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D I F F E R E N T I A L E Q U A T I O N S 

BY 

Y. G. SFICAS 

1. Introduction. Let us consider the retarded differential equation 

(1) xin\t) + (-ir+1p(0<p(*[o-(t)]) = 0, t > t0 (n > 1) 

for which the following assumptions are made: 
(i) p : [t0, o°) —» [0, oo) is continuous and not identically zero for all large t. 
(ii) <r : [t0, o°) -* U is continuous, strictly increasing, 

or(r)<r for every t>t0 and limo-(f) = o°. 
t—>oo 

(iii) (p : U —» R is continuous, non-decreasing and 

(Vx € U)<p(-x) = -<p(x). 

A solution x of the differential equation (1) defined on some half-line [tx, o°) 
is called strongly monotone if and only if 

(Vf>r x )x(0^0 and x(i\t)x(i+1)(t)<0 
(i = 0 , l , . . . , n - l ) 

and 

limx ( i )(0 = 0 
t—*O0 

Our purpose here is to give a necessary and sufficient condition in order that 
equation (1) have a (positive) strongly monotone solution x. As applications of 
this main result we obtain: 

a) A sufficient condition in order that the first order linear retarded differen­
tial equation 

(2) x'(t) + p(t)x[cr(t)] = 0 
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have a strongly monotone solution. By this result we extend a recent one due 
to Ladas ([4] Th. 2 and Corollary 1) which concerns the oscillatory behaviour 
of equation (2). 

b) A sufficient condition in order that the linear retarded differential equa­
tion 

(3) x(nXt) + (-lT+1p(t)x[cr(t)] = 0 

have a strongly monotone solution in the case where 

tn~1p(t)dt = co 

We note that in this case, if the function a(t) is "small enough", then 
equation (3) does not have any strongly monotone solution while the associated 
to it ordinary differential equation may have such a solution (cf. [l]-[4], 

[ 7 H H ] ) . 
c) A sufficient condition in order that equation (3) have a strongly monotone 

solution in the case where 

[ tn_1p(0 dt<oo 

We note that in this case the associated to (3) ordinary differential equation 

*(n)(0+(-i)n+1p(0* = o 

does not have any strongly monotone solution. 
Finally we are referred to the problem of establishing conditions under which 

equation (1) or more general equations do not have any strongly monotone 
solutions. 

Recently Lovelady [5] has given some results concerning the existence of 
strongly monotone solutions of equation (3) in the case where f° tn~1p(t) dt = 
oo. We remark that these results are of quite different nature from ours and are 
referred to the comparison of (3) and the linear ordinary differential equation 

x'n\t) + (-ir + 1p(t)x(t) = (-lT(t-CT(t))p(t) 

as well as of equations of the form (3) with different functions <x. 

2. The main result. In order to obtain our main result we make use of the 
following very simple fixed point theorem (cf. [6] p. 65). 

FIXED POINT THEOREM. Let < be a partial ordering with field A, and suppose 
that every B^A has a least upper bound. Suppose that F maps A into A in such 
a way that for all x, y in A x < y implies that Fx<Fy. Then Fx=x for some 
XGA. 
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We note that the proof of our theorem can also be carried out by using the 
Schauder's fixed point theorem. In this case the assumption concerning the 
monotonicity of <p can be dropped. But, since our applications are referred to 
non-decreasing functions <p, we prefer to give a proof based on the simple fixed 
point theorem which is stated above. 

THEOREM. Equation (1) has a strongly monotone solution if and only if there 
exist positive and non-increasing solutions h and g of the inequalities 

(Ei) h(t)>\ V; " p(s)<p(h[cr(s)])ds 
Jt ( n - 1 ) ! 

(E2) g ( r )< f (S~t]" p(s)<p(g[<r(s)])ds 
X ( n - 1 ) ! 

defined on some half-line [T, oo) and such that limt_>ooh(0 = 0 and h(t)>g(t) 
for every t > T. 

Proof. It is easy to verify that if equation (1) has a positive strongly 
monotone solution x, then x is also a solution of both inequalities (E^ and 
(E2). Thus it remains to prove the sufficiency part of the theorem. 

Let T > T b e such that a(t)>T for every t>r and let X be the set of all 
non-increasing functions x defined on [r, oo) and such that 

g(t)<x(t)<h(t) for every t>r. 

The set X is considered endowed with the usual point-wise ordering < : 

x1<x2<£>(\/t>T)x1(t)<x2(t). 

It is easy to verify that for every A ç X , sup A belongs to X, i.e. that X is 
order complete. 

Consider now the mapping F.X-+X defined as follows: 

(Fx)(t) = f ^ " ^ V p(s)<p(x[o-(s)D ds, t > r. 
Jt ( n - 1 ) ! 

where x(t) = x(t) on (T, oo) and x(t) = h(t) on [T,T]. 

By (iii), the definition of X and the conditions on g and h, for every x e X we 
have 

f ~ ( r 0 i V P(s)<P(gM*)]) * < r y - ^ p(s)<p(x[cr(s)]) ds 
Jt ( n - 1 ) ! Jt ( n - 1 ) ! 

^r(S~t)nJp(s)<p(h[cr(s)])ds 
Jt ( n - 1 ) ! 

and consequently FxeX. Thus FXçX.Ina similar way we see that for every 
x, y in X, x(t)<y(t) on [T,OO) implies F(x(r))<F(y(f)) on [T,OO)? which means 
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that the mapping F is non-decreasing with respect to the order of X. Thus, by 
the fixed point theorem, there exists a n x e X such that Fx = x, i.e. 

x W = "7 TTT P(s)<p(x[cr(s)]) ds for every t > T. 
Jt ( n - 1 ) ! 

Since x is non-increasing it is obvious that the function 

( n - l ) ! 
p(s)<p(x[cr(s)]) ds, t>r 

is continuous and consequently x itself is continuous. It is obvious now that x is 
a strongly monotone solution of (1) on some half-line [tl5 oo) where ^ > T is 
such that cr( t )>r for every t>tx. 

3. Applications. In what follows by the term "solution" for an inequality of 
the form (Ex) or (E2) we shall always mean a positive, non-decreasing solution 
of the inequality, defined for all large t and tending to zero as t —> o°. 

PROPOSITION 1. 1/ 

(C^ /or some T>tQ 

0 < inf p(s) ds = mT<MT= sup p(s) ds<l/e 
t>o--\T) Jo-it) tSTŒ-^T) Jo-(t) 

then equation (2) has a sfrong/y monotone solution. 
NOTE. Condition (Cx) is obviously satisfied if 

0<liminf p(s) ds<l imsup p(s)ds<l/e 
t_>°° hit) t^oo J^t) 

Proof. Consider the inequalities: 

(4) h(t)> [ p(s)fc[<r(s)]ds 

and 

(5) g ( r ) < f p(s)g[a(s)]ds 

By requiring (4) to have the solution h(t) = exp(-A fë (t) p(s) ds), t > T , 
A > 0, we get 

p(s)exp(-A p(u)dw) d s = - e x p ( - A p(s) d s )<exp( -A p(s) ds) 

or 

expfxJ p(s)ds) 

— < 1 , t > T . 
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The above inequality is equivalent to 

expIX p(s) ds) 

A 

and obviously it holds if 

6 X M r 

< 1 , t>a-\T) 

1 

For À = 1/MT the expression eXMr/A takes its minimum MTe. Thus, by (Q) , (4) 
has the solution 

h{t)=cw{~è;L p ( s ) 4 t>T. 

Working similarly we find that (5) has a solution of the form 

(6) g(t) = exp ( -A j p(s)ds\ t > T 

if 

Since l i m ^ ^ eXtn*lk=™ we can choose A in (6) so that A > 1/MT. 
It is obvious now that h{t)>g{i) for every f > T and consequently (2) has a 

strongly monotone solution x on [T, oo) such that 

g( f )<x(f )<h(0 for every f>T . 

REMARK 1. Recently Ladas ([4] Th. 1) has proved that in the particular case 
a(t) = t-T, T > 0 a constant, the condition 

P 1 
(7) liminf p(s)ds>-

is sufficient in order that all solutions of (2) to be oscillatory. Since under the 
condition f° p(t) dt = <*> every non-oscillatory solution of (2), is strongly 
monotone, we can say equivalently that under condition (7) equation (2) has no 
strongly monotone solutions. Also in the same paper it is proved that in the 
particular case p > 0, a constant, condition (7) is also necessary in order that all 
solutions of (2) to be oscillatory. Using our previous results it is obvious now 
that we can state the following: 

PROPOSITION 2. Condition (7) is sufficient, while the negation of condition (Cx) 
is necessary in order that all solutions of the equation 

x'(t) + p(t)x(t-r) = 0 

to be oscillatory. 
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PROPOSITION 3. Suppose that f° p(t) dt = ™. If 

(C2) for some T>t0 - ^ ^ ^ ^ - ( q i " 1 ) ^ 
YY e 

where 

rT= inf [t-o~(t)], qT = inf p(t), MT = sup p(s) ds 
t>o-- l(T) t>cr~l(T) t>o-_1(T) Jo-(t) 

then equation (3) has a strongly monotone solution. 

NOTE. Condition (C2) is obviously satisfied if liminf t^00[f-cr(f)] = r > 0 , 
lim inf^oc p(t) = q > 0 and 

n1 T M 
- ^ 1 < l i m s u p p ( s ) d s < - ( q n - 1 ) 1 / n . 

Proof. Consider the two inequalities 

(8) h(t)> r(s~t)n'p(s)h[a(s)]ds 
Jt ( n - 1 ) ! 

(9) g(t) < f °° ( ' ~ ° i
n , . 1 p(s)g[cr(s)] ds 

Jt ( n - 1 ) ! 

It is enough to prove that (8) and (9) have solutions h and g defined on some 
half-line [tl9 o°) and such that 

h(t)>g(t) for every t>tA 

Since cr_1(r)>r for every t>t0, if the inequality 

(10) g ( 0 < ^ j P f P(s)g[a(s)]ds, t>T 
( n - 1 ) ! JCT -i (0 

has a solution g, then the same function is also a solution of (9). Thus it is easy 
to verify that for 

A0 = rr1/(n~l)! 

(10), and consequently (9), has the solution 

(11) g(0 = exp(-AoJ p(s)dsy t>T 

Now, we require (8) to have a solution h of the same form i.e. 

r o - K t ) 

h(f) = exp(-A p(s)ds\ t>T 
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Successive integrations by parts give 

J ( n - 1 ) ! P^h^(T(s^ds=\ / _1y P(s)exp(-A I p(u) du) ds 

I r ° ° ( s - t ) n - 2 / fs \ 
= i j 7^^r e x prAJT

p ( u ) d u)d s 

^ i j , 7^r^rpWexPi-AJT
p(u)du)ds 

£ '" s^ e x p(~A[p ( s )4 
(If n = 1 then we have to make a simple integration.) 

Thus it is enough to have 

n-ix n e xP\À p ( s ) d s ) < l for every f > T 

or 
—V— eXM-<l. 
q r x A n 

Moreover for A = Ax = n/MT the expression eXMr/qx_1^n takes its minimum 
l/nnqT_1 ^ M T which by (C2) is less than or equal to 1. Hence inequality (8) has 
the solution 

(12) h(f) = exp(-A 1 J p(s)dsV t>T 

Finally, since by (C2) A Q ^ A ^ by (11) and (12) we have that 

h(r)>g(r) for every t > T . 

It is easy to verify that under the condition 

(c3) f r-1p(0dt<oo 

the linear ordinary differential equation 

(13) x(n) + ( - l ) n + 1 p(0* = 0 

does not have any strongly monotone solution. Indeed, if g were a solution of 
the associated to (13) inequality of the form (E2), then we should have 

X ( n - 1 ) ! Jt ( n - 1 ) ! 

or 
\ n - l 

J, (n 
0" 
——— p(s) ds > 1 for all large t. 
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But this is impossible since by (C3) 

r f -(s-f)"-1 

p(s) ds = 0. 

However if the delay t — cr(f) is "large enough", then the associated to (13) 
retarded differential equation (3) may have strongly monotone solutions, as the 
following proposition shows. 

PROPOSITION 4. Consider the retarded differential equation (3) subject to the 
condition (C3). Suppose moreover that p(t)>0 for every t>t0 and 

(C4) for some A > 0 

(i) the function e~xt/p(0 is non-increasing for all large t. 
(ii) lim inf^oo p(t)exp[A(t-<r(f))]>Art 

(iii) liminft_>oop(0ex7r = K > 0 

(IV) hmsup^oo—— — - d s < l . 
<r(0 4(o ( n - 1 ) ! 

Then equation (3) has a strongly monotone solution. 

NOTE. It is obvious that if limsup^oo t/o-(t)<<x> then (iv) is a consequence of 
(C3). (For example: a(t)-t/v, v>l.) 

Proof. We consider the inequalities (8) and (9) as in the proof of Proposition 
3. If Tx>t0 is such that 

p(r)exp[A (t - or(f))] 2> An for every t > 7\ 

then, by substitution in (9), we can easily derive that this inequality has the 
solution 

g(0 = | e - ^ - l w / p [ c r - 1 ( 0 1 r ^ 7 \ . 

(The fact that l im,^, g(t) = 0 is an easy consequence of (C4), (iii).) 
Also, if T2>max{f0, 0} is such that 

t f°° 
—— sn 1p(s) ds<l for every f > T 2 

then we also have 

cr~l(t) r « , x , 
—-— ; — p(s)ds<l for every t > T 2 

t Jt (n — 1): 
and consequently 

(14) cr-^t) r ( ' " ° i
n ~ l p ( s ) d 5 < l for every r > T 2 

Jf ( n - 1 ) ! s 
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By (14) it is easy to see that (8) has the solution 

Now, if T>max{T l 9 T2} is such that 

then we have 

j 

1 
~ - i / . 

^ ext > — for every t > T 
t 2 

T T̂  F —j, x-, ior every r =s i . 

The proof of our proposition is now obvious. 

EXAMPLE. Consider the equation 

(15) x'(t)+^x(t-logt) = 0, f>l 

We have l im,^, t/t—log t = 1 and consequently the inequality 

h ( f ) > [ s"3 / 2h[s-logs]ds, r > l 

has the solution 

where a - 1 denotes here the inverse function of cr(t) = t—log f, t > l . On the 
other hand, it is easy to check that for A > | all conditions (C4), [(i)-(iii)] are 
also satisfied. Hence (15) has a strongly monotone solution. 

REMARK 2. In the case where (C3) is satisfied it is known (cf. (1)) that 
equation (1) has a (positive) solution x defined on some half-line [tx, <*>) and 
such that 

(Vf > tx)x
(i\t)x(i+1\t) < 0 (i = 0 , 1 , . . . , n -1) 

(16) 
l imx(f)>0 and limx(l)(t) = 0 (i = 1, 2 , . . . , n - l ) 
t—*oo t—x» 

Thus, under the conditions of proposition 4, we conclude that equation (3) 
has a strongly monotone solution and a solution x which satisfies (16). 

4. Discussion. The problem of establishing conditions under which (1) or 
more general equations do not have any strongly monotone solution was the 
subject of some interesting recent papers ((l)-(4), (7)-(ll)). We note that in 
some of these results (7), (10), (11) it is proved that, under certain conditions, 
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inequality (£\) does not have any (positive, non-increasing and tending to zero) 
solution. In this paper we also pointed out a result in this direction which is 
obtained by proving that, under condition (C3), inequality (E2) does not have 
any solution. It seems to us that our Theorem can be used in many directions 
for obtaining results concerning the existence or non-existence of strongly 
monotone solutions. It is also obvious that this theorem can easily be stated so 
that to include more general cases of (non-linear) differential equations with 
deviating arguments since some rather restrictive assumptions are not used in 
the proof of this theorem (for example the conditions which are referred to the 
function cr(t) except that a is continuous and lim^oo a(t) = 00). 
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