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Growth Estimates on Posni;tzive Solutions
of the Equation Au + Ku»2 =0 in R”

Man Chun Leung

Abstract. We construct unbounded positive C2-solutions of the equation Au + Ku("2/("=2) —= ¢ in
R" (equipped with Euclidean metric g,) such that K is bounded between two positive numbers in R”,
the conformal metric g = u*/("~2g, is complete, and the volume growth of g can be arbitrarily fast
or reasonably slow according to the constructions. By imposing natural conditions on u, we obtain
growth estimate on the L2/ ("~2)_norm of the solution and show that it has slow decay.

1 Introduction

In this article we derive LP-estimates on positive solutions of the conformal scalar
curvature equation

(1.1) Au+Kui=2 =0 in R”,

where n > 3 is an integer, A the standard Laplacian on R", K a smooth function.
Equation (1.1) relates the scalar curvature of the conformal metric g = yt/(n1=2) g to
4K(n — 1)/(n — 2), where g, is Euclidean metric [10]. It is assumed throughout this
note that

(1.2) 0 <a*<K(x) <b* forlarge x|

and for some positive constants a and b. The following estimates are known for any
positive smooth solution u of equation (1.1) with condition (1.2).

(1.3) / u(r,0)do < Cyr e
Sn—l

(1.4) / u%(x) dx < Czr%
B, (r)

for large r and for some positive constants C; and C, depending on u (see, for exam-
ple, [11]). Here B,(r) is the ball with center at the origin and radius r, and $" ! is the
unit sphere in R". We seek to obtain higher order estimates of the forms

(1.5) / uP (r,0)df < Csr®=mP2 p > 15
Sn—l
C n—(n—2)q/2 > n+2 2_11;
(1.6) / W) de < {4 1750047 =3
Bo(1) Cslnr q=:75,
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for large r, where C;, C,4 and Cs are positive constants. The above estimates are based
on the slow decay of u, that is,

(1.7) u(x) < Colx|?™/2 for large |x],

where Cj is a positive constant.

Our first observation is that, in general, (1.5), (1.6) or (1.7) do not hold. Taliaferro
[13] shows that positive solution of (1.1) outside a ball in R” with condition (1.2)
may not have slow decay. We modify the construction in [13] to obtain positive
C2-solutions of (1.1) in R" with K bounded between two positive numbers in R",
such that the conformal metric g = u*"=?g, is complete and the volume growth
of (R, g) can be arbitrarily fast or reasonably slow with respect to the constructions.
This suggests that the geometric structure of complete manifolds of bounded positive
scalar curvature could be very complicated (cf. [9]). It is observed in [6] that if
estimate (1.5) holds for some number p > 2n/(n — 2), then u has slow decay and
hence (1.5) and (1.6) hold for all p, g > 1. The integral in estimate (1.6) is the volume
growth of (R”, g) when g = 2n/(n — 2). In order to obtain (1.5) and (1.6) for large
p and g, additional conditions on K or u are required. By using a novel version of
the moving plane method, Chen-Lin ([2] [3] and [4]) and Lin [12] examine, among
other things, slow decay of u under the condition

C
T <|VK®)| <

(1.8) 0<
!

i for large |x]|
and for some positive constants «, C; and Cs.

To gain better understanding on u, consider the case when K is equal to a positive
constant, say K = n(n — 2)/4, outside a compact subset of R”. We express u as an
associated function on the cylinder R x §"~! by letting

(1.9) v(s,0) = \x\%u(x), where |x| = ¢fand 6 = x/|x| € S" !, x # 0.
Then v satisfies the equation

2 92
(1.10) AN Gl

852 v +K1/% =0 in ]R X Snilg

where Ay is the standard Laplacian on $"~!. Here K is interpreted as a function on
R x $"~! such that (s, #) — K(e*, 0) for s € Rand # € S""'. By a result of Caffarelli,
Gidas and Spruck [1], with improvements by Korevaar, Mazzeo, Pacard and Schoen
[8], either g can be realized as a smooth metric on §” (in this case u is said to have
fast decay), or

(1.11) v(s,0) = v.(s+ T)[1 + O(e ")] forlarges, § € S"!

and for some constants x > 0and T € R. Herev., e € (0, [(n — 2)/71](”_2)/4], is one
of a one-parameter family of positive solutions of the O.D.E.

"o (n—2)2V+ n(n—Z)Vﬂ

(112) n—2 = (0 1in ]R{,
4 4
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and € = min,cp v(t) is referred as the necksize of the solution [8]. As O.D.E. (1.12)
is autonomous, |v/| is bounded in R. Furthermore, the Pohozaev number

n—2

(1.13) P(u) = lim P(u,r) where P(u,r) =
r—+00 2n

/ x - VK(x)uHZT”Z(x) dx
B,(r)

is a negative number [8]. When K may not be a constant outside a compact subset of
R", we have the following results.

Theorem A Let u be a positive smooth solution of equation (1.1) with condition (1.2),
and v given by (1.9). Assume that there exist positive constants Cy and Cyg such that

ovy 2
1.14 ,0)do < Cy+C 2(s,0) do
(1.14) | (5 coa<ccn [ o

S gn—1

for large s. If P(u, r) > —&? for large r and for a positive constant 6, then

(1.15) / urr dx < C'Inr and |V ul?dx<C"Inr
By (r) B, (r)

for large r and for some positive constants C' and C"'.

Theorem B Assume that there exist positive constants Cyq and Cy, such that

(1.16) ‘ %‘ (5,0) < Ciy +Crav(s,0) forlargesand § € S" .

If P(u,r) > —&? for large r and for a positive constant &, then
(1.17) / ui(r,0)do < Cr"
Sn—1

for large s and for some positive constant C. Moreover, u has slow decay.

We prove theorems A and B in Section 4. Lower bounds on P(u, r) are obtained
in Section 3, and examples are constructed in Section 2. We use ¢, C, Cy, Cs, ... to
denote positive constants, which may be different from section to section.

Acknowledgements Part of the paper was written while the author was visiting the
Stanford University. I would like to thank the hospitality of the mathematics depart-
ment in general and Rafe Mazzeo and Rick Schoen in particular.

2 Examples

We begin with a construction of positive C2-solution u of equation (1.1) with K
bounded between two positive constants in R”, such that u is unbounded from above
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in R” (and hence does not have slow decay), and the conformal metric g is complete.
Throughout this note n > 3 is an integer. Let

A (n—2)/2
) forr>0 and X\ >0,

1) i(r ) = (575

where a,, = [n(n — 2)]"=2/4 and

Qp

W for x S ]R{n

(2.2) uo(x) = a(|x|, 1) =

Let {ex}72, C (0, 1) be a sequence of decreasing numbers such that

(2.3) D e=1,
k=1

{rn}2, a sequence of positive numbers such that r; > 1, 1y — 1 > 1 for k =
1,2,..., and {M;} a sequence of positive numbers such that M; — +o0o as k —
+00. For x'* := (r,0,...,0) € R", k = 1,2,..., there exist positive numbers )y,
k=1,2,...,such that

(2.4) ue(x) == a(|x — xl’k|, ) forx e R"
satisfies
(2.5) Awe+u " =0 inR",

1
(2.6) up(x) < exo(x) and | 7 ug(x)| < e for |x — xl"k| > 7 and
(2.7) w(xF) = AT > My

fork = 1,2,.... Using (2.3) and (2.6), it follows as in [13] that Z,ﬁo Uy converges
uniformly on compact subsets of R” to a positive C2-function. For a positive number

b, let

(2.8) ip(x) = (x> + )@ /4 forx € R".

We have

(2.9) Ay + Kyl 2 =0 inR",

where

(2.10) Ky(x) = @ (1 - "2;2 M'f%) for x € R".
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In particular

n(n —2)2

(2.11) < Kp(x) < M forx € R".
4n 2
Let
(2.12) u(x) = ip(x) + Z ur(x) forx e R".
k=0
It follows from (2.5), (2.9) and (2.11) that
22 2, —2) e
013 —Auw = (K 0+ 3w W] <
k=0

for x € R". Assume that x € By, (1/4) for some positive integer k'. Using (2.3), (2.6)
and the inequality (a + b)? < 2P=1(gP + bP) for a, b > 0 and p > 1, we have

nt2

@14) w500 = [0+ 1000 + Y w@)] " < (800 + 0 () + 2000
k£k!

n+2
n—2

nt2 n+2 nt2

<l () + w7 () +u (%)) € —oAu(x),

where ¢; and ¢, are positive constants depending on 7 only. Similar estimate holds for
x & By, (1/4) for k' = 1,2,..., if we choose ¢, to be large enough, which depends
on n only. Thus u satisfies the equation Au + Ku™?/"=2 = ( in R", where

K(x) = [—Au(x)][u2(x)]"" forx € R"
is a continuous function which is bounded in R” between two positive constants

by (2.13) and (2.14). (2.7) shows that u is not bounded from above in R"”. The
conformal metric u*/"=2)g, is complete because

(2.15) w0 () > @ P () > (1/2)]x] 7

for large |x|. Let

(2.16) V, := wn/m<w> M ldr = w, /M<M> "t
0 0

A2+ 12 1+12
for A > 0, wheret = A~ !r and w,, is the volume of the unit sphere in R”. By choosing

ry. suitably far from each other, together with (2.16) and the fact that the first integral
in (2.16) concentrates more on a neighborhood of 0 for smaller A, we have

(2.17) / U (x) dx < Cylnr
B,(r)
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for large r and for a positive constant C,.

Next, given a function ¢: [0,00) — [0, 00), we construct a positive C2-solution
u of equation (1.1) with K bounded between two positive constants in R”, such that
the conformal metric g = u*/"~?)g, is complete and

(2.18) / u"%(x) dx > ¢(r) forr > 2.
Bo(r)
Without loss of generality, we may assume that ¢ is increasing and ¢(0) > 10V,,. For
k=1,2,...,let Ny be a positive integer such that
(2.19) Ny > 2V, 'gp(k+2) fork=1,2,...

Let {ex}2, C (0, 1) be a sequence of decreasing numbers such that
o0

(2.20) ZNkek <1.
k=1

Let 0y = 27 /Ny. Let

(2.21) xij = (ksin(jOx), kcos(jby),0,...,0) € R" forj=1,2,...,Nj,
and

(2.22) ur j(x) = a(|x — x j[, \) forx€ R"and j =1,2,...,Nj.
We choose A\ to be small so that

(2.23) ug j(x) < extto(x) and | 7 g j(x)| < € for |x — xi j| > 7/(10Ny),
and

Y v,
(2.24) / u,?;z(x)dxz - forj=1,2,...,Nj,
By, (r/(10NY) 2

where By, | (7r / (IONk)) is the ball with center at x; ; and radius equal to 7/(10Ny).
(2.24) is possible because, when ) is smaller, the first integral in (2.16) concentrates
more on a nei%l’lborhood of the origin. It follows from (2.20) and (2.23) that the

series Y o, j—1 Uk,j converges uniformly on compact subsets of R” to a positive

C?-function. Let
oo Ni

u:ab+uo+22uk7j in R".

k=1 j=1

As above, we have Au + Ku(™?/=2) — 0 in R", where K is a continuous function
on R” that is bounded between two positive constants. For any r > 2, let k be the
integer such that k + 1 < r < k+ 2. By (2.19) we have

Ni
V,.Nj 2
o <ok <y uf () dx
2 = B, /00Ny

§/ u%(x)dxg/ u%(x)dx.
B, (k+1) By(r)
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3 Estimates on P(u,r)

Let P(u, r) be given by (1.13) in the introduction. The Pohozaev identity (see, for
example, [7]) states that

ou\?2 r , n—2 o n—2 Ou
(3.1) P(u,r)—/sr[r(g) —E|vu| + > rKum—2 + Sl ds

for r > 0, where S, = 0B, (r) is the sphere of radius r.

Theorem 3.2 Let u be a positive smooth solution of equation (1.1) with condition (1.2).
Assume that u is bounded from above in R" and

C
|x|(n+2)/2 (ln |x| )1+e

OK
(3.2) E(x) > —

for large |x| and for some positive constants C; and €. Then P(u,r) > —4° for large r
and for a positive constant 9.

Proof Fixing a large number R and using (1.4) we have

K n
/ ra—(x)uﬁ(x) dx
By(mDR\By(mR) 0T
C1 / _2n_
> — . un—2(x) dx
(mR) [In(mR)]'™*¢ /g ((ms1)R)\B,(mR)
> . G ; / u%(x) dx
(mR) 2 [In(mR) '€ Jp (ms1)R)\B,(mR)
Cs[(m+ 1)R]"® - Cy

= (mR)i[In(mR)]"* = m(lnm)i*e

for any positive integer m larger than 1, where r = |x|. Here C,, C5 and C, are positive

constants. As the series
o0

1
Z m(In m)1+e

m=2
converges, we conclude that there exists a positive constant § such that P(u,r) > —5?
for large r. ]

Theorem 3.4 Let u be a positive smooth solution of equation (1.1) with condition (1.2).
Assume that there exists a positive constant ¢ such that

0K c .
. —_— > n—1
(3.3) o (r,0) > 5 forlarger and 6 € S
If there exist positive constants C and A € (0, 1) such that
ov "212 A
4 < O
(3.4) /SH ( 85) (5,0)dh < Ce

for large s, then P(u, r) > —&? for large r and for a positive constant 6.
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Proof For a positive number € > 0 such that e + A\ < 1, using Young’s inequality we
have

%(/S Fuit (r, 0) ds)

_ %(/ P ) df )
-

_n-l+e +E/ P (1 ) 6 + —2 / i ()2 1 0y g
r o n—2 Jo or
—l+e¢

= / YU (1 0) d6
Snfl

r

n—2 2

C
<2 {r
7'2_6 gn—1

Cs aV nzfz CG
= hid < 5
r2—¢ /SH ( 05) (s,6)db < r2A—e

for large r, where r = ¢’ and Cs and Cy are positive constants. It follows that there
exists a positive constant C; such that

2 nt2 -2
" / w3 0)[ 24 12 )1 g
g1 or r

2n

22 )

[N

(3.5) / rFuis ds <C; or / U ds < Cyr ¢
S, Sy

for large r. For a fixed large number R,, we have

2 OK R .
" P(u,R) = / re—uit dx > —Cg — Cg/ ril/ uir dSdr > —Co
n—2 B,R) OF R, s
for large R with R, < R. Here Cg, Cg and Cy are positive constants. [ |

4 Proofs of Theorem A and B

Proof of Theorem A Let

1
(4.1) w(s) = 5/ v2(s,0)df fors e R,
Sn—l

where v is defined in (1.9). Using equation (1.10) we have

1 _ aV 2 2
42) w (s)_/sm(&) (s’a)dm/&,ﬂwg Vs, 0)* d6

— 2 o
+ ( " 2) / (s, 0) do — / K(&, 0w (s, 0) do
2 8"71 Sn—]
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for s € R. The Pohozaev identity can be expressed as

(4.3)
S\ 81/ 2 . 2
2P(u,e)f/snil(—8s) (s,0)do /SH\W v(s, 0)* do

— 2\ 2 -2 n
- (” ) / V(s,0)do + = / K(&,0)vi (s, 0) db
Sn—l Sn—l

2 n

for s € R [6]. It follows from (1.2), (1.4), (4.2) and (4.3) that

2a* Zn
(4.4) w'(s) < Cy + Cz/ v2(s,0) do — i/ vi—2(s,0) do
gn—1 n gn—1
for large s, where C; and C, are positive constants. Applying Young’s inequality we
obtain
2a° o )

(4.5) vi=2(s,0)d0 < C; —Cy vo(s,0)do

Snfl Sn—l

for large s, where C3 and Cy are positive constants. Furthermore, by choosing Cs to
be large, we can take C4 to be large as well. Hence there exists a positive constant Cs
such that

(4.6) w''(s) < Cs — w(s) forlarges.

From (4.6) it is easy to see that w(s) is uniformly bounded from above for large s. To
prove this assertion, assume that there is a large s’ such that w(s’) > Cs + 1. (4.6)
implies that w’/(s") < —1. Let s, be a number larger than s’ such that w(s,) < Cs+1
and w'(s,) < 0. If w(s) < Cs + 1 for all s > s,, then we are done. Assume that s, is
the smallest number larger than s, such that w(s;) = Cs + 1. We claim that

(4.7) D:=w'(s1) < 2(Cs +1).

Let § € (s,,51) be the largest number such that w/(5) = D/2. As w’’ < Cs on (s,, 51),
we have s; — § > D/(2Cs). On the other hand, w' > D/2 on (5, s1). Therefore we
have
. D D
Cs+1>w(s)) —w(i) > — - -— =D <4C5(Cs +1).
2Cs 2

Hence we have (4.7). From s;, w(s) can become no larger than (Cs + 1) +
[2(Cs + 1)]? before w'(s) becomes negative again. Hence we conclude that w(s) is
uniformly bounded from above for large s.

From Pohozaev identity (3.1) we obtain

ou\? n-—2 w n—2 Ou
2 e R n—2 _ —
(4.8) /S r| 7 ul dS—Z/Sr[r( ar) o rKu o — uar} dS —2P(u,r)
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for r > 0. We have
ou\ 2 ou n—2uj?
/S/(E) ds_A’[E* T s
n—2\2 2
n—Z)/u—dS— ) /“—ds
2 S, T

for r > 0. Using (1.14) and the fact that w is bounded from above we obtain

-2 -2 2
(4.10) - u@dsz/u[@ﬂ E} s+ = /”_ds
s, r 2 S,

(4.9)

or 2 r
_ 2 2
</ [y n 2] ds+f/”—ds
or 2 r 2 Js 1
v 2 n 2
_ ov n <
/SH<85) (5,9)d9+2/snilv(5,9)d9_C6

for large r and for a positive constant Cg, where r = ¢’. It follows from (4.8), (4.9)

and (4.10) that
C - 2 n
/|Vu\2d5§—7+n /KunszdS
S, r n S,

for large r, where Cy is a positive constant. Therefore we obtain

-2 i
/ Kui? dx
B,(r)

for large r and for a positive constant Cg > C;. On the other hand we have

/ Kur dx = / u(—Au) dx = / | 7 ul* dx — / u@ as
B(r) B(r) B(r) s, Or
2

_2n_
Kun—2 dx + Cg

(4.11) / |Vu|2dx§C81nr+n
B, (r)

n—
< Cglnr+
n JB,(r)

for large r, where we use (4.10). Hence there exists a positive constant Cy such that

/ Kuiz dx < GCylnr
Bo(r)

for large r. If u € L2/ (=2 (R"), then clearly we have the first inequality in (1.15).
Assume that u ¢ L*"/"=2(R"). Using (1.2) we have

n 2 n 2C
/ unzfzdxg —2/ sz—zdxg —zglnr
B, (1) a” JB,(r) a

for large r. Hence we have the first inequality in (1.15). The second inequality follows
from (4.11). [ |
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Proof of Theorem B From the proof of theorem A we have

(4.12) / ”zix) ds = / V2(s,0) d = 2w(s) < Cyo
S, g1

for large r, where r = |x| = €' and Cy is a positive constant. By using (1.16) and
(4.12) we also have
(4.13)

[olGee 2 as= [ e[t = [ (5) <

for large r, where Cy; is a positive constant. It follows from Pohozaev identity (3.1)
that

-2 2 —2u1?2
(4.14) /7|V“|2d5§C12+n /rKumdsu/r[@ﬂ “as
Sr n N S, or 2 r

ou n—2u

) 5 P —2u2
<Cp+ /rKu"TZdS+C14/r[ v ﬁ} ds
n S, S,

E 2 r

2 -2 "
+c15/”—alsgcm+’1 /rKumds
s, T n S,

r r

for large r, where we use (4.12) and (4.13). Here C;, C;3, C14, C15 and Cy¢ are positive
constants. (4.14) implies that there exists a positive constant Cy7 such that

n—2

(4.15) / r| 7 u)? dx < C7R + / rKu= dx
B,(R) o JB,(R)

for large R. We have

(4.16) / rKui= dx = / (ru)(—Au) dx
B,(R) B,(R)

:/ r|vu\2dx+/ u@dx—R/ u@dS
By(®) By O s Or

for R > 0. Using (4.13) we obtain

-2 -2 2
(4.17) / u@dx:/ u[@+n E} dxf’1 / u—dx
B,(R) OF B,(R) - OF 2r 2 Jpw T

0 —2ui?
Scls/ r{_qun E} dx < C9R
B,(R) 5r 2 r
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for large R, where C5 and C)9 are positive constants. As in (4.10) we have

0
(4.18) ‘R/ us dS’ < CyR
Sr 87

for large R, where Cy is a positive constant. From (4.15), (4.16), (4.17) and (4.18)
we obtain

2 2
(4.19) —/ rKum2 dx < Cy;R

" JB,(R)

for large R, where C,, is a positive constant. Using (1.16) we have

dir(/ Py dS)
S,
= %(/ Py dﬁ)
Sn—l

n 2n n+: 8”
=m+1) | rurTdo+ / P 2= e
gn—1 n—2 gn—1 87

:/ U do + 2n / r”“u"”%zz[@ + n—ZE} do
g1 n—2 Jeu1 or 2 r
ik 2 n+: n+t! n 8 — 2
:/ = " / (r%uﬁ){ri{_u_;_n E}}d@
gn—1 n—2 Je1 or 2 r

2n

n n a - 2 n—2
Ssz/ rnuﬁ d9+C23/ {77[—u+n E]} do
sn—1 sn—1 81’ 2 r

P

2n ov |2

= C22 r"un—2 do + C23 -
gn—1 gn—1 85

do

2n
< C24/ r"un—2 do + Cys
gn—1

for large r, and for some positive constants Cy,, Cy3, C24 and Css, where r = ¢°. Hence

2n R 2n 4 R o /
(4.20) [ RPuisds— / (/ Py ds) dt < Cyg + / (/ uis ds) dt
Sr 0 S To N
R 2
< Cy + C24/ / tun—2 dSdt + Cys(R — 1,)
7o St

2n
< CypR +Cyg / run—2 dx
B, (R)

for R and r, large, with R > r,. Here Cy, C,7 and C,4 are positive constants. Consider
the case when u ¢ L2/ (=2 (R"). It follows from (1.2) and (4.19) that

(4.21) / run dx < C29/ rKum dx < C3R
B,(R) B,(R)
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for large R and for some positive constants Cy9 and C3y. Clearly we have

(4.22) / run1 dx < CyR
B,(R)

for large R and for some positive constants Cs; if u € L*/"=2(R"). From (4.20),
(4.21) and (4.22) we have (1.17). By the results in [11] (see also [6]), we obtain slow
decay (1.7) as well. [ |
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