p-integral into the
regions (a) |8 —y| >0 and (b) | —y|<3d, 0<d<Ke In order to treat
the case (b), we make the almost analytic extension of the symbol a(x, &)
with respect to & as follows:

(2.5) ax, & +in) = > dalx, E)(in)fal.

lef+1<[£1/B
Then we have the estimates of the form:
(2.6) [040(x, & + in)| < CCHIpt ™,
(2.7 [04(0/0C a(x, & + in)| < CCH !yl &I,

where £ =& + iy, |9 < €], 1§]|=> B, 0< ¢ K1, c=B"'. By using the
Stokes formula on the (n + 1)-chain defined by

{=¢&+1ip, |§|=B, p=tx—yI&, 07, 0<7K1,
we can estimate the D:-derivatives of
@8  Fay =[] explic 5.8 — (¢ - Fls2lEzar”
Iy

(B-yl<d

X a(x, §)dsdp
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by those of the integral defined by making the complex deformation in
2.8):

(2.9) {5—’C=5+17(x—y)lfl, 0<7«1,

d§ —>dl = (1 + irdx — 3, §/1ED)de N\ -+ - N d&,
and by those of
@10 Dif @[ explice— &+ itlx— i — ¢ - )2
1¢128

1B-yI<é

X ; (9/aC Da(x, O(&1/2n) (1 + itx — v, §/1€))dpde

with the remainder of analytic function (integral on || = B, 0 <t <7).
We remark that we have |x — y| > ¢/2 (|x — %] < ¢, |y — %] > 3¢/2) in this
case. Then it is clear the integral defined in (2.9) is analytic in (x, y).
As for (2.10) it turns out that we have to estimate essentially the inte-
grals of the form

J‘r dtj' e—-t(x—ﬂ)’lfl|$lm+|pltc|6]d€ ,
0 1¢1>B

where [x — y| > ¢/2 and ¢ > 0. We devide this integral into two parts:

I=f’dz Cde

0 BL§1<(my + | pl+n)/e

and
II=JTdtJ o dE, (m, = max (0, m)) .
0 [é1=(my+1pl+n)/c

Since 0 <t <7 € 1, we can easily verify that we have the estimates of
the form

I g C“‘Hli/.lll'"l .

Furthermore we have
n< | af exp [— telg|/2](tlghm+Hgeei-m-medig
0 (1= (ma+iul+n)/c

Since we have c|&| — |p¢| — m, > n in this case, we have also the esti-
mates of the form

II S C|/l!+1|lul |

by making use of the transformation of the &-variable. We can also
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estimate D:F,(x, y) similarly. In conclusion, we have obtained the formula
ate, D) = o [ uy(exp [icx — 3, — (5 — »)I212D
1§1=2B

X a(x, §)(§|/2r)"*dpdE + w (%),
where w,(x) e Z(2) and w.(x) is analytic in |x — x| <e.

Proof of (ii). Almost the same process as in the proof of (i) works
well. We only give the sketch of the proof. In this case, we make the
almost analytic extension of a(x, &) as follows:

a(x, & + ip) = > talx, &)(In)*fal .
lal +1<(é10/B
Then the estimation corresponding to (2.6) and (2.7) are given by
(2.6) |05a(x, & + in)| < CCi'plo]gfmrotet,
2.7 |02(8/a0)a(x, & + in)| < CoCi*'pl(plf|& )it |g]m ot

where {=¢ + iy, [p|<C|Ef, [§|> B, 0<c €1, ¢c= B We take
(n + 1)-chain defined by

C=$+l77’ l§i23> v:t(x_y)ls!", Ogth, 0<T<<1'
The complex deformation of the &-contour corresponding to (2.9) is as

follows:

= 3 — igle 1’
(2.9Y {5—"C E+irx—yigr, 0<7K

dé¢ —>dl = (1 + irpléf(x — y,6))dE N - - N dE, .

The integral corresponding to I and II are evaluated by the quantity of
the form

Clet+iylt, 6 = max (1/p, o + d/p).

So we can see that the integral on (2.9) is a Gevrey function in (x,y)
of the order max (1/p, ¢ + 8/p).

Proof of (iii). The core of the proof also lies in the reasoning as in
(b) of the part (). We can’t shift the &-integral into the complex contour
in this case. However, for x # y, by making use of the formula

P = [ (6, — y)"H(DE e 19) exp [— (8 — yPIEN2].
TR

X a(x, §)(§|/2m)" dedp

https://doi.org/10.1017/5S0027763000003032 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000003032

146 TADATO MATSUZAWA

for any k>0 and for some j, x, — y, #+ 0, we conclude finally the func-
tion F(x,y) is in C=(D), D = {(x,y); |x — x| <e¢, y€ R"}.

In the following we shall give the microlocal version of the results
on pseudolocal property given in [16], [17] and [18].

THEOREM 2.2. (1) Let a(x,£8)e ST, (2 X R") and uc A'[K], K < 2.
Then we have

(2.11) WF (a(x, D)u) < WF (u).

(ii) Let a(x,&)eS™, (2 X R*) with § = max(1/p, ¢ + 6/p) > 1 and
let ue &% (Q2). Then we have

2.12) WF,.(a, x, D)u) C WFy,.(u) .
(ill)) Let a(x, &) e S7(2 X R") and ueé'(2). Then we have
(2.13) WF(a(x, Dyu) < WF(w).
Proof. (1) Let ue A’ and (x,, &) ¢ WF,(u). From the expression
Ulx — io, 1) = (4zt)""" exp [1/4t]u,(exp [(— (x — )" + 2i{x — y, w))/42])
we have the equivalent condition to (1.21):

(2.29) |u(exp[(— (x — ¥ + 2i{x — y, 0))/4t)| < Cexp[—cft], t>0,
o — wo] +|x — 2| <0, w= &oll&o] € Sn,

Putting & = w/2t in (2.14) and rewriting & as & to get the estimate of the
form

(2.15) [u,(exp [i{x — ¥, &) — (x — y)*|€]/2]) < Cexp[— c|¢]],
[x — x| <6, £eV(&),

where § is a small positive number and V(&) denotes a cone neighbor-
hood of &. For & e R"\0, (&, &) <0, let I',, be a closed cone neighbor-
hood of & such that

(9, &) >0, {9 &) <0 for any pel',.
Let I'}, be the dual cone of I, i.e.
{(9,6)>0 on ', X T'¥.
We can choose &, -- -, &, so that

RN\NO=VUTILU---UT%,.
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Now return to the local expression (2.4):
a(e, D) = @0 ([ w(explice — 3,8 — 6 — ' 1¢)2D)
1¢1=B

X a(x, £)(1&]/2n)**dBdE + w(x),

where w,(x) is analytic in |x — x,] <e We take the following cut-off
symbols X, such that
N

suppX, C ['¥,, oA =1 on R"\V.

1

Furthermore, we can assume there are positive constants C, and C,
satisfying

[22,8)| < GClatlg]™ if || > Bla|, j=1,---,N.

Such a method of the construction of X, is given in [25], Chapter 5,
Lemma 1.4. Considering a(x, £)X,(§) are analytic symbols and choosing 2¢
smaller than ¢ in (2.15), we have

(216)  a D@ = w@® + 2@ [ wlexnlics— 5.0
16128

— [§1(8 — y)*[21(1&]/12x)" alx, E)X (§)dEDP
= uyx) + ZZ:: ulx).
Assumption (2.15) yields that u,(x) is analytic in [x — x,| <e. By using

Theorem 5.2 and Theorem 5.3 of [19] we can see that each u, is the
boundary value of

=] ufexplicz -5 0 — 816 — 2]
il
X (&1/25)"alz, €)1 ()deds
which is holomorphic in ZnN (R* + il’,)) with a small complex neighbor-
hood Z of x. Then by Theorem 1.5, we conclude that (x,, &)¢ WF,
(a(x, D)u).

Proof of (ii). In case ¢ = 1 the proof can be obtained by the same
way as in the part (i). The estimate (2.15) is merely replaced by

lu,(exp [i{x — y, £ — (x — ¥)'|E]/2D] < Cexp[—cl¢[”],
lx — x| <6, EeV(&).
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In case ¢ > 1 the symbol a(x, &) is not analytic in x. So we make the
device such that

a(x,€)=§[;7a,(x,$), |[x — x| <6, EeR.

Here a,(x, &) is analytic in ze ZN{R* + i}, j=0,1, -, N, where Z is
a small complex neighborhood of x, and a,x, &) satisfies the same condi-
tion as in (2.2) in ZN{R" +i";}. This is possible by making use of
Fourier inversion formula in x.

The proof of the part (iii) is obtained also by using the formula (2.4),
though we omit the details.

TrEOREM 2.3. (cf. [18], Theorem 3.2.) Let a(x, &) e S% (2 X R*) and
(xy, &) € T*(2\O. Assume that there is a cone neighborhood V of &, and
there are positive constants ¢ and B and —oo < m’ < oo such that

(Hy) la(x, )| > cl§[™, xef, [§|=B.

Also assume that for any compact subset K of 2, there are positive con-
stants C, and C, such that

(Hy)  |a@(x, ] < GCr+Palplialx, O]1E7, xeK, eV, [§|= Blaf.

Then if ue A'[K], K < 2, and (x, &) ¢ WF (a(x, D)u), we have (x, &) ¢
WF (u).

Proof. First we follow the same steps as in the proof of [56], Theo-
rem 3.1. Determine recursively the symbols b, by means of the relations

(2.17) byx, §a(x,§) =1, eV, [§|=B
and for j=1,2, .-

1
al

(2'18) bj(x’ S)a(x, S) = _—1<|§llsj a;a(x3 &)D?bj—lal(x9 S), & € V, l&l 2 -B .

Then for any compact subset K of 2 there are constants C, and C, such
that

(219)  suplbH(n O] < G ialgl(L + g)- -1~
TEK
EGV, !EIZB(I(XI+])7 j=0)1a""

Let V, and V; be any fixed closed convex cones such that & eV, e V,
« V. Prepare the functions ¢,¢&) e C*(R") satisfying for j = 0,1, - -
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(2.20) 0<p®) <1, geR*, and
0, =0 if |¢] < 2Rmax(j,1) or eV,
o, =1 if |6] < 3Rmax(j,1) and §eV,,
(2.21) (Do) < (C/R)  if |a| < 2j.
Take R > B and set

(2.22) b(x, &) = z 0, (&b, 8).

Then we have b(x, &) € S;7(2 X R™). Take he Cy(Q) such that A =1 in
a neighborhood of K. The symbol of the operator r(x, D) = b(x, D)ha(x, D)
satisfies

(2.23) rx, &) +1+qx8, [E§l=B, ¢eV,

for x in a neighborhood 2’ of K, KC 2’ C Q, and q(x, &) satisfies the

estimate of the form

(2.24) sup | Diq(x, £)] < C,Cl'eljgm e 1, £e V.
e’

This means qg(x, D) is an analytic regularizer in the direction V,. We
remark that ha(x, D)u(x) ¢ A’ is well defined. Now return to the local
expression (2.4) and (2.4). For sufficiently small ¢ we have

bz, Dyha(x, Du(x) = @) [[ u(exnlicx — 3,8
1§1=B

— (B — YYI§12Dr(x, £)(&1/2n)"*dBdE + w.(x).

As in the proof of Theorem 2.2, choose a system of closed convex cones
r, ---,I'y such that

{p, &y <0  for any pel’,,
RN\O=V,Ul'*U---UI'% and &el% j=1,---,N.

Then we have

u(x) = b(x, D)ha(x, Dyu(x) + f} (22)" f f ! (- )0r(x, &) — 1)

B—xol<L2¢
1é1=B

X (&1/2m)"" 2 (§)dBdE + v(x),

where v.(x) is analytic in |x — x| <& and Z,(§) are the cut-off symbols
as in the proof of Theorem 2.2. We can see each term of the summation
in the right hand side is a boundary value of holomorphic function
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defined in {z=x+ iy; |x — x| <e yel', 0<|y|<7, 0<7<«1}. Thus
we conclude that (x,, &) ¢ WF,(uv) by Theorem 1.5 and Theorem 2.2.

THEOREM 2.4 (cf. [17], Theorem 2.2). Let a(x,&)e S7,; (2 X R*), 0< 4
<p<Ll, ¢>1, and (x,&)e T*(\O. Assume that there is a cone
neighborhood V of & and there are positive constants ¢ and B and
— oo <m' < oo such that (H)) in Theorem 2.3 holds. Also assume that
for any compact subset K of 2, there are positive constants C, and C, such
that

(Hy lag(x, &) < C,CI P! Bl alx, &) [&] #1120t
xeK, [§|>B, ¢eV.

Furthermore assume 6 = max(1/p, o/(1 — 8)) > 1. Then if ue &' (2) and
(x(h 50) & WF{O}(a(x’ D)u)a then (x07 EO) & WF{o}(u)~

Remark. Generally we have
6 = max (1/p, ¢ + d/p) < 6 = max(1/p, /(1 — 3)),
where the equality holds if and only if § = 6 = 1/p.

Proof of Theorem 2.4. We can obtain merely a weaker conclusion
by only the same process of the proof of Theorem 2.3 in case § > 1 as
was seen in a series of papers [5], [16] and [17] which treated the ordinary
hypoelliptic problems. However, summing up the method used in the
proof of Theorem 2.3 and those of [16], [17] and [24], the proof of the
theorem will be accomplished. It needs rather long and tedious calcula-
tion, so we shall give an outline of the proof.

First determine recursively the symbols b(x, &), j = 0, 1, - - -, by means
of the relations (2.17) and (2.18). We assume the existence of the follow-
ing cut-off symbol g(¢) which was constructed in [25], Chapter 5, Lemma
14. Let e Ve V, e V be closed convex cones in R"\{0}. There exists
a function g(&¢) such that

(2.25) 0<g®) <1, ¢&eR";

(2.26) there exist positive constants C, and C; such that
l0:8()] < GCrlals]™™ if |¢] = Bla];

(227 g =1iféeV, |§/>1and g¢) =0if £V, |§|> B.

We set
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(2.98) bx, €) = 8(6) Nz b(x,€),

where the number NV, is taken sufficiently large so that (p — )N, — m +
m’ > 2n + 1 for later convenience. Then we have b(x, §) € S;7 (2 X R").

pyd50

Take a function ke 2Y(Q) such that A = 1 in a neighborhood of supp u
< 2. By the formula (2.5) with 0 <e¢ € 1 we have

b(x, D)ha(x, D)u(x)
=@ ([ (haw(explicx — 3, & — (5 — y¥l¢li2D

X (&1/27)"b(x, £)dédp + w.(x),

where w,(x) e §¥(|x — x,| <¢). By assumption the first term in the right
hand side is in &¥(jx — x| <¢), 0 <e € 1. On the other hand, by using
the results of [16] and [17], we can write

b(x, D)ha(x, D)u(x)
=@ [ wlexplicx — 5,8 — (6 = »IEl/2D)
1128
X (§]/2z)"*RY(x, §)dedB + v.(x),
where v.(x) € £ (Jx — x)] < ¢) and the symbol R"(x, &) satisfies the condi-
tion of the form

(F) [aﬁagRN“(x, E)I S COC{anT!ﬁ!alslm++n—p;r( Z:‘; (.f)ltlaalrllé;—lalﬂ—r(walrl .

m, =max(m —m/,0), xeQc, [|>B+1, (suppuc).
Especially we can write
R%(x,&) =1+ R(x,6) iféeV,, |§|=B+1,

where R(x, §) satisfies the above condition (F) with m, replaced by
m,(p — 8)N;. Thus we can finally deduce the problem to the following
equation of the form

(2.29) 4+ Ry(x,Du=f,

where u e §“Y(Q), fe 2V(Q) and (x,, &) € WF,,(f). We may assume R,(x, &)
satisfies (F) with m, = —2n — 1. As in the proof of [17], Theorem 2.2,
localize the problem so that supp u C {x; |[x — x,| < ¢}. Take X e 2Y(Q)
such that ¥ =1 if |x — x| <e and X = 0 if |[x — x| > 2.. Then the equa-
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tion (2.29) is written as
(2.30) u + XR(x, D)u = Xf.

It was proved in [17] that we have
u=(I+1R)Mf = 5, (~1RY@f)
=

for sufficiently small ¢ > 0. Since the condition (F) yields the condition
(1) and (2) of [24] with ¢ = ¢/(1 — &), the results of [24] can be applied to
the Neumann series >,7.,(—XR,)’. According to [24], this is represented
as the sum Ry(x, D) + R,(x, D) of the pseudodifferential operators with
symbols Ry(x, &) and Ry(x, &) where Ry(x, &) satisfies the condition (1) and
(2) of [24] with £ = ¢/(1 — 8) and R,(x, D) is a regularizer from &V to &',
Again we apply the local formula of the form (2.4) for R,(x, D)Xf and we
can see (x,, &) & WF, (1) under the condition (x,, &) & WF,,(Xf).

Remark. The details of the proof of the results of [24] will be given
in a colaboration of Shinkai and Taniguchi, [21].
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