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Abstract

We present a categorical point of view on dynamical quantum groups in terms of categories of Harish-Chandra
bimodules. We prove Tannaka duality theorems for forgetful functors into the monoidal category of Harish-Chandra
bimodules in terms of a slight modification of the notion of a bialgebroid. Moreover, we show that the standard
dynamical quantum groups F(G) and F,; (G) are related to parabolic restriction functors for classical and quantum
Harish-Chandra bimodules. Finally, we exhibit a natural Weyl symmetry of the parabolic restriction functor using
Zhelobenko operators and show that it gives rise to the action of the dynamical Weyl group.
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1. Introduction
1.1. Categorical approach to quantum groups

Let G be an affine algebraic group over a field k. The Tannaka duality theorems [71, 25] imply that one can
uniquely reconstruct G from the data of a symmetric monoidal category Rep(G) of G-representations
and the forgetful symmetric monoidal functor

F: Rep(G) — Vect. hH

Namely, F admits a right adjoint FR: Vect — Rep(G), and the algebra O(G) of polynomial functions
on G can be reconstructed as

O(G) = FFR(k),

where the Hopf algebra structure on O(G) is reconstructed from the monoidal structure on F.

Suppose G is a reductive algebraic group, g € C*, and consider the category Rep,, (G) of represen-
tations of the quantum group with divided powers [62, 21]. Then Rep, (G) carries a natural braided
monoidal structure, and the forgetful functor

F: Rep,(G) — Vect (2)
is merely monoidal. In the same way, the Hopf algebra O, (G) of functions on the quantum group is
reconstructed as FFR(k).

The failure of the forgetful functor to preserve the braiding is captured by the R-matrix (see Theorem
2.27): that is, a collection of maps

Ryw: VoW —VeW

for two representations V, W € Rep, (G). Moreover, for three representations U, V, W € Rep, (G), the
R-matrix satisfies the Yang—Baxter equation

RuvRuwRvw = RvwRuw Ruv 3)

inEnd(U®V @ W).

1.2. Dynamical quantum groups

In several areas of mathematical physics, a version of the above equation has appeared for a dynamical
R-matrix Ry w(1): VW — V ® W, which depends on a parameter A € h* (dual space of the Cartan
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subalgebra §) C g); the corresponding dynamical Yang—Baxter equation is
Ryv (4= h®)Ryw (DRyw (A= 1Y) = Ryw () Ruw (A= h?)Ryy (D), “4)

where the shifts refer to the h-weights of the corresponding elements of U ® V ® W. We refer to
Uh = O(h*) as the base of the dynamical quantum group. As explained by Felder [41], equation (4) is
closely related to the star-triangle relation for face-type statistical mechanical models [6]. Moreover, it
naturally appears in the description of the exchange algebra in the Liouville and Toda conformal field
theories [43]. The study of the dynamical R-matrix gave rise to the theory of dynamical quantum groups;
see [35, 33] for reviews.

On the classical level, ordinary quantum groups correspond to Poisson-Lie structures on G [30].
Similarly, dynamical quantum groups correspond to dynamical Poisson groupoid structures on the
trivial groupoid h* X G x h* =3 h* (see [59] for Poisson groupoids and [36] for the dynamical version).
After quantisation, ordinary quantum groups become Hopf algebras, while dynamical quantum groups
become bialgebroids or Hopf algebroids (see [82] for the original definition of bialgebroids, [61, 92] for
Hopf algebroids and [37] for the dynamical version).

One is naturally led to wonder about the categorical interpretation of dynamical quantum groups
similar to the categorical interpretation in equation (2) of ordinary quantum groups explained above.
Our first goal is to develop such an approach (inspired by a previous work by Donin and Mudrov [28,
29]) and prove Tannaka-type reconstruction statements.

1.3. Dynamical quantum groups via Harish-Chandra bimodules

An important object in representation theory is the category HC(G) of Harish-Chandra bimodules: the
monoidal category of Ug-bimodules with an integrable diagonal action. As we will explain shortly, the
theory of dynamical quantum groups turns out to be closely related to the category HC(H) of Harish-
Chandra bimodules for a torus H. In the main body of the paper (see section 3.1), we present a general
formalism that incorporates classical and quantum examples as well as nonabelian bases (following
[73]), but for simplicity here we stick to the case of HC(H).

First, we introduce the notion of a Harish-Chandra bialgebroid, which is an §-bialgebroid introduced
in [37, Section 4.1] with certain integrability assumptions; see Theorem 3.29 for the general definition
and Theorem 3.30 for the case of HC(H). Namely, it is a bigraded algebra B = @, gcABqp, Where A
is the character lattice of H, together with two quantum moment maps s,7: O(h*) — B, a coproduct
A: B — B Xxyy B, where the Takeuchi product introduced in [82] is

(B Xup Blap = @Baé ®o(y) Bsps
S€EA

and a counit €: B — D(H) into the algebra of differential operators on H. We prove the following
equivalent characterisation of Harish-Chandra bialgebroids (see Theorem 3.32).

Theorem. A colimit-preserving lax monoidal comonad L : HC(H) — HC(H) is the same as a Harish-
Chandra bialgebroid B, so L.(M) = B Xy M.

‘We may similarly define comodules over a Harish-Chandra bialgebroid in terms of a A-graded O(h*)-
module M = &,epM,, together with a coaction map M — B Xyp M. We prove the following Tannaka
reconstruction theorem (see Theorem 3.35).

Theorem. Suppose D is a monoidal category with a monoidal functor F: D — HC(H) that admits a
colimit-preserving right adjoint FR : HC(H) — D. Then there is a Harish-Chandra bialgebroid B such
that (F o FR)(=) = B xyy (~) and F factors through a monoidal functor

D — CoModg(HC(H)).

If F is conservative and preserves equalisers, the above functor is an equivalence.
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Let us now explain the origin of dynamical R-matrices. Assume that D, in addition, has a braided
monoidal structure. Moreover, assume that the functor F: D — HC(H) lands in free Harish-Chandra
bimodules: that is, there is a functor F’: D — Rep(H) and an equivalence F(x) = Uh ® F’(x) for any
object x € D. The following is Theorem 4.11.

Proposition. Under the above assumptions, the image of the braiding under F: D — HC(H) gives
rise to dynamical R-matrices R: §* — End(F'(x) ® F’(y)) satisfying the dynamical Yang—Baxter
equation (4).

The above proposition is a direct quantum analogue of an interpretation of classical dynamical 7-
matrices in terms of 1-shifted Poisson morphisms (see [20] for what this means) [h*/H] — BG; see
[74, Proposition 5.7].

Let us compare these results to Tannaka reconstruction results for bialgebroids proven in [81, 77].
Suppose R is a ring. It is shown in [81, Theorem 5.4] that a colimit-preserving oplax monoidal monad
on the category gkBModg of R-bimodules is the same as a bialgebroid over R. Comparing it to our
Theorem 3.32, the difference is that we work with lax monoidal comonads instead, replace ypBModyy
by the full subcategory HC(H) of Harish-Chandra bimodules and replace Takeuchi’s bialgebroids by
Harish-Chandra bialgebroids (i.e., adding an extra integrability assumption).

Szlachanyi [81, Theorem 3.6] has proven a Tannaka-type reconstruction result for monoidal functors
F: D — grBModg admitting left adjoints in terms of modules over the corresponding bialgebroid.
Shimizu has also proven a version of such a Tannaka reconstruction result in terms of comodules over
the bialgebroid (see [77, Theorem 4.3, Lemma 4.18]).

1.4. Parabolic restriction

Two standard dynamical quantum groups F(G) and F, (G) are introduced in [31, Section 5] in terms of
the so-called exchange construction. Here F(G) quantises the standard rational dynamical r-matrix and
F,(G) quantises the standard trigonometric dynamical r-matrix (see [35, Section 4]). Our second goal
of the paper is to relate these dynamical quantum groups to objects in geometric representation theory.

Let G be a split reductive algebraic group over a characteristic zero field k, B ¢ G a Borel subgroup
and H = B/[B, B] the abstract Cartan subgroup; we denote by g, b, §) their Lie algebras. Consider the
correspondence of algebraic stacks

[b/B] &)

N

[¢"/G] [b*/H].
It appears in many areas of symplectic geometry and geometric representation theory:

o Let g be the variety parametrising Borel subgroups of G together with an element x € g contained in
the Lie algebra of the corresponding Borel subgroup. The projection § — g is known as the
Grothendieck—Springer resolution (see [22, Section 3.1.31]). We may identify [§/G] = [b/B] so
that the projection [b/B] — [¢g*/G] is identified with the Grothendieck—Springer resolution
[a/G] — [g/G]. The study of the categories of D-modules on this correspondence is closely
related to Springer theory (see [46] and references there).

o Let N C B be the unipotent radical. Then we may identify

[b/B] = [G\T"(G/N)/H],

where T*(G/N)/H — G/B is the universal family of twisted cotangent bundles over the flag
variety parametrised by 4 € h*. In particular, quantisation of this correspondence is closely related
to the Beilinson—Bernstein localisation theorem [7] (see [9]).
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o The stacks [g*/G], [H*/H] have 1-shifted symplectic structures in the sense of [69]; moreover,
equation (5) is a 1-shifted Lagrangian correspondence. It is shown in [19, Section 2.2.1] that a
Lagrangian L in [g*/G] is the same as a Hamiltonian G-space: that is, an algebraic symplectic
variety X equipped with a symplectic G-action and a moment map X — g*. Composing the
Lagrangian L — [g*/G] with the correspondence equation (5), we obtain a Lagrangian in [§*/H]:
that is, a Hamiltonian H-space. It is shown in [72] that this procedure coincides with the procedure
of symplectic implosion [45, 23].

o One may replace Lie algebras by the corresponding groups: that is, one may consider the
correspondence [G/G]| « [B/B] — [H/H]. Itis shown in [14, Theorem A] that this
correspondence (and its analogue for a parabolic subgroup) appears in the description of
logarithmic connections on a disk.

Consider the induced bimodule category

QCoh([g"/G]) ~ QCoh([b/B]) v~ QCoh([h*/H]), (6)

where QCoh([g*/G]) is the symmetric monoidal category of quasi-coherent sheaves on the stack
[¢¥/G]. Explicitly, it can be identified as

QCoh([¢"/G]) = LModsym(q) (Rep G)

and similarly for H.
In section 3.3, we study a quantum version of the bimodule given by equation (6):

HC(G) ~ 0" ~ HC(H). (7)

Here, as before, HC(G) is the monoidal category of Harish-Chandra bimodules: that is, Ug-bimodules
with an integrable diagonal action. O"™V is a universal version of category O: it is the category of
Ug-modules internal to the category Rep(H) whose n-action is locally nilpotent. Equivalently, it is the
category of (Ug, Up)-bimodules whose diagonal B-action is integrable. The module structure on either
side is given by the tensor product of bimodules using the latter description of O""". The universal
Verma module M"Y = Ug ®yp UB is naturally an object of O,

Let us explain how it relates to the classical picture. The algebra Ug has a natural PBW filtration;
consider the corresponding Rees algebra over k[7]. The above constructions can be repeated to produce
k[h]-linear categories so that at 7i = 0, the bimodule given by equation (7) reduces to the bimodule
given by equation (6).

Passing to the right adjoint of the action functor HC(H) — O"™" on the universal Verma module
M"Y one obtains the parabolic restriction functor

res: HC(G) — HC(H)

given by res(X) = (X/Xn)", which is naturally lax monoidal. The following statement combines
Theorem 3.10 and Theorem 5.7 and provides a quantisation of symplectic implosion.

Proposition. An algebra in HC(G) is a G-equivariant algebra A with a quantum moment map Ug — A.
We have an isomorphism of algebrasres(A) = AN, where A N is the quantum Hamiltonian reduction
by N.

For a generic central character y: Z(Ug) — C, the BGG category O, with that central character

is semisimple with simple objects given by Verma modules. We prove an analogous statement in the
universal case. The following statement combines Theorem 5.17 and Theorem 5.18.
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Theorem. Consider the subcategories HC(H)®" c HC(H) and Q" < O of modules with
generic W-weights. Then the functor HC(H)&" — O£ js an equivalence. In particular,

res®": HC(G) — HC(H)&"

is strongly monoidal and colimit-preserving.

The key step in the above statement is to prove that the Verma module for generic highest weights is
projective; in the universal setting, this is captured by the existence of the extremal projector [4] (see
Theorem 5.14), which splits the projection Ug — M"Y for generic h-weights.

There is a natural monoidal functor free: Rep(G) — HC(G) given by V +— Ug ® V, so we get a
monoidal functor

res&"

Rep(G) -5 HC(G) =25 HC(H)en.

Moreover, we show in Theorem 5.23 that the Harish-Chandra bialgebroid reconstructed from
Rep(G) — HC(H)&" is isomorphic to F(G) (as an f-bialgebroid) so that Rep(G) is equivalent to
F(G)-comodules. We also prove analogous statements in the setting of quantum groups in Section 5.2.

These results have the following interpretation. The same braided monoidal category Rep,, (G) has
different monoidal functors Rep,(G) — Vect corresponding to different choices of the classical r-
matrix; by Tannaka duality, this corresponds to nonstandard quantum groups, such as the Cremmer—
Gervais quantum group in the case G = SL,. In this paper, we study the monoidal functors Rep, (G) —
HC, (H)&", which give rise to dynamical quantum groups. Note that these are different ways to study
the same braided monoidal category.

We also expect that the approach to dynamical quantum groups F(G) and F,(G) presented here
in terms of the correspondence in equation (5) might be useful to have an interpretation of Felder’s
dynamical quantum group [41] in terms of the 1-shifted Lagrangian correspondence Bung(E) «
Bung(E) — Bung (E) of moduli stacks of bundles on an elliptic curve E. It is interesting to note that
the same correspondence is closely related to Feigin—Odesskii algebras [40] (in particular, Sklyanin
algebras [79]); see [74, Example 4.11] and [48].

It is shown in [8, Theorem 3.11] that HC, (G)-module categories are the same as Rep,, (G)-braided
module categories [17, Section 5.1]. In particular, the monoidal functor res®*" : HC,(G) — HC, (H)&"
allows one to transfer Rep,, (H )-braided module categories to Rep g (G)-braided module categories.

1.5. Dynamical Weyl group

Let W = N(H)/H be the Weyl group and W the braid group covering W. The group W naturally
acts on the symmetric monoidal category Rep(H), so we may consider the category of W-invariants
Rep(H)"Y . Moreover, there exists a map W — N(H) lifting W — W [84], so the forgetful functor
Rep(G) — Rep(H) factors through a symmetric monoidal functor

Rep(G) —s Rep(H)W . ®)
Our third goal of the paper is to exhibit Weyl symmetry of the parabolic restriction functor for Harish-

Chandra bimodules. A similar setup works for quantum groups using the quantum Weyl group [62, 80,
57]. Note, however, that the resulting functor

Rep, (G) — Rep, (H)" )
is not monoidal: in fact, the failure of the quantum Weyl group to be monoidal is related to the failure

of the functor Rep, (G) — Rep,, (H) to be braided; this can be encapsulated in the notion of a braided
Coxeter category [3].
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Zhelobenko [93], in the study of Mickelsson algebras, has introduced a collection of Zhelobenko
operators q,, : Ug — Ug for every element of the Weyl group w € W satisfying the braid relations
(see Theorem 6.1). It was realised in [53] that these operators give an action of the braid group W on a
localised Mickelsson algebra.

Consider the W-action on HC(H), where W acts on U} via the dot action (the usual W-action shifted
by the half-sum of positive roots p) and on H via the usual action. The above results directly imply the
following statement (see Theorem 6.5).

Theorem. The Zhelobenko operators define a monoidal functor
res®": HC(G) — HC(H)ge“’W

lifting res®®": HC(G) — HC(H)&™".

Suppose V € Rep(G). Then rest*"(Ug ® V) = (Uph)*" ® V, where (Up)&" > U} is a certain
localisation (see Theorem 5.12). In particular, the W-symmetry is captured by certain rational maps
Ay v: b — End(V) satisfying the braid relation. We prove in Theorem 6.8 that these coincide with
the dynamical Weyl group operators introduced in [83, 32].

Letus mention a relationship between these results and the generalised Harish—Chandra isomorphism
[56]. Consider the functor res: HC(G) — HC(H) given by rés(X) = n_X\X/Xn,. There is a natural
transformation res(X) — res(X), which becomes an isomorphism in HC(H)&" (see Theorem 5.16).
We obtain a restriction map

Homyic () (Ug, Ug ® V) —=> Hompyc #r) (Uh, Uh @ V) (10)
(Ug® V)¢ Up e VH

The object (Up)2" € HC(H )™ has a canonical W-equivariance structure given by the dot action of W
on Up. In particular, Zhelobenko operators define maps Up ® V# — (Up)&" ® VH and, in fact, the
action factors through the action of the Weyl group. The resulting homomorphism

fes: (Ug® V)¢ — (Upe VW

is shown in [56] to be an isomorphism. It generalises the usual Harish-Chandra isomorphism (see, e.g.,
[49, Theorem 1.10]), which is obtained for V = k the trivial one-dimensional representation.

The papers [16, 44] gave an interpretation of the dynamical Weyl group in terms of equivariant
cohomology of the affine Grassmannian of the Langlands dual group, using the geometric Satake
equivalence. It would be interesting to see the appearance of the Zhelobenko operators using the
Langlands dual interpretation of Harish-Chandra bimodules from [12].

Let us mention a categorical point of view on the Weyl symmetry of the parabolic restriction functor
res®": HC(G) — HC(H). By abstract reasons, the action functor HC(G) — O"V factors through
the category of coalgebras over a comonad St: Q" — OV obtained from the right adjoint of the
action functor. In particular, for generic weights, parabolic restriction factors through the category
of St-coalgebras in HC(H)&". We expect that there is an equivalence between St and the comonad
corresponding to the W-action on HC(H)&". We refer to [9], where it is called the Weyl comonad, and
[46, Theorem 4.6] for an analogous theorem in the setting of D-modules.

2. Background

In this section, we recall some facts about locally presentable categories, cp-rigid monoidal categories
and Tannaka reconstruction for bialgebras.
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2.1. Locally presentable categories

Let k be a field. All categories and functors we will consider are k-linear. Throughout this paper, we
work with locally presentable categories (refer to [1] and [15, Section 2] for more details). Here are the
main examples:

o If C is a small category, the category of presheaves Fun(C°P, Vect) is locally presentable. For
instance, this applies to the category LMody4 of (left) modules over a k-algebra A.

o If C is a small category that admits finite colimits, the ind-completion Ind(C) (see [51, Chapter 6]
for what it means) is locally presentable.

o If Cis a k-coalgebra, the category of C-comodules CoMod is locally presentable (see [91,
Corollary 9], noting that a Grothendieck category is locally presentable). In fact, CoModc is the
ind-completion of the category of finite-dimensional C-comodules (see [71, Corollaire 2.2.2.3]).

o If C, D are locally presentable categories, the category Fun"(C, D) of colimit-preserving functors
from C to D is locally presentable.

It turns out that many examples of locally presentable categories are, in fact, presheaf categories.

Definition 2.1. Let C be a locally presentable category. An object x € C is compact projective if
Home (x, —): C — Vect preserves colimits. C has enough compact projectives if every object receives
a nonzero morphism from a compact projective.

We denote by CP c C the full subcategory of compact projective objects.

Proposition 2.2. Suppose C has enough compact projectives. Then the functor
C — Fun((C)°P, Vect)

given by x — (y — Home¢(y,x)) is an equivalence.
Locally presentable categories naturally form a symmetric monoidal 2-category Pr" [13]:

Its objects are locally presentable categories.

Its 1-morphisms are colimit-preserving functors.

Its 2-morphisms are natural transformations.

The tensor product is uniquely determined by the following property: for C, D, £ € Pr a
colimit-preserving functor C ® D — £ is the same as a bifunctor C X D — & preserving colimits in
each variables.

o The unit is Vect € Pr".

O O O O

An important fact about locally presentable categories is that a colimit-preserving functor between
locally presentable categories admits a right adjoint. We will now write a formula for the adjoint,
assuming the source category has enough compact projectives. Let us first recall the notion of a coend
(see [60] for more details on coends).

Definition 2.3. Suppose C and D are locally presentable categories. The coend of a bifunctor F: C X
C°? — D is the coequaliser

xeC
/ F(x,x) = coeq( oy Fx,y) —= [ F(x,x) )

We will use the following Yoneda-like property of coends (see [60, Proposition 2.2.1]).
Proposition 2.4. For any functors F: C — D, G : C°°® — D, we have natural isomorphisms

xeC

xeC
/ Home (x. y) ® F(x) = F(y), / Home(y.x) ® G(x) = G(y).
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The following is an immediate corollary.

Proposition 2.5. Suppose F: C — D is a colimit-preserving functor of locally presentable categories,
where C has enough compact projectives. Then the right adjoint is given by the coend

yeCP
FR(x) = / Homp (F(y).x) ® y.

The counit of the adjunction FFR(x) — x is given by the evaluation map Homp (F(y),x) ® F(y) — x;
the unit of the adjunction z — FRF(z) is given by including the identity map id: F(z) — F(z) in the
coend.

2.2. Cp-rigidity

By convention, all monoidal categories C that we consider in this paper are locally presentable such
that the tensor product bifunctor C X C — C preserves colimits in each variable. So, by the universal
property of the tensor product in Pr", it descends to a colimit-preserving functor

T:C®C —C.

We denote by C® the same category with the opposite monoidal structure.

We will consider rigid monoidal categories in the text. Since we work with large categories, we
cannot expect all objects to be dualisable (as in the category of all vector spaces); instead, we will
restrict our attention to compact projective objects.

Definition 2.6. Let C be a monoidal category with enough compact projectives. It is cp-rigid if every
compact projective object admits left and right duals.

Lemma 2.7. Suppose C is a cp-rigid monoidal category and x,y € C are compact projective objects.
Then x ® y is also compact projective.

Proof. We have
Home(x ® y, —) = Home (x, (=) ® yV).

By assumption, the tensor product preserves colimits in each variable, so (=) ® y¥ is colimit-preserving.
Since x is compact projective, Hom¢ (x, —) is colimit-preserving. Therefore, Hom¢(x ® y, —) is also
colimit-preserving. O

If C is cp-rigid, the tensor product functor 7': C ® C — C admits a colimit-preserving right adjoint
TR: C - C®C (see, e.g., [18, Section 5.3]). It has the following explicit formula.

Proposition 2.8. Suppose C is a cp-rigid monoidal category. Then

xeCceP
R(y) = / ex)mx.

Proof. By Theorem 2.5, the right adjoint is
X1,Xx2€ECP
T®(y) = / Home (x1 ® x2,y) ® (x1 ®x2).
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Since compact projective objects in C are dualisable, we can rewrite it as

xl,XzECCp
T™(y) E/ Home (x1,y ® x3) ® (x] ®x2)

XzGCCp
= / (y®x;) Rxs,

where in the last isomorphism, we have used Theorem 2.4. O

Consider C ® C as a C ® C®-module category via the left action on the first factor and the right
action on the second factor. By [18, Proposition 4.1], TR is a functor of C ® C®°P-module categories.
This can be expressed in the following isomorphism.

Proposition 2.9. Suppose C is as before. Then TR : C — C®C is a functor of C®C®°P-module categories.
Concretely, for any object y € C, there is a natural isomorphism

xeCP x€eCP
/ (y®xv)|2|x5/ R(x®Yy)

that is given for a compact projective y € C by

coevy ®id TTx xeCe?
xvlz(x®y)—y>(y®yv®xv)x(x®y)ﬁ>/ (yex')mx.
Corollary 2.10. The object TR(1) € C ® C®° has a natural algebra structure.

Proof. TRT is naturally a monad on C ® C®°P. By definition, T: C ® C — C is a functor of C ® C®°P-
module categories. By Theorem 2.9 TR: C — C ® C is also a functor of C ® C®°P-module categories.
Therefore, (TRT)(1¢gc) has a natural algebra structure. ]

The key property of cp-rigid monoidal categories is that they are canonically self-dual objects of Prl.

Theorem 2.11. Let C be a cp-rigid monoidal category with a compact projective unit. The evaluation
and coevaluation pairings

Home (1,—

ev: CoC L 2D vet (11)
el R

coev: Vect&C T—>C®C. (12)

establish the self-duality of C as an object of the symmetric monoidal bicategory Pr".
Proof. See [47, Proposition 2.16] for an analogous statement on the level of co-categories. O

Remark 2.12. The conclusion of the theorem remains true if we drop the assumption that the unit of
C is compact and projective and replace Hom¢ (1, —): C — Vect by the colimit-preserving functor that
coincides with Hom¢ (1, —) on compact projective objects.

Corollary 2.13. Let C be a cp-rigid monoidal category with a compact projective unit and D any
monoidal category. Then the functor

D ®C —> Fun™(C, D) (13)
given by
drc— (¢’ —evic,c')®d)

is an equivalence.
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2.3. Duoidal categories

Let us now study the monoidal properties of the equivalence given by equation (13). The functor
category Fun™(C, D) has a natural monoidal structure given by the Day convolution [24] defined by

(F ®pay G)(x) = /XMQGC“" Home (x1 ® x2,%) ® F(x1) ® G(x7) (14)
with the unit functor
x — Hom¢(1¢,x) @ 1p.
Proposition 2.14. The equivalence given by equation (13) upgrades to a monoidal equivalence
D ® C®P = Fun™(C, D),

where we equip Fun®™(C, D) with the Day convolution monoidal structure.

Proof. Clearly, the units are compatible since 1p ® 1¢ is sent to the functor (x — ev(1le,x) @ 1p).
Now consider two objects d| R ¢1,d, B ¢, € D ® C. Their Day convolution is computed by

((d1 ® c1) ®pay (d2 ® ¢2))(x)

)ﬂ,szCcP
:/ Homg¢ (x] ® x2,x) ® (d; ® dz) ® Home (1, ¢ @ x1) ® Home (1, ¢ ® x3).

So, we have to exhibit a natural isomorphism

X],XZECCP
Hom¢(1,c0 ® c; ®x) = / Homg¢ (x; ® x3,x) ® Home (1, ¢; ® x1) ® Home (1, ¢2 ® x2).

By assumption, C is generated by compact projectives, so it is enough to define this isomorphism on
those.
The right-hand side is

x1,%2
/ Hom(x1 ® x2,x) ® Hom(1, c; ® x1) ® Hom(1, c2 ® x3)

X1,X2
= / Hom(x; ® x2,x) ® Hom(c},x1) ® Hom(cy , x2)

= Hom(c| ® ¢5,x)

= Hom(1, ¢, ® ¢| ® x),
where we have used Theorem 2.4 in the third line. O

We will now examine the monoidal properties of the self-duality pairings given by equations (11)
and (12).

Proposition 2.15. The functors
ev: C®P ® C — Vect, coev: Vect — C ® C¥P

have a natural lax monoidal structure.
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Proof. We begin with the evaluation functor. The unit map k — ev(1,1) = Hom¢ (1, 1) is given by the
inclusion of the identity. Suppose ¢| ® ¢, d) ®d, € C¥P @ C are two compact projective objects. Then
we define ev(cy, c2) ® ev(d), dy) — ev(d) ® ¢y, ¢2 ® dp) via the commutative diagram

ev(cy,c2) ®ev(dy,dy) —————ev(d; ® c1,c2 ® dy)

Hom(1,c¢; ® ¢;) ® Hom(1,d; ® d) —— Hom(1,d; ® ¢ ® ¢ ® d»)

. )

Hom(cY, ¢2) ® Hom(d), dy) ————— Hom(c| ® d},c2 ® d3)

Next we consider the coevaluation functor. A lax monoidal structure on coev is the same as an algebra
structure on coev(k) = TR (1), which, in turn, is provided by Theorem 2.10. O

Now suppose C, D are cp-rigid monoidal categories with compact projective units and £ any monoidal
category. Then the composition functor

Fun"(D, £) ® Fun"(C, D) — Fun“(C, &)

has a natural lax monoidal structure with respect to the Day convolution.

Proposition 2.16. Suppose C, D, £ are as above. The diagrams
Fun®(D, £) ® Fun*(C, D) ——— Fun"(C, &)
£ @ D®P @ D g o 2K £®CoP

and

Vect —9 5 Fun™(C,C)

1

Vect —Ys C @ C®P

of lax monoidal functors with respect to the Day convolution commute up to a monoidal natural
isomorphism.

Recall the following notion (see [2, Definition 6.1], where it is called a 2-monoidal category).

Definition 2.17. A duoidal category is a category C equipped with two monoidal structures (C, o, 7) and
(C,®,J) such that the functors o: C XC — C and I: Vect — C are lax monoidal with respect to (®, J).

Example 2.18. Consider the category Fun®(C, C). It carries a monoidal structure o given by the com-
position of functors whose unit / is the identity functor. It also carries the Day convolution monoidal
structure ®pqy. It is shown in [42, Proposition 50] that the two are compatible so that Fun"(C,C) is a
duoidal category.

Example 2.19. Consider the category C ® C. It carries a convolution monoidal structure o defined by
(M R M>) o (N1 RN>) =ev(Ma, N1) @ M B N>

whose unit is I = coev(k) € C ® C. It also carries a pointwise monoidal structure C ® C®° whose unit
is J = 1¢ ® 1. It follows from Theorem 2.15 that the two monoidal structures are compatible, so C ® C
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becomes a duoidal category. Moreover, C is naturally a module category over C ® C with respect to
convolution

CeC)®C—C
and is given by
(c1Rcy)®d— ev(ca,d)®cy.

We are now ready to relate the two duoidal structures. The following statement combines Theorems
2.14 and 2.16.

Theorem 2.20. Suppose C is a cp-rigid monoidal category with a compact projective unit. The equiva-
lence given by equation (13)

C ®C — Fun*(C,0)

given by ¢ci R ¢y — (d — ev(cy, d) @ c1) upgrades to an equivalence of duoidal categories, where the
two monoidal structures are the convolution product and the pointwise monoidal structure on C ® C®°P
while the two monoidal structures on Fun™(C, C) are the composition of functors and Day convolution.
This equivalence intertwines C as a C ® C-module category with respect to convolution and C as a
Fun®(C, C)-module category with respect to composition of functors.

2.4. Bimodules and lax monoidal functors

Suppose f: A — B is a homomorphism of algebras. Then B becomes an (A, B)-bimodule with a
distinguished element given by 1 € B. Conversely, the data of an (A, B)-bimodule M with a distinguished
element 15, € M such that the action map B — M is an isomorphism, is the same as the data of a
homomorphism A — B. In this section, we will describe a similar construction on the categorical level.
Recall from [34, Chapters 7.1,7.2] the notion of a module category over a monoidal category.

Suppose C and D are monoidal categories and M a (C, D) bimodule category together with a
distinguished object Dist € M. The action functors of C and D on Dist € M define colimit-preserving
functors

acte: C — M, actp: D — M,
which we write as x — x ® Dist and y +— Dist ® y, respectively. By the adjoint functor theorem, these
admit right adjoints that we denote by actlé and actRD. The counit of the adjunction defines a natural
morphism

€: Dist ® act% (m) > m

for m € M. Moreover, actp: D — M is a functor of right D-module categories, so actRD: M — Dis
a lax D-module functor: that is, we have a natural morphism

¢: act%(m) ®y — act%(m ®y)

satisfying an associativity axiom.
Consider the functor

Fep = act% oacte: C — D.
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Proposition 2.21. The morphisms
1p — actRD cactp(1lp) = act% oacte(1¢)
and

act% (x ®@ Dist) ® act% (y ® Dist) — act% (x ® Dist ® actRD (y ® Dist))
- ac:tRD (x ® y ® Dist)

define the structure of a lax monoidal functor on Fep.

Proof. Let us prove the associativity condition. For brevity, denote a® = act%, D = Dist. We have to
show that the diagram

(aRx®D)®aR(y® D)) ®@aR(z® D) ——= aR(x ® D) ® (a®(y ® D) ® a®(z ® D))

¢ ¢
aR(x® D ®aR(y® D)) ® a®(z ® D) aR(x® D)@ a®(y® D ® aR(z ® D))
a®((x®y) ® D) ® a®(z ® D) aR(x®D)®a®((y®z) ® D)
[ [
a®((x®y)®D ®aR(z® D)) a®(x® D ®aR((y®z) ® D))

a®((x®y)®z® D) a®(x® (y®2) ® D)

is commutative. Using naturality and the associativity condition for the lax module structure on act®,
the above diagram is reduced to

aR(x ® D) ® (aR(y ® D) ® a®(z ® D))

/ \

a®(x® D ®a®(y ® D) ® aR(z ® D)) a®(x ® D) ® a®(y ® D ® a®(z ® D))

\
€ )

a®((x®y) ® D ® aR(z ® D)) a®(x® D ®aR(y ® D ® a®(z ® D)))

€

€

€ a®(x® D @ a®((y ® 7) ® D))

€

a®(x®y)®z®D) aR(x® (y®z) ® D)

The top segment commutes by naturality of ¢. The middle segment commutes since € is a natural

transformation of D-module functors. The bottom segment commutes by naturality of €.
Unitality is proven analogously. O
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Note that in the above construction, we may freely replace C and D, so we similarly obtain a lax
monoidal functor

Fpe: D—C.

Definition 2.22. Suppose D is a monoidal category and M a D-module category with a distinguished
object. M is free of rank 1 if the action functor actp: D — M is an equivalence.

Proposition 2.23. Suppose M is free of rank 1 over D. Then the lax monoidal functor Fep: C — D is
strongly monoidal and preserves colimits.

Proof. Since actp is an equivalence, both the counit €: Dist ® act% (m) — m and the structure of a
lax module functor ¢ : actRD(m) ®y — act];)(m ® y) are isomorphisms. In particular, Fep is strongly
monoidal.

Moreover, act% is the inverse to actp, so it preserves colimits. O

2.5. Tannaka reconstruction for bialgebras

Recall the Tannaka reconstruction results for bialgebras; refer to [25, 71] for the commutative case and
[85, 86, 75] for the general case.

Let B € Vect be a bialgebra. Then C = CoModp, the category of (left) B-comodules, is locally
presentable. Moreover, it is equipped with a conservative and colimit-preserving monoidal forgetful
functor F: C — Vect, which admits a colimit-preserving right adjoint FR : Vect — C sending V to the
cofree B-comodule B ® V cogenerated by V. There is a converse to this statement.

Proposition 2.24. Suppose C is a monoidal category with a colimit-preserving monoidal forgetful
functor F: C — Vect, which admits a colimit-preserving right adjoint FR: Vect — C. Then B =
FFR(k) is a bialgebra and F factors as

C — CoModp.

Moreover, the latter functor is an equivalence if and only if F is conservative and preserves equalisers.

Remark 2.25. A more familiar statement of Tannaka reconstruction is obtained by passing to compact
objects in the above statement. Namely, for a small abelian monoidal category C¢ with a biexact tensor
product and a monoidal functor

F:C°— Vec

to the category of finite-dimensional vector spaces, there is a canonical bialgebra B (the bialgebra of
coendomorphisms of F; see [34, Section 1.10]) such that F factors through

C¢ — CoMod™

through the category of finite-dimensional B-comodules. Moreover, the latter functor is an equivalence
if and only if F is exact and faithful. Refer to [34, Section 5.4] for more details.

Let us now be more explicit. Consider the setup of Theorem 2.24, where C is a monoidal category with
enough compact projectives and a compact projective unit. Since FR preserves colimits, F preserves
compact projective objects. In particular, for y € CP, the vector space F(y) is finite-dimensional. So,
by Theorem 2.5, the bialgebra B is

yeCce®
B= / F(»)" @ F(y). (15)
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For y € CP let us denote by
my: F(y)' ® F(y) —» B
the natural projection. For y, z € C, denote by
Tyt F()) ® F(z) > F(y ®2)

the monoidal structure on F (the unit isomorphism will be implicit). The bialgebra structure on B is
given on generators as follows:

o The coproduct is

id®coevr (y) ®i

F(»)" ® F(3) L) e FO) @ F)Y @ F(y) 22, Be B.

o The counit is
F(»)' ® F(y) — k.
o The product is
(F(;y)' ® F(3) ® (F(2)" 8 F(2)) = (F(y) ® F(2))" ® F(y) ® F(2)

L) el, y
F(y®z)"® F(y®7z)

Ty®z

o The unit is
k=F1)®F1) 2 B.
It will also be useful to think about 7, as elements
T, € B®End(F(y)).

The following statement is immediate from the above formulas.

Theorem 2.26. The bialgebra B is spanned, as a k-vector space, by the matrix coefficients of T, for
y € CP, subject to the relation

F(f)oTy =Ty o F(f) (16)
for every f: x — y. Moreover:
o Fory € C®, we have
ATy =T, ®T,. (17)
o Fory € C®°, we have
€(Ty) = idp(y) € End(F(y)). (18)
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o Suppose x,y € C® are two objects. Then
TN Teoydxy = (Te ®idp(y)) (idp ) ® Ty) (19)

as elements of B® End(F(x ® y)) = B® End(F(x) ® F(y)).
o Ty € B®End(F (1)) = B is the unit.

Let us now study what happens when C is in addition equipped with a braiding.

Definition 2.27. Suppose C is a braided monoidal category and F': C — Vect a monoidal functor. For
x,y € C, the R-matrix is

-1
Ox.y) J TF(x).F(y)

Rey: F) 8 F(3) 225 Fx @ y) 2L F(y e x) 225 F(y) @ F(x) =22, F(x) © F(y).

It will be convenient to use the standard matrix notation for R-matrices acting on several variables:
given x, y, z € C, we denote

Rip = Rx,y ®id

as an element of End(F (x) ® F(y) ® F(z)) and similarly for Ry3 and Ry3. We let the transposed R-matrix
R21 be

-1 Ry .«
F(x) ® F(y) <= F(y) ® F(x) —> F(y) ® F(x) 5 F(x) ® F(y).
We also denote
T, =T, ®id, T, =id®T,

as elements of B @ End(F(x) ® F(y)).

Proposition 2.28. Suppose x, y, z € C. Then the R-matrix satisfies the Yang—Baxter equation
Ri2R13R23 = Ry3Ri3R12 (20)
in End(F (x) ® F(y) ® F(z)). Moreover, T satisfies the FRT relation
RixI'TI = TRy (21
in B®End(F(x) ® F(y)).
Proof. Denote
Royi FO @ FO) 225 Fray) 27 Fyox) 22 F() @ Fo).
Then the Yang—Baxter equation (20) is equivalent to the braid equation
Ri2Rp3R12 = Ro3R1aRo3,

which holds in any braided monoidal category.
By equation (16), we have F (o y)Txgy = TygxF (0 y). The relation given by (19) and the equality

F(oxy) = JyxReyJi

imply equation (21). O
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Remark 2.29. Quantum groups were originally introduced in [39, 38] as bialgebras as in Theorem 2.26
satisfying the FRT relation in equation (21). The above statements show, conversely, that this relation
naturally follows from the categorical framework.

2.6. Coend algebras and reflection equation

Let C be a cp-rigid monoidal category. Recall the formula for the right adjoint TR: C — C ® C for the
tensor product functor C ® C — C from Theorem 2.8.

Definition 2.30. The canonical coend is the object F € C defined by

x€eCP
F=TTRQ) = / xV ®x. (22)

For x € CP, let us denote by
A
Tx: X' Qx — F

the natural projection.
Now, suppose in addition that C is braided monoidal. Then F admits a structure of a braided Hopf
algebra (see, e.g., [64, 63, 78]). Explicitly, the algebra structure is given on generators as follows:

o The product is

v v TavexyV v oo v
xXRX)®(Y' ®y) — >y ®@x ' ®x®y
=x®y)'®x®Yy
SNy
o The unit is
15 F
Consider a monoidal functor F': C — Vect. The projections 7 give rise to elements

Ky € F(F) ® End(F(x)).

Comparing the formulas in equations (15) and (22), we see that there is an isomorphism of vector
spaces

F(F) = B.

In particular, as before, F(F) is spanned, as a k-vector space, by the matrix coefficients of K, for x € CP
subject to the relation in equation (16) for every f: x — y. As before, K1 € F(F) is the unit. However,
the multiplication is different. The following was proved in [66, 26].

Proposition 2.31. Suppose x,y € CP are two objects. Then the reflection equation
Ro1 K1 R12K> = KR 1 K Ry (23)
holds in F(F) @ End(F(x) ® F(y)).

Remark 2.32. The reflection equation algebra in the theory of quantum groups was introduced in [58]
as the algebra generated by the matrix elements of K satisfying the reflection equation (23). We see that
it coincides with F(F). So, F is also sometimes known as the reflection equation algebra.
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Example 2.33. Suppose H is a Hopf algebra and consider C = LModg . Then the coend algebra F is a
Drinfeld twist of the restricted dual Hopf algebra

V eLMod
H° = / VeV

see [27, Definition 4.12].

3. Harish-Chandra bimodules

In this section, we study categories of classical and quantum Harish-Chandra bimodules as well as
introduce Harish-Chandra bialgebroids.

3.1. General definition

We will now present a general categorical definition that encompasses categories of both classical
and quantum Harish-Chandra bimodules. We refer to section 3.3 for a relationship to the usual Harish-
Chandra bimodules. This formalism is closely related to the theory of dynamical extensions of monoidal
categories introduced in [28]; see Theorem 3.2.

Throughout this section, we fix a cp-rigid monoidal category C. Recall from [34, Definition 7.13.1]
that the Drinfeld centre Zp,(C) is the braided monoidal category consisting of pairs (z, 7), where z € C
and

Tx: XQ2Z - QX
is a natural isomorphism satisfying standard compatibilities. The monoidal structure is given by
(1)@, 1) =(ze,1),
where T is the composite

, Tx®idy , 1d®T) ,
XQ®IQ — > IQ0XRI — 107 X,

where we omit associators. We refer to [34, Proposition 8.5.1] for the braided monoidal structure on
Zp (C).

Definition 3.1. Let (£, 7) be a commutative algebra in Zp,(C). The category of Harish-Chandra
bimodules is

HC(C, £) = LMod(C).

When there is no confusion, we simply denote HC = HC(C, £).

Remark 3.2. A commutative algebra in the Drinfeld centre is called a base algebra in [28, Definition
4.1]. The full subcategory of HC(C, £) consisting of free left £L-modules is called a dynamical extension
of C over L in [28, Section 4.2].

If H is a Hopf algebra, recall that the Drinfeld centre Zp,(LModg ) is equivalent to the category of
Yetter—Drinfeld modules over H (see [52, Section XIII.5]). This gives rise to the following important
example.
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Proposition 3.3. Suppose H is a Hopf algebra, and consider C = LModgy. A commutative algebra L in
Zp:(LModp ) is the same as an H-algebra L equipped with a left H-coaction §: L — H ® L, a map of
H-algebras, denoted by x — x(_1y ® x (o) satisfying

xy =y (S (ven)) e, x,y € L.
The corresponding isomorphism Ty : M ® L — L ® M is given by
mex — x@q) ® (Sil(X(,l)) >m).

Proof. The compatibility of 73, with the monoidal structure on LModg follows from the coassociativity
and counitality of the H-coaction. The compatibility of s, with the algebra structure on L is equivalent
to the equation

Xy ® S (yn)S (xn) B m = (xy)0) ® ST ((xy) (1)) > m,

which follows from the condition that L — H ® L is an algebra map. The commutativity of the
multiplication on £ € Zp(LModp) is

xy =y (S (y1)) > x.

Remark 3.4. The inverse morphism £ ® M — M ® L is given by
X®@m = X(—1) > m QX
Example 3.5. Consider a Hopf algebra H, and let £ = H. Consider the adjoint action of H on £
h®x— hq)xS(h)
for h € H and x € L. Consider the H-coaction £L — H ® L given by the coproduct on H. Then
STy ex=S"(ye)xy)-

In particular,

Yo (ST ) »x =y S (va)xya
=e(y(2)xy)

=Xy,
which shows that (£, ) is a commutative algebra in Zp,(LModg ).

Since £ is a commutative algebra in Zp,(C), the category HC has a natural monoidal structure given
by the relative tensor product: given left £L-modules M, N € C, we may turn M into a right £-module
using Tps, and then the tensor product is given by M ® N. We also have an adjunction

free: C —— HC: forget,

where free: C — HC is the monoidal functor x — L ® x given by the free left £-module and
forget: HC — C is given by forgetting the £-module structure.

Observe that £°P is an algebra in C®°P. Moreover, it lifts to a commutative algebra in Zp, (C®P) if
we consider the inverse isomorphism 7.

Lemma 3.6. There is a natural monoidal equivalence HC(C, £L)®°P = HC(C®°P, L°P).
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The following construction explains why HC deserves to be called the category of bimodules. There
is a natural monoidal functor

bimod: HC — BMod,(C) 24)

given by sending a left £L-module M to the £-bimodule, where the right £-action is obtained via 7ps. It
realises HC as a full subcategory of BMod,(C) consisting of objects M € BMod,(C) such that the
right and left actions are related by 7a;.

Let us now analyse the categorical properties of HC.

Proposition 3.7. The category HC is cp-rigid. Moreover, we may take free(V) € HC for all V € CP as
the generating set of compact projective objects. If the unit of C is compact projective, so is the unit in
HC.

Proof. The functor free: C — HC has a colimit-preserving right adjoint forget: HC — C. So, free(V) €
HC is compact projective if V € CP.

The category HC is generated by free(V) for V € C since forget is conservative. But since C has
enough compact projectives, we may restrict to V € CP,

Since C is cp-rigid, the objects V € CP are dualisable. Since free: C — HC is monoidal, the objects
free(V) € HC are also dualisable. But we have just shown that such objects are the generating compact
projective objects, while by [18, Proposition 4.1], it is enough to check cp-rigidity on the generating
compact projective objects.

The unit of HC is £ viewed as a free left £-module of rank 1, so

Homyc (L, —) = Home (1¢, forget(-)),

which shows that £ is compact projective if and only if 1¢ € C is. O

3.2. Quantum moment maps

Recall that for an algebra A € Rep(G), a quantum moment map is a map u: Ug — A such that the
infinitesimal g-action on A is given by [u(x), —] for x € g. The following version of this definition in
our setting was introduced in [73, Definition 3.1].

Definition 3.8. Let A € C be an algebra. A quantum moment map is an algebra map u: £ — A such
that the diagram

id
LA 2SS A A (25)

TA \A

id®}l %

ARL—A®A
commutes.

Remark 3.9. Recall that £ € Zp,(C) is a commutative algebra. The quantum moment map condition
expressed by equation (25) says that u: £ — A is a central map.

Proposition 3.10. An algebra in HC is an algebra in C equipped with a quantum moment map.

Proof. Via the embedding bimod: HC — 2BMod,(C) of equation (24), an algebra A € HC gives rise
to an algebra in ;BMod, (C). An algebra in the category of bimodules is the same as an algebra A € C
equipped with an algebra map u: £ — A. The condition that it lands in HC c .BMod/(C) is precisely
the quantum moment map equation (25). m}
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The following is [73, Definition 3.10].

Definition 3.11. Suppose €: £ — 1¢ is a morphism of algebras in C and A is an algebra equipped with
a quantum moment map. The Hamiltonian reduction of A is

Home(1¢,A®, 1) = HomLModA(C) (A®, 1c,A®, 10).

A canonical example of an algebra with a quantum moment map we will use is the following.
Let Tyc: HC ® HC — HC be the tensor product functor. By Theorem 2.15, the object TR (1yc) €
HC ® HC®®? is an algebra. Identifying HC(C, £)®°P = HC(C®, £L°P) using Theorem 3.6, we see that

(forget ® forget) (Tii-(1nc)) € C ® C®P

is an algebra equipped with a quantum moment map from £ & L°P.

Definition 3.12. Let C, HC be as before. The algebra D € C ® C® is
D = (forget ® forget)(TII}C(ch)).
We denote the canonical quantum moment map by
p: L®LP — TR(L). (26)

Proposition 3.13. We have an equivalence

xeCP xeCP
DE/ (£®xv)xx5/ B (x®L),

where the latter isomorphism is provided by Theorem 2.9. The algebra structure is given by

(Lex)mx)®((Ley)my) 2 (Lex'®L®Yy )R (y®x)

id®Txv®id v v
— (LOLRx' ®y )R (y®X)

Lo (yen)a(yex)

Tyox xece

- / (L®x)mx.
The two quantum moment maps L, L — D are given by

L=(Le)rl 5D
and
LP=1r(18L) 25 D.
Proof. Since free: C — HC is a monoidal functor, by adjunction, we get a natural isomorphism
(forget ® forget) o TIEC = Tg o forget, (27)
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where T¢: C ® C — C is the tensor product functor. In particular, applying equation (27) to 1gc, we get
isomorphisms

X€ECP x€eCP
D%/ (£®xv)|2|x£/ R L)

using Theorem 2.8.
We have a natural isomorphism

(forget o free ® id) o Tg(—) = Tg(forget o free(-))
given by Theorem 2.9 that gives rise to an algebra isomorphism
D = (forget o free ® id) o Tg(l),
which gives the required formula. O

Example 3.14. Suppose H is a Hopf algebra, £ is a commutative algebra in Zp,(LModg ) (see Theorem
3.3) and C = LModpy. Let

V eLMod
H® = / vieV

be the restricted dual Hopf algebra. By construction, £ is an H-comodule algebra, and H® is an H-
module algebra (via the left H-action). Then D is the smash product algebra generated by £ and H°
with the additional relation

hl =10y (S (I(=1)) » )

forhe H°and! € L.

3.3. Classical Harish-Chandra bimodules

Let G be a reductive group over a characteristic zero field k, and denote by g its Lie algebra. Let Rep(G)
be the ind-completion of the category of finite-dimensional representations. The category Rep(G) is
semisimple, so it has enough compact projectives and its unit is compact projective.

Suppose V € Rep(G) is a G-representation. For x € Ug and v € V, we denote by x > v the induced
Ug-action on V. Consider the natural isomorphism

v:VeUg— Ug®V (28)
given by
VX X®V—1Qxv

for x € g. It follows from Theorem 3.3 that (Ug, 7) defines a commutative algebra in Zp;(Rep(G)).
Definition 3.15. The category of classical Harish-Chandra bimodules is

HC(G) = HC(Rep(G), Ug).
Remark 3.16. The embedding in equation (24) realises HC(G) as the category of Ug-bimodules whose

diagonal g-action is integrable (see [ 1, Definition 5.2] for the original definition of Harish-Chandra
bimodules).

https://doi.org/10.1017/fms.2022.68 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.68

24 Artem Kalmykov and Pavel Safronov

The following easy lemma (see [73, Example 3.4]) shows that the definition of a quantum moment
map we gave in Theorem 3.8 coincides with the classical notion of a quantum moment map.

Lemma 3.17. Let A € Rep(G) be an algebra. A quantum moment map u: Ug — A is the same as an
algebra map such that for every x € g the commutator [u(x), —] coincides with the differential of the
G-action.

In the same way, the quantum Hamiltonian reduction from Theorem 3.11 coincides with the usual
definition

AG = (A]Au(9))®

of the reduced algebra.

Given a variety X equipped with a G-action, the algebra of differential operators D(X) carries a
quantum moment map u: Ug — D(X), which sends g c Ug to vector fields on X generating the
infinitesimal action. For instance, D(G) carries a moment map

u: Ug®Ug”® — D(G) (29)

coming from the left and right G-action on itself. Let us explain how it arises in our context.
By the Peter—Weyl theorem, we have an isomorphism of algebras

V €Rep'(G)
O(G) = / VYRV € Rep(G) ® Rep(G),
where O(G) carries a G X G-action coming from the left and right G-action on itself. Using this, we

can also describe the algebra D from Theorem 3.12.

Proposition 3.18. The algebra D € HC(G) @ HC(G)®P is isomorphic to D(G) = Ug® O(G) equipped
with the G X G-action and the quantum moment map given by equation (29).

In the abelian case, the category of Harish-Chandra bimodules has a straightforward description.
Suppose H is a split torus; let b be its Lie algebra and A = Hom(H, Gy,) the character lattice. Then
Rep(H) is equivalent to the category of A-graded vector spaces, and HC(H) is equivalent to the category
of A-graded Sym())-modules @AM ().

Given A € A, we consider the translation functor 4* : LModsymy) — LModgymp) . Then the monoidal
structure ®€ on HC(H) is given by

MUC N = @/l*(M) ® N(2).
AEA

Suppose V € Rep(H). Given a vector v € V of weight u € A and f € O(h*) = U, the map given
by equation (28) is given by

ve f() - f(A-pev
for A € h*. It is convenient to write it as
v f(A) > f(A-h)®v,

where # is understood as acting on v € V. Similarly, given a collection of representations Vi, ...,V, €
Rep(H) and vectors v; € V;, we denote

f(/l—h(i))v1 ®..vy=fA-pu)vi®...vy

if v; has weight y; € A.
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3.4. Quantum groups

In this section, we fix our conventions for quantum groups. Fix k = C. Let G be a connected reductive
group, B, B_ c G a pair of opposite Borel subgroups and H = B N B_ a Cartan subgroup. Denote
by A = Hom(H, Gy,) its weight lattice and AY = Hom(Gp,, H) the coweight lattice; we denote by
(—=,—): AY x A — Z the canonical pairing. For two simple roots @;,a; € A, denote by «; - @j € Z
the corresponding entry of the symmetrised Cartan matrix. Choose an integer d € Z and a symmetric
bilinear form (—,—): AX A — Ll—lZ such that (@;, ;) = a; - @;. Given a complex number g'? e C*,
we have the exponentiated pairing
IMm: AxA— C*

given by A, u — ¢~ 4#) Our assumption is that ¢'/¢ is not a root of unity.

We denote by U, (g) the quantum group defined as in [62] with a slight modification that its Cartan
partis Uy (h) = k[A] with Cartan generators K, for u € A (note that the Cartan part in [62] is k[AY]).
We denote by U, (b) € U,(g) the quantum Borel subalgebra, U, (1), U, (n_) € U,(g) the quantum
nilpotent subalgebras and UZO(n),UfIO(n,) their augmentation ideals. For each simple root a, we
denote by {Ey, K4, Fo} the corresponding generators of the Uy (sl»)-subalgebra (they are denoted by
E;, K;, F; in [62, Section 3.1.1]).

We have the corresponding categories obtained from this data:

o Rep, (H) is the braided monoidal category of A-graded vector spaces with the braiding given by
II7, where 7 is the map exchanging the tensor factors.

o Rep, (G) is the ind-completion of the braided monoidal category of finite-dimensional A-graded
vector spaces with a U, (g)-module structure such that for every vector x, of weight A € A, we have
Kux) = q#x ;. The braiding is given by ©® o IT o 7, where © € U, (n_)@Uq (n) is the so-called
quasi R-matrix. Refer to [62, Section 32] for more details.

o Rep, (B) is the ind-completion of the monoidal category of finite-dimensional A-graded vector
spaces with a compatible U, (b)-module structure.

Definition 3.19. A U, (g)-module M is integrable if it lies in the image of the forgetful functor
Rep, (G) — LMody, (g)-

Equivalently, an integrable U, (g)-module is a locally finite type 1 U, (g)-module. We introduce an
analogous definition for U (b)-modules.
Denote by O, (G) € Rep, (G) the coend algebra from Theorem 2.30.

Definition 3.20. A U, (g)-module M is locally finite it for every m € M, the vector space U, (g)m is
finite-dimensional.

The algebra U, (g) with respect to the adjoint Uy (g)-action on itself x,y — x(1)yS(x(2)) is not
locally finite, and we denote by

Uy(9)" c Uy(g)
the largest locally finite submodule.

Example 3.21. Consider U, (s1») with the generators E, K, F and relations

K-K!

KE = ¢’EK, KF = ¢ °FK, EF —FE = —.
q-q

Then U, (sIy)'f is the subalgebra generated by EK~', F and K.
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It is easy to see that Uq(g)lf c U,(g) is a subalgebra, but note that it is not a subcoalgebra.
Nevertheless, the following is shown in [50, Theorem 7.1.6].

Proposition 3.22. U, () c Uy (a) is a left coideal: that is, the coproduct restricts to a map
A:Uq(8)" — Ug(g) ® Ug(9)".

Remark 3.23. There is a close relationship between the algebras Uq(g)lf and O,4(G), which can be
established using the quantum Killing form [70]. If G is semisimple simply-connected, U, (g)f =
04(G); see [50, Proposition 7.1.23] and [89, Theorem 2.113].

3.5. Quantum Harish-Chandra bimodules

For V € Rep,(G), v € V an x € U,(g), we denote by x > v the Uy (g)-action. For x € Uq(g)lf, we

denote by A(x) = x(1y ® x(2) the coproduct on U, (g), where we note that x5, € U, () by Theorem
3.22. We define the natural isomorphism

v: Ve U, (e — U, (g eV (30)
by
VX X2 ® S_l(x(l)) > V.

Consider Uq(g)lf € Rep,(G) with respect to the adjoint action. It follows from Theorem 3.3 that
(Uq (9)'f, 7) is a commutative algebra in Zpr(Rep, (G)).

Definition 3.24. The category of quantum Harish-Chandra bimodules is
HC,(G) = HC(Rep, (G), Uy(9)").

Remark 3.25. A similar definition of the category of quantum Harish-Chandra bimodules is given in
[89, Definition 5.26].

Remark 3.26. By [73, Theorem 3.10], the notion of quantum moment maps in this setting coincides
with the quantum moment maps for quantum group actions introduced in [88, Section 1.5].

In this case, the algebra D from Theorem 3.12 is the algebra of quantum differential operators D, (G)
on G (see [5, Section 4.1], where it is denoted by Dgi").
As in the case of classical Harish-Chandra bimodules, in the abelian case, the category HC, (G) has
a straightforward description. Let H be a torus and A its weight lattice. Then U, (p)F = Uy (h) = O(H)
and HC, (H) is equivalent to the category of A-graded O(H)-modules. There is a homomorphism
AN— H

whose dual map O(H) = k[A] — O(A) on the level of functions is
K, </l - qw)
for y, A € A. In particular, A acts by translations on H, and we denote the induced functor by

(¢Y*: LModo () — LModo ().
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The monoidal structure ®C on HC,(H) is given by
M "N = (g (M) & N(Y).
A€

Suppose V € Rep(H), v € V and f € O(H) = U, (h). Then the map given by equation (30) is
v® f() = fg™M ey

ford e H.

3.6. Harish-Chandra bimodules and bialgebroids

Let us again consider the general setup of section 3.1, where C is a cp-rigid monoidal category with a
compact projective unit. In particular, HC is also a cp-rigid monoidal category with a compact projective
unit. Our goal in this section is to describe a Tannaka reconstruction result for monoidal forgetful functors
to HC.

Recall from Theorem 2.19 that the category HC ® HC carries two monoidal structures: the pointwise
monoidal structure on HC ® HC®°P and the convolution product. We will call the latter the Takeuchi
product in this setting.

Definition 3.27. The Takeuchi product X is the monoidal structure on HC ® HC given by
(M & M>) Xz (N1 B’ N2) =ev(Mz, Ni) ® (Mi & N>)

with the unit coev(k) = D € HC ® HC.

Example 3.28. Consider the setup of Theorem 3.15. An object of HC(G) ® HC(G) = HC(G X G) is
a Ug ® (Ug)°P-bimodule with a certain integrability condition. For a (Ug)°P-bimodule M and a Ug-
bimodule N, the Takeuchi product is the subspace

M xXyg N C M ®yq N
of elements ;; m; ® n; satisfying
Zm,-x@ni =m; ®nix
i
for every x € Ug; see [82].

We will now formulate the notion of bialgebroids in the category of Harish-Chandra bimodules.
Recall that the algebra D = TR(L) € C ® C°P carries a natural quantum moment map given by equation
(26).

Definition 3.29. A Harish-Chandra bialgebroid is an algebra B € C ® C®°P equipped with a quantum
moment map s ® £: £ ® L°° — B, which allows us to regard B as an algebra in HC ® HC®P, together
with a coassociative coproduct A: B — B X, B, a map of algebras in HC ® HC®°P, and a counit map
&: B — D, amap of algebras in C ® C®°P compatible with quantum moment maps.

Example 3.30. Let H be a split torus and A = Hom(H, Gy,) its weight lattice, and consider the category
of Harish-Chandra bimodules HC(H). A bialgebroid in HC(H) is given by the following data:

o An algebra with a bigrading

B= (P Bas.

a,BeA
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o Algebra maps
s,t: O(h") — B
that satisfy the quantum moment map equations

s(f(D)a=as(f(A+a),  t(f(D))a=ar(f(1+p))

for f € O(h*) and a € Byp.
o The coproduct A: B — B Xyy B, a map of algebras compatible with the grading and quantum
moment maps. Here the Takeuchi product is

(B xuy Blap = @ Bas ®0 ) Bsgs
deA

where the relative tensor product is the quotient of the k-linear tensor product modulo the relations
t(fla®b~a®s(f)bfora®b € Bys ® Bsg and f € O(h*).
o Thecounite: B — D(H), amap of algebras compatible with the grading and quantum moment maps.

Remark 3.31. Essentially, this data is an §)-bialgebroid in the sense of [37, Section 4.1]. The differences
are as follows:

o For an h-bialgebroid, the weights a, B8 are not necessarily integral.

o The counit of an h-bialgebroid takes values in the algebra of difference operators on b*. However, it
contains the subalgebra of difference operators with integral shifts (i.e., in A C §*), which is
equivalent to D(H) via the so-called Mellin transform; see, for instance, [10, Section 2.1].

So, a Harish-Chandra bialgebroid in HC(H) is an b-bialgebroid with certain integrability assumptions.
Theorem 3.32. Suppose B is a Harish-Chandra bialgebroid. The functor 1.: HC — HC given by

L(M)=Bx; M

defines a lax monoidal comonad. Conversely, let L: HC — HC be a colimit-preserving lax monoidal
comonad on HC. Then L(-) = B X (—) for some Harish-Chandra bialgebroid B.

Proof. Recall from [2, Definition 6.25] that a bimonoid in a duoidal category is an algebra with respect
to one monoidal structure and a coalgebra with respect to the other monoidal structure, both compatible
in a natural way. A coalgebra in (Fun®(HC, HC), o) is a colimit-preserving comonad on HC, and a
bimonoid in Fun™(HC, HC) is the same as lax monoidal comonad on HC.

A colimit-preserving lax monoidal comonad on HC is the same as a bimonoid in the duoidal
category Fun® (HC, HC). By Theorem 2.20, we have an equivalence of duoidal categories HC ® HC =
FunL(HC, HC). So, L corresponds to an object B € HC ® HC, which is both an algebra in HC ® HC®P
as well as a coalgebra in (HC ® HC, X ), both in a compatible way.

By Theorem 3.6, we have an equivalence of monoidal categories

HC(C, £) ® HC(C, L)®° = HC(C, L) ® HC(C®°, L°P),

so by Theorem 3.10, the data of an algebra B € HC ® HC®°P boils down to an algebra B € C ® C®P
equipped with a quantum moment map £ ® L°° — B.

The data of a comonad boils down to a coalgebra (B, A, €) in (HC @ HC, X ). The counit is given by
a map of algebras €: B — coev(k) in HC ® HC®P. Identifying algebras in HC ® HC®°P with algebras
in C ® C® equipped with quantum moment maps by Theorem 3.10, the counit is the same as a map
&: B — TR(L) = D of algebras in C ® C®° compatible with quantum moment maps from L& L. 0O

The definition of representations of Harish-Chandra bialgebroids is straightforward.
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Definition 3.33. Suppose B € HC ® HC is a Harish-Chandra bialgebroid. A B-comodule is an object
M € HC together with a coassociative and counital coaction M — B X, M.

Equivalently, by Theorem 3.32 a B-comodule is a coalgebra over the comonad L(M) = B X M.

Example 3.34. Consider the category of Harish-Chandra bimodules HC(H) for a split torus H as in
Theorem 3.30, and let B be a Harish-Chandra bialgebroid in HC(H). Then a B-comodule is a O(h*)-

module
M= @ M,

2N
together with a coaction map

Ma B @Baﬁ ®O(b*) Mﬁs
BeEA

where B is considered a right O(h*)-module via the left action of r: O(h*) — B. We require this
coaction map to be compatible with the O(h*)-actions on both sides, where the O(h*)-action on the
right is via the left multiplication by s: O(h*) — B and coassociative and counital in the obvious way.

We obtain a Tannaka recognition statement for Harish-Chandra bialgebroids.

Theorem 3.35. Suppose D is a monoidal category with a monoidal functor F : D — HC, which admits
a colimit-preserving right adjoint FR: HC — D. Then there is a Harish-Chandra bialgebroid B such
that (F o FR)(=) = B x (=) and F factors through a monoidal functor

D — CoModg (HC).

If F is conservative and preserves equalisers, the above functor is an equivalence.

Proof. Since F is monoidal, FR is lax monoidal. Therefore, L = FFR is a colimit-preserving lax
monoidal comonad on HC. By Theorem 3.32, there is a Harish-Chandra bialgebroid B such that
1(-) = B Xz (—). By the standard monadic arguments, F factors through

D — CoMod, (HC) = CoModg(HC),

which is monoidal (see [81, Proposition 3.5] for the dual statement). If F is conservative and preserves
equalisers, by the Barr—Beck theorem [65, Theorem VI.7.1] the above functor is an equivalence. O

4. Dynamical R-matrices

In this section, we explain how the dynamical twists and dynamical R-matrices arise from the categorical
formalism explained in this paper.

4.1. Dynamical twists

Consider a Hopf algebra H, a commutative algebra £ € Zp,(LModg ) (see Theorem 3.3) with a coaction
map 6: L — H ® L (denoted by x — x(_1) ® x(p)) and a cp-rigid monoidal category C together with
a forgetful functor F: C — LMody, which we assume sends compact projective objects in C to finite-
dimensional H-modules. It will be convenient to introduce the right H-coaction

R —rLeoH
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by
x> x0) ® S (x(-n).

Proposition 4.1. A monoidal structure with a strict unit map on the composite

free

C — LMody — HC(LMody, £)

is the same as a natural collection of elements Jx y € LOHom(F(X)®F(Y), F(X®Y)) for X,Y € C*®?
satisfying

o The elements Jx y are H-invariant.
o Foratriple X,Y,Z € CP, the equation

Ixay.z o (Jxy ®idz) = Jx yez o 8 (Jy.7)

holds, where 6§ means the H-factor in SR acts on X.
o Forany X € C®, we have J1,x = Jx 1 =1 ®idp(x).

Proof. Recall that the monoidal structure on the functor free: LMody — HC(LModgy, £) is given by
the natural isomorphism

(L®X)®, (LOY) S LRIXQY
a®x®b®y > abg ®S (b)) >x®y

for any X,Y € LModg. So, the monoidal structure on C — HC(LMody, £) is given by
(LOF(X)®: (LOF(Y) =LRF(X)®F(Y) > LIF(X®Y),
where the first isomorphism is given by the monoidal structure on free and the second isomorphism is
l®a®bm (I®idp(xer))/x,y(a®b).
The composite is automatically a map of £-modules, and the compatibility with the H-action is the
H-invariance condition on Jx y.
The associativity condition for the monoidal structure on F is that for compact projective objects

X,Y,Z € CP, the diagram

(L®F(X) @ (LO®F(Y)) & (LO®F(Z)) —— (LR®F(X) @ (L®F(Y)) ®r (L®F(2)))

i./xyy(@id \Lid@]y’z

(LOF(X®Y))®, (L®F(Z)) (LOF(X)®r (LIF(Y ®Z))

LOIF(X®Y®Z)

commutes. Considering the image of (1 ® a) ® (1 ® b) ® (1 ® ¢) under these maps, we get the second
equation.
The unitality condition for the monoidal structure on F is equivalent to the last equation. O
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Let us now introduce a universal version of the previous statement. Suppose A is another Hopf algebra
with a map of algebras H — A. We assume C = LMod 4, and the forgetful functor

F:1LMody — LMody

is given by restriction of modules. Denote by (A, A, £) the coalgebra structure on A.
Definition 4.2. A dynamical twist is an invertible element
_ 70 o 7l 2
J=7"®J ®J°cLRARA
satisfying
1. The invariance condition
h(]) > JO ® h(g)Jl ® h(3)]2 = JO ® ]lh(1) ® th(z)

for every h € H;
2. The shifted cocycle equation

(ideA@id))(Je1) = (({deid®A)) (I ®S™ (I ) et ©J%);

3. The normalisation condition
(idee@id) /=119 1=(d®id® &)J.

Example 4.3. Consider the trivial pair H = £ = k given by the ground field. The invariance condition is
empty, while the cocycle equation and the normalisation condition imply that / € A ® A is a (constant)
twist for the Hopf algebra in the sense of [21, Proposition 4.2.13].

Example 4.4. Suppose | is an abelian Lie algebra, and consider H = £ = U} as in section 3.3. Then a
dynamical twist is a function J: h* — A ® A. The invariance condition is that J(1) is h-invariant with
respect to the adjoint action (the zero-weight condition). The shifted cocycle equation is

(A ®id)J(2)J12(2) = ((id ® A)J (1)) Jo3(2 = D).

Proposition 4.5. The data of a dynamical twist is equivalent to the data of a monoidal structure on
LMod4 — HC(LMody, £) with a strict unit map.

Proof. By Theorem 4.1, the monoidal structure is specified by a collection of elements
Jxy € L®End(X ®Y), X,Y € LModa.
By naturality, these are uniquely determined by the elements

JZJA’A(1A®1A) eELRARA.

Two dynamical twists may be related by a gauge transformation.

Definition 4.6. A gauge transformation is an invertible H-invariant element G € £ ® A satisfying the
normalisation condition

(de®e)(G)=181.
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Given a dynamical twist J and a gauge transformation G, we obtain a new dynamical twist by the
formula

JC=({deA)G-J (("eid)G) (Ge 1) 31)
Example 4.7. Consider the pair H = £ = U, as in Theorem 4.4. Then a gauge transformation is a
zero-weight function G : h* — A* satisfying £(G (1)) = 1. Given a dynamical twist J: h* —» A ® A,
its gauge transformation is
IO = (1d® MG - J(A) - (G2~ h') NG ()"
Proposition 4.8. Suppose Ji,J> are two dynamical twists that give rise to monoidal structures on the

Sfunctor LMody — HC(LMody, £) by Theorem 4.5. The data of a gauge transformation between them
is a monoidal natural isomorphism

IMods T | iHC(LModH,E)

4.2. Dynamical FRT and reflection equation algebras

Let us describe the Harish-Chandra bialgebroid B from Theorem 3.35 explicitly. Let D be a cp-rigid
monoidal category and F: D — HC a monoidal functor that admits a colimit-preserving right adjoint
FR.

By Theorem 2.5, the functor FFR can be calculated as

FFR(x) = / - Hom v v
- He(F()Y.x) @ F(3)
yeDeP
N / Homie (£, F(y) ®¢ x) ® F(y)".

Recalling the definition of the Takeuchi product from Theorem 3.27, we obtain that FFR(x) = B X, x,
where the Harish-Chandra bialgebroid B is

yeDeP
BE/ F(y)' ®m F(y) € HC ® HC.
As in section 2.5, denote by
my: F(y)'®8F(y) — B

the natural projections. The Harish-Chandra bialgebroid structure is given on generators as follows:

1. The coproduct

(y,z) €DPXDEP
B—Bx/B= / Homyc (L, F(y) ®, F(2)Y) ® F(y)" ® F(2)
is
coev®id

F()" 8 F(y) <225 Homuc (L, F(y) 8 F(y)Y) ® F()' 8 F(y) —2> B, B.
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2. The counit
PeHC®
B_>TI§C(/:):/ P'®mP

is the projection
F(»)' @ F(y) = Tic(L).
3. The product is the composite

(F(y»)"®F(y) ®cer (F(2)" ®F(2) = (F(y)' ®c F(2)") B (F(z) ® F(y))
= (F(2) ®c F(y)" ® (F(z) ® F(y))

WESIEVAR y
——— > F(z®y)'®F(z®Y)

Tzey

4. The quantum moment map is
LrL®=F1)rF(1) = B.

We will now concentrate on the case C = Rep(H) for H a split torus with weight lattice A and £ = Ub,
so HC = HC(H). Moreover, we assume that the functor F: D — HC(H) factors as the composite

D — Rep(H) =5 HC(H).

For an object y € D, we denote its image in Rep(H) by the same letter. In this case, the monoidal
structure is given by a dynamical twist

Jy.z(1): h* — End(y ® z)

as in Theorem 4.1.
The projections

ny: (Up@y ) m(Uh®y) — B
in HC(H x H) may be encoded in elements
Ty € B®End(y).

Analogously to Theorem 2.26, we obtain the following explicit description of the bialgebroid B.

Theorem 4.9. The bialgebroid B is spanned, as an O(Y*)-bimodule, by the matrix coefficients of T, for
y € D subject to the relation

F(j)OTx =Ty OF(J.)
for every j: x — y. Moreover, we have:

1. A(Ty) =T, ®T, for every y € DP.
2. €(Ty) =1®id, € D(H) ® End(y) for every y € D.
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3. Forevery f € O(h*) and y € D,

s(f(O))Ty =Tys(f(A+h))
1(f(A+ )Ty =Tyt(f (D).
4, J)’,’z 7! TyeJ5 o (1) = (T, ®id) (id®T:), where by the superscripts, we mean the left multiplication

with the O(Y*)-part by either the source (s) or the target (t) map.
5. T1 € B is the unit.

Definition 4.10. Suppose D is a braided monoidal category together with a forgetful functor D —

Rep(H) and a monoidal structure on the composite D — Rep(H) Jree, HC(H). For x,y € D, define
the morphism Uhp®x® y — Uh ® y ® x by

v Jxy F(ox,y) ‘/;xly
Ryy: F(x) ®uy F(y) — F(x®y) —— F(y ® x) — F(y) ®uy F(x).
The dynamical R-matrix is the map R, ,: b — End(x ® y) given by
Ryy = (iduy ® 07 ) 0 Ry y.

As in section 2.5, we use the standard notation 71 = T, ® id and 7> = id ® T, and similarly for the
R-matrix.

Proposition 4.11. Let x,y, z € DP.
1. The dynamical R-matrix satisfies the dynamical Yang-Baxter equation
Ro3(DRi3(A = HP)Ri2(A) = Riz(d = hD)Ri3() Rz (2 = )

inEnd(x ® y ® 7).
2. The element T satisfies the dynamical FRT relation

R'()T\T> = T-T1R*(Q)
in B®End(x ® y).
Proof. As in the proof of Theorem 2.28, the element R satisfies the braid relation
R12R23R12 = Ry3R1aRn3

in Uh ® End(x ® y ® z). Observing that R = o o R, we get the dynamical Yang—Baxter equation.
To show the second part, recall from Theorem 4.9 that

F(U-x,y)Tx®y = Ty®xF(0-x,y)~

Decomposing Txgy and Ty g, into Ty and Ty using property (4) of the same theorem, we get the result. O

5. Fusion of Verma modules

In this section, we construct standard dynamical twists for Ug and Uy (g) using the so-called exchange
construction introduced in [31].
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5.1. Classical parabolic restriction

Let G be areductive group over an algebraically closed field k of characteristic zero and g its Lie algebra.
Fix a Borel subgroup B C G and denote H = B/[B, B]; their Lie algebras are denoted by b and §. We
denote by N the kernel of B — H with Lie algebra n. Let W be the Weyl group.

We will later use the Harish-Chandra isomorphism; see [49, Theorem 1.10].

Theorem 5.1. There is a unique homomorphism of algebras
hc: Z(Ug) — U,
the Harish-Chandra homomorphism, such that for any z € Z(Ug) and m € M"™, we have
zm = mhe(z).

Definition 5.2. The universal category O is the category O™V of (Ug, Uh)-bimodules whose diagonal
b-action integrates to a B-action. The universal Verma module is

Muniv — Ug QU Ub e Ouniv.

Remark 5.3. Just like the usual category O is constructed to contain objects like Verma modules, we
define O"™ to contain objects like universal Verma modules.

Remark 5.4. We may identify Q""" with the category of Ug-modules in the category Rep(H) whose
n-action is locally nilpotent.

We will now define an important bimodule structure on O""":
HC(G) ~ 0" ~ HC(H). (32)

Both actions are given by the relative tensor products of bimodules. Given a Ug-bimodule X € HC(G)
and a (Ug, Uh)-bimodule M € O"", X ®y4 M is an (Ug, Uh)-bimodule. Since the diagonal g-action on
X is integrable, so is the diagonal b-action. Therefore, the diagonal b-action on X ®u4 M is integrable.
The HC(H) action is defined similarly.

Let

actg: HC(G) — O"WV, acty : HC(H) — Q"

be the actions of HC(G) and HC(H) on the universal Verma module M € O"V_ Using Theorem
2.21, we obtain the following lax monoidal functors.

Definition 5.5. The parabolic restriction is the lax monoidal functor
res = actl;, oactg: HC(G) — HC(H).
The parabolic induction is the lax monoidal functor
ind = act{; o acty : HC(H) — HC(G).
Let us now make these functors more explicit. Consider the functor
(0N : O™V _, HC(H),

which sends a (Ug, Up)-bimodule to the subspace of highest-weight vectors with respect to the Ug-
action. It still has a remaining Uf-bimodule structure, so it defines an object of HC(H).

Proposition 5.6. The functor (=) : O™V — HC(H) is right adjoint to acty : HC(H) — O™,
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Proof. Identify O"™" with the highest-weight Ug-modules in the category Rep(H) following Theorem
5.4.For M € O" and X € HC(H), we have

Homgpui (acty (X), M) = Homgpuiv (Ug ®up X, M)
= HomUbBMOdUb (Xs M)
= Homyc(a) (X, MN).

So,
res(X) = (X/Xm)V.

The lax monoidal structure on res can be described explicitly as follows. For X,Y € HC(G), the
morphism

(X/X)N @y (Y/Y /)N — (X ®ug Y/ (X ®yg Y)Y (33)

is given by [x] ® [y] — [x ® y]. This assignment is independent of the choice of a representative of
[x] since [y] is N-invariant.

Remark 5.7. Since res: HC(G) — HC(H) is lax monoidal, it sends algebras in HC(G) to algebras in
HC(H). By Theorem 3.10, an algebra in HC(G) is a G-algebra equipped with a quantum moment map
u: Ug — A. It is easy to see that res(A) is the quantum Hamiltonian reduction A /N. This algebra is
known as the Mickelsson algebra [67]; refer to [94] for more details.

Recall that the coinduction functor
coindg : Rep(B) — Rep(G)
is right adjoint to the obvious restriction functor Rep(G) — Rep(B). Denote in the same way the functor
coindg: O"Y 5 HC(G)
of coinduction from B to G using the diagonal B-action.

Proposition 5.8. The functor coindg: O™V — HC(G) is right adjoint to actg : HC(G) — O,

Proof. For M € O™ and X € HC(G), we have

Homouniv (aCtG (X), M) = Homouniv (X ®up Ub, M)
= HongBMOdUb (X, M)

Both X and M are (Ug, Ub)-bimodules whose diagonal b-action integrates to a B-action: that is, they
are objects of LModyg(Rep B). Moreover, X lies in the image of the forgetful functor

HC(G) = LModyg(Rep G) — LModyg(Rep B).
But by definition, coindg is the right adjoint to the forgetful functor Rep G — Rep B. O

Let us now compute the values of res and ind on the units.

Proposition 5.9. The natural morphism Ul — res(Ug) is an isomorphism.
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Proof. By Theorem 5.6, res(Ug) = (M"")V  and we have to show that
Uh —> (MUV)N
is an isomorphism. Let
MUYV-8N = Ug @y Frac(UD),

where Frac(Ub) is the fraction field of Up. The map M"Y — MU"V-2° ig injective, and (=) is left
exact, so (M"V)N —s (puniv-gen)N g injective. But the Verma module for generic highest weights is
irreducible (see [49, Theorem 4.4]), so

Frac(UB) — (MUnv-gmN
is an isomorphism. This implies the claim. O
Corollary 5.10. The induced map
res: Z(Ug) = Endyc(g) (Ug) — Ub = Endycn) (Uh)
coincides with the Harish-Chandra homomorphism hc: Z(Ug) — U}
Proof. The map
actg : Z(Ug) = Endyuc(g) (Ug) — Endoumv(M““iV)

sends a central element z € Z(Ug) to the left action of z € Z(Ug) on M. By Theorem 5.1, it is equal
to the right action of hc(z) € Up on M"Y, To conclude, observe that the map

Ub N (MuniV)N
is an isomorphism of right Up-modules. O

Proposition 5.11. Suppose G is connected and simply connected. Then there is an isomorphism
ind(Up) = Ug ®7(Ug) Up,

where the Z(Ug)-action on UY) is via the Harish-Chandra homomorphism hc.

Proof. By Theorem 5.8, ind(U}) = coindg(M““iV). Identifying B-representations with G-equivariant
quasi-coherent sheaves on G /B, M""" is sent to (7,Dg / ~)H, where 7: G/N — G/B. Therefore,

coind§ (M"™) = D(G/N)".

The claim then follows from [90, 87]; see also [68, Lemma 3.1]. ]

Note that the functor res preserves neither limits nor colimits, and it is merely lax monoidal. We will
now show that after a localisation, it becomes exact and monoidal.

Definition 5.12. A weight A € b* is generic if (1, ") ¢ Z for every root a. Denote by §*&" C h* the
subset of generic weights. Let HC(H)&" ¢ HC(H) and O"V-&" ¢ O""" be the full subcategories of
right Uh-modules supported on generic weights. Let (Up)&" c Frac(Ub) be the subspace of rational
functions on h* regular on ™",

By construction,

HC(H)*" = HC(Rep(H), (Up)*™")
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and similarly for O""V-2" Moreover, both HC(H)&" ¢ HC(H) and O"Y-&" ¢ QY admit left adjoints
given by localisation. Let

Muniv,gen — Ug ®Ub (Ub)gen

be the universal Verma module with generic highest weights.
Choose a Borel subgroup B_ C G opposite to B, with Lie algebra b_. Let

M"Y = Uph ®us_ Ug

be the opposite universal Verma module.

Definition 5.13. The functor of n_-coinvariants
() : O — HC(H)

is My = M"Y ®yq M.
We will now recall the extremal projector introduced in [4]; see also [94].

Theorem 5.14. An extension T(g) of Ug is obtained by replacing Uy c Ug with Frac(UY) and
considering certain power series. There is an element P € T(g) satisfying the following properties:

I. nP=Pn_=0.
2. P-1eT(gnnNnn_T(g).

The action of P is well-defined on left Ug-modules whose n-action is locally nilpotent and that have
generic h-weights.

Example 5.15. Suppose g = sl,. The extremal projector in this case is (see, e.g., [53])

where
n
gn = l_[(h+j+ 1).
Jj=1

We will now describe some applications of extremal projectors.

Proposition 5.16. There is a natural isomorphism of functors (=), = (=)N: QUv-gn — HC(H)&™,
In particular, they are exact.

Proof. Take M € Ouniv-gen and consider the composite
MY — M — M, .
We will prove that it is an isomorphism.
Since the weights of the right Uh-action on M are generic and the weights of the diagonal Uh-action
are integral, the weights of the left Ul-action are also generic. Moreover, the left Un-action is locally

nilpotent. In particular, the action of the extremal projector from Theorem 5.14

PM—M
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is well-defined. It lands in N-invariants by the property nP = 0. It factors through n_-coinvariants by
the property Pn_ = 0. So, it gives a map

P: M, — MmN,
Form € M, we have Pm = m since P — 1 € T(g)n. In particular, P o & = id. Form € M, [m] = [Pm]
in My_ since P — 1 € n_T(g). In particular, 7 o P = id. )

Theorem 5.17. The category O™V js free of rank 1 as a HC(H)&"-module category in the sense of
Theorem 2.22.

Proof. The unit of the adjunction acty + ()" between HC(H )& and OQU"Y-&n jg
X — (actyg (X)N = (M"™ @y X)y_.

By the PBW isomorphism, this map is an isomorphism. In particular, acty : HC(H)&" — Qunivsgen jg
fully faithful.

Since the n-action on M € O'V-£" g Jocally nilpotent, MN = 0 if and only if M = 0. But
(—)N: Quniveeen _, HC(H)&™" is exact by Theorem 5.16. Therefore, it is conservative. Since its left
adjoint acty is fully faithful, it is an equivalence. O

Corollary 5.18. The composite

res

res®": HC(G) — HC(H) — HC(H)®"

is strongly monoidal and colimit-preserving.

Proof. By Theorem 5.17, O"V-&1 ig free of rank 1 as a HC(H)&"-module category. The claim then
follows from Theorem 2.23. O

Remark 5.19. Consider the morphism of stacks p: [b/B] — [bh/H]. It admits a section s: [h/H] —
[b/B], so p o s = id[y/g. It is shown in [76] that, restricting to generic weights, there is a homotopy
s o p ~ id[p/p given by the classical limit of the extremal projector. The proof of Theorem 5.17 gives
an analogous interpretation of the extremal projector on the quantum level.

We will now show that res&" gives rise to a dynamical twist. For this, according to Theorem 4.1,
we have to show that res&" of a free Harish—Chandra bimodule is free: that is, we have to establish an
isomorphism between (V ® M"“"V)N and V ® (Up)&" in HC(H)&", for every V € Rep(G).

Theorem 5.20. The morphism
(V ® Muniv,gen)N cVe® Muniv,gen Ve (Ub)gen,

where the second morphism is induced by the projection M-8 — (UB)E onto the highest weights,
defines a natural isomorphism witnessing commutativity of the diagram

freeg

Rep(G) —— HC(G)

\L i res&"
fi

reeyg

Rep(H) ——2 HC(H)&

Proof. Let M, be the Verma module of a generic highest weight 1 € §*, and denote by x; € M, the
highest-weight vector. We have to show that the map (V ® M)V — V given by

VX +-- - v,
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where . .. contain elements of M, of weight less than A, is an isomorphism. This is the content of [31,
Theorem 8].

Remark 5.21. The (Uh)&"-module res" (V @ Ug) admits another natural basis constructed in [54].

Consider V, W € Rep(G). Let us recall that Etingof and Varchenko [31] have introduced the fusion
matrix

T :Vew >vVew

depending rationally on a parameter A € h* as follows. Consider the Verma module M, with highest-
weight 1 € h*. For V € Rep(G) denote by V = @,cAV[1] its weight decomposition. Consider a
morphism M, — M, ® V. The image of a highest-weight vector x, € M, has the form

Xu®v+...,
where . .. denote terms containing elements of M, of lower weight. This determines a morphism
Homyg(Ma, M, ® V) — V[A — u]. (34)

For generic y, it is an isomorphism, and for v € V[4 — u], we denote by @', € Homyg(Ma, My, ® V)
the preimage of v under this map.
Forv € V and w € W of weights wt(v) and wt(w), consider the composite

Y tbfl”_wt(v) ®id
My — M/l—wt(v) V —m M/l—wt(v)—wt(w) ®W®eV. (35)

. .. . er - JVE‘/YV (D (wev) EV
The fusion matrix is defined so that this composite is © g . By [31, Theorem 48], Tw v (1)

quantises the standard rational solution of the dynamical Yang—Baxter equation (see [36, Theorem 3.2]).
Combining Theorem 5.18 and Theorem 5.20, we obtain a monoidal structure on the composite

Rep(G) — Rep(H) — HC(H)®".
In particular, as in Theorem 4.1, this gives rise to linear maps
Jyw@): VoW -sVeWw

depending rationally on A € b*.

Proposition5.22. LetV,W € Rep(G). The map Jy w (1): VOW — VW coincides with a permutation
of the fusion matrix

Tv.w () =I5, (D,

where T is the flip of tensor factors.

Proof. Let x"™V € M""" be the generator of the universal Verma module and x, € M, be the generator
of the Verma module of highest weight A. Using the PBW identification M"™¥ = Un_ ® U}, we identify
elements of M with functions h* — Un_.

For v € V, we denote by Y v; ® a;x""" the unique highest-weight element of V ® M"Y, which has
an expansion v ® X"V + . ... Similarly, for w € W, we denote by 3 w; ® b;x"" = w @ x""V + ... the
highest-weight element of W @ M"Y,

Under the morphism given by equation (33)

(V®MuniV)N ®up (W® MuniV)N N (V® W®MuniV)N
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we have

Z(V,‘ ® a[x"“iv) ® (Wj ® bjxuniV) — Z Vi ® (ai)(l)wj ® (ai)(z)bjx“niv.
i, i,J

It is then easy to see that

Ty w@Dew) = Z Vi ®a;i (1 — wt(v))w.

12

Using the same notations, the map ®),: My — My yi(v) ® V is
X1 > ai(d = W) Xawa(v) ® vi.
i

Therefore, the composite given by equation (35) is

x4 Y ai(d= W)X v ® Vi
i

- Z a;(A = wt(v)) ()b (A = Wt(v) = Wt(w))Xa—wi(v)-wi(w) ® @i (A = wWt(v))oyw; ® v;.

i,

The resulting element of Mj_w(v)-wi(w) ® W ® V is

Zx,l_wt(v)_wt(w) ®a;(A—wtv))w®v;+...,

L

which proves the claim.

Moreover, in [31, Section 5], Etingof and Varchenko have introduced an h-bialgebroid F(G).

Theorem 5.23. Consider the monoidal functor

res&"

Rep(G) —=%, HC(G) =5 HO(H)®".

41

It admits a colimit-preserving right adjoint; denote by B € HC(H)**" ® HC(H)&®" the Harish-Chandra
bialgebroid corresponding to this monoidal functor constructed in Theorem 3.35. Then we have an

isomorphism of h-bialgebroids
B ®up)eng(up)yen (Frac(Uh) ® Frac(Ub)) = F(G).
Proof. By Theorem 5.20, the functor Rep(G) — HC(H)&" factors as

Rep(G) — Rep(H) — HC(H)*".

Under this composite, a finite-dimensional G-representation V € Rep(G) is sent to a compact projective

object (Uh)e" @ V e HC(H)&™", so this functor admits a colimit-preserving right adjoint.
Since G is semisimple, by Theorem 4.9, the Harish-Chandra bialgebroid B is isomorphic to

@ (U @ VY) m (UD)*" ® V) € HC(H)*" ® HC(H)=™,
V elrr(G)

where the sum is over isomorphism classes of irreducible finite-dimensional G-representations. In

particular, we get an isomorphism of (Frac(Ub), Frac(Ub))-bimodules

B ®up)eeng(up)een (Frac(Uh) ® Frac(Ub)) = F(G).
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In the notations of Theorem 4.9 and [31, Section 5], the isomorphism is given by

Ty — LY,
t(f(2) > f(ah,
s(f(2) > f(2).

It is clear that this isomorphism preserves coproduct, counit and unit and the only nontrivial check is
that the product is preserved as well. The relations (18), (19) in 31 are clearly satisfied. For (20), the
claim follows from Theorem 5.22. O

5.2. Quantum parabolic restriction

In this section, we define a parabolic restriction in the setting of quantum groups; we use the notation
from section 3.4.

Definition 5.24. The universal quantum category O is the category (’)27“iv of (Uy(g), Uy (h))-bimodules
whose diagonal U, (b)-action is integrable. The universal quantum Verma module is the object

M"™ = Uqy(8) @u, ) Ug(h) € O™

Remark 5.25. As in the classical case, we may identify (’)3““’ with the full subcategory of
LMody, () (Rep, (H)) of U, (g)-modules whose U, (n)-action is locally finite.

We will now define a quantum analogue of the bimodules given by equation (32):
HC,(G) ~ O™ ~HC,(H). (36)

Lemma 5.26. Suppose X € HC,(G). The left U, (8)-module structure on X By, (g)f Uy (g) has a

canonically extension to a U, (g)-module structure. Moreover, the left U, (n)-action on X By, (gt M univ
is locally finite.

Proof. Recall from Theorem 3.4 that the left action of a € U, ()T onx € X is
avxx=(ada())(x) <agp),
)lf

where ad refers to the diagonal Uy (g)-action on X. So, we may extend the left U, (g)" -action on the

relative tensor product X ®y_gyr Ug (g) to a Uy (g)-action by the formula
a>(x®h)=(adag)(x) ®aph

fora € Uy(g) anx®h € X By, (o) Uy (g). It is well-defined (i.e., descends to the relative tensor

product) using the formula (ad a(1y)(!)a () = al forany a € U,(g) and [ € U, (g)".
The diagonal U, (1t)-action on X By, o M univ js Jocally finite since it is so on X and M"Y, O

AU, (g)-bimodule X € HC,(G) acts on a (U, (g), U, (h))-bimodule M € O“;“i" via
X,M — X ®Uq(g)'f M.
By construction, it is a (U, (g), Uy (h))-bimodule. Since the diagonal U, (1)-action on X and the left
U, (n)-action on M are locally finite, so is the left U, (n)-action on this bimodule. In particular, it lies

: univ
in O™
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For a U, (h)-bimodule X € HC,(H) and a (U, (g), U, (b))-bimodule M € Ogniv, the action is
M, X — M®y,m X.
Let
actg : HC4(G) — O™, acty : HCy(H) — O™

be the actions of HC,(G) and HC, (H) on the universal Verma module M"™".

Definition 5.27. The parabolic restriction and parabolic induction are the lax monoidal functors

res = actl;, oactg: HC;(G) — HC,(H)
ind = actfé oacty : HC,(H) — HC,(G).

‘We have a functor
(_)Uq (n) : O;ﬂiv N ch (H)

of Uy (n)-invariants.
Proposition 5.28. The functor (—)% ™ : O — HC, (H) is right adjoint to acty : HCy(H) — O3
Proof. For M € Ogniv and X € HC,(H), we have

HOmOEIniv (aCtH (X) . M) = HOmOL.lIniv (Uq (g) ®Uq (b) X, M)
= HOqu (b)BMOqu([)) (X, M)

~ HomHCq(H) (X, MUq(n)).

Proposition 5.29. The natural morphism U, (h) — res(U, (8)'") is an isomorphism.

Proof. The proof is similar to the proof of Theorem 5.9, where we again use the fact that the quantum
Verma module is irreducible for generic parameters [89, Theorem 4.15]. O

A weight for a Uy (g)-module is specified by an element of H(k) = Hom(A, k*). We will use an
additive notation for weights, so a vector v of weight A satisfies K,v = q“*"y. For a root @, we denote

— la,a)/2
da =4 .
Definition 5.30. A weight A is generic if ¢V ¢ +q% for every root &. Denote by H¥" C H the subset
of generic weights. We denote by HCfien(H ) € HC,(H) and Ogmv’gen C Og“iv the full subcategories of

modules with generic Uy (h)-weights. Let U, (h)=" < Frac(U, (b)) be the subspace of rational functions
on H regular on H&".

We denote by
Muniv,gen — Uq (Q) ®Uq(b) Uq (b)gen
the universal quantum Verma module with generic highest weights.

A generalisation of the extremal projector to quantum groups was introduced in [55].

Theorem 5.31. An extensionT,(g) of U, (g) is obtained by replacing U, (h) < Uy (g) with Frac(Ug (b))
and considering certain power series. There is an element P € T, (@) satisfying the following properties:

L U7°(m)P = PU;%(n) = 0.
2. P—1€T,(a)U°(n) U0 (n )T, (g).
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The action of P is well-defined on left U, (g)-modules whose U (1t)-action is locally nilpotent and that
have generic Uy (h)-weights.

n -n

Example 5.32. Consider U, (sl») with generators E, K, F as in Theorem 3.21. Let [n] = Z=L+ be the
q

a
quantum integer, [n]! = ;:1 [/1! the quantum factorial and
Kag" — K—l -n
[hen ==L =T cy,(sb)
q9-q9

for n € Z. Then the extremal projector is (see, e.g., [53, Section 9])

S (1)
P= 2

n

g;anEn’

where g, = ;.’:l[h +j+1].
Completely analogously to the proof of Theorem 5.17, one proves the following statement.
Theorem 5.33. The category (’);niv’gen is free of rank 1 as a HC, (H)#"-module category.

Corollary 5.34. The functor res®": HC,(G) — HC,(H)®" is strongly monoidal and colimit-
preserving.

Similar to the classical case, the parabolic restriction of a free Harish-Chandra bimodule is free.

Theorem 5.35. For every V € Rep,,(G), the morphism
(V ® Muniv,gen)Uq (n) cVe® Muniv,gen Ve Uq (b)gen’

where the second morphism is induced by the projection M"™Y-8" — U, (h)2" onto highest weights,
defines a natural isomorphism witnessing commutativity of the diagram

Rep, (G) ——9> HC,(G)

\L l res&n

Teey

Rep, (H) ——% HC, ()&
Combining Theorem 5.34 and Theorem 5.35, we obtain a monoidal structure on the composite
Rep, (G) — Rep, (H) — HCy (H)&™".
In particular, by Theorem 4.1, this gives rise to linear maps
Jyw@Q): VoW -VeWw,

rational functions on H.

Example 5.36. Consider G = SL, and V € Repq(SLz) the irreducible two-dimensional representation
with the basis {v,, v_} such that

Kv, =qvy, Kv_ = q_1v+, Fv,=v_.
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The isomorphism U, (§)&" @ V — (V ® MUniv-een)Uq (M js given by

1®vy v, ®1,
1@v_ > v_®1-g¢g vy ®F- [h]™1x"Y,

Then the matrix of Jy v (1) in the basis {v: ® vy, vy ® v_,v_ ® v4,v_ ® v_} is given by

10 0 0
01 —-g*a+11710
00 1 0/
00 0 1

Our convention for the coproduct on Uy (g) follows [62, Lemma 3.1.4]. For two U, (g)-modules
V,W, we denote by V@W the vector space V ® W equipped with the U, (g)-module structure via the
opposite coproduct:

he>(v®w)=hoyrve®hqew.

Consider V,W € Repq(G). Similarly to the classical case, Etingof and Varchenko [31] have intro-

duced the fusion matrix Jg‘(v (1): Ve W — VW, arational function on H, using intertwiners of
quantum Verma modules. Note, however, that in our notations, they are considering maps

(I);Z M,l — M,I,W[(V@V

with the property that @) (x4) = x4 ® v +.... Analogously to Theorem 5.22, we have the following
statement.

Proposition 5.37. Let V. W € Rep,, (G). The maps Jy w and J3;Y,, are related as follows:
Tv.w () =1Iy"y T

In [31, Section 5], Etingof and Varchenko have introduced an })-bialgebroid F, (G). Analogously to
Theorem 5.23, we obtain the following statement.

Theorem 5.38. Consider the monoidal functor

freeg

Rep, (G) —%5 HC,(G) =5 HC, (H)E.

It admits a colimit-preserving right adjoint; denote by B € HC,(H)®*" ® HC,(H)®*" the Harish-
Chandra bialgebroid corresponding to this monoidal functor constructed in Theorem 3.35. Then we
have an isomorphism of Y-algebroids

B ®u, (h)z=neU, (h)zn ®(Frac(Uy (h)) ® Frac(U, (D)) = F,(G).

6. Dynamical Weyl groups

In this section, we introduce a Weyl symmetry of the parabolic restriction functors res: HC(G) —
HC(H) and res: HC,(G) — HC, (H) introduced in section 5 and relate it to dynamical Weyl groups.

6.1. Classical Zhelobenko operators

Fix a group G and its Lie algebra g as in section 5.1. Recall that the Weyl group is

W = N(H)/H,
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where N(H) is the normaliser of H in G. Denote by W the corresponding braid group generated by
simple reflections s, € W with the relation (for @ # S3)

SaSpSa---=SSasSp - -
——— ———
Mmap Map

where m o is the Coxeter matrix. There is a canonical map W — W, which sends a reduced expression
w=sy-----5, €W to the corresponding element in W.

We may lift w € W to elements T, € N(H) satisfying the braid relations. Moreover, for a simple
reflection s, € W, the element TSZQ € H has order at most 2 [84]. For concreteness, we assume that the
elements 7;, act via the ¢ = 1 version of Lusztig’s operators TV’V’1 as in [62, Section 5.2.1].

Denote by p € h* the half-sum of positive roots. For an element w € W and 4 € h*, denote by
w - A € h* the dot action:

w-A=w(l+p)-p.
The induced action on & € h ¢ U} is denoted by
w-h=w(h)+(h,w(p) - p),

where the usual W action on U} is simply denoted by w(d) for d € Ub.
Recall that for a right Ug-module X, X ®uyq M*™ = X/Xn. In the study of Mickelsson algebras,

Zhelobenko [93] has introduced a collection of operators acting on Ug-bimodules for each element of
the Weyl group. Refer to [53, Section 6] for the proof of the following results.

Theorem 6.1. Suppose X € HC(G). Suppose « is a simple root, and denote by {ey, hq, fo} the
standard generators of the corresponding sl subalgebra g, C §. Consider the Zhelobenko operator
Ja: X — X given by an infinite series

[oe] _1 n
Ga0 = > "l wdea) (T, () S8
n=0 ’

where
n
8n,a = l—l(ha -j+1)
j=1
and ad e, refers to the diagonal g-action on X. Then the operators ¢, descend to well-defined linear
isomorphisms
CIva: (X ®ug Muniv,gen)N N (X ®uq Muniv,gen)N,

which satisfy the following relations:

. do((add)(x)) = (ad s4(d))(§o(x)) for every d € h and x € X.
2. Ga(dx) = (sq-d)jo(x) foreveryd € hand x € X.
3. Gadpda---=dpdadp- .. fora #p.

—_

Map Map

4. G2 (x) = (he + 1)7'T2 (x)(ho + 1) for every x € X.

Sa

For an element w € W with a reduced decomposition w = s4, ... Sq,,, wWe define
dw =4a; -+ -Yai,-

The third relation in Theorem 6.1 shows that §,, is independent of the chosen decomposition.

https://doi.org/10.1017/fms.2022.68 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.68

Forum of Mathematics, Sigma 47

In addition, we have the following important multiplicativity property of the Zhelobenko operators
proven in [53, Theorem 3].

Theorem 6.2. Let X,Y € HC(G), and take x € X and y € Y, where ny € Yn. Then we have an equality

Gw(x®y) = Gw(x) ® Gy (y)

in X ®uq Y ®uq M Y-EN,

6.2. Classical dynamical Weyl group

Given a group G, we may regard it as a discrete monoidal category Cat(G). Let us recall the notion of a
G-action on a monoidal category and the category of G-equivariant objects (see, e.g., [34, Section 2.7]).

Definition 6.3. Let C € Pr" be a monoidal category. A G-action on C is a monoidal functor
Cat(G) — Fun™®(C,C)

to the monoidal category of monoidal colimit-preserving endofunctors on C.

Explicitly, for every element g € G, we have a monoidal functor S, : C — C together with a natural
isomorphism S, = id and natural isomorphisms S, = S, oS}, for a pair of elements g, i € G satisfying
an associativity axiom.

Definition 6.4. Suppose C is a monoidal category with a G-action. A G-equivariant object is an object
x € C equipped with isomorphisms S, (x) = x compatible with the isomorphisms Sg;, = S, o S;, and
S. = id. We denote by C° the category of G-equivariant objects.

The category HC(H) = LModyy(Rep H) carries a natural action of the Weyl group W defined as
follows. Let us regard X € HC(H) as a Uh-bimodule. Then the action of w € W twists the left and right
Ub-actions by the dot action: S,, (X) = X as a plain vector space with the Uh-bimodule structure given
by

d>" x=(w-d)>x, x<Vd=x<(w-d)

for x € X and d € U}). The dot action of W on } is given by affine transformations, so the corresponding
diagonal h-action on S,, (X) is given by its linear part: that is, we twist the diagonal h-action on X by the
usual W-action. By construction, S, = id and Sy, = Sw, © S,. Moreover, the identity map of vector
spaces

Sw(X) ®up Sw (Y) — Sy (X ®uy Y)
together with the dot action
Uh — S, (UD)

define a monoidal structure on the collection {S,, }, cw .
The functor

free: Rep(H) — HC(H)
is naturally W-equivariant, where the maps
Uupe S, (V) - S, (Upe V) (37)

are given by the dot action on the U} factor.
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Restricting the W-action on HC(H) under the quotient map W — W from the braid group, we obtain
a natural action of W on HC(H).
Recall that by Theorem 5.18, the parabolic restriction functor

res®": HC(G) — HC(H)®"

given by X — (X ®yg M) is monoidal. We will now show that it factors through W-invariants.

Theorem 6.5. The Zhelobenko operators define a factorisation

HC(G) — — = HC(H)&nW

HC(H)&

of res®®": HC(G) — HC(H)®" through a monoidal functor res®*" : HC(G) — HC(H)ge“’W.

Proof. Let us first construct a factorisation of res®®" through HC(H)gen’W — HC(H)®™" as a plain
(nonmonoidal) functor. Since the braid group W is generated by simple reflections {s,}, for X € HC(G),
we have to specify natural isomorphisms

res€(X) = S, (res®" (X))

satisfying the braid relations. We define them to be the Zhelobenko operators ¢,. The compatibility
with the Uf-bimodule action follows from parts (1) and (2) of Theorem 6.1. The braid relations follow
from part (3) of the same theorem.

Next, we have to construct a monoidal structure on HC(G) — HC(H )ge“’W compatible with the one
on res&": HC(G) — HC(H)®", which we recall is given by equation (33). The unit map is the natural
inclusion Up < (M"MV)N |

We begin by showing compatibility with the tensor products. By Theorem 5.16, the functor of N-
invariants O"™Y — HC(H)&" is exact. In particular, we may exchange the order of left N-invariants
and right n-coinvariants in the definition of res(X) = (X/Xn)" . But then the diagram

rest (X) ®(up)een resf (YY) ————res®" (X ®yy Y) (38)

\Lqu(l ®qa lqy{)‘

S, (1527 (X)) @(upyn S, (SE(Y)) —— Sy, (1es™ (X @ug ¥))

is commutative by Theorem 6.2.
Next, we have to show compatibility with the unit maps. Consider the diagram

Ub . ( MuniV)N

T

Ssq (Up) —— S, (M*"™)N)

To show that it is commutative, we have to compute the action of §, on Up — M"Y, By part (2) of
Theorem 6.1, §o(d - 1) = (s¢ - d)Go(1), where d € Up and 1 € Ug is the unit. But it is obvious from
the explicit formula for §,, that G, (1) = 1. m]
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Let us now analyse the composite monoidal functor

gen

Rep(G) =%, HC(G) =5 HO(H)=™W .

Recall that by Theorem 5.20, we have a commutative diagram

Rep(G) =%~ HC(G)

l i res&"

freey

Rep(H) —— HC(H)&"

of plain (nonmonoidal) categories.
Consider V € Rep(G). Using the natural isomorphism

res®"(Ug® V) = (Uh)*" @V

in HC(H)&" provided by the above diagram, we obtain that the W-invariance of res®"(Ug ® V) boils
down to maps (Uh)&" @ V — (UDh)&" ® S, (V) obtained via the composite

(UDE" @ V & rest™ (Ug @ V) 25 S, (resE" (Ug ® V) = S, (UR)EN ® V) > (UBE" © 8, (V).
Such maps are uniquely determined by their value on 1 ® v, which gives linear maps
Ay yv(Q):V—YV
depending rationally on a parameter A € h*.

Let V,U € Rep(G), and recall the matrix Jy y(1): V® U — V ® U defined in section 5.1, which

freey

controls the monoidal structure on the composite Rep(G) — Rep(H) —— HC(H)&™".

Proposition 6.6. For any simple reflection s, and V,U € Rep(G), we have an equality
Asyver DIy u () =Ty u(sa- DAY (DAL (21— D)

of rational functions §* — End(V ® U), where AV denotes A ® 1 and A® denotes 1 ® A.

Proof. Consider the diagram

(UD)E" ® V) ®upyeen (UD)E" @ U) (UpE= o Ve U

res®" (Ug ® V) ®(up)een 1858 (Ug ® U) —————r1es=" ((Ug ® V) ®yq (Ug ® U))

da®a qda

S5, (rest (Ug ® V)) ®up)een S, (rest(Ug ® U)) — S, (resf' ((Ug ® V) ®yq (Ug ® U)))

(Up)En @V e U (Up)En @V e U

where the middle square is given by equation (38).
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The left vertical arrow is A(l)v(/l)A<2) (1 = hD), and the right vertical arrow is Asy.veu(d).
Using the isomorphism given by equation (?7) the bottom horizontal arrow is Jy (s - 4). O

Let us now compute a particular example of the operators A,, v (1). Consider G = SL;, V the two-
dimensional irreducible representation, H ¢ G the subgroup of diagonal matrices and w the unique
simple reflection. We can lift it to the matrix 7 € N(H) given by

T = ((1) _01 )
Let {e, h, f} be the standard basis of sl,. Let {v,, v_} be the basis of V such that
hvy = vy, hv_=—-v_, fve=v_.
Proposition 6.7. The action of A, v () is given as follows:

Ay, v (v =v_

A+2
Ay v(Dv. =—
v (v 171

Vs

Proof. The isomorphism (Uh)E" @ V — (V @ MUv-&M)N ig given by
1@y > vy @ x"Y,
1®ve > v_@x" -y, ® fh_lx”“i",

where x""Y € MUNV-£n jg the generator. We have

—1)" ~ ~
Gwve®1) = Z ( n') ad’(v_-® 1) gl =v_® 1 -v,® fh!,

hence A,, v (1)(v4+) = v_. To compute A,, v (4)(v-), we use the property in (4) from Theorem 6.1,
namely,

Gwv_@l=v,@ A =@ (vy@)==(h+ D) '(vy @ )(h+1)=—h(h+ 1) (v, 1).
Under identification S, (res&"(V ® Ug)) = (Uh)&" ® S, (V), we have

. _ w-A A+2
qW(V7®1—V+®fh I)H—m®V+=—m®V+,

and the claim follows. O

We return to the case of arbitrary G. Recall that Tarasov and Varchenko [83] have introduced the
dynamical Weyl group: that is, a collection of operators ATV (1): V — V for every finite-dimensional
g-representation V and w € W depending rationally on the parameter A € h*. We will now prove that the
operators A,, v constructed from the Zhelobenko operators coincide with the dynamical Weyl group.

Theorem 6.8. For any V € Rep(G) and w € W, we have an equality of rational functions
ALY () = Ay v (D).

Proof. Both ATV (A1) and A, v (1) are given by products in terms of simple reflections, so it is enough
to establish the fact for a simple reflection w = s, along a simple root «.

In turn, both AST(XV (A1) and A, v (1) are defined by considering the corresponding sl,-subalgebra
go C g generated by {eq, ha, fo}- S0, it is enough to prove the claim for G = SL,.
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For a tensor product of representations, A,, v (1) satisfies a multiplicativity property given by
Theorem 6.6, and so does AVTVYV (A) (see [83, Lemma 7], where the relationship between Jy (1) and
Jg ‘ZJ () is given by Theorem 5.22). Therefore, it is enough to check the equality on the 2-dimensional
irreducible representation of sl,, which follows by comparing the expressions given in Theorem 6.7 with
the explicit expressions given in [83, Section 2.5] (see also [32, Lemma 5] for an explicit description of
the dynamical Weyl group in the 2-dimensional representation of quantum sl»). m

6.3. Quantum Zhelobenko operators

We continue to use notations for quantum groups from section 5.2. It was shown by Lusztig [62],
Soibelman [80] and Kirillov—Reshetikhin [57] that one can introduce an action of the braid group W
on modules in Rep, (G). For V € Rep, (G) and w € W, we denote by T\, : V — V the corresponding
operator of the quantum Weyl group (for definitiveness, we consider Tv’v’ .1 inthe notation of [62, Chapter

5.

Example 6.9. Consider U, (sl>) with generators E, K, F, as in Theorem 3.21, V € Repq(SLz) and
v € V a vector of weight n. Then

FAEPFe
b ' v

_ _ b _—ac+ -
Twv)= >  (-D’q [alT6]e]

a,b,c;a—b+c=n
for the unique nontrivial element w € W.
The Weyl group W acts in the standard way on the weight lattice A. We introduce the dot action of
Won U, (h) = k[A] by
w-K, = KW('U)q(”’W(p)‘p)

for every u € A.
Recall that for a root @, we denote ¢, = ¢® /2, The quantum integer is

n_ ,-n
[n]a = 1a qfl
da —qa

and the quantum factorial is defined similarly. The quantum Zhelobenko operators were introduced in
[53, Section 9]. For the following statement, recall Theorem 5.26, which explains that the infinite sums
in the quantum Zhelobenko operators are well-defined.

Theorem 6.10. Suppose X € HC,(G). For a simple root o, we denote by {Eq,Kq, Fo} the corre-
sponding subset of generators of U, (g). Consider the quantum Zhelobenko operator on X given by

Ga(x) = Z ([;l]l)l (ad(K;lEa))"((ad Tsa)(x))Fggr_z,lm
n=0 ar

where
8n,a = I—[[ha _j + 1](1
j=1

and ad(K,'E ) refers to the diagonal Uy (g)-action. Then the operators { o descend to linear isomor-
phisms

(X ®u,, (g)f M;lmv,gen)Uq m __ (X ®y, (@)1 M;mv,gen)Uq(n)’
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which satisfy the following relations:

l. do((add)(x)) = (ad 5o (d))(da(x)) for every d € Uy (h) and x € X.
2. Jo(dx) = (sq - d)go(x) for everyd € U, (h) and x € X.

3. qa/qvb’qua e = 67;3‘7@675 ... fora # B.

Map Map

The third property allows us to define ¢,, for any element w € W. We also have a multiplicativity
property.

Theorem 6.11. Let X,Y € HC,(G), and take x € X and y € Y, where U;O(n)y € YUZO(n). Then we
have an equality

Gw@x®y) =gw(x) ®dw(y)

in X ®Uq (g)lf Y ®Uq (g)lf M;niv’gen.

6.4. Quantum dynamical Weyl group

As in section 6.2, quantum Zhelobenko operators define the Weyl symmetry of the parabolic restriction
functor res®*" : HC,(G) — HC, (H)®*".

The W-action on HC, (H) is defined similarly to the W-action on HC(H). An element w € W gives
rise to a functor S\, : HC,(H) — HC,(H) given as follows. For X € HC,(H), we set S, (X) = X asa
vector space with the U, (h)-bimodule structure given by

d>" x=(w-d)vx, x<Vd=x<(w-d),

where d € Uy (h) and x € X. The functors {S,, } have obvious monoidal structures.
Consider the action of the quantum Zhelobenko operators

Jo: 1es®(X) = S, (1es&"(X)).

Theorem 6.12. The quantum Zhelobenko operators define a factorisation

HC,(G) — — = HC, (H)&™W

& l

HC,, (H)&n

ofres‘gfn: HC,(G) — HC,(H)#*" through a monoidal functor res®": HC,(G) — HC, (H)gen’W.

By Theorem 5.35, we have a commutative diagram

Rep, (G) ——9> HC,(G)

\L \L ress"

f
Rep, (H) —= HC, (H)&"
which gives rise to a monoidal structure on the composite

freey

Rep, (G) —> Rep, (H) —— HC, (H)&™W.
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As in section 6.2, we obtain linear maps A,, v (1): V — V forevery V € Rep,, (G), which are rational
functions on H. For V, U € Rep,, (G), recall the matrix Jy y(1): VU — VU defined in section 5.2.

Proposition 6.13. For any simple reflection s and V,U € Rep,(G), we have an equality
Asuvou DIy () = v u(sa - DAL L (DAL (A=Y

of rational functions H — End(V ® U).

Let us now compute the operators A,, v for G = SL,. Consider the irreducible two-dimensional
representation V' € Rep, (G) with the basis {v.,v_} such that

Kvi =qv,, Kv_ = q_1v+, Fv,=v_.
Proposition 6.14. The action of A, v (1) is given as follows:
Ap v (e =v_

_[a+2]
Ay v (v =— [1+1] Vi

Proof. The isomorphism U, (h)*" @V — (V@ M univ.gen) N i oiven by

1 ® vy > v, @x"Y,

1@v_ > v_®1-¢g v, @F- - [h]7" - x"iV,
By [62, Proposition 5.2.2], we have
Tw(vy) =v_, Tw(vo) = —qvy.

Therefore,
Gwve®1) = Z ([ T (ad(K'E)'"(v_ @ DF'g; ' =v_®1-g v, ® F[h]™!,

which implies that
Ay v (Dve=v_.

Using the formula for the square of the quantum Zhelobenko operator [53, Corollary 9.6], we obtain

(7]
[A+1]

Gw(v-®1—g vy ®F[h]™) =~[h+ 1] (vy @ D[h+ 1] = - (v ® 1),

which implies that

[1+2]

Aw,V (/l)v— == [/1 + 1]

Vi

Remark 6.15. The formulas (9.10) and (9.11) in [53] are missing a sign; see [62, Proposition 5.2.2].

Etingof and Varchenko [32] have introduced a quantum analogue of the dynamical Weyl group: that
is, a collection of rational functions AE v v () V — Viorevery V € Rep,(G) and w € W. We are now
ready to relate A,, y and Afvvv
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Theorem 6.16. For any V € Rep,(G) an w € W, we have an equality of rational functions
ALY () = g4y (2). (39)

Proof. The proof is analogous to the proof of Theorem 6.8. Both Af; VV and A,, v are given by a product
over simple reflections, so it is enough to establish this equality for a simple reflection w = s,.
We have s,(p) = p — @, so

ge@PW AL () = g O A v(A) = K A, v (A).

In particular, both sides of the equality given by equation (39) are defined in terms of the corresponding
U, (sl»)-subalgebra, so it is enough to restrict our attention to G = SL,. Using the multiplicativity
property of AE; VV and A,, v given by [32, Lemma 4] and Theorem 6.13, we reduce to the case of the
defining represéntation. The equality on the defining representation of SL; follows from comparing the
formulas in [32, Lemma 5] and Theorem 6.14. m|
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