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STRONGLY MONOTONE SOLUTIONS OF RETARDED
DIFFERENTIAL EQUATIONS

BY
Y. G. SFICAS

1. Introduction. Let us consider the retarded differential equation
(1) PO +ED" pWexlo®D =0,  t=t,  (n=1)

for which the following assumptions are made:
(i) p:[ty, ®) — [0, x) is continuous and not identically zero for all large t.
(ii) o :[ty, @) — R is continuous, strictly increasing,

o(t)<t forevery t=t, and limo(t)=o0.

t—0

(iii) ¢ : R — R is continuous, non-decreasing and
(VxeR)e(—x)=—¢(x).

A solution x of the differential equation (1) defined on some half-line [t,, )
is called strongly monotone if and only if

Ve=t)x(t)#0 and x®POx“(t)=0
(i=0,1,...,n—1)

and
tlim xP()=0

Our purpose here is to give a necessary and sufficient condition in order that
equation (1) have a (positive) strongly monotone solution x. As applications of
this main result we obtain:

a) A sufficient condition in order that the first order linear retarded differen-

tial equation
(2 x'(t)+pt)x[a(t)]=0
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have a strongly monotone solution. By this result we extend a recent one due
to Ladas ([4] Th. 2 and Corollary 1) which concerns the oscillatory behaviour
of equation (2).

b) A sufficient condition in order that the linear retarded differential equa-
tion

3) x®(O+ D p0)x[o()]=0

have a strongly monotone solution in the case where
j " 'p(t) dt =

We note that in this case, if the function o(t) is ‘“‘small enough”, then
equation (3) does not have any strongly monotone solution while the associated
to it ordinary differential equation may have such a solution (cf. [1]-[4],
[7H11D.

c) A sufficient condition in order that equation (3) have a strongly monotone
solution in the case where

j " 'p(t) dt <o

We note that in this case the associated to (3) ordinary differential equation

PO+ D" p(Hx =0

does not have any strongly monotone solution.

Finally we are referred to the problem of establishing conditions under which
equation (1) or more general equations do not have any strongly monotone
solutions.

Recently Lovelady [5] has given some results concerning the existence of
strongly monotone solutions of equation (3) in the case where " 'p(t) dt =
. We remark that these results are of quite different nature from ours and are
referred to the comparison of (3) and the linear ordinary differential equation

X0+ (=D p()x(t) = (1"t —a()p(t)
as well as of equations of the form (3) with different functions o.

2. The main result. In order to obtain our main result we make use of the
following very simple fixed point theorem (cf. [6] p. 65).

Fixep PoINT THEOREM. Let =< be a partial ordering with field A, and suppose
that every B = A has a least upper bound. Suppose that F maps A into A in such

a way that for all x, y in A x <Yy implies that Fx <Fy. Then Fx =x for some
xeA.
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We note that the proof of our theorem can also be carried out by using the
Schauder’s fixed point theorem. In this case the assumption concerning the
monotonicity of ¢ can be dropped. But, since our applications are referred to
non-decreasing functions ¢, we prefer to give a proof based on the simple fixed
point theorem which is stated above.

TueoreM. Equation (1) has a strongly monotone solution if and only if there
exist positive and non-increasing solutions h and g of the inequalities

(B ho= [ ps)e(hlats)) d
(E) g0= [ D ps)elelo(s)) ds

defined on some half-line [T, ») and such that lim,_,, h(t)=0 and h(t)=g(t)
for every t=T.

Proof. It is easy to verify that if equation (1) has a positive strongly
monotone solution x, then x is also a solution of both inequalities (E;) and
(E,). Thus it remains to prove the sufficiency part of the theorem.

Let =T be such that o(t)=T for every t=1 and let X be the set of all
non-increasing functions x defined on [, ) and such that

g®)=x(t)<h(t) forevery t=r.
The set X is considered endowed with the usual point-wise ordering =<:
X1 =%, Vt=T)x,(t) = x,(1).

It is easy to verify that for every A < X, sup A belongs to X, i.e. that X is
order complete.
Consider now the mapping F:X — X defined as follows:

(Fo0 = | it

TR p(eR[o(s)Dds, t=m

where £(t) =x(t) on (1,») and £(t)=h(t) on [T, 7].
By (iii), the definition of X and the conditions on g and h, for every x € X we
have

[0 peaoD ds= [ S ps)p(latsD ds

(n—1)! , (n—1)!

< jw% p(8)o(R[o(s)] ds

and consequently Fx € X. Thus FX < X. In a similar way we see that for every
x,y in X, x(t)=<y(t) on [, ») implies F(x(t))=< F(y(t)) on [r, ), which means
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that the mapping F is non-decreasing with respect to the order of X. Thus, by
the fixed point theorem, there exists an x € X such that Fx =x, i.e.

oo —t n—1
x(t)= J' E——)— p(s)e(Z[o(s)]) ds forevery t=r.
t (n - 1)'
Since x is non-increasing it is obvious that the function
“(s—t)" ! )
I it p(s)eEla(s)Dds, t=7
t (n - 1)'

is continuous and consequently x itself is continuous. It is obvious now that x is
a strongly monotone solution of (1) on some half-line [t;, ) where ¢, =7 is
such that o(t)=17 for every t=t,.

3. Applications. In what follows by the term ‘‘solution” for an inequality of
the form (E,) or (E,) we shall always mean a positive, non-decreasing solution
of the inequality, defined for all large ¢ and tending to zero as t — oo.

ProposriTiON 1. If
(C,) for some T=t,

0< inf J' p(s)ds=mr=Mr= sup J p(s)ds=1/e
t=0"'(T) o (t) t=o NT) Jo(1)

then equation (2) has a strongly monotone solution.
Note. Condition (C,;) is obviously satisfied if

0 <lim inf I p(s) ds <lim sup J' p(s)ds<l1/e

= Jo@r) t—o  Jo(r)

Proof. Consider the inequalities:

@) hO= [ p(s)hlo(s)]ds
and t
) g0= pslods

By requiring (4) to have the solution h(t)=exp(—A [$'® p(s)ds), t=T,
A >0, we get

J:m p(s)exp(—)\ J: p(u) du) ds =%exp(——)\ jﬂ p(s) ds) 56xp<—A J’Uﬂm p(s) ds)

T T

or

)
exp()\J' p(s) ds)
A =1

t=T.
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The above inequality is equivalent to

t
exp()\ J‘ p(s) ds>
"‘)'" =<1, t=¢7(T)
and obviously it holds if
AM,
¢ =1
A

For A = 1/M; the expression e*"r/\ takes its minimum Mre. Thus, by (C,), (4)
has the solution

1 o~(1)
h(t)=exp(——K/I——[r p(s) ds), t=T.

Working similarly we find that (5) has a solution of the form

o~ 1(t)
©) g(t)=exp(—AL ps)ds), =T
if

eNmr

Iy =1.

Sincé lim, _,., e*™t/A = we can choose A in (6) so that A =1/M;.
It is obvious now that h(t)=g(t) for every t=T and consequently (2) has a
strongly monotone solution x on [T, ») such that
g(t)=x(t)=<h(t) forevery t=T.

ReMark 1. Recently Ladas ([4] Th. 1) has proved that in the particular case
og(t)=t—, >0 a constant, the condition

0 lim inf j p(s) ds >%

is sufficient in order that all solutions of (2) to be oscillatory. Since under the
condition [* p(t) dt=o every non-oscillatory solution of (2), is strongly
monotone, we can say equivalently that under condition (7) equation (2) has no
strongly monotone solutions. Also in the same paper it is proved that in the
particular case p >0, a constant, condition (7) is also necessary in order that all
solutions of (2) to be oscillatory. Using our previous results it is obvious now
that we can state the following:

ProrosiTiON 2. Condition (7) is sufficient, while the negation of condition (C,)
is necessary in order that all solutions of the equation
x'®)+p)x(t—7)=0
to be oscillatory.

2

https://doi.org/10.4153/CMB-1979-053-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1979-053-4

408 Y. G. SFICAS [December

ProposITION 3. Suppose that {~ p(t) dt =. If

n!

n
(C,) for some T=t, =M, =~ (q )"

n—17"
T

where

rr= inf [t—o()], qr= inf p(), M= sup J p(s) ds

t=0"Y(T) t=0"'(T) t=c (T) Jo(t)
then equation (3) has a strongly monotone solution.

Note. Condition (C,) is obviously satisfied if liminf,_.[t—o(t)]=r>0,
lim inf,_,.. p(t) = q>0 and
' t
%<lirf1 sup j p(s) ds <g (g~ HYm.

o (t)

Proof. Consider the two inequalities

®) ho= m% p(s)h[or(s)] ds
©) g(0)= jm% p(s)glor(s)] ds

It is enough to prove that (8) and (9) have solutions h and g defined on some
half-line [t,, *°) and such that
h(t)=g(t) forevery t=t,
Since ¢~ '(t)=t for every t=t,, if the inequality

o' @Ot~
10 = =
(10) g(t) -1 J; - p(s)glo(s)] ds, t=T

has a solution g, then the same function is also a solution of (9). Thus it is easy
to verify that for

Ao=r1 /(n—1)!

(10), and consequently (9), has the solution

o (t)

(11) g(t)=exp<—A()I

T

p(s) ds), t=T

Now, we require (8) to have a solution h of the same form i.e.

o i(t)

h(t)= exp<—)\ J'

T

p(s) ds), t=T
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Successive integrations by parts give

[ (s_)")'l p(s)h[a(s)]ds—J: Lot )"),1p(s)exp( J:p(u)du> ds

( n
i A ((Sn )2")'2 e"p(“'\ J: p(u) du) ds
<qi)\ J’ (zn t)2n)'2 p(s)exp( J:P(u) du) ds

1 ( Jt )
=--r=———exp| —A s)ds).
g an SXP Tp()

(If n=1 then we have to make a simple integration.)
Thus it is enough to have

1 1(t)
WCXp(AJ p(s)ds)sl for every =T
or r t 1
— MM =1
qar A"

Moreover for A = A, =n/M; the expression e*r/q% 'A" takes its minimum
1/n"q% ! e"M73 which by (C,) is less than or equal to 1. Hence inequality (8) has

the solution
o 1I(t)

(12) h(t) =exp(—A1 L p(s) ds) . =T

Finally, since by (C,) Aq=A,, by (11) and (12) we have that
h(t)=g(t) forevery t=T.

It is easy to verify that under the condition

(G3) J'mt"_lp(t) dt <o

the linear ordinary differential equation
(13) x™+(=1)"*p(t)x=0

does not have any strongly monotone solution. Indeed, if g were a solution of
the associated to (13) inequality of the form (E,), then we should have

s0=[ T pog(s) ds =g [ pis) a

or

( t)n 1
W p(s)ds=1 for all large t.
t
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But this is impossible since by (C5)

. [T
llmj ——np(s)ds =0.
fm | =T p(s)

However if the delay t—o(t) is “large enough”, then the associated to (13)
retarded differential equation (3) may have strongly monotone solutions, as the
following proposition shows.

ProrposiTioN 4. Consider the retarded differential equation (3) subject to the
condition (C;). Suppose moreover that p(t)>0 for every t=t, and
(Cy) for some A>0

(i) the function e ™/p(t) is non-increasing for all large t.
(ii) liminf,_,. p(t)exp[A(t—a(£))]>A"
(iii) liminf,_. p()e*/t=K>0
t J’ = s"'p(s)
a(t) Ly (n=1!
Then equation (3) has a strongly monotone solution.

(iv) lim sup,_,.. ds<1.

NortE. It is obvious that if lim sup,_... t/o(t) <= then (iv) is a consequence of
(Cy). (For example: o(t)=t/v, v>1.)

Proof. We consider the inequalities (8) and (9) as in the proof of Proposition
3. If T,=t, is such that

p(exp[A(t—o(t))]=A" forevery t=T,
then, by substitution in (9), we can easily derive that this inequality has the
solution

K
g0 =5 ¢ plo™ (0} 1=Ti.

(The fact that lim, ... g(t)=0 is an easy consequence of (C,), (iii).)
Also, if T,>max{t,, 0} is such that

=3

then we also have

s"'p(s)ds<1 forevery t=T,

-1 t oo n—1
g t( )j (ns_ 1)'p(s) ds<1 forevery =T,

and consequently

(14) () Jw(_(;n;_t)_i‘_)"_l%s_) ds<1 forevery t=T,
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By (14) it is easy to see that (8) has the solution

1

h(t)=—, t=T,.
( ) 0_._1(t) 2

Now, if T=max{T;, T} is such that

t K
%—) eM=— forevery t=T
then we have
1 K e'®

=— f =T.
T 2ple i) orevey =T

The proof of our proposition is now obvious.

ExampLE. Consider the equation
(15) x’(t)+t~31/3x(t—log =0, =1
We have lim,_,.. t/t —log t =1 and consequently the inequality
h(t)ZJwo s*2h[s—log s] ds, t=1
h

has the solution

1
h(t)=——,
(®) o0
where o~ ! denotes here the inverse function of o(tf)=t—logt, t=1. On the
other hand, it is easy to check that for A >3 all conditions (C,), [(i)~(iii)] are
also satisfied. Hence (15) has a strongly monotone solution.

ReMARk 2. In the case where (C,) is satisfied it is known (cf. (1)) that
equation (1) has a (positive) solution x defined on some half-line [t,, ) and
such that

Ve=t)x@)x () =0 (i=0,1,...,n-1)
16 )
(16) limx($)>0 and limx®(#)=0 (i=1,2,...,n-1)
t—>0 t~—>c0

Thus, under the conditions of proposition 4, we conclude that equation (3)
has a strongly monotone solution and a solution x which satisfies (16).

4. Discussion. The problem of establishing conditions under which (1) or
more general equations do not have any strongly monotone solution was the
subject of some interesting recent papers ((1)-(4), (7)-(11)). We note that in
some of these results (7), (10), (11) it is proved that, under certain conditions,
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inequality (E;) does not have any (positive, non-increasing and tending to zero)
solution. In this paper we also pointed out a result in this direction which is
obtained by proving that, under condition (C;), inequality (E,) does not have
any solution. It seems to us that our Theorem can be used in many directions
for obtaining results concerning the existence or non-existence of strongly
monotone solutions. It is also obvious that this theorem can easily be stated so
that to include more general cases of (non-linear) differential equations with
deviating arguments since some rather restrictive assumptions are not used in
the proof of this theorem (for example the conditions which are referred to the
function o (t) except that o is continuous and lim,_,,, o (t)= ).
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