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On Hardy kernels as reproducing kernels

Jesus Oliva-Maza

Abstract. Hardy kernels are a useful tool to define integral operators on Hilbertian spaces like L? (R™)
or H2(C"). These kernels entail an algebraic L!-structure which is used in this work to study the
range spaces of those operators as reproducing kernel Hilbert spaces. We obtain their reproducing
kernels, which in the L>(R™) case turn out to be Hardy kernels as well. In the H*(C™") scenario, the
reproducing kernels are given by holomorphic extensions of Hardy kernels. Other results presented
here are theorems of Paley—Wiener type, and a connection with one-sided Hilbert transforms.

1 Introduction

Let1< p < oo, and let H be a Hardy kernel of index p, that is, a mapping H : (0, c0) x
(0,00) - C which is homogenous of degree -1 and satisfies [, |H(1,s)[s™"/*
ds < oo (see Definition 2.1). As a straightforward consequence of the celebrated
Hardy’s inequality [9, Theorem 319], one obtains that H defines an operator Ay given
by

(L1) (Auf)(r) = /OOOH(r,s)f(s)ds, r>0, feL’(RY),

which is bounded on L?(R™"), where R* := (0, o). Hardy’s inequality also allows us
to define a bounded operator Dy on the Hardy spaces on the half plane H?(C*),
where C* := {z ¢ C|9Rz > 0}, by

(DyF)(z) = fo " H(j2], s)F(s) ds

(1.2) - |
= / H(1,5)F(sz)ds, z=lze' eC*, Fe HP(C),

0
where FO(r) := F(re'?), for r >0, 8 € (-7/2,7/2). Indeed, the last term in (1.2)
shows that Dy F is holomorphic (see, for example, [11]), and the boundedness of Dy F
follows by an application of Hardy’s inequality together with the realization of the
norm of H? (C*) given in [19] by

- L BT YNy ); POt
3 |Flm = sup (Mfo F(nPdr)’,  FeH(CY).

—-m/2<0<m/2
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We will refer to these families of bounded operators on L?(R*) and H?(C*) as
Hardy operators. These families have been actively studied, and are often labeled as
Hausdorff operators due to its relation to the Hausdorff summability method through
the function ¢(t) := H(t,1) for ¢t > 0 (see the survey articles [4, 15] for more details).

On the other hand, recall that a Hilbert space X of complex-valued functions with
domain Q is said to be a reproducing kernel Hilbert space (RKHS) if and only if point
evaluations L, f := f(x) are continuous functionals for all x € Q. Then, by the Riesz
representation theorem, for each x € Q, there exists a unique K, € X such that f(x) =
L.f = (f|Ky) for all f e X, where (-|-) denotes the inner product in X. Then the
reproducing kernel K : Q x Q) — C of X is defined by

K(x,y)=K,(x) = (K, |Ky), x,yeQ.

The kernel K determines the space X. More precisely, X can be recovered from K as the
completion of span{K, | x € Q} under the norm given by scalar product (K, | K, ) :=
K(x, y) (see the proof of the Moore-Aronszajn theorem [1]).

In this paper, we focus on the range spaces of Hardy operators in the Hilbertian
case, that is, for p =2. We show that these spaces are RKHSs and obtain their
reproducing kernels. Our work is partly motivated by papers [7, 8], where the range
spaces of generalized Cesaro operators €, on L*(R*) and H?(C*) are analyzed as
RKHSs. In this context, it is more appropriate to deal with Hardy operators using
Hardy kernels H rather than one-dimensional functions ¢ associated with Hausdorff
operators. Indeed, the set §),, of Hardy kernels of index p is naturally endowed with a
structure of convolution (see [2, 6, 13]). More precisely, §),, is a Banach algebra with
multiplication e given by

(1.4) (HoG)(r,s) = fow H(r, )G(t,5) dt

(see Section 2).

In the setting of Hardy operators on L*(R*), our main result is that, for a
Hardy kernel H of index 2, the range space A(H) = Ay (L*(R")) becomes an RKHS
(continuously included in L?(R")) if and only if H belongs to a certain ideal of £,
(see Theorem 3.3). In this case, the reproducing kernel K of A(H) is itself another
Hardy kernel, given by

(1-5) KH=HOH*,

where H” is the adjoint kernel of H (see Definition 2.2).

In the setting of Hardy spaces on the half plane, we prove in Theorem 4.3 that, for
a given Hardy kernel H, the range space D(H) of a Hardy operator Dy is an RKHS,
continuously included in H?(C™"), with reproducing kernel given by

Ky =(HeSeH ),

Here, § is the Stieltjes kernel and (-)"°! denotes the extension to C* x C*, which is
holomorphic in the first variable and anti-holomorphic in the second one, whenever
such an extension exists (Theorem 4.3).

Next, we establish Paley-Wiener-type results in Section 5. We show that the
Laplace transform £ provides an isometric isomorphism between A(H) and D(H")
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(see Definition 2.2 for H'), and between A(H) and D(H) under additional require-
ments on H.

In Section 6, we apply the results of preceding sections to several examples of
range spaces of Hardy operators, such as generalized Cesaro and generalized Poisson
operators. In particular, we retrieve results concerning generalized Cesaro operators
in [8], with simpler proofs.

2 Banach algebras of Hardy kernels
In this section, we are concerned with arbitrary p € [1, o).

Definition 2.1 Let1< p < oo, and let H : R* x R* - C be a measurable map. H is
said to be a Hardy kernel of index p if the following conditions hold.

(i) H ishomogeneous of degree —1; that is, for all A > 0, H(Ar, As) = A™'H(r, s) for
allr,s > 0.

(i) J;7|H(1,s)|s"/?ds < oo, which is equivalent to [~ |H(r,1)|r"V?"dr < oo,
where p’ is such that 1/p + 1/p" = 1 (with p" = oo if p = 1 as usual).

Hardy kernels are useful tools to construct bounded operators on the Lebesgue
spaces LP(R*) through (1.1). This is a well-known result of Hardy, Littlewood, and
Pélya (see [9, Theorem 319]), and it is part of folklore that such operators can be
described as convolution operators by identifying a Hardy kernel H with the function
g € L'(R) given by

gu(t)=HLe e teR

(see, for example, [2, 6]). If one wants H — g to be a bijection, one must consider the
following equivalence classes in the set of Hardy kernels of index p. We set that two
Hardy kernels H, G of index p are equivalent, H ~ G, if and only if H(r,1) = G(r,1)
for a.e. r > 0. From now on, ), will denote this set of equivalence classes of Hardy
kernels of index p, and we will refer to H € $), as a Hardy kernel rather than an
equivalence class of Hardy kernels, so we identify an equivalence class by any of its
elements.

As a consequence, the mapping @, : ), —» L'(R) defined by ®,(H) := gy is
a bijection, with inverse given by (®,'¢)(r,s) = r s g (log?), for ae. r,s >
0, g€ L'(R).

Next, we endow the linear space ), with the norm and product given, respectively,
by [Hls, = |9p (H) sy, Ho G i= ®31((9pH) % (0,G)) for all H,G e Sy,
where * stands for the usual convolution of two elements of L'(R). We will denote
the Banach algebra of bounded linear operators on a Banach space X by B(X).

Proposition 2.1 Let 1< p < oo. The space §), is a commutative Banach algebra if
provided with the norm and product

IHls, = [ IHs)ls™7 ds,

(HoG)(r,s):/;MH(r,t)G(t,s)dt, rs>0.
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Moreover, the mappings A, :$, > B(LF(R")), D,:$, > B(H?(C")), given by
A,(H) = Ay and D,(H) := Dy, are bounded Banach algebra homomorphisms.

Proof Itisreadilyseenthat |H|s, = | gr|ucr) =[5~ [H(Ls)|s™/? ds. Letus prove
the product identity. It follows that for H, G € §,,

(HeG)(r,s) = (I);1 (CDP(H) * CDP(G)) (r,s) = rYpg I (gu * g6) (logg)

— Ve lp f TG e e H (1, e 7108010 (=108 /)10’ gy

:lwa(l,u_l)H(l,uf)d—u:E[OOH(LK)G(I,E)@
rJo r)u rJo r v) v
=f H(r,v)G(v,s) dv, r,s>0.

0

Next, it follows by Hardy’s inequality [9, Theorem 319] that Ay |5 e) < [H]s,-
Moreover, one has that
(Amc () = [ (HeG) o) f(s)ds= [ “Hro) [~ Gts)f(s)dsdt
0 0 0
= (AgAcf)(r), feLl?(R"), aer>0.

Note that (DgF)? = Ay F?. Thus, by (1.3) and what we have just proved,

1
IDuFlur < |Anlsasy  sup  —|F’|u <[Hls, |Fla, FeH(C").

-m/2<0<m/2

Similarly, (DpeF)? = ApeF® = AgAGF® = (DyDGF)? for any F € H?(C*) and
0¢ (g,g),andthus Dyeg = DyDg. ]

Next, we give a few definitions and properties regarding Hardy kernels that will be
needed later. Let us denote by z the conjugate of z € C.

Definition 2.2 Let1< p < oo,andlet H € §,.Set H'(r,s) := H(s,r) forall r,s > 0.
Similarly, set H*(r,s) := H(s,r) forall r,s > 0.

Remark2.2 Letl< p<oo,andlet H,G € §,.Onehasthat H', H* € §),/, that (H e
G)"=H"eG",(HeG)" =H*"eG*,and that (H")* = (H*).

Definition 2.3 Let1< p < co. We define J, ¢ ), as J, := ®,'(L'(R) n L? (R)).

Clearly, J, is a dense ideal of ), since so is L'(R)n L (R) in L'(R). We
characterize its elements in the lemma below. For H € ), define the family (H; ) er+
of complex-valued functions defined a.e. in R*, given by {H; := H(-,s) |s e R*}. In
particular, H} = H(r,-) forany r > 0.
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Lemma 2.3 Let1< p < oo, and let H € §),. The following are equivalent.
(i) Hed,

(i)  (HT)po c L? (RY).

(iii) HJ e LF'(RY).

In any of the above cases, one has that
_1 1
|H; HLP'(]R+) =r?’ \|H1T”LP’(R+) =r? ”gH”LP'(]R)’ r>0.

Proof  All the statements of the equivalence are straightforward to obtain using the
homogeneity of degree —1 of H and the definition of the function gg. Let us show the
equivalence (i) < (iii). For1< p < oo,

. oo .\ o et 1/p
= ([T @ as) = (T et dt) T = guly

For p =1, it is straightforward that |H] | = ||gn |« since gu(t) = H(1,e™") for a.e.
t>0. [

3 Hardy reproducing kernels on R* x R*

In this section, we analyze the range spaces of Hardy operators on L*(IR"), although
some minor results are also valid for general p. Our main motivation is to characterize
the conditions for which these range spaces are RKHSs (Proposition 3.2).

Definition 3.1 Let1< p < oo,andlet H € §),. Let A(H) be the range space
A(H) :={Anf : feLP(R")}.

We endow A(H) with a Banach (Hilbert if p =2) space structure through the
canonical identification A(H) 2 LP(R*)/ker Ay.

Let C(R*) denote the space of continuous functions on R*.
Lemma3.1 Letl<p<oo,andletHeJ,c$, Then A(H)c C(R").
Proof Let f € LP(R*). We have that

(AHf)(r):waH(r,s)f(s)ds:waH(l,t)f(rt)dt:(T,f,HlT), forall > 0,

where (7, f)(¢) := f(rt) for t > 0, (-, ) denotes the dual product between L? (R*) and
L? (R*), and H{ is defined before Lemma 2.3.

Since the mapping r — 7,f from R* into L?(R*) is continuous for each f ¢
LP(R*), it follows that (7, f, H') = (A f)(r) is also continuous in r; that is, Ay f €
C(R*), as we wanted to show. ]

As a consequence of the lemma, point evaluations are well defined on A(H)
whenever H € J,,. Indeed, the proposition below adds a bit more information.
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Proposition3.2  Let1 < p < oo, andlet H € 5),,. Then point evaluations are continuous
functionals on A(H) if and only if H € J,. In this case, for all f € A(H),

lf(r)| < rfl/pHHlTHp’HfHA(H)’ r>0.

Proof Let us assume first that point evaluations are well defined and continuous
on A(H), so for all r > 0, the mapping Q, : L?(R*) - C given by Q,f := (Auf)(r)
is a well-defined continuous functional. Therefore, there exists g, € L” (R*) such that
(Auf)(r) = [, g:(s)f(s)ds for all f e LP(R"), which implies that H(r,s) = g,(s)
for a.e. s > 0. By Lemma 2.3, one gets that H € J,.

Now, let us assume that H € J,. By Lemma 3.1, it follows that point evaluations

are well defined on A(H). By Lemma 2.3, one has that (H] ),cg+ ¢ L? (R*). Let f €
A(H), g € LP(R") be such that f = Apg. Let [g + ker Ay ] be the quotient class of
LP(R*)/ker Ay containing g. It follows that, for all g € [g + ker Ay ],

O = 1A = | [ H)F0s) ds| = (B2

< i f HT rd = HT ’ +k A +
it 11y = 1 L e Al e

= PIE |y flagn, V>0,

where (-,-) denotes the dual product between L? (R*) and L? (R*). Therefore, point
evaluations are continuous on A(H). ]

The next theorem gives the reproducing kernel Ky of A(H) for H € J,, which turns
out to be a Hardy kernel as well.

Theorem 3.3  Let H € $),. Then A(H) is an RKHS if and only if H € J,, and in this
case, its reproducing kernel Ky is continuous and given by

KH(r,s):foooH(r,t)H(s,t)dt, forr,s> 0.

Then Ky € $,, satisfying Ky = H e H*. As a consequence, K+ = Kg.

Proof By Proposition 3.2, A(H) is an RKHS if and only if H € J,, and in this case,
A(H) is isometrically isomorphic to L*(R")/ker Ay & (ker Ay)*. Let us compute
its reproducing kernel. Assume that f € ker Ay, so it follows that

(FIHDw = [ Hww) f()dv = (Auf)(w) = 0,
for all u > 0, where H(v) = H(u,v) = H,,(v) for a.e. v > 0. Therefore, one has that
H; e (kerAp)* c L*(RY) forall u > 0.

Now, let h, = AyH} € A(H), and let f € A(H), so that f = Ay g for a unique g €
(ker Ap)*. Since A(H) = (ker Ay)*, it follows that, for all u > 0,

(V)i = (@ HD s = [ H(uv)g(v) dv = (Aug) () = f(w).

https://doi.org/10.4153/50008439522000406 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439522000406

434 J. Oliva-Maza

Hence, Ky (v,u) = hy(v) = (AgH})(v) = [~ H(v,t)H(u, t) dt for all u,v >0, as
we wanted to show.

Moreover, Ky = He H* = H* @ H = K+ by Proposition 2.1 and Definition 2.2,
and in particular Ky turns out to be a Hardy kernel. The continuity of Ky in
each variable follows from the inclusion A(H) ¢ C(R*) (Lemma 3.1) and the fact
that Kg(r,s) = Ku(s,r), forr,s >0 (see, for example, [17, Lemma L1.2]).
But then, Ky:R* xR* - C is continuous jointly on both variables since
Ky (r,s) = s 'Ky (r/s,1). |

Let . be the one-sided Hilbert transform on L? (R*) defined by

1 [e<]

56 f()mpyvt [TX D g xs0, Ferrry)
nJo x-r

The boundedness of H, on L?(R*) for 1< p < co immediately follows from the

boundedness of the Hilbert transform on L? (R) (see, for example, [5]). The following

theorem has been inspired by [11, 14].

Theorem 3.4 Let 1< p < oo, and let H € §),. One has that H, Ay = AyJ,. There-
fore, H,. defines a bounded operator on A(H).

Proof Let f € LP(R*). Then, for all x > 0,

(9, (Anf))(x) = lim — !

(31) e=>0* 71 J(0,x—¢)U(x+e,00) X — T

fom H(1,s)f(rs)dsdr
f) dvds.

(0,s(x—¢€))u(s(x+e),00) XS —V

b 1
lim H(1,s)—
e—=0t Jo T
Here, we have applied Fubini to commute the integrals since ;™ |[H(1,s)f(-s)|ds €
LP(R*) and x%(.))((o,x,s)ﬁ(xﬂ)m)() e LP (R*) forall1 < p < oo.

Recall that the maximal operator MJ, defined as (MFH, f)(x) :=sup,., [(Hs e f)
(x)], for all x > 0, belongs to B(LP(R*)), where

1 1
(Hief)(x) = - f(o,x_e)u(xﬂm) = Sf(s) ds, >0, forx>0
(see, for example, [5, Corollary 3.13]). As a consequence, the bound |H(1, s)(Hy s f)
(xs)| < |H(1, s)|(MH, f)(xs) holds for every ¢ > 0, a.e. s > 0. By Hardy’s inequality
[9, Theorem 319], |H(1, s)|(MH, f)(xs),as a function on s > 0, belongs to L' (R*) for
a.e.x > 0. Thus, we apply the dominated convergence theorem to (3.1) to commute the
limit and the integral /™. Hence, A(H) is J(. invariant, and then the continuity of
J(, follows by the closed graph theorem. [ ]

4 Hardy reproducing kernels on C* x C*

Next, we proceed to analyze the range spaces of Hardy operators on the Hardy spaces
of holomorphic functions on the right-hand half plane H*(C*).
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For 1 < p < oo, recall that the Hardy space H? (C") is formed by all holomorphic
functions F on C* such that

1 ) 1/p
HFHHP::SUP(Zf |F(x+iy)|pdy) < o,

x>0

It is known that H?(C*) is an RKHS, with reproducing kernel X given by
1 +
K(z,w) = ——, z,weC
zZ+w
(see [12, Chapter VI]). Notice that the restriction of X to R* x R* defines the Stieltjes
kernel §(r,s) = --. Onehas that 8 € §), forall1 < p < oo. Recall that Dy is the Hardy

P

operator on H? (C*) associated with H € §),, through (1.2).

Definition 4.1 Let1< p < oo, and let H € ),. Endow D(H) := Dy (H?(C*)) with
the structure of Banach space induced by the canonical isomorphism D(H)
H?(C*)/ker Dy.

Remark 4.1 Let H € $),. Using that DyF = f H(1,s)F(s -)ds, it is simple to
0

see that (DyF|G)y2 = (F|Dy+G)ye in the inner product in H*(C*). Since all
Hardy operators commute between themselves (see Proposition 2.1), Dy is a normal
operator.

Next, we give the main theorem of this section, for which we will need the following
lemma and definition. Set X,, := K(-,w) forall w € C*, so X,, € H*(C").

Lemma 4.2 Let H € $),. Forall ze C*, one has that

fo IH, )Ke |1 dt < oo

Proof Note that the vector-valued function ¢t — H(1, t)XK,, is strong measurable,

since ¢~ H(1,t) is measurable, and w ~ X, is continuous from C* to H*(C?).
Then, forall z € C*,

[0°°|H(1, 1Kz 2 dt:[0m|H(1, DIV (Kre Koz ) dt:fO”\H(L OINVK (tz, t2) di
- \/fK(z,z)/(;oo|H(1, O dt = /K (z,2)|H]s,, < oo.

Definition 4.2 We define ﬁg”l to be the subset of §), consisting of those H € ),
with extension H"*! : C* x C* - C such that:

o H(r,s) = HhOI(r,s) forr,s >0,
« the map z ~ H"°!(z, w) is holomorphic on C* for all w € C*, and
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« the map w - H"!(z,w) is holomorphic on C* for all z € C*.
Note that if H € $) g"l, the extension H"*! is unique.

Notice that the Stieltjes kernel 8 satisfies that S € Y)"],”l with §"°! = K.

Theorem 4.3 Let H e $),. One has that HeS e H* ¢ 55;“”, and that D(H) is an
RKHS with reproducing kernel Xy given by

Ky =(HeSeH ),

Proof Let Gbein (ker Dy)* such that F = Dy(G) € D(H).
|Fllg2 = |DuGllae < |Dul 32y |Glaz = [ Drl sy | Fllom)-

Since H?(C") is an RKHS, it follows from above that D(H) is an RKHS too. Let us
compute its reproducing kernel Kp. As before, set X,,(z) = K(z,w).For F = DyG «

D(H), z = |z]e’® € C*, and G € (ker Dy)*, we have
(4.1)
F(2) = [ “H(el9)G" () ds = [ TH(2$)(GlKow)in ds = [ THL1)(GIKie) i dt

:fooo(G|metz)H2dt:(G‘fowmxtzdt) :

H2

z

where one can intertwine the integral sign with the inner product by Lemma 4.2.
Let J € ker Dy. By substituting F by D] = 0 and G by ] in (4.1), one concludes that
Jo H(L,t)X,.dt € (ker Dy)*. Then, we have that

F(z) - (G\ A wmxtzdt)m . (F\DH ( A ooH(l,t)fKtzdt))I)(H).

Therefore, after rearranging some variables, one gets that the reproducing kernel Ky
of D(H) is given by

Ku(z,w) = [DH (fommﬂqw dt)] (2), z,weC*.

Now, let us see that the expression above coincides with the one given in the statement
forallz,w e R*:

[DH(fowm:K,Wdt)](z) - meH(z,s)(fommﬂctwdt) (s) ds
= ’/O\OOH(Z,S)-/O\OOmK(S,tW)dtdS=AWH(Z,S)AMS(S,M)mdudS

= fomH(z,s)/OMS(s,u)H*(u,w)duds:/;WH(z,s)(SOH*)(s,w)ds
= (He8eH")(z,w).

Therefore, Ky (z,w) = (He S @ H) (z,w) forall z, w € R*,
Since all the elements in D(H) c H*(C*) are holomorphic, we have that
Ku(z,w) is holomorphic in z, so it is determined for all (z,w) € C* x R* by its
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restriction at R* x R*. Moreover, since Xy is a reproducing kernel, we have that
Ky(z,w) =Kg(w,z) (see [17, Lemma 1.1.2]), and as a consequence, Kg(z, w) is
anti-holomorphic in w, and by the same reasoning as before, K (z, w) is determined
for all z,w e C* by its restriction to C* x R*. All these statements imply that
H eS8 e H* ¢ $° and that its holomorphic extension is precisely K. [ ]

5 Paley—Wiener theorems for range spaces

We wish to start this section with the following remark. Paley-Wiener’s theorem states
that £ : L*(R*) — H*(C") is an isometric isomorphism, where £ is the Laplace
transform given by

(5.1) (Lf)(z) = fo T e f(r)dr,  fel*(RT),zeC*

(see [18, Theorem V).

This classical L* — H* Paley-Wiener theorem can be used to prove that H*(C*)
is an RKHS with kernel X(z,w) = ZJ%W [10, Proposition 1.8]. Conversely, one can
reverse the implications of such a proof to obtain the L? — H? Paley-Wiener theorem
using RKHS theory (note that the kernel X of the space H*(C") can be obtained
independently of Paley-Wiener’s theorem; see, for instance, [12, Chapter VI]), as we
show next.

Since the Laplace transform £ acting on L*(IR") is injective, one can endow the
range space £(L*(R*)) with the structure of Hilbert space induced by the bijection

L:L*(R") > L(L*(R*)).For F = Lf € L(L*(R")), one has
F) = [ ey dr = (fle )i = (FIE(e ™) eq, €T
As a consequence, £(L*(R")) is an RKHS with kernel K given by
Ke(zow) =L(e™)(2) = '/O.oo e e dr = 17 =K(z,w), z,weC".

zZ+W
That is, both £(L*(R")) and H*(C") are RKHSs with the same kernel K = X, so
L(L*(R*)) = H*(C") as Hilbert spaces (see, for instance, [17, Lemma I.1.5]), and the
claim follows.
Now;, we establish results of Paley—Wiener type for range spaces. We first show that
£ is an intertwining operator.

Proposition 5.1 LAy = Dy L on L*(R") for all H € ;.
Proof Letze C*and f € L*(R"). One has
Canf)@) = [T [THeOfdwr= [T [T H f(rs)dsdr
- [T [T e o= [THO@H ()2
- [ H@)(Ef) (u2) du = (Dar £)2),
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where we have applied Fubini’s theorem since both r ~ [, |[H(r, t) f(¢)| dt and r -
e " arein L*(R"). [

Theorem 5.2 Let H € §),. The Laplace transform L restricted to A(H) is an isometric
isomorphism onto D(H"), L : A(H) > D(H").

Proof By the definition of A(H) and D(HT), the restrictions Ay : (ker Ay)* —
A(H) and Dgr: (ker Dyr)* — D(HT) are isometric isomorphisms. By the
L* — H* Paley-Wiener theorem and Proposition 5.1, it follows that (ker Dyr)* =
L((ker Ay)*). Indeed, by Proposition 5.1, it easily follows that £ (ker Ay) = ker Dyr,
and thus (f|g);2 =0 for all geker Ay if and only if (£Lf|G)p2 =0 for all G ¢
L(ker Ay) = ker Dyr.

Therefore, by Proposition 5.1 again, we obtain £ f = DyrL(Ag)~' f for all f e
A(H), where all the mappings Dyr, £ (seen as an operator from the subspace
(ker Ap)* c L*(R*) to the subspace (ker Dyr)* c H2(C*)), and (Ay)~" are in
fact unitary operators. As a consequence, £ : A(H) - D(H") defines an isometric
isomorphism. [ ]

Corollary 5.3  Let H € $),. The Laplace transform defines an isometric isomorphism
L:A(H) —» D(H) if and only if H ¢ H* is a real-valued kernel.

Proof By the theorem above, we have that £ : A(H) - D(H) is an isometric
isomorphism if and only if D(H) = D(H") as Hilbert spaces, and this happens if
and only if their reproducing kernels are the same, KXy = Kgr. By Theorem 4.3, this
isequivalenttoS e He H* =S e H' o (H")*. The injectivity of the Stieltjes transform
Ag (which can be proved via the Mellin transform; see, for example, [6]) implies that
this holds if and only if He H* = H' e (H")* = (H e H*). Then, the claim follows
from the fact that (H e H*)" = H « H* for all H € $),. |

Corollary 5.4  Let H € $),. Either if H is symmetric, that is, H = H', or if H is real-
valued, the Laplace transform L restricts to an isometric isomorphism from A(H) onto
D(H), L: A(H) - D(H).

We will see in Theorem 6.4 that, for any H € §),, there exist isometric isomor-
phisms &, 2 : A(H) - D(H) related to the Poisson kernel.

6 Examples and applications

Here, we illustrate the theory given above with some examples and applications.

(1) Generalized Poisson operators. For a,f3,y real numbers, let Py ,(7,s) =
ro#=BsP=1(r® 4 s*)~# for all r,s > 0. The spectral properties of its associated Hardy
operator have been studied in [16]. Regarding the properties considered in the
present paper, we have that, for p € [l,00) and a >0, P, g, € 9, if and only if
0< B ~1/p < au,and in this case, P, g , € J,. For p = 2, one has

F1o(28-1 . 2B-1 - «
0= 5 (0 2 B (),
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where B is the Euler Beta function and , F, is the hypergeometric Gaussian function.
As particular cases, one has the following.
1
Stieltjes kernel. For « = § = pu = 1, we obtain Py 1, (r,s) = 8(r,s) = — forr,s > 0.
r+s
By Theorem 3.3, A(8) is an RKHS with kernel

LlogZ, ifr=s
6.1) Ks(r,s / — dt=A_rses > forr,s>0.
©1) Ks(r.s) = rHtt+s {i, ifr=s,

Poisson kernel and conjugate Poisson kernel. Recall that, for x > 0, the Poisson
kernel P* and conjugate Poisson kernel Q* on the half-right plane C* are given by

x )
Px(y)_;m, Q (}/)—;x2+y s> 0.

These kernels give rise to Hardy kernels P, Q as follows:
P(r,s):=P'(s) = Pp1a(r,s), Q(r,s)=Q"(s) =Py, ,(r,s), 1,5>0.
These kernels are related to the operators &2, 2 : L*(R*) — H*(C") given by

2 >z 2 (= _s
:\/;fo S f(s)ds, (Qf)(z)::\/;/o S a/()ds,

for any zeC*, feL*(R"). Indeed, (Zf)(r) =2n(Apf)(r) and (2f)(r) =
V2r(Aqf)(r) for r> 0, f e L*(R*). It is a matter of fact that 2, 2 are isometric
isomorphisms (see Remark 6.2). Here, we provide a proof of it based on results of this
paper. Set

L}, (RY):= {f:R* - C"| f(r) = E(r), r > 0, for some F ¢ H*(C*)}.

Since any holomorphic function in C* is determined by its restriction to R, the
space L7 (R"), regarded as a range space of HZ(C+) is an RKHS isometrically
isomorphic to H*(C") with kernel 8(r,s) = K(r,s) = -, r,5 > 0. To see this, take
F € H*(C"), f = Flg+, and s > 0. Then,

£(5) = F(s) = (F1%)me = (F 1Kl )iz, = (F18z.

as claimed.
Proposition 6.1 Both 2,2 : L*(R*) - H*(C") are isometric isomorphisms.
Proof Since P = Q¥, Theorem 3.3 implies that A(\/27P) = A(v/27Q) is an RKHS

on R* with kernel K vanp = K /3zq given by

r s 1

2 [ec]
62) Kysmp(ns) == [ dt=——=38(rs), rs>0.
(6:2) Kyzp(r9) ndo r24+22+s? r+s (s, ns

Therefore, A(v/27P) = A(V21Q) = L7 ;(R") as Hilbert spaces. Thus, all is left to
prove is that & f, 2f are holomorphic on C* and that both &7, 2 are injective
operators. First, claim which follows by an application of Morera’s theorem. For the
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second one, note that the Stieltjes transform Ag is an injective operator and that
Ag = Apeg = ApAqg = AgAp. Thus, both Ap, A are injective, and soare &, 2. m

Remark 6.2 'The proposition above is equivalent to Paley-Wiener’s theorem. To
see this, set L2,,,(IR) as the subset of even functions of L*(R), and note that the
Fourier transform J restricts to an isometric mapping from L2, (R) onto itself.
Set1: L% ,,(R) - L*(R") by (:f)(r) := f(r) for a.e. r > 0. Then (F:7! is a unitary
operator on L*(R*), and one easily obtains that & = £1F:™!. Hence, & is an
isometric isomorphism if and only if £ is an isometric isomorphism.

By considering the subset of odd functions of L*(IR), one obtains an analogous
statement for 2.

Some other consequences of results of this paper are the following.

Corollary 6.3  As a range space, L(H*(C™)) is an RKHS with kernel K given by

171 é) j 7)
- {eimd 4257

P forz,we C*.
Z’ - b

Here, we consider £ : H*(C*) - H*(C*) given by (LF)(z) := [, e *"F(r) dr.

Proof By Proposition 5.1, one has £2=/2nDpL. Thus, L(H*(C"))=
L2(L*(R")) = D(v/2nP) regarded as Hilbert spaces, since all the operators
considered in the equalities are isometric isomorphisms. Hence, by Theorems 3.3

4.3 and (6.2),
K =% /zp = (K jzp 0 8)" = (8 08)"" = (Ks)"",
and the claim follows by (6.1). ]

Next, we show that A(H) and D (H) are isometrically isomorphic for any H € ;.

Corollary 6.4 Let He $,. Then Ay =Dy and 2Ay = Dy 2. Hence, both
P,2: A(H) - D(H) are isometric isomorphisms.

Proof  Let us show the claim for &, since the proof for 2 is completely analogous.
Letr > 0and f € L*(R"). Then,

(PAnf)(r) - \/z (ApAuf)(r) - \/z (Andrf)() = (DuPf)(0),

where we have used that ApAy = AgAp. It follows by analytic continuation that
P Ay = Dy (Proposition 2.1). Then, reasoning as in the proof of Theorem 5.2, we
obtain &2 : A(H) — D(H) is a well-defined isometric isomorphism. ]

We define the one-sided Hilbert-like operator HE™ : H*(C*) - H?(C*) by
(HE'F)(2) = lp.v./ de = lp.v.[oo Mds, zeC*, Fe H(C"),
3 y. Z—W 4 o 1-s

where y, : (0,00) = C*, y,(s) = sz.
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Corollary 6.5 HE" is a well-defined bounded operator on H*(C*) and on D(H) for
any H € §),.

Proof By Proposition 6.1, Corollary 6.4, and Theorem 3.4, the claim will follow

i
once we prove that HE = 2H, 2. For 6 e (_7", g), set Py(r,s) = o for

r,s > 0. Then, Py € $),, so Ap,H, = H,Ap, on L*(R") by Theorem 3.4, and it is
readily seen that (22 f)? = \/%A p,f for any f € L*(R"). Furthermore, notice that
F% € L*(R*) for any F € H*(C") by (1.3). Then,

2 2
(PH, 27'F)° = \/;Apsf}CJrngF - \/;:mAPH P =3, (P PF)°
0 C* 10 Tr 20+
_ 3, F® = (KC'F)Y, 06(7,5),F6H((C ),
and the claim follows. Analogously, one can prove that :}{E* =92H, 27 [ ]

(2) Fractional kernels. Let a > 0, and let (x)4 = x, if x > 0, and (x), = 0 otherwise.
Set Cu(r,s) = a(r—s)*'r % r,s >0. These kernels are related to the Riemann-
Liouville and Weyl fractional integrals of order a. Their range spaces have been stud-
ied in [8], where they are realized as spaces of Sobolev type of absolutely continuous
functions of fractional order on R*. Using the theory developed, we recover, with
simpler proofs, some results given in [8].

Theorem 6.6  'The range space A(C,) = A(CY) is an RKHS if and only if « > 1/2. In
this case, its kernel Ke,, is given by

o min(r,s) 1
Ke (r,s) = ———F|l-a,La+,————=], a>=,r#s>0,
max(7,s) max(7,s) 2

and Ke, (r,7) = o’ 1, 7>0. For a >0, the range space D(C,) = D(C},) is an RKHS

2a-1
with kernel K, given by
1 1 1- a—1 1— a—1
fKeu(Z,W)=062[ f (=) 7)/) dxdy, zweC".
o Jo Xz + yw

In addition, the Laplace transform L defines an isometric isomorphism £ : A(Cy) —
D(Cy) for any a > 0.

Proof It is readily seen that C, € J, if and only if « > 1/p. Hence, the claim is an
immediate consequence of Theorems 3.3 4.3 and Corollary 5.4. [ ]

Another kernel related to fractional theory, in particular with the Hadamard
fractional integral (see [3]), is Dy, := ﬁ (f)c (logg)‘x—1 X0, (s) (r,5>0), for
« >0 and ¢ € R. It is readily seen that D, . € §), if and only if ¢ > 1/p, and in this
case, D, € J, if and only if « > 1/p. In particular, if &, ¢ > 1/2, then

1 min{r,s} (§2\¥ rooos\*ldt
Ry L [ S ST
D (125) ['(«)2 Jo (rs) Ogtogt 12 ns
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and

Kp,.(z,w) =

1 oo min{l,x} 2\ # 1 a1 1
f f r log — log d —— dydx,
C(a)2 Jo Jo X y Ty Z+xwW

forz,w € C*.
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